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Predictions for Scientific Computing Fifty Years From Now*

1. "We" may not be here.

3. Numerical computing will be adaptive, iterative, exploratory.
Solve problems with the required accuracy
— guarantees/proofs about results.

5. Importance of floating-point arithmetic will be undiminished.
Most numerical problems cannot be solved symbolically
— make approximations.

8. Breakthroughs will have occurred in spectral methods.
—Use orthogonal series.
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Floating point (FP) Arithmetic |

A real number is approximated in machine by a rational x:

x=(—-1)" xmx (¢

@ [ is the radix (usually 8 = 2)
@ s is a sign bit

@ m is the mantissa, a rational number of n,, digits in radix £:
m = do, d1d2...dnm,1

@ e is the exponent, a signed integer on n. bits

2 /40



Floating point (FP) Arithmetic Il

Since 1985, IEEE-754 standard for FP arithmetic requests correct
rounding for : +, — X, +, V-

3 /40



Floating point (FP) Arithmetic Il

Since 1985, IEEE-754 standard for FP arithmetic requests correct
rounding for : +, — X, +, V-
Correct Rounding: An operation whose entries are FP numbers must

return what we would get by infinitely precise operation followed by
rounding.

FP programs with only these operations are deterministic
Accuracy and portability are improved

3 /40



Floating point (FP) Arithmetic Il
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Correct Rounding: An operation whose entries are FP numbers must
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Accuracy and portability are improved

@ What about standard functions (sin, cos, log, etc.)?
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Floating point (FP) Arithmetic Il

Since 1985, IEEE-754 standard for FP arithmetic requests correct
rounding for : 4+, —, X, +, V-

Correct Rounding: An operation whose entries are FP numbers must
return what we would get by infinitely precise operation followed by
rounding.

FP programs with only these operations are deterministic
Accuracy and portability are improved
@ What about standard functions (sin, cos, log, etc.)?
o Most Mathematical Libraries (libms) do not provide correctly
rounded functions, although IEEE-754-2008 recommends it.

@ Arénaire team develops the Correctly Rounded Libm (CRLibm*).

*http://lipforge.ens-lyon.fr/www/crlibm/
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Correctly rounded functions

fila,b] =R
f(z), x € [a,b]

Implement

f(var z){
//function code

return r;

}

\
||
||

Sl
7

machine representable mumbers
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Correctly rounded functions

f(var z){
fila,b] =R ? //function code
Cvelab
f(z), € [a,b] Tplemer Tmm .

E
R NIT

machine representable numbers
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Implementation of Standard Functions

exp, In, cos, sin, arctan, y/ , ...

Goal: evaluation of ¢ to a given accuracy 7.
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Implementation of Standard Functions

exp, In, cos, sin, arctan, y/ , ...

Goal: evaluation of ¢ to a given accuracy 7.

@ Step 0. Computation of hardest-to-round cases: V. Lefevre and
J.-M. Muller, TaMaDi project.

@ Step 1. Argument reduction (Payne & Hanek, Ng, Daumas et al):
evaluation of a function  over R or a subset of R is reduced to the
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Example of Numerical Computing Today

3
. 1 d
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0
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Example of Numerical Computing Today

3
0/ s (= —ay) &

o Maplelb: 0.7499743685;
e Pari/GP: 0.7927730971479080755500978354;

@ Mathematica and Chebfun fail to answer;

The Mathematica Book: "the only information it has
about your integrand is a sequence of numerical values
for it. If you give a sufficiently pathological integrand,
Mathematica may simply give you the wrong answer for
the integral.”
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Example of Numerical Computing Today

3
/ . 1 d
111 xX.
N0+ (12232
0

Maplel5: 0.7499743685;

Pari/GP: 0.7927730971479080755500978354;
Mathematica and Chebfun fail to answer;
Chen, '06: 0.7578918118.

6 / 40



Example of Numerical Computing Today

Compute:

Maplel5: 0.7499743685;

Pari/GP: 0.7927730971479080755500978354;
Mathematica and Chebfun fail to answer;

@ Chen, '06: 0.7578918118.

|

What is the correct answer, then ?

6 / 40



Computer Assisted Proofs

Formal proof of Kepler's conjecture

Prove the inequality:
27 — 2x arcsin((cos 0.797) sin(w/x)) > 2.097 — 0.0331z,
where 3 < x < 64.
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Rigorous Computing Setting

Use Floating-Point as support for computations (fast)

@ Bound roundoff, discretization, truncation errors in numerical
algorithms

@ Compute enclosures instead of approximations

@ Symbolic-numeric approach to get the correct answer

Tools:
~ Interval arithmetic (I1A)
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Interval Arithmetic (I1A)

@ Each interval = pair of floating-point numbers
( IA libraries exist, e.g. MPFI*)

o 7 € [3.1415,3.1416]

@ Interval Arithmetic Operations
Eg [13 2] + [733 2] = [72*4}
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Interval Arithmetic (I1A)

@ Each interval = pair of floating-point numbers
(multiple precision 1A libraries exist, e.g. MPFI*)

o 7 € [3.1415,3.1416]

@ Interval Arithmetic Operations
Eg. [1,2] +[-3,2] = [-2,4]

@ Range bounding for functions
Eg. z€[-1,2), f(x)=2? -z +1
F(X)=X?2-X+1

F([-1,2)) = [-1,2* = [-1,2] + [1,1]
F([-1,2]) = [0, 4] [—1,2] + [1,1]
F([-1,2])) = [-1,6]

*http://gforge.inria.fr/projects/mpfi/ o/ ac
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Interval Arithmetic (I1A)

@ Each interval = pair of floating-point numbers
(multiple precision 1A libraries exist, e.g. MPFI*)

o 7 € [3.1415,3.1416]

@ Interval Arithmetic Operations
Eg. [1,2] +[-3,2] = [-2,4]

@ Range bounding for functions
Eg. z€[-1,2), f(x)=2? -z +1
F(X)=X?2-X+1

F([- 1,2]) [-1,2% = [-1,2] + [1,1]
F((~1,2]) = [0,4] — [~1,2] + [1,1]

F([_ ) ] :[ ’ ]

z € [-1,2], f(z) € [-1,6], but Im(f) = [3/4,3]

*http://gforge.inria.fr/projects/mpfi/ o/ ac
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When Interval Arithmetic does not suffice:
Computing supremum norms of approximation errors

f(x) = e/ os@ ze[0,1], pla) = 12, ciat,
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When Interval Arithmetic does not suffice:
Computing supremum norms of approximation errors

f@) = /=), 3 € [0,1], pz) = T2 cia’, e(z) = f(=x) —plx) st.
lelloo = SUPgefa, 5 {le(2)]} is as small as possible (Remez algorithm)

4e-05
? 300
p 2e-05

1e-05

-1e-05 -

-2e-05 |-

-3e-05 -
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When Interval Arithmetic does not suffice:

Computing supremum norms of approximation errors

fx) = e/, z e [0,1], pla) = 3,2 ci', e(2) = f(z) - p(a) sit.
lelloo = SuPye(a, 5 {le(@)]} is as small as possible (Remez algorithm)

Using IA, e(x) € [—233,298], but ||e(z)]|,, ~ 3.8325-107°
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Why IA does not suffice: Overestimation

Overestimation can be reduced by using intervals of smaller width.

4e-05

3e-05

2e-05

le-05

-1e-05 |-

-2e-05

-3e-05

-4e-05

In this case, over [0, 1] we need 107 intervals!
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Why IA does not suffice: Overestimation

Use the appropriate tools!
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Rigorous polynomial approximations (RPAs)
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-0.001

-0.002

-0.003
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Rigorous polynomial approximations (RPAs)

f replaced with a rigorous polynomial approximation : (T, A)
- polynomial approximation T'
- interval A's. t. f(z) — T(x) € A,Vz € [a, b]

0.003

T T
0.002 [- il
0.001 m
0 741

0.001 |- T+A
0.002 |- il

-0.003 - —

-0.004 L L L
-1 -0.6 0 05 1

Main point of this talk: How to compute (T, A) ?
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Rigorous polynomial approximations (RPAs)
Contributions of this thesis:
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— Currently we deal with "sufficiently smooth” univariate functions f
over [a, b].
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Rigorous polynomial approximations (RPAs)
Contributions of this thesis:

— f replaced with a rigorous polynomial approximation : (T, A)
— Currently we deal with "sufficiently smooth” univariate functions f
over [a, b].

(1). Analyse and refine existing RPAs based on Taylor series
~» Taylor Models (TMs).

(2). Certify RPAs based on best polynomial approximations: use
intermediary RPAs obtained in (1), (3).

(3). Bring forth near-best RPAs: based on Chebyshev Series
~» Chebyshev Models (CMs).

e f is an elementary function, e.g. exp(1/cos(z));
o f is a D-finite function, i.e. solution of an ordinary differential
equation with polynomial coefficients, e.g. exp, Airy, Bessel.
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- Consider Taylor approximations
Let n € N, n+ 1 times differentiable function f over [a,b] around xy.
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A
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Taylor Models

- Consider Taylor approximations
Let n € N, n+ 1 times differentiable function f over [a, b] around zg.

N~ SO @o) @ w)
S =3 o

T(x)

- For obtaining A:

e For “basic functions” (sin, cos, etc.) use Lagrange formula

(n+1) . n+1
Vo € [a,b], 3§ € [a,b] s.t. Ap(x,§) = f ((i)(fl)!%)
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Taylor Models

- Consider Taylor approximations
Let n € N, n+ 1 times differentiable function f over [a,b] around xy.

ZC _Zf()xo x—xo) +An(l‘)
A

T(z)

- For obtaining A:
e For “basic functions” (sin, cos, etc.) use Lagrange formula

@ For “composite functions” use a two-step procedure:
- compute models (T, A) for all basic functions;
- apply algebraic rules with these models, instead of operations with

the corresponding functions.
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Taylor Models ~~ Algebra of RPAs

Example: feomp(x) = exp(sin(x) + cos(x))
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Taylor Models ~~ Algebra of RPAs

Example: feomp(x) = exp(sin(x) + cos(x))

exp
[+ )(Todd- Baga)
(Tl,A1) <T2,A2)
(o) (=)
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Taylor Models ~~ Algebra of RPAs

Example: feomp(x) = exp(sin(x) + cos(x))

(TCOHlpa ACOHIp)
[+ )(Toggr D)
(TlaAl) <T2,A2)
(o) ()
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Why use a two-step procedure for composite functions?

Otherwise A can be largely overestimated.
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Why use a two-step procedure for composite functions?

Otherwise A can be largely overestimated.

Example:

f(x) = e/ % over [0,1], n = 13, 2o = 0.5.
f(z) —T(x) € [0,4.56 - 1073]

o Automatic differentiation and Lagrange formula:
A =[-1.93-10%, 1.35- 107

@ Cauchy's Estimate
A=[-9.17-107%9.17-1077]

o Taylor Models
A =1[-9.04-1073,9.06 - 1073]
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Supremum norm example

f(z) = arctan(z) over [—0.9,0.9]
p(z) - minimax, degree 15

e(z) = p(z) = f(2)

1.5e-08

1e-08

5e-09
lefloe ~ 1077

-5e-09

-le-08

-1.5e-08
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Supremum norm example

Example:

f(z) = arctan(x) over [—0.9,0.9]
p(x) - minimax, degree 15

e(z) = p(x) - f(@)

el =~ 107"

Taylor approximations: we need theoretically a TM of degree 120.
Practically, the computed interval error bound can not be made
sufficiently small due to overestimation.

18 / 40



Improvement?

- Use a polynomial approximation better than Taylor:
e Why?
— better convergence domains
— compact approximations needed in formal proofs
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Improvement?

- Use a polynomial approximation better than Taylor:
e Why?
— better convergence domains
— compact approximations needed in formal proofs
e How?
— fast coefficients computation
— closed truncation error formula
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Our Approach - Chebyshev Models

- Use a polynomial approximation better than Taylor:
@ Chebyshev Interpolants.
@ Chebyshev Truncated Series.
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Quick Reminder: Chebyshev Polynomials

T, (cos(8)) = cos(nb)
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Quick Reminder: Chebyshev Polynomials

T, (cos(0)) = cos(nb)

Chebyshev nodes: n distinct real roots in [—1,1] of T},

xk:cos(w>,k:0,...,n—l.
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Quick Reminder: Chebyshev Polynomials

T (cos()) = cos(nb) Tyt = 22T, — Ti_1,To(z) = 1, Ty(z) = =
] Orthogonality:
[ Beme,, Ll
° Mo V1 — 22 o o
o -1 z Z  otherwise

Chebyshev nodes: n distinct real roots in [—1,1] of T},

xk:cos(W),kzo,...,n—l.
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Quick Reminder: Chebyshev Polynomials

T (cos()) = cos(nb) Tyt = 22T, — Ti_1,To(z) = 1, Ty(z) = =

] Orthogonality:

[ Beme,, Ll

° Mo V1 — 22 o
0z -1 % Z  otherwise
o et 0 ifi#j
08 Z ﬂ(zk)TJ(xk) = n ifi=0

al k=0 5 otherwise

Chebyshev nodes: n distinct real roots in [—1,1] of T},

xk:cos(W),kzo,...,n—l.
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Chebyshev Series vs Taylor Series |

Two approximations of f:

@ by Taylor series

+oo
n AL
f = nz::ocnx y Cn = nl

@ or by Chebyshev series

“+o0
f: Z t,,,Tn(Z),

n=—oo
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Chebyshev Series vs Taylor Series |

Two approximations of f:

@ by Taylor series

“+oo
f=Y cna" cn=

n=0

Fm(0)

n!

@ or by Chebyshev series

+oo
> taTu(x)

n=—oo

)

Error of approximation for exp(z)
0.05 5

Taylor expansion
of order 3

Chebyshev expansion
of order 3
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Chebyshev Series vs Taylor Series Il

Bad approximation outside its circle of convergence

1.5

1 1

0.5 1

0.5 1

—1.5 1

0.5 1

arctan(2x)

Taylor §pproximation
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Chebyshev Series vs Taylor Series Il

Approximation of arctan(2x) by Chebyshev expansion of degree 11

1.5+
1 4
0.5t
+ + A T
-1 —0.5 0.5 1

0.5 1

11 arctan(2x)

Taylor §pproximation
1.5+

Chebyshev 4pproximation
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Chebyshev Series vs Taylor Series Il

Convergence Domains :

For Taylor series:
disc centered at 2y = 0 which
avoids all the singularities of f

singularities of f

\\\\x

2 I

Y

For Chebyshev series:
elliptic disc with foci at +1 which
avoids all the singularities of f

singularities of f
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Chebyshev Series vs Taylor Series Il

Convergence Domains :

For Taylor series:
disc centered at xg = 0 which
avoids all the singularities of f

singularities of f

\\\x

2 I

Y

X [

For Chebyshev series:
elliptic disc with foci at £1 which
avoids all the singularities of f

singularities of f

\\\\X

X C

@ Taylor series can not converge over entire [—1, 1] unless all
singularities lie outside the unit circle.
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Chebyshev Series vs Taylor Series Il

Convergence Domains :

For Taylor series:
disc centered at xg = 0 which
avoids all the singularities of f

singularities of f

\\\x

2 I

Y

X [

For Chebyshev series:
elliptic disc with foci at £1 which
avoids all the singularities of f

singularities of f

\\\\X

X C

@ Taylor series can not converge over entire [—1, 1] unless all
singularities lie outside the unit circle.

Chebyshev series converge over entire [—1, 1] as soon as there are no

real singularities in [—1,1].

24 / 40



Quality of approximation of truncated Chebyshev series
compared to best polynomial approximation

It is well-known that truncated Chebyshev series 74(f) are near-best
uniform approximations [Chap 5.5, Mason & Handscomb 2003].
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uniform approximations [Chap 5.5, Mason & Handscomb 2003].

Let pj; is the polynomial of degree at most d that minimizes
1f = plloc = SuPp_j<z<1 |f(z) — p(z)].
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Quality of approximation of truncated Chebyshev series
compared to best polynomial approximation

It is well-known that truncated Chebyshev series 74(f) are near-best
uniform approximations [Chap 5.5, Mason & Handscomb 2003].

Let pj; is the polynomial of degree at most d that minimizes
1f = plloc = SuPp_j<z<1 |f(z) — p(z)].

17 =Pl < (g Toad +0)) 17~ pill

Aq

@ Aig = 2.22... — we lose at most 2 bits
@ A3y = 2.65... — we lose at most 2 bits
@ Ajgo = 3.13... — we lose at most 3 bits
@ Asgp = 3.78... — we lose at most 3 bits
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Chebyshev Series vs Taylor Series IV

Truncation Error :

Taylor series, Lagrange formula:
Vo € [-1,1], 3¢ € [-1,1] s.t.

(nt1)
f@) - T@) = €
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Chebyshev Series vs Taylor Series IV

Truncation Error :

Taylor series, Lagrange formula:
Vo € [-1,1], 3¢ € [-1,1] s.t.

(nt1)
f@) - T@) = €

(n+1)! e

(x — g

Chebyshev series, Bernstein-like formula:
Vo € [-1,1], 3¢ € [-1,1] s.t.

(n+1)

26 / 40



Chebyshev Series vs Taylor Series IV

Truncation Error :

Taylor series, Lagrange formula:
Vo € [-1,1], 3¢ € [-1,1] s.t.

(nt1)
f@) - T@) = €

(n+1)! e

(x — g

Chebyshev series, Bernstein-like formula:
Vo € [-1,1], 3¢ € [-1,1] s.t.

(n+1)

[v'] We should have an improvement of 2™ in the width of the Chebyshev
truncation error.
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Computing the coefficients

+oo
Chebyshev series of f = Z t;Ti(x)

1 1
— Orthogonality ~ t; = 7/ Ti(t) f@) dt
™

1 V1—1¢2
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Computing the coefficients

+oo
Chebyshev series of f = Z t;Ti(x)

i=—00

. e f(t)
— Orthogonality ~ t; = f/ T; (¢ dt
g y =/ () 5

— Discrete orthogonality ~» t; = > =5 f(zx)Ti(zx)
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Computing the coefficients

+oo
Chebyshev series of f = Z t;Ti(x)

i=—00

. e f(t)
— Orthogonality ~ t; = f/ T; (¢ dt
g y =/ () 5

— Discrete orthogonality ~» t; = > =5 f(zx)Ti(zx)

~» Chebyshev Interpolant (Cl)
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Chebyshev Models with Cl: Supremum norm example

f(z) = arctan(z) over [—0.9,0.9]

p(z) - minimax, degree 15
e(z) = p(x) — f(x)

1.5e-08

1e-08

5e-09
lefloe ~ 1077

-5e-09

-le-08

-1.5e-08
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Chebyshev Models with Cl: Supremum norm example

Example:

f(z) = arctan(x) over [—0.9,0.9]
p(x) - minimax, degree 15

e(x) = p(x) — f(z)

|, ~ 1078

Taylor approximations: we need theoretically a TM of degree 120.
Practically, the computed interval error bound can not be made
sufficiently small due to overestimation.
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Chebyshev Models with Cl: Supremum norm example

f(z) = arctan(x) over [—0.9,0.9]

p(x) - minimax, degree 15

e(x) = p(x) — f(z)

N 1078

Taylor approximations: we need theoretically a TM of degree 120.
Practically, the computed interval error bound can not be made

sufficiently small due to overestimation.

A CM of degree 60 works.
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Chebyshev Models with Cl: Supremum norm example

Example: e(z) = f(z) — p(z)
f(z) = et/ over [0,1], p(z) - minimax, degree 10

T T
4e-05 — -

(z)|| o, ~3.8325-1075 1e05

()

-1le-05 |-

-2e-05 |-

-3e-05

-4e-05
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Chebyshev Models with Cl: Supremum norm example

Example: e(z) = f(z) — p(z)
f(z) = et/ over [0,1], p(z) - minimax, degree 10

4e-05 — -

(z)[|, ~3.8325-1075 o0

Need: TM of degree 30.

)

-1le-05 |-

-2e-05 |-

-3e-05

-4e-05
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Chebyshev Models with Cl: Supremum norm example

Example: e(z) = f(z) — p(z)
f(z) = et/ over [0,1], p(z) - minimax, degree 10

4e-05 — -

(z)[|, ~3.8325-1075 o0

Need: TM of degree 30.
CM of degree 13.

)

-1le-05 |-

-2e-05 |-

-3e-05

-4e-05
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Example:

Compute:

Maplel5: 0.7499743685;

Pari/GP: 0.7927730971479080755500978354;
Mathematica and Chebfun fail to answer;

@ Chen, '06: 0.7578918118.

|

What is the correct answer, then ?
Using CMs:  0.749974368527[1, 3].
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CMs vs. TMs

Comparison between remainder bounds for several functions:

f(z), I.n CM Timing (ms) ™ Timing (ms)
sin(z), [3, 4], 10 1.19 - 10— 14 4 1.22.10 11 2
arctan(z), [—0.25, 0.25], 15 | 7.89 - 10 10 10 2.58 - 1010 4
arctan(z), [—0.9, 0.9], 15 5.10 - 10+ 14 1.67 - 102 7
exp(1/ cos(z)), [0, 1], 14 5.22 - 10 7 31 9.06 - 102 14
m [0, 1], 15 4.86 109 38 1.18 - 1073 19
sin(exp(x)).[—1, 1], 10 2.56 - 102 7 2.96 - 10 2 4
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Computing the coefficients

+o0
Chebyshev series of f = Z t.Ti(x) -
1t t
— Orthogonality ~ ¢; = 7/ Ti(t) f(t) dt
m™J_1 1 —¢2

— Discrete orthogonality ~ t; = 3 ﬁf(xk)Tl(xk)

~» Chebyshev Interpolant (Cl)
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Computing the coefficients

Chebyshev series of f = Z t,Ti(z)
Orthogonalit t ! /1 T;(t) 1) dt
- b= — i
g y . T-2

~ TCS

— Discrete orthogonality ~ £; = > 745 f(w)Ti(xk)

k=0
~+ Chebyshev Interpolant (Cl)

Remark: Currently, this step is more costly than in the case of TMs. Use
Truncated Chebyshev Series (TCS) instead: for D-finite functions.
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D-finite Functions

___________________________________________________________________________|
A function y : R — R is D-finite if it is solution of a (homogeneous)
linear differential equation with polynomial coefficients:

L. Y= ary(r) F arfly(ril) + -+ agy = 07 a; € @[:E]
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D-finite Functions

___________________________________________________________________________|
A function y : R — R is D-finite if it is solution of a (homogeneous)
linear differential equation with polynomial coefficients:

L. Y= ary(r) F arfly(ril) + -+ agy = 07 a; € @[:E]

Example 1
f@)=exp(x) <« {f'—f=0 f(0)=1}
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D-finite Functions

___________________________________________________________________________|
A function y : R — R is D-finite if it is solution of a (homogeneous)
linear differential equation with polynomial coefficients:

L. Y= ary(r) F arfly(ril) + -+ agy = 07 a; € @[:E]

Example 1
f@)=exp(x) « {f'—f=0 f(0)=1}

cos, arccos, Airy functions, Bessel functions, ...
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D-finite Functions

A function y : R — R is D-finite if it is solution of a (homogeneous)
linear differential equation with polynomial coefficients:

L. y= ary(T) + ar—ly(r_l) t-t a0y = 0’ ai € @[x]

Example 1

f(z)=exp(z) < {f —f=0,f(0) =1}
cos, arccos, Airy functions, Bessel functions, ...
About 60% of Abramowitz & Stegun
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D-finite Functions

A function y : R — R is D-finite if it is solution of a (homogeneous)
linear differential equation with polynomial coefficients:

L. y= ary(T) + ar—ly(r_l) t-t a0y = 0’ ai €