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Abstract

The problemof robust D-stability analysiswith respecto realcornvex polytopicuncertainties
is tackled.A new LM I-basedsuflicientconditionfor the existenceof parametedependentya-
punor functionsis proposedThis conditiongeneralisepreviously publishedconditions.Numer
ical comparisonsvith quadraticstability resultsaswell asprevious resultsbasedon parameter
dependentyapunw functionsillustratethe relevanceof this new condition. Finally, this result
appeardo be promisingfor robust multi-objective performanceanalysisand control synthesis
purposes.

Keywords Rohuststability, quadraticstability, parametriauncertainty LM I, parametedependent
Lyapuna functions.

1 Intr oduction

Eventhoughthe problemof assessingobustnes®f stability andperformancegainstealparametric
uncertaintyis known to be in generalA_ P-hard,numerousmore or lessconserative resultsaredis-
seminatedn therelatedliterature. Among all theseresults,four mainstreamsnay be quoted. The
algebraiapproachebasedn Kharitonos’ stheorem[3], generallyproposenicerobuststability tests
which suffer from restrictve assumptionandarehardly generalisabléo robust synthesigproblems.
In the p/kyn theory [23], a very generaland well-establishedramework including real parametric
aswell asneglecteddynamicsis available. Neverthelessit leadsto heary numericalproceduresor
which thewell-kwown frequeng sweepis still necessaryStronglyrelatedto this lastapproachthe
methodsasedon topologicalseparatiorhave proventheir efficiengy. Particularly, in [13], anexact
characterisatioof [ is givenwhatevser the propertiesof the uncertaintyare. For numericalpurpose,
it is thennecessaryo useappropriateelaxationsof the derived condition.

Very appealingmethodshave beendeveloppedin the contet of Lyapunw theory In particulay
mary resultsarebasedon the concepiwf quadraticstability, [5], [6], [10], [18]. Unfortunatelythese
approachesnay be very conserative due to the useof a single Lyapunw function for the entire
uncertaintyset. The reductionof conseratismnecessarilymplies the useof parametedependent
Lyapune functions,[7], [9], [16]. While in [7], [9], robuststability conditionsinvolving parameter
dependentyapune functionsaredeveloppedfor continuous-timeincertainsystemsin [16], a new
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robuststability conditionis derivedfor discrete-timeauncertainsystems.

The contribution of this paperconsistsof the derivation of a new robust Dr-stability condition, (i.e.
robuststability with respecto some?Dr subregion of thecomple plane),with respecto realcornvex
polytopicuncertaintygeneralisinghe onein [16] andleadingto identicalresultfor the specialcase
presentedh [7]. Theinterestof thisnew conditionmainly relieson theadditionaldegreesof freedom
suppliedby the introductionof new matrix variables.Beyond the advancesn the reductionof con-
senativenesdor robuststability analysisthe nen conditionappeargo be very promisingfor robust
multi-objective performanceanalysisaswell asfor robustsynthesipurposesWe wouldlike to stress
thatin the particularcaseof robuststability analysis similarideasemegedin the otherindependent
works,[11], [17].

The paperis organisedasfollows. In the next section,the definitionsand Lyapunw characterisa-
tions of Dr-stability andquadraticDgr-stability are presentecanddifferentclassesf subrgionsof
the comple planearerecalled.In the third section,the new robust Dr-stability conditionbasedon
parametedependentyapune functionsis derived. Therelevanceof this conditionis illustratedby
differentnumericalexperimentsn sectiord. Finally, theconclusionsectiondealswith the promising
perspectiesofferedby this new result.

Notationis standard.The transpos®f a matrix A is denotedA’ andA* readsfor complex conjugate
transposeFor symmetriomatrices,> (>) denotesheLoewvnerpartialorderi.e. A > (>) Biff A-B
is positive (semi)definite. d is the derivation operatorfor continuous-timesystems(d[x(t)] = X(t))
andthedelayoperatorfor discrete-timeones,(d[x(t)] = x(t 4+ 1)). ® is the Kroneckerproductof two
matrices We remindthat(A® B)(C® D) = (AC) ® (CD).

2 Therobust Di-stability analysisproblem

2.1 A newcharacterisationof LM I regions

Let adynamicalsystembe givenby its stateequationd|x(t)] = Ax(t) andlet D beasubreion of the
comple planeC. Theproblemof finding easytestableconditionsfor thematrix Ato have all its roots
in the subrgion D, (the problemof decidingif A is D-stable),hasbeenthoroughlyinvestigatedn
thelastyears.In [12], thenotionof polynomialregionshasbeenintroduced.

@p:{zea:: cu 2z <o} 1)

0<kT<m

An extendedLyapuna theoremis thenproposedor suchregionsin [14] and[12]. In [6], an LM I-
basedcharacterisationf matrix root-clusteringregionsfor a given matrix A is presentedThe main
resultconsistan the derivation of an extendedLyapune matrix equationfor a new classof corvex
subrgionsof the complex planenamedthe LM I regionsandcharacterisely an LM I in zandZz'.

D= {Z eC: Ri1+ Rioz+ R’lzz* < O} (2)

whereRy; € R9*9 is a symmetricmatrix and Ry € R%%9, [6]. In this paper we focusour attention
on LM I regions.Indeed dueto the polynomialnatureof their Lyapuna characterisatiorproblems
suchasrobustanalysisor synthesisarenot easilytractablefor polynomialregions. The characterisa-
tion of LM I regionsis now revisited. For sucha purposeye definea new classof subrgionsof the
comple plane:



Definition 1
LetR € R%*2d hea symmetrianatrix partitionnedas:

R_| R R | . Ru= R, € RIxd (3)
We definethe Dr region of the comple plane:
Dr={z€C : Ru1+Rpz+ R»Z + RopzZ < 0} (4)

Without ary assumptioron the matrix Ry», Dr regionsarenot convex, but with the assumptiorof
positive definitenessiRoz > 0, (4) appeardo be aslight modificationof thecharacterisationf LM T
regions.

Remarks 1
o Asfor LM I regionsthe Dr regionsaresymmetricwith respecto therealaxis.

e WhenRy, > 0, it canberewritten asRy» = LL’ whereL € R4 s ary squareroot of Ry,. In
this casethe Dr regionsarejust anotherformulationfor LM I regions:

LIZ* _ 1d < O (5)

[14 14z ]R[ 1d ]<o Rp=LL" &
14z

Notethattheclassof LM I regionsbelongsto the classof Dr regionsbut our investigationswill be

restrictedo theformer, i.e. we assumehatRy»> > 0.

Remarks?2
The characterisatioproposedn definition 1 is not only aformal resultbut will appearto be usefull
to simplify thedifferentexpressionsThisis easilyseerwhen?r is choserto bea disk. Indeed the

particularchoicesor R:
« 0|1 -1|0
Rec R?%? RC:[T’T] ; Rd:{T’T} (6)

correspondo theusualcriteriafor stability of respectrely continuous-timenddiscrete-timeystems.
Notethatthe L4/ I formulationof [6] for theunit diskis equivalentto chooseR as:

-1 0|0 1
0O -1|00
4x 4 _
ReR RdLMI_ 0 0/0 O (7)
1 00O

For amorecompletedescriptionof possibleLM I-regions,theinterestedeademay have alook to
thereference$6], [2].

Definition 2
A matrixA € R™" is saidto be Dr-stableif andonlyif all its eigervaluedie in the Dr region defined

by (4).
An LM I characterisatiofor Dr-stability canbe easilydeducedrom [6].

Theorem 1
A € R™" is Dr-stableif andonly if there existsa symmetrigoositivedefinitematrix P € R™" such
that:

Ri1® P+ Ri2® (PA) + Ry, @ (AP) + Ry @ (APA) < 0 (8)

Theproofis easilyderivedby following the prooffor LM I regionsin [6].
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2.2 Robust and quadratic Dr-stability

We considemow anuncertainL Tl dynamicalsystemmodelledas:
Ox(t)] = AXt) Ae A (9)

where4 is a polytopeof R™" with N verticesAy, - - -, An. A canbeformally definedas:
N N
A=<SAcRV": A= ZlTiAi ,>0,Vie{l--- N}, Zri =1 (10)
i= i=

Notethat 4 is a corvex andboundeddomain.This representatiors quitegenerakndemcompasses
for instancethe well-known caseof interval matrices. Moreover, this type of uncertaintymay be
consideredas structureduncertainty The problemof analysingstability of all the realisationsof
A € 4 is therefore\P-hard. For robustnessanalysispurpose two differenttypesof stability are
usuallyencountereth theliterature.While robuststability ensureshatthe uncertainsystems stable
for all admissibleconstanandunknovn parameterealisationsguadraticstability guaranteestability
viathe existenceof aquadratid_yapuna functionfor all possiblytime-varyingparametevariations.

Definition 3 [23]
A4 is robustly Dr-stable,if andonlyif, for all A€ 4, Ais Dr-stable

ThusA4 is robustly Dr-stableif andonly if, for eachA € 4, thereexistsa symmetricpositive definite
matrix P suchthat(8) holds.

Definition 4 [10]
A4 is quadmaticaly Dr-stable,if andonly if, thete existsa symmetrigpositivedefinitematrix P suc
thatfor all Ae 4:

Ri1®P+Ri2® (PA) + R @ (AP) + R (APA) < 0 (11)

Beforeexposingthemainresultandfor comparisorsake wefirstrecallthe LM I-typenecessargnd
sufficient conditionfor quadraticDr-stability of 4.

Theorem 2
A4 is quadmtically Dr-stable,if and only if, there existsa uniquesymmetriadefinitepositivematrix
PecR™"sudthatforalli e {1, ---,N}:

Ri1®@P+R12® (PA)+R,® (AP) (1lg®@A)(LeP)
L(P) = <0 (12)
(L'@P)(lg@A) -14®P

whee Roo = LL".

Proof
Necessityis straightforwardsinceif quadraticstability is satisfiedfor all the polytopeit mustbethe
caseatall thevertices.Sufficiengy is deducedrom:

! / N
Ri1® P+(FL2%®P§E’:/2;%2®(A P) (14 %ﬁd)@(@LF? P) ] :i;TiL(P) <0 (13)



Applying a Schurcomplemenargumenteadsto the quadraticDr-stability of (9). [ |
Evenif it hasprovedits efficiencgy for the developmentof synthesigproceduredor varioustypesof
robustcontrolproblem,[5], [8], [18], quadraticstability is undoubtedlya strongerrequirementhan
robuststability andis at the bestan easilytractablesufficient conditionfor robuststability. The con-
senativenesof the approachebasedon quadraticstability comesfrom the fact that Dr-stability is
provedthroughtheuseof a singlequadratid-yapuna functionv(x) = X'Pxfor thewholeuncertainty
domainA while robust Dr stability may be proved by usinga parametedependentyapune func-
tion v(x, T) = XP(1)x. Thenext sectionfocusen this particularpointandprovidesanew sufficient
conditionfor robust Dr-stability whoseconserativenessappearso be similar or lessimportantthan
thatof previousexisting conditions.

3 A newrobust Di-stability condition

3.1 A preliminary result

Beforestatingthe mainresultconcerningherobustDr-stability problem,aninstrumentatheorems
givenproviding thekey ideafor thesequel.

Theorem3
A € R™" is Dr-stableif and only if ther existsa symmetrigoositivedefinitematrix P ¢ R™" and
two matricesF € RI™<d" G ¢ RI<IN sydh that:

Ri1®@P+F(lg@A) + (L@ A)F Ro@P+(1lg@A)G—F
<0 (14)

R,2P+G(1g@A) —F Ro@P-G-G

Proof of sufficiency.
Sincethematrix [ 140 19 @A’ | hasfull rank,(14)impliesthat:

lan ] [ RUOP+HF(Lg@A) +(lg@ A)F' Rip@P+(lg@A)G—F lan | g
132 A R,2P+G(1g®@A) —F Rpo@P-G-G L4 A
(15)
whichis exactly the expression8). [

Proof of necessity
Supposehatthereexistsa symmetrigoositive definitematrix P suchthat(8) holds.Necessarilythere
existsascalara > 0 suchthat:

Ri1® P+ R12® (PA) + R, @ (AP) + Ro2 @ (APA) < —alyg @ (A'A) (16)
This mayberewritenalsoas:
Ri1®@P+R12® (PA) + R @ (AP) 4+ (lg @ A)(Ro2 @ P+ algn)(lg @A) < 0 (17)
As Ry; > 0, P > 0anda > 0 andby usinga Schurcomplemenargumentthisimpliesthat:

Ri1®P+R2® (PA)+ R, @ (AP) (1@ A)(R2® P+ algn)

0 18
(Ro2®@ P+ alyn)(1g @A) —(Ro2®@ P+ algn) < (18)



Taking G = Ro2 @ P+ $14n andF = Ri2® P— %(1g® A) it meansthatthereexist P = P’ > 0 and
matricesG € RI™ 4N gpndF ¢ RN gychthat:

Ri1®P+F(1g®A) +(1y ®A’)F' +0(1g® (A’A)) Ri2®@ P+ (1g ®A’)G— F <0 (19)
R,o,2P+G(1g@A) —F Ro@P-G-G
|
Remarks 3
For continuous-timenddiscrete-timesystemsthe condition(14) respectiely reads:
(AF'+FA) P-F+AG —P+(AF' +FA) —-F+AG
<0 <0 (20)
P-F+GA —(G+G) -F+GA P—(G+G)

In [11], [17], similar resultsareindependentlyproposedor diagonaland simultaneousstability of
polytopeof matricesusingthe passvity andreal-positvenessapproach.in [16], by choosingF = 0
in thediscrete-timecondition,a particulardiscrete-timeobuststability conditionis givenfor control
synthesigurpose.

3.2 The main result
Themainresultis now stated.

Theorem4
If, there existsF € RI™4" G ¢ RI"<" andN symmetrigositivedefinitematricesk, suc that:

Ru®P+F(la@A) +(La@A)F Ri2@PR+ (140 A)G-F
Vie{l,---,N} <0 (21)
Ry, @ P +G/(1g @A) —F' Ry P - G_ G

then(9) is robustly Dr-stable

Proof
The proof is similar to the proof for quadraticstability of theorem2 with a parametedependent
Lyapune matrix:

P(1) = _;TiP. (22)
|

Remarks4

e (12) is a sufficient conditionfor (21). The proposedcondition of robust stability therefore
includesquadraticstability.

¢ In theparticularlyinterestingcasef robuststability for continuous-timeor discrete-timaun-
certainsystems(21) respectiely readsy i € {1,--- /N}:

(AF'+FA) R-F+AG {H+(A{F'+FA-) —F+AG
<0 <0 (23)

R-F'+GA —(G+G) —-F+GA P—-(G+G)
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Keepingin mind the referencg16], it is interestingto know if condition(21) may be usedfor Dr
stabilisabilityproblems Let usconsidetthefollowing uncertainsystem:

O[x(t)] = AXt)+But) [A B]ecAaB (24)

whereu € RY aretheinputsand 443 is a polytopeof R™ (™) with N vertices[A; B1], - - -, [An Bn].
We look for a conditionof state-feedbaclOor-stabilisability thatis, for a conditionsuchthatA+ BK
is robustly Dr-stablewhenK is a state-feedbackain of R¥*". The following theoremis a hint for
furtherwork on robustcontrol. We assumdor this resultthatRy, > 0, the Dr regionis compact.

Theorem5
If there existsH € R™", Sc R™" and N symmetricpositive definite matricesX; sud that Vi

{i’...’N}:

Ri1®Xi +Ri2® (AH +BiS + R, @ (AH +BiS) R, @ (X —H') +R2@ (AH +BiS)
<0 (25)
Ri2® (Xi —H) + R2®@ (AH 4+ B;§)’ Roo® (X —H — HY)

then(24)is robustly Dr-stabilisableby state-feedbdcandan admissiblegainis:
K =SH* (26)

Proof
R»» andthematricesx; arepositive definite thereforeH +H’ > 0, H is nonsingular TakeK = SH,
A = A+ BiK, F = R,®H’ andG = Ry, @ H, the conditionwritesthenas:

Riu@X+F(1oAM) + (1o AMF RLaX+ (1o AMG—F

Ri2® X +G/(10 A% —F Roo%-G-G  |<0 @7

whichis atransposedersionof theoremd. [

Remarks5

e For the particularcaseof discrete-timeuncertainsystemsthe robust stabilisability by state-
feedbacks thesameasin [16].

e For continuous-timesystemsthe above resultis not applicablesinceR,2 = 0. Othermethods
may be proposed(see[1]).

e The conditionof theorem5 is a sufficient conditionfor quadraticDr-stabilisability by state-
feedback.

e The control gain doesnot dependon the Lyapunw function, which is nev comparedo the
guadraticstability framework. Thisfactis quite valuablefor furthersynthesigesults.



4 Numerical experiments

4.1 Experimentsl

Two different numericalexperimentshave beenperformedaboutrobust stability of respectrely
continuous-timesystems(table1) anddiscrete-timesystems(table?2).

We aim at comparingthe sufficient condition(21) with previousresultsfrom [7] and[9]. Note that
dueto therestrictve natureof the uncertaintyconsideredn [7], the uncertainmatrix A evolvesin a
hyperrectangldefinedasfollows,

L
i=

For suchuncertairmodels the sufficient condition(21) may be simplified. It is thereforepossibleto
seeka parametedependentyapune functionparameterizeds,

P(3) = Py + _iéiP. (29)

A new sufficientconditionis theneasilydeduced.

Theorem6
If, there existsF € R™", G ¢ R™" andL + 1 symmetrianatricesP, i =0, 1,---,L sud that:

AJF' + FAg+ FAN + ANAF! Py—F 4 PA + AAG
Vie{l, - N} <0 (30)
Po— F' 4 PA; + G'AA -G-G

wheeP=[P, .- B ]JandA' = &1, -+ O 1n |
Notethat condition(30) maybe easilyextendedo dealwith robust Dr-stability. then(9) is robustly
Dr-stable

Five differentmethodsarethencomparedn randomlygenerateatontinuous-timesystemswvheren

is the size of the statevectorwhile L = 2 is the numberof uncertainparameters.Ag waschosen
randomlyand stable. The differenttestsare the quadraticstability test(12), testcs, the sufiicient

conditionfrom [9], testc,, the sufficient conditionfrom [7], testcs, the sufficient condition (30),

testcy, the sufficientcondition(21), testcs. In thefollowing table,the percentagesf succes®f the

analysismethodsaregivenfor about5000randomlygenerate@ontinuous-timesystemsTheseests
have beenperformedby usingMATLAB andthe LM I solver SAPSOL][22].

testc; | testc, | testcs | testcy | testcs

52.2%| 60.3%| 69.8% | 71.1%| 71.3%
51.7%| 59.5% | 65.4% | 70.4% | 70.4%
36.4%| 47% | 50.9% | 57.1% | 57.4%
34.2%| 50.6% | 51% | 58.6% | 59.3%

g W NS

Thetestscy andcs prove to be lessconserative thanthe previous existing methods.The testcs ap-
pearsto bethe moredemandingcomputationallywhencomparedo testscy, cz andcs whenapplied
to uncertainsystemsf theform (28). In this particularcase the numberof the LM I constraintsas
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well asthenumberof the variablesgrows exponentiallywith the numberof uncertainparametergor
testcs while the numberof the L3 I constraintgrows exponentiallyfor testsc4 andc,. It hasbeen
obseredthatthereductionof theconseratismproposedy testsc, andcs grows with the numberof
verticesandwith thesizen of the statevector

For discrete-timauncertainsystemsthreeconditionsare comparedgquadraticstability test, testds,
the conditionproposedn [16], testdy, andthe condition (21), testdz. The polytopesof systems
arerandomlygeneratedsfor continuous-timestability analysiswhereN is the numberof vertices.
Eachvertex of the polytopeshasat leastone eigervalue whosemodulusis equalto 0.9 and other
eigervalueshave amoduluslessthan0.9.

n|{N

testd;

testd,

testds

4

8.8%
1.0%
0.2%

68.6%
44.0%
27.4%

91.0%
75.4%
63.0%

WO~ W

5

7.6%
0.8%
0.2%

68.6%
46.4%
28.2%

91.4%
82.8%
71.2%

Theresultsobtainedon mary randomlygenerategbolytopesof matricesclearlyshow thereductionof

consenrativenessntroducedoy the condition(21) with respecto existing tests. Thetestds involves
morevariableshanthetestsd; andd,. Preciselythetestds involves,for d = 1, 2n? + NW addi-
tional variablesascomparedo the quadraticstability testandn? additionalvariablesascomparedo

thetestd,. Neverthelesswhenperformingtiming numericalexperimentsthe reductionof the con-

senatismfar outweightsthe increaseccompleity. Thesetiming experimentshave beenperformed
by usingthe LM I solver of MATLAB ona SUN SFARC stationultra 5.

n | N | testd; | testd, | testds
3] 064s| 2.8s | 4.7s
10| 4| 1.2s 6.9s | 10.6s
51 3.1s | 15.7s| 25.7s
3| 01s | 0.3s | 0.5s
514 02s | 0.7s 1.2s
5| 04s 15s | 2.5s

4.2 Experiments?2

Up to this point we comparedthe methodof theorem4 to stability analysismethodsin the case
of continuous-timeor discrete-timesystemsfor which exist someearlierresults. The goal of the
following simple academicexampleis to illustrate the relevanceof the methodfor more involved
LM T regionssuchastheintersectiorof adisk anda half-plane.Thefollowing regionsaredefined:

i) Rez) < 0.9 : R= [_118 é]
18 0 ‘1 0

i) Re(z) < ~0.9and|7| <21 : R= |46 o0
0 0 ‘o 1



Figurel: Dr regionsandpolelocation

1.8 0 1 07

, | 0 -021/0 1
i) Rgz) < —09and|z+1|| <11 : R=1— o100
0 1 0 1]

18 0 |1 07

: , | 0o o019/0 1
iv) Rgz) < —0.9and||z+ 1| < 0.9 : R= =% o0
0 1 |0 1]

Let 4 bethepolytopeof matricesdefinedby two vertices:

e NS e Y @

Thefigurel shaws, for the polytope 4 thevariationof the eigervalueswhenthe uncertainparameter
is varying from 0 to 1. QuadraticDr-stability analysissucceed®nly on region i) while the new
Dr-stability analysisof theorem4 succeedsn all threefirst casesindof coursefails oniv).

5 Conclusion

A new LM I-basedobust Dr-stability conditionwith respecto real corvex polytopicuncertainties
hasbeenproposedThistestinvolvesparametedependentyapuna functionswhicharelinearwith
respecto the parametricuncertainty It encompassegstsbasedon quadraticstability aswell asa
new recentresultproposedn [16] andis similar to the conditionproposedn [11], [17], for the par
ticular caseof robuststability. Whendealingwith thetypeof structureduncertaintypresentedn [7],
theresultsaresimilar or evenbetter

Moreover, this conditionis very promisingfor robust performancenalysisandsynthesigroblems.
Indeedtheextensionof thisresultfor theanalysisof robust Dr stabilityandrobustperformancevith
respecto real corvex polytopicuncertaintiesaswell asdissipatve linearfractionaltransformation,
LF T, uncertaintyvia parametedependentLyapune functionsis quite straightforward[19]. One
additionalinterestingaspecbdf thegivenresultis thatit canbeusedo copewith robustmulti-objectve
stabilisabilityproblems.Using parametedependentyapune functionsandthis new stability con-
dition leadsto constructrobustcontrollaws not directly dependingiponthe Lyapune matrices[1],
unlike the method=eveloppedn the quadraticstability framevork andusingthe Lyapuna Shaping
Paradigm[21].
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