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Problem setting – analysis

Milan Korda  2

F (x, y(x),Dy(x)) = 0 for x ∈ Ωo

G(x, y(x),Dy(x)) = 0 for x ∈ ∂Ω,
<latexit sha1_base64="yDW9c0hihpL1vJP9uzSPf0kwxiQ="></latexit><latexit sha1_base64="oH4RtGlNovlflXdNK+6ySBxvG4E="></latexit><latexit sha1_base64="oH4RtGlNovlflXdNK+6ySBxvG4E="></latexit>

⌦ ⇢ Rn compact
<latexit sha1_base64="fk8z5LakZN47SdiGwqDGX6+zk74="></latexit><latexit sha1_base64="fk8z5LakZN47SdiGwqDGX6+zk74="></latexit><latexit sha1_base64="fk8z5LakZN47SdiGwqDGX6+zk74="></latexit>

y : Rn ! Rk
<latexit sha1_base64="+z0XtC477d5WzdaWhZCHDlq+Au8="></latexit><latexit sha1_base64="+z0XtC477d5WzdaWhZCHDlq+Au8="></latexit><latexit sha1_base64="+z0XtC477d5WzdaWhZCHDlq+Au8="></latexit>
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⌦ ⇢ Rn compact
<latexit sha1_base64="fk8z5LakZN47SdiGwqDGX6+zk74="></latexit><latexit sha1_base64="fk8z5LakZN47SdiGwqDGX6+zk74="></latexit><latexit sha1_base64="fk8z5LakZN47SdiGwqDGX6+zk74="></latexit>

F (x, y(x),Dy(x)) = 0 for x ∈ Ωo

G(x, y(x),Dy(x)) = 0 for x ∈ ∂Ω,
<latexit sha1_base64="yDW9c0hihpL1vJP9uzSPf0kwxiQ="></latexit><latexit sha1_base64="oH4RtGlNovlflXdNK+6ySBxvG4E="></latexit><latexit sha1_base64="oH4RtGlNovlflXdNK+6ySBxvG4E="></latexit>

y : Rn ! Rk
<latexit sha1_base64="+z0XtC477d5WzdaWhZCHDlq+Au8="></latexit><latexit sha1_base64="+z0XtC477d5WzdaWhZCHDlq+Au8="></latexit><latexit sha1_base64="+z0XtC477d5WzdaWhZCHDlq+Au8="></latexit>

J
�
y(·)

�
:=

R
⌦ L (x, y(x),Dy(x)) dx +

R
@⌦ L@ (x, y(x),Dy(x)) d�(x)

<latexit sha1_base64="b8ZGUZvwK2/1kOqOPg13CAPPTAw="></latexit><latexit sha1_base64="b8ZGUZvwK2/1kOqOPg13CAPPTAw="></latexit><latexit sha1_base64="b8ZGUZvwK2/1kOqOPg13CAPPTAw="></latexit>
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⌦ ⇢ Rn compact
<latexit sha1_base64="fk8z5LakZN47SdiGwqDGX6+zk74="></latexit><latexit sha1_base64="fk8z5LakZN47SdiGwqDGX6+zk74="></latexit><latexit sha1_base64="fk8z5LakZN47SdiGwqDGX6+zk74="></latexit>

F (x, y(x),Dy(x)) = 0 for x ∈ Ωo

G(x, y(x),Dy(x)) = 0 for x ∈ ∂Ω,
<latexit sha1_base64="yDW9c0hihpL1vJP9uzSPf0kwxiQ="></latexit><latexit sha1_base64="oH4RtGlNovlflXdNK+6ySBxvG4E="></latexit><latexit sha1_base64="oH4RtGlNovlflXdNK+6ySBxvG4E="></latexit>

y : Rn ! Rk
<latexit sha1_base64="+z0XtC477d5WzdaWhZCHDlq+Au8="></latexit><latexit sha1_base64="+z0XtC477d5WzdaWhZCHDlq+Au8="></latexit><latexit sha1_base64="+z0XtC477d5WzdaWhZCHDlq+Au8="></latexit>

Example: L(x, y , z) = y2, L@(x, y , z)
<latexit sha1_base64="0eC+mvre1zZAryfYsEGN+ilexfc="></latexit><latexit sha1_base64="0eC+mvre1zZAryfYsEGN+ilexfc="></latexit><latexit sha1_base64="0eC+mvre1zZAryfYsEGN+ilexfc="></latexit>

J(y(·)) =
R
⌦ y(x)

2 dx
<latexit sha1_base64="0ME8wwCeF4aQpGD67+4QqZUm3pQ="></latexit><latexit sha1_base64="0ME8wwCeF4aQpGD67+4QqZUm3pQ="></latexit><latexit sha1_base64="0ME8wwCeF4aQpGD67+4QqZUm3pQ="></latexit>

)
<latexit sha1_base64="rbXXahyfEv0AhcY+p/MEA5leSLQ="></latexit><latexit sha1_base64="rbXXahyfEv0AhcY+p/MEA5leSLQ="></latexit><latexit sha1_base64="rbXXahyfEv0AhcY+p/MEA5leSLQ="></latexit>

J
�
y(·)

�
:=

R
⌦ L (x, y(x),Dy(x)) dx +

R
@⌦ L@ (x, y(x),Dy(x)) d�(x)

<latexit sha1_base64="ewGQJC85XtVvL89J3LnFh5p6gxg="></latexit><latexit sha1_base64="ewGQJC85XtVvL89J3LnFh5p6gxg="></latexit><latexit sha1_base64="ewGQJC85XtVvL89J3LnFh5p6gxg="></latexit>
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⌦ ⇢ Rn compact
<latexit sha1_base64="fk8z5LakZN47SdiGwqDGX6+zk74="></latexit><latexit sha1_base64="fk8z5LakZN47SdiGwqDGX6+zk74="></latexit><latexit sha1_base64="fk8z5LakZN47SdiGwqDGX6+zk74="></latexit>

F (x, y(x),Dy(x)) = 0 for x ∈ Ωo

G(x, y(x),Dy(x)) = 0 for x ∈ ∂Ω,
<latexit sha1_base64="yDW9c0hihpL1vJP9uzSPf0kwxiQ="></latexit><latexit sha1_base64="oH4RtGlNovlflXdNK+6ySBxvG4E="></latexit><latexit sha1_base64="oH4RtGlNovlflXdNK+6ySBxvG4E="></latexit>

y : Rn ! Rk
<latexit sha1_base64="+z0XtC477d5WzdaWhZCHDlq+Au8="></latexit><latexit sha1_base64="+z0XtC477d5WzdaWhZCHDlq+Au8="></latexit><latexit sha1_base64="+z0XtC477d5WzdaWhZCHDlq+Au8="></latexit>

inf / sup
y

J
(
y
)

subject to y solves the PDE
<latexit sha1_base64="oIkovaZK07pHk7aU5MEI9u8SwcA="></latexit><latexit sha1_base64="Yo4pkmIa4StFq/cO9hr/FTIC5YQ="></latexit><latexit sha1_base64="Yo4pkmIa4StFq/cO9hr/FTIC5YQ="></latexit>

Goal: establish bounds on
<latexit sha1_base64="gwsuPaUwEq9jmW4uAKc2aDrml78="></latexit><latexit sha1_base64="gwsuPaUwEq9jmW4uAKc2aDrml78="></latexit><latexit sha1_base64="gwsuPaUwEq9jmW4uAKc2aDrml78="></latexit>

J
�
y(·)

�
:=

R
⌦ L (x, y(x),Dy(x)) dx +

R
@⌦ L@ (x, y(x),Dy(x)) d�(x)

<latexit sha1_base64="ewGQJC85XtVvL89J3LnFh5p6gxg="></latexit><latexit sha1_base64="ewGQJC85XtVvL89J3LnFh5p6gxg="></latexit><latexit sha1_base64="ewGQJC85XtVvL89J3LnFh5p6gxg="></latexit>
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Aµ = b
<latexit sha1_base64="D51RKDMFE48YutlRfSnxqi6MBFc="></latexit><latexit sha1_base64="D51RKDMFE48YutlRfSnxqi6MBFc="></latexit><latexit sha1_base64="D51RKDMFE48YutlRfSnxqi6MBFc="></latexit>

µ 2 M+
<latexit sha1_base64="I2heFv1JwfkFn6QilX6WUC7bueI="></latexit><latexit sha1_base64="I2heFv1JwfkFn6QilX6WUC7bueI="></latexit><latexit sha1_base64="I2heFv1JwfkFn6QilX6WUC7bueI="></latexit>

�

min
µ
hg, µi

<latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="gXr36p/KSFVdrmxg08kLnAQNQ9g="></latexit><latexit sha1_base64="AEsqb4ldRhKp/XaDlqEVmR8BqlA="></latexit><latexit sha1_base64="AEsqb4ldRhKp/XaDlqEVmR8BqlA="></latexit><latexit sha1_base64="Mf9WtiDVfiTqbyIw8rO5HHJOtwA="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit>

Infinite-dimensional LP
<latexit sha1_base64="VWS1DABKxRSJQruCGnRKFgXUXn8="></latexit><latexit sha1_base64="VWS1DABKxRSJQruCGnRKFgXUXn8="></latexit><latexit sha1_base64="VWS1DABKxRSJQruCGnRKFgXUXn8="></latexit>

ANy = bN
<latexit sha1_base64="reIOr870QOz4ZqZZBQyrPZjx2o4="></latexit><latexit sha1_base64="reIOr870QOz4ZqZZBQyrPZjx2o4="></latexit><latexit sha1_base64="reIOr870QOz4ZqZZBQyrPZjx2o4="></latexit>

min
y
hgN ,yi

<latexit sha1_base64="TOAY7H0Zk96mCvP+O3qAbW3vuK8="></latexit><latexit sha1_base64="TOAY7H0Zk96mCvP+O3qAbW3vuK8="></latexit><latexit sha1_base64="TOAY7H0Zk96mCvP+O3qAbW3vuK8="></latexit>

y 2 M+
N

<latexit sha1_base64="+kWBZ+NVFwX6+DCwTW8C2xJFmkg="></latexit><latexit sha1_base64="+kWBZ+NVFwX6+DCwTW8C2xJFmkg="></latexit><latexit sha1_base64="+kWBZ+NVFwX6+DCwTW8C2xJFmkg="></latexit>

�

Convex semidefinite program
<latexit sha1_base64="aRwRsTJx8rHol+wNVkpOjavk2tk="></latexit><latexit sha1_base64="aRwRsTJx8rHol+wNVkpOjavk2tk="></latexit><latexit sha1_base64="aRwRsTJx8rHol+wNVkpOjavk2tk="></latexit>

inf / sup
y

J
(
y
)

subject to y solves the PDE
<latexit sha1_base64="oIkovaZK07pHk7aU5MEI9u8SwcA="></latexit><latexit sha1_base64="Yo4pkmIa4StFq/cO9hr/FTIC5YQ="></latexit><latexit sha1_base64="Yo4pkmIa4StFq/cO9hr/FTIC5YQ="></latexit>
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Aµ = b
<latexit sha1_base64="D51RKDMFE48YutlRfSnxqi6MBFc="></latexit><latexit sha1_base64="D51RKDMFE48YutlRfSnxqi6MBFc="></latexit><latexit sha1_base64="D51RKDMFE48YutlRfSnxqi6MBFc="></latexit>

µ 2 M+
<latexit sha1_base64="I2heFv1JwfkFn6QilX6WUC7bueI="></latexit><latexit sha1_base64="I2heFv1JwfkFn6QilX6WUC7bueI="></latexit><latexit sha1_base64="I2heFv1JwfkFn6QilX6WUC7bueI="></latexit>

�

min
µ
hg, µi

<latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="gXr36p/KSFVdrmxg08kLnAQNQ9g="></latexit><latexit sha1_base64="AEsqb4ldRhKp/XaDlqEVmR8BqlA="></latexit><latexit sha1_base64="AEsqb4ldRhKp/XaDlqEVmR8BqlA="></latexit><latexit sha1_base64="Mf9WtiDVfiTqbyIw8rO5HHJOtwA="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit>

Infinite-dimensional LP
<latexit sha1_base64="VWS1DABKxRSJQruCGnRKFgXUXn8="></latexit><latexit sha1_base64="VWS1DABKxRSJQruCGnRKFgXUXn8="></latexit><latexit sha1_base64="VWS1DABKxRSJQruCGnRKFgXUXn8="></latexit>

ANy = bN
<latexit sha1_base64="reIOr870QOz4ZqZZBQyrPZjx2o4="></latexit><latexit sha1_base64="reIOr870QOz4ZqZZBQyrPZjx2o4="></latexit><latexit sha1_base64="reIOr870QOz4ZqZZBQyrPZjx2o4="></latexit>

min
y
hgN ,yi

<latexit sha1_base64="TOAY7H0Zk96mCvP+O3qAbW3vuK8="></latexit><latexit sha1_base64="TOAY7H0Zk96mCvP+O3qAbW3vuK8="></latexit><latexit sha1_base64="TOAY7H0Zk96mCvP+O3qAbW3vuK8="></latexit>

y 2 M+
N

<latexit sha1_base64="+kWBZ+NVFwX6+DCwTW8C2xJFmkg="></latexit><latexit sha1_base64="+kWBZ+NVFwX6+DCwTW8C2xJFmkg="></latexit><latexit sha1_base64="+kWBZ+NVFwX6+DCwTW8C2xJFmkg="></latexit>

�

Convex semidefinite program
<latexit sha1_base64="aRwRsTJx8rHol+wNVkpOjavk2tk="></latexit><latexit sha1_base64="aRwRsTJx8rHol+wNVkpOjavk2tk="></latexit><latexit sha1_base64="aRwRsTJx8rHol+wNVkpOjavk2tk="></latexit>

inf / sup
y

J
(
y
)

subject to y solves the PDE
<latexit sha1_base64="oIkovaZK07pHk7aU5MEI9u8SwcA="></latexit><latexit sha1_base64="Yo4pkmIa4StFq/cO9hr/FTIC5YQ="></latexit><latexit sha1_base64="Yo4pkmIa4StFq/cO9hr/FTIC5YQ="></latexit>

Long history: Global optimization (Lasserre, Parrilo, Nesterov,...)
<latexit sha1_base64="OVm/Z0oVEDhIU4xKx7lf6v1aicI="></latexit><latexit sha1_base64="OVm/Z0oVEDhIU4xKx7lf6v1aicI="></latexit><latexit sha1_base64="OVm/Z0oVEDhIU4xKx7lf6v1aicI="></latexit>

Stability of ODEs (Rantzer, Vaydia,...)
<latexit sha1_base64="80nZzJTzqVDz5Fjq6KFQgoA9dEs="></latexit><latexit sha1_base64="80nZzJTzqVDz5Fjq6KFQgoA9dEs="></latexit><latexit sha1_base64="80nZzJTzqVDz5Fjq6KFQgoA9dEs="></latexit>

Optimal control of ODEs (Young, Vinter, Lasserre, Henrion, Gaitsgory,...)
<latexit sha1_base64="Q+FMnmECe5W3zvbanEMN+rt7wfs="></latexit><latexit sha1_base64="Q+FMnmECe5W3zvbanEMN+rt7wfs="></latexit><latexit sha1_base64="Q+FMnmECe5W3zvbanEMN+rt7wfs="></latexit> ...

<latexit sha1_base64="5iW+yicFxxCjWO07jn3IQ75YLPs="></latexit><latexit sha1_base64="5iW+yicFxxCjWO07jn3IQ75YLPs="></latexit><latexit sha1_base64="5iW+yicFxxCjWO07jn3IQ75YLPs="></latexit>
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µ(A× B × C) =
∫

Ω
IA×B×C (x, y(x),Dy(x)) dx

<latexit sha1_base64="xC0UITJbp2YIrn47EmX0ws2XTVI="></latexit><latexit sha1_base64="sUpCtBQkotYW0pA/orJdUGNCPOo="></latexit><latexit sha1_base64="sUpCtBQkotYW0pA/orJdUGNCPOo="></latexit>

Occupation measure
<latexit sha1_base64="+kSBvdiwwX3tzWibe2kT57TbzdY="></latexit><latexit sha1_base64="1du+ViRE5eepX8x1NDClB02rt5s="></latexit><latexit sha1_base64="1du+ViRE5eepX8x1NDClB02rt5s="></latexit>
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µ(A× B × C) =
∫

Ω
IA×B×C (x, y(x),Dy(x)) dx

<latexit sha1_base64="xC0UITJbp2YIrn47EmX0ws2XTVI="></latexit><latexit sha1_base64="sUpCtBQkotYW0pA/orJdUGNCPOo="></latexit><latexit sha1_base64="sUpCtBQkotYW0pA/orJdUGNCPOo="></latexit>

Occupation measure
<latexit sha1_base64="+kSBvdiwwX3tzWibe2kT57TbzdY="></latexit><latexit sha1_base64="1du+ViRE5eepX8x1NDClB02rt5s="></latexit><latexit sha1_base64="1du+ViRE5eepX8x1NDClB02rt5s="></latexit>

x
<latexit sha1_base64="GGrLN83mHpKyT4rMM90AnszCMTc="></latexit><latexit sha1_base64="GGrLN83mHpKyT4rMM90AnszCMTc="></latexit><latexit sha1_base64="GGrLN83mHpKyT4rMM90AnszCMTc="></latexit>

y(x)
<latexit sha1_base64="Ve+Qj0I0nc3q/ivjiegfoZNuUKY="></latexit><latexit sha1_base64="Ve+Qj0I0nc3q/ivjiegfoZNuUKY="></latexit><latexit sha1_base64="Ve+Qj0I0nc3q/ivjiegfoZNuUKY="></latexit>

µ(A⇥ B)
<latexit sha1_base64="YHf1XCbSp7/qfUyyrSBHh8/ZU74="></latexit><latexit sha1_base64="YHf1XCbSp7/qfUyyrSBHh8/ZU74="></latexit><latexit sha1_base64="YHf1XCbSp7/qfUyyrSBHh8/ZU74="></latexit>

A⇥ B
<latexit sha1_base64="3o/72Ka7++vQ1f27Uetvr09iegA="></latexit><latexit sha1_base64="3o/72Ka7++vQ1f27Uetvr09iegA="></latexit><latexit sha1_base64="3o/72Ka7++vQ1f27Uetvr09iegA="></latexit>
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µ(A× B × C) =
∫

Ω
IA×B×C (x, y(x),Dy(x)) dx

<latexit sha1_base64="xC0UITJbp2YIrn47EmX0ws2XTVI="></latexit><latexit sha1_base64="sUpCtBQkotYW0pA/orJdUGNCPOo="></latexit><latexit sha1_base64="sUpCtBQkotYW0pA/orJdUGNCPOo="></latexit>

µ∂(A× B × C) =
∫

∂Ω
IA×B×C (x, y(x),Dy(x)) dσ(x),

<latexit sha1_base64="W5kcqjH0Si4yICgkKp9wojiASr0="></latexit><latexit sha1_base64="E9xUdDcrl3lMuVwkrt5jRXruEzQ="></latexit><latexit sha1_base64="E9xUdDcrl3lMuVwkrt5jRXruEzQ="></latexit>

Occupation measure
<latexit sha1_base64="+kSBvdiwwX3tzWibe2kT57TbzdY="></latexit><latexit sha1_base64="1du+ViRE5eepX8x1NDClB02rt5s="></latexit><latexit sha1_base64="1du+ViRE5eepX8x1NDClB02rt5s="></latexit>

Boundary measure
<latexit sha1_base64="6fH4V4TNGHkFm29FWTZkVKurMH4="></latexit><latexit sha1_base64="lW51O/m/R2WclFGEwAXZw0AcLWE="></latexit><latexit sha1_base64="lW51O/m/R2WclFGEwAXZw0AcLWE="></latexit>

x
<latexit sha1_base64="GGrLN83mHpKyT4rMM90AnszCMTc="></latexit><latexit sha1_base64="GGrLN83mHpKyT4rMM90AnszCMTc="></latexit><latexit sha1_base64="GGrLN83mHpKyT4rMM90AnszCMTc="></latexit>

y(x)
<latexit sha1_base64="Ve+Qj0I0nc3q/ivjiegfoZNuUKY="></latexit><latexit sha1_base64="Ve+Qj0I0nc3q/ivjiegfoZNuUKY="></latexit><latexit sha1_base64="Ve+Qj0I0nc3q/ivjiegfoZNuUKY="></latexit>

µ(A⇥ B)
<latexit sha1_base64="YHf1XCbSp7/qfUyyrSBHh8/ZU74="></latexit><latexit sha1_base64="YHf1XCbSp7/qfUyyrSBHh8/ZU74="></latexit><latexit sha1_base64="YHf1XCbSp7/qfUyyrSBHh8/ZU74="></latexit>

A⇥ B
<latexit sha1_base64="3o/72Ka7++vQ1f27Uetvr09iegA="></latexit><latexit sha1_base64="3o/72Ka7++vQ1f27Uetvr09iegA="></latexit><latexit sha1_base64="3o/72Ka7++vQ1f27Uetvr09iegA="></latexit>



Occupation and boundary measures

Milan Korda 12

µ(A× B × C) =
∫

Ω
IA×B×C (x, y(x),Dy(x)) dx

<latexit sha1_base64="xC0UITJbp2YIrn47EmX0ws2XTVI="></latexit><latexit sha1_base64="sUpCtBQkotYW0pA/orJdUGNCPOo="></latexit><latexit sha1_base64="sUpCtBQkotYW0pA/orJdUGNCPOo="></latexit>

µ∂(A× B × C) =
∫

∂Ω
IA×B×C (x, y(x),Dy(x)) dσ(x),

<latexit sha1_base64="W5kcqjH0Si4yICgkKp9wojiASr0="></latexit><latexit sha1_base64="E9xUdDcrl3lMuVwkrt5jRXruEzQ="></latexit><latexit sha1_base64="E9xUdDcrl3lMuVwkrt5jRXruEzQ="></latexit>

Occupation measure
<latexit sha1_base64="+kSBvdiwwX3tzWibe2kT57TbzdY="></latexit><latexit sha1_base64="1du+ViRE5eepX8x1NDClB02rt5s="></latexit><latexit sha1_base64="1du+ViRE5eepX8x1NDClB02rt5s="></latexit>

Boundary measure
<latexit sha1_base64="6fH4V4TNGHkFm29FWTZkVKurMH4="></latexit><latexit sha1_base64="lW51O/m/R2WclFGEwAXZw0AcLWE="></latexit><latexit sha1_base64="lW51O/m/R2WclFGEwAXZw0AcLWE="></latexit>

(µ, µ@)  ! y(·)
<latexit sha1_base64="mnRbM5H3n/76/RQaNwSWAgJGWIg="></latexit><latexit sha1_base64="mnRbM5H3n/76/RQaNwSWAgJGWIg="></latexit><latexit sha1_base64="mnRbM5H3n/76/RQaNwSWAgJGWIg="></latexit>



Occupation and boundary measures

Milan Korda 13

Integration along solutions to the PDE! spatial integration w.r.t. µ and µ@
<latexit sha1_base64="BWEfg9XT+tBjE2ch9H/S0+exnEY=">AAAGdHicdZTfaxNBEMevto01/qr6KMJiUhDRkIgiPhRE+xOtVLEq9GLZ3ZskS/fHsbvXRpf9L33xr/BR8MndJNq7a3oQmJvvZ2Z2dnJDcs6M7XZ/LlxaXFpuXF650rx67fqNm6u3bn8yqtAUDqjiSn8h2ABnEg4ssxy+5BqwIBw+k+PXUf98AtowJT/abzn0BR5KNmAU2+A6WpW70sJQT94Q5koOkVG8iK8GWYXsCND+xiZqp1 </latexit><latexit sha1_base64="BWEfg9XT+tBjE2ch9H/S0+exnEY=">AAAGdHicdZTfaxNBEMevto01/qr6KMJiUhDRkIgiPhRE+xOtVLEq9GLZ3ZskS/fHsbvXRpf9L33xr/BR8MndJNq7a3oQmJvvZ2Z2dnJDcs6M7XZ/LlxaXFpuXF650rx67fqNm6u3bn8yqtAUDqjiSn8h2ABnEg4ssxy+5BqwIBw+k+PXUf98AtowJT/abzn0BR5KNmAU2+A6WpW70sJQT94Q5koOkVG8iK8GWYXsCND+xiZqp1 </latexit><latexit sha1_base64="BWEfg9XT+tBjE2ch9H/S0+exnEY=">AAAGdHicdZTfaxNBEMevto01/qr6KMJiUhDRkIgiPhRE+xOtVLEq9GLZ3ZskS/fHsbvXRpf9L33xr/BR8MndJNq7a3oQmJvvZ2Z2dnJDcs6M7XZ/LlxaXFpuXF650rx67fqNm6u3bn8yqtAUDqjiSn8h2ABnEg4ssxy+5BqwIBw+k+PXUf98AtowJT/abzn0BR5KNmAU2+A6WpW70sJQT94Q5koOkVG8iK8GWYXsCND+xiZqp1 </latexit>

∫

Ω
h (x, y(x),Dy(x)) dx =

∫

Ω×Y×Z
h (x, y , z) dµ(x, y , z)

<latexit sha1_base64="/psmm9Vd7dKKLO7Hbp+7x71gcfw="></latexit><latexit sha1_base64="2XJoUp02rFgt18vsXcCIN/id4UI="></latexit><latexit sha1_base64="2XJoUp02rFgt18vsXcCIN/id4UI="></latexit>

for all h 2 L1
<latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit><latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit><latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit>



Occupation and boundary measures

Milan Korda 14

Integration along solutions to the PDE! spatial integration w.r.t. µ and µ@
<latexit sha1_base64="BWEfg9XT+tBjE2ch9H/S0+exnEY=">AAAGdHicdZTfaxNBEMevto01/qr6KMJiUhDRkIgiPhRE+xOtVLEq9GLZ3ZskS/fHsbvXRpf9L33xr/BR8MndJNq7a3oQmJvvZ2Z2dnJDcs6M7XZ/LlxaXFpuXF650rx67fqNm6u3bn8yqtAUDqjiSn8h2ABnEg4ssxy+5BqwIBw+k+PXUf98AtowJT/abzn0BR5KNmAU2+A6WpW70sJQT94Q5koOkVG8iK8GWYXsCND+xiZqp1 </latexit><latexit sha1_base64="BWEfg9XT+tBjE2ch9H/S0+exnEY=">AAAGdHicdZTfaxNBEMevto01/qr6KMJiUhDRkIgiPhRE+xOtVLEq9GLZ3ZskS/fHsbvXRpf9L33xr/BR8MndJNq7a3oQmJvvZ2Z2dnJDcs6M7XZ/LlxaXFpuXF650rx67fqNm6u3bn8yqtAUDqjiSn8h2ABnEg4ssxy+5BqwIBw+k+PXUf98AtowJT/abzn0BR5KNmAU2+A6WpW70sJQT94Q5koOkVG8iK8GWYXsCND+xiZqp1 </latexit><latexit sha1_base64="BWEfg9XT+tBjE2ch9H/S0+exnEY=">AAAGdHicdZTfaxNBEMevto01/qr6KMJiUhDRkIgiPhRE+xOtVLEq9GLZ3ZskS/fHsbvXRpf9L33xr/BR8MndJNq7a3oQmJvvZ2Z2dnJDcs6M7XZ/LlxaXFpuXF650rx67fqNm6u3bn8yqtAUDqjiSn8h2ABnEg4ssxy+5BqwIBw+k+PXUf98AtowJT/abzn0BR5KNmAU2+A6WpW70sJQT94Q5koOkVG8iK8GWYXsCND+xiZqp1 </latexit>

∫

Ω
h (x, y(x),Dy(x)) dx =

∫

Ω×Y×Z
h (x, y , z) dµ(x, y , z)

<latexit sha1_base64="/psmm9Vd7dKKLO7Hbp+7x71gcfw="></latexit><latexit sha1_base64="2XJoUp02rFgt18vsXcCIN/id4UI="></latexit><latexit sha1_base64="2XJoUp02rFgt18vsXcCIN/id4UI="></latexit>

∫

∂Ω
h (x, y(x),Dy(x)) σ(x) =

∫

∂Ω×Y×Z
h (x, y , z) dµ∂(x, y , z)

<latexit sha1_base64="nthpPMZ0k162om8+hKChYpa5e3g="></latexit><latexit sha1_base64="d88N5V0ONNNSuPyDdksoeT8QMN8="></latexit><latexit sha1_base64="d88N5V0ONNNSuPyDdksoeT8QMN8="></latexit>

for all h 2 L1
<latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit><latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit><latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit>

for all h 2 L1
<latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit><latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit><latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit>



Occupation and boundary measures

Milan Korda 15

Integration along solutions to the PDE! spatial integration w.r.t. µ and µ@
<latexit sha1_base64="BWEfg9XT+tBjE2ch9H/S0+exnEY=">AAAGdHicdZTfaxNBEMevto01/qr6KMJiUhDRkIgiPhRE+xOtVLEq9GLZ3ZskS/fHsbvXRpf9L33xr/BR8MndJNq7a3oQmJvvZ2Z2dnJDcs6M7XZ/LlxaXFpuXF650rx67fqNm6u3bn8yqtAUDqjiSn8h2ABnEg4ssxy+5BqwIBw+k+PXUf98AtowJT/abzn0BR5KNmAU2+A6WpW70sJQT94Q5koOkVG8iK8GWYXsCND+xiZqp1 </latexit><latexit sha1_base64="BWEfg9XT+tBjE2ch9H/S0+exnEY=">AAAGdHicdZTfaxNBEMevto01/qr6KMJiUhDRkIgiPhRE+xOtVLEq9GLZ3ZskS/fHsbvXRpf9L33xr/BR8MndJNq7a3oQmJvvZ2Z2dnJDcs6M7XZ/LlxaXFpuXF650rx67fqNm6u3bn8yqtAUDqjiSn8h2ABnEg4ssxy+5BqwIBw+k+PXUf98AtowJT/abzn0BR5KNmAU2+A6WpW70sJQT94Q5koOkVG8iK8GWYXsCND+xiZqp1 </latexit><latexit sha1_base64="BWEfg9XT+tBjE2ch9H/S0+exnEY=">AAAGdHicdZTfaxNBEMevto01/qr6KMJiUhDRkIgiPhRE+xOtVLEq9GLZ3ZskS/fHsbvXRpf9L33xr/BR8MndJNq7a3oQmJvvZ2Z2dnJDcs6M7XZ/LlxaXFpuXF650rx67fqNm6u3bn8yqtAUDqjiSn8h2ABnEg4ssxy+5BqwIBw+k+PXUf98AtowJT/abzn0BR5KNmAU2+A6WpW70sJQT94Q5koOkVG8iK8GWYXsCND+xiZqp1 </latexit>

∫

Ω
h (x, y(x),Dy(x)) dx =

∫

Ω×Y×Z
h (x, y , z) dµ(x, y , z)

<latexit sha1_base64="/psmm9Vd7dKKLO7Hbp+7x71gcfw="></latexit><latexit sha1_base64="2XJoUp02rFgt18vsXcCIN/id4UI="></latexit><latexit sha1_base64="2XJoUp02rFgt18vsXcCIN/id4UI="></latexit>

∫

∂Ω
h (x, y(x),Dy(x)) σ(x) =

∫

∂Ω×Y×Z
h (x, y , z) dµ∂(x, y , z)

<latexit sha1_base64="nthpPMZ0k162om8+hKChYpa5e3g="></latexit><latexit sha1_base64="d88N5V0ONNNSuPyDdksoeT8QMN8="></latexit><latexit sha1_base64="d88N5V0ONNNSuPyDdksoeT8QMN8="></latexit>

)
<latexit sha1_base64="6Foo7WaxrWVe0AvuAqo8kYcx3uQ="></latexit><latexit sha1_base64="6Foo7WaxrWVe0AvuAqo8kYcx3uQ="></latexit><latexit sha1_base64="6Foo7WaxrWVe0AvuAqo8kYcx3uQ="></latexit>

for all h 2 L1
<latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit><latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit><latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit>

for all h 2 L1
<latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit><latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit><latexit sha1_base64="6Kvu8Jl8mZ5jXCn1UGmA9mX91XA=">AAAGJnicdZTNThRBEMcHZBXXL9Cjl4m7JMYI2SUa44GEKJ8BDBIQEmbddPfU7Hboj0l3Dyx25uq7mHjV1/BkjDffwFewe3eRnWHpw6RS/19VdXVlCqeMatNo/J6YvDFVuXlr+nb1zt179x/MzD78oGWmCBwQyaQ6wkgDowIODDUMjlIFiGMGh/jkrdcPT0FpKsW+OU+hxVFH0IQSZJyrPRMmUoWRgZ7BiUWM5WG9G1ERbrfdNz </latexit>

=
R
⌦ L (x, y , z) dµ(x, y , z) +

R
@⌦ L@ (x, y , z) dµ@(x, y , z)

<latexit sha1_base64="K40bGYMpywEyRlAd0Z3O0rWEXZw="></latexit><latexit sha1_base64="K40bGYMpywEyRlAd0Z3O0rWEXZw="></latexit><latexit sha1_base64="K40bGYMpywEyRlAd0Z3O0rWEXZw="></latexit>

J
�
y(·)

�
=

R
⌦ L (x, y(x),Dy(x)) dx +

R
@⌦ L@ (x, y(x),Dy(x)) d�(x)

<latexit sha1_base64="dQxCDQBEsLH2VwJHCURBIPSq9Ms="></latexit><latexit sha1_base64="dQxCDQBEsLH2VwJHCURBIPSq9Ms="></latexit><latexit sha1_base64="dQxCDQBEsLH2VwJHCURBIPSq9Ms="></latexit>



Milan Korda 16

When do µ and µ@ come from our PDE?
<latexit sha1_base64="HoaMr1Gp9chR9XFnOjAxtSNvCRY=">AAAGG3icdZRNbxMxEIaXQqCErxaOXCwSJIRolRQhxKFQQZsWQVFBLa3UDZHtnSRW/bGyvWmKtT+EC3+FCwdAXDhw4N9gJwGyS2pppZHfZ+bd8cgmKWfGNhq/zsydPVc5f2H+YvXS5StXry0sXn9rVKYp7FHFlT4g2ABnEvYssxwOUg1YEA775OhZ0PcHoA1TcteepNAWuCdZl1Fs/VZn4f5+HyRKFKrHIqsjLJNR1IlTrC3DvI </latexit><latexit sha1_base64="HoaMr1Gp9chR9XFnOjAxtSNvCRY=">AAAGG3icdZRNbxMxEIaXQqCErxaOXCwSJIRolRQhxKFQQZsWQVFBLa3UDZHtnSRW/bGyvWmKtT+EC3+FCwdAXDhw4N9gJwGyS2pppZHfZ+bd8cgmKWfGNhq/zsydPVc5f2H+YvXS5StXry0sXn9rVKYp7FHFlT4g2ABnEvYssxwOUg1YEA775OhZ0PcHoA1TcteepNAWuCdZl1Fs/VZn4f5+HyRKFKrHIqsjLJNR1IlTrC3DvI </latexit><latexit sha1_base64="HoaMr1Gp9chR9XFnOjAxtSNvCRY=">AAAGG3icdZRNbxMxEIaXQqCErxaOXCwSJIRolRQhxKFQQZsWQVFBLa3UDZHtnSRW/bGyvWmKtT+EC3+FCwdAXDhw4N9gJwGyS2pppZHfZ+bd8cgmKWfGNhq/zsydPVc5f2H+YvXS5StXry0sXn9rVKYp7FHFlT4g2ABnEvYssxwOUg1YEA775OhZ0PcHoA1TcteepNAWuCdZl1Fs/VZn4f5+HyRKFKrHIqsjLJNR1IlTrC3DvI </latexit>



Milan Korda 17

When do µ and µ@ come from our PDE?
<latexit sha1_base64="HoaMr1Gp9chR9XFnOjAxtSNvCRY=">AAAGG3icdZRNbxMxEIaXQqCErxaOXCwSJIRolRQhxKFQQZsWQVFBLa3UDZHtnSRW/bGyvWmKtT+EC3+FCwdAXDhw4N9gJwGyS2pppZHfZ+bd8cgmKWfGNhq/zsydPVc5f2H+YvXS5StXry0sXn9rVKYp7FHFlT4g2ABnEvYssxwOUg1YEA775OhZ0PcHoA1TcteepNAWuCdZl1Fs/VZn4f5+HyRKFKrHIqsjLJNR1IlTrC3DvI </latexit><latexit sha1_base64="HoaMr1Gp9chR9XFnOjAxtSNvCRY=">AAAGG3icdZRNbxMxEIaXQqCErxaOXCwSJIRolRQhxKFQQZsWQVFBLa3UDZHtnSRW/bGyvWmKtT+EC3+FCwdAXDhw4N9gJwGyS2pppZHfZ+bd8cgmKWfGNhq/zsydPVc5f2H+YvXS5StXry0sXn9rVKYp7FHFlT4g2ABnEvYssxwOUg1YEA775OhZ0PcHoA1TcteepNAWuCdZl1Fs/VZn4f5+HyRKFKrHIqsjLJNR1IlTrC3DvI </latexit><latexit sha1_base64="HoaMr1Gp9chR9XFnOjAxtSNvCRY=">AAAGG3icdZRNbxMxEIaXQqCErxaOXCwSJIRolRQhxKFQQZsWQVFBLa3UDZHtnSRW/bGyvWmKtT+EC3+FCwdAXDhw4N9gJwGyS2pppZHfZ+bd8cgmKWfGNhq/zsydPVc5f2H+YvXS5StXry0sXn9rVKYp7FHFlT4g2ABnEvYssxwOUg1YEA775OhZ0PcHoA1TcteepNAWuCdZl1Fs/VZn4f5+HyRKFKrHIqsjLJNR1IlTrC3DvI </latexit>

∫

∂Ω×Y×Z
φ(x, y)G(x, y , z) dµ∂(x, y , z) = 0

<latexit sha1_base64="9/2lEZPG0mgdZXvvM9zNJ5blm7s="></latexit><latexit sha1_base64="qwxPPlM7QLaTG0rgRdEg/L3XP1Q="></latexit><latexit sha1_base64="qwxPPlM7QLaTG0rgRdEg/L3XP1Q="></latexit>

∫

Ω×Y×Z
φ(x, y)F (x, y , z) dµ(x, y , z) = 0

<latexit sha1_base64="vBELccavlH2wGb5g73Go4VexN4U="></latexit><latexit sha1_base64="pcDXgUsX/sVyajeVBrtMT6h7p0o="></latexit><latexit sha1_base64="pcDXgUsX/sVyajeVBrtMT6h7p0o="></latexit>

∫

∂Ω×Y×Z
φ(x, y)η(x) dµ∂(x, y , z)−

∫

Ω×Y×Z

∂φ

∂x
+
∂φ

∂y
z dµ(x, y , z) = 0.

<latexit sha1_base64="HBahMhAtaAZDWZpUTfPUzjLso+0="></latexit><latexit sha1_base64="n83ahvfme7UjJOEnHiQ7+8LUcwQ="></latexit><latexit sha1_base64="n83ahvfme7UjJOEnHiQ7+8LUcwQ="></latexit>

∫

∂Ω×Y×Z
ψ(x) dµ∂(x, y , z) =

∫

∂Ω
ψ(x)σ(x)

<latexit sha1_base64="ttVZ4+1owFRvtXMjU584S9/nEKI="></latexit><latexit sha1_base64="l4EjfPI1wPadgIoz4CUiVLiCRG8="></latexit><latexit sha1_base64="l4EjfPI1wPadgIoz4CUiVLiCRG8="></latexit>

for all � 2 C1(⌦⇥ Y) and  2 C(⌦)
<latexit sha1_base64="M1Z8bxQOGPzwOCt4/ynpFAWUYtw="></latexit><latexit sha1_base64="M1Z8bxQOGPzwOCt4/ynpFAWUYtw="></latexit><latexit sha1_base64="M1Z8bxQOGPzwOCt4/ynpFAWUYtw="></latexit>
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When do µ and µ@ come from our PDE?
<latexit sha1_base64="HoaMr1Gp9chR9XFnOjAxtSNvCRY=">AAAGG3icdZRNbxMxEIaXQqCErxaOXCwSJIRolRQhxKFQQZsWQVFBLa3UDZHtnSRW/bGyvWmKtT+EC3+FCwdAXDhw4N9gJwGyS2pppZHfZ+bd8cgmKWfGNhq/zsydPVc5f2H+YvXS5StXry0sXn9rVKYp7FHFlT4g2ABnEvYssxwOUg1YEA775OhZ0PcHoA1TcteepNAWuCdZl1Fs/VZn4f5+HyRKFKrHIqsjLJNR1IlTrC3DvI </latexit><latexit sha1_base64="HoaMr1Gp9chR9XFnOjAxtSNvCRY=">AAAGG3icdZRNbxMxEIaXQqCErxaOXCwSJIRolRQhxKFQQZsWQVFBLa3UDZHtnSRW/bGyvWmKtT+EC3+FCwdAXDhw4N9gJwGyS2pppZHfZ+bd8cgmKWfGNhq/zsydPVc5f2H+YvXS5StXry0sXn9rVKYp7FHFlT4g2ABnEvYssxwOUg1YEA775OhZ0PcHoA1TcteepNAWuCdZl1Fs/VZn4f5+HyRKFKrHIqsjLJNR1IlTrC3DvI </latexit><latexit sha1_base64="HoaMr1Gp9chR9XFnOjAxtSNvCRY=">AAAGG3icdZRNbxMxEIaXQqCErxaOXCwSJIRolRQhxKFQQZsWQVFBLa3UDZHtnSRW/bGyvWmKtT+EC3+FCwdAXDhw4N9gJwGyS2pppZHfZ+bd8cgmKWfGNhq/zsydPVc5f2H+YvXS5StXry0sXn9rVKYp7FHFlT4g2ABnEvYssxwOUg1YEA775OhZ0PcHoA1TcteepNAWuCdZl1Fs/VZn4f5+HyRKFKrHIqsjLJNR1IlTrC3DvI </latexit>

∫

∂Ω×Y×Z
φ(x, y)G(x, y , z) dµ∂(x, y , z) = 0

<latexit sha1_base64="9/2lEZPG0mgdZXvvM9zNJ5blm7s="></latexit><latexit sha1_base64="qwxPPlM7QLaTG0rgRdEg/L3XP1Q="></latexit><latexit sha1_base64="qwxPPlM7QLaTG0rgRdEg/L3XP1Q="></latexit>

∫

Ω×Y×Z
φ(x, y)F (x, y , z) dµ(x, y , z) = 0

<latexit sha1_base64="vBELccavlH2wGb5g73Go4VexN4U="></latexit><latexit sha1_base64="pcDXgUsX/sVyajeVBrtMT6h7p0o="></latexit><latexit sha1_base64="pcDXgUsX/sVyajeVBrtMT6h7p0o="></latexit>

∫

∂Ω×Y×Z
φ(x, y)η(x) dµ∂(x, y , z)−

∫

Ω×Y×Z

∂φ

∂x
+
∂φ

∂y
z dµ(x, y , z) = 0.

<latexit sha1_base64="HBahMhAtaAZDWZpUTfPUzjLso+0="></latexit><latexit sha1_base64="n83ahvfme7UjJOEnHiQ7+8LUcwQ="></latexit><latexit sha1_base64="n83ahvfme7UjJOEnHiQ7+8LUcwQ="></latexit>

System of linear equations in µ,µ@
<latexit sha1_base64="rl4ekguCRJFh370B+iSrcZV/Jmo="></latexit><latexit sha1_base64="rl4ekguCRJFh370B+iSrcZV/Jmo="></latexit><latexit sha1_base64="rl4ekguCRJFh370B+iSrcZV/Jmo="></latexit>

∫

∂Ω×Y×Z
ψ(x) dµ∂(x, y , z) =

∫

∂Ω
ψ(x)σ(x)

<latexit sha1_base64="ttVZ4+1owFRvtXMjU584S9/nEKI="></latexit><latexit sha1_base64="l4EjfPI1wPadgIoz4CUiVLiCRG8="></latexit><latexit sha1_base64="l4EjfPI1wPadgIoz4CUiVLiCRG8="></latexit>

for all � 2 C1(⌦⇥ Y) and  2 C(⌦)
<latexit sha1_base64="M1Z8bxQOGPzwOCt4/ynpFAWUYtw="></latexit><latexit sha1_base64="M1Z8bxQOGPzwOCt4/ynpFAWUYtw="></latexit><latexit sha1_base64="M1Z8bxQOGPzwOCt4/ynpFAWUYtw="></latexit>
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inf / sup
y(·)

J
(
y(·)

)

subject to y(·) solves the PDE
<latexit sha1_base64="a7bCovleaN8hem+gciPxIAU8Tg4="></latexit><latexit sha1_base64="dK9zO/FewxPjmSy6NCvtnfmwYvs="></latexit><latexit sha1_base64="dK9zO/FewxPjmSy6NCvtnfmwYvs="></latexit>

∫

Ω×Y×Z
φ(x, y)F (x, y , z) dµ(x, y , z) = 0 ∀φ ∈ C(Ω× Y )

<latexit sha1_base64="xglIVnQUmlzLOcRV10keNkaskLQ="></latexit><latexit sha1_base64="iDCVF2YPYgB5OS8CKaVecgCj/60="></latexit><latexit sha1_base64="iDCVF2YPYgB5OS8CKaVecgCj/60="></latexit>

∫

∂Ω×Y×Z
φ(x, y)η(x) dµ∂(x, y , z)−

∫

Ω×Y×Z

∂φ

∂x
+
∂φ

∂y
z dµ(x, y , z) = 0 ∀φ ∈ C(Ω× Y )

<latexit sha1_base64="YuUaFACSOfttKdW/uaKan8osl0g="></latexit><latexit sha1_base64="djiHSP88uE7Ot2XYicILbRU0Q7A="></latexit><latexit sha1_base64="djiHSP88uE7Ot2XYicILbRU0Q7A="></latexit>

∫

∂Ω×Y×Z
φ(x, y)G(x, y , z) dµ∂(x, y , z) = 0 ∀φ ∈ C(Ω× Y ) ∀φ ∈ C(Ω× Y )

<latexit sha1_base64="FuQ++CAOyFxSQM0ObbwJZE1Vzwk="></latexit><latexit sha1_base64="3535BSYaadXTXDW5a5DUewxyPlw="></latexit><latexit sha1_base64="3535BSYaadXTXDW5a5DUewxyPlw="></latexit>

∫

∂Ω×Y×Z
ψ(x) dµ∂(x, y , z) =

∫

∂Ω
ψ(x)σ(x) ∀ψ ∈ C(Ω)

<latexit sha1_base64="2uHyGgu3CgN/N+at3bdEdgKxXd4="></latexit><latexit sha1_base64="vtE2Y3Lr75pv6pH5ufaKwa9mkWM="></latexit><latexit sha1_base64="vtE2Y3Lr75pv6pH5ufaKwa9mkWM="></latexit>

inf / sup
µ,µ∂

∫

Ω
L (x, y , z) dµ(x, y , z) +

∫

∂Ω
L∂ (x, y , z) dµ∂(x, y , z)

<latexit sha1_base64="tQDbzWnglukaCmMVVKYgrT/LU7g="></latexit><latexit sha1_base64="1wsp8g37RZS5fqqnPt3AmkTaydo="></latexit><latexit sha1_base64="1wsp8g37RZS5fqqnPt3AmkTaydo="></latexit>

µ ∈M(Ω× Y × Z)+, µ∂ ∈M(∂Ω× Y × Z)+
<latexit sha1_base64="oc6lEomrLrUO8GW3lAT81SrTTb4="></latexit><latexit sha1_base64="oc6lEomrLrUO8GW3lAT81SrTTb4="></latexit><latexit sha1_base64="oc6lEomrLrUO8GW3lAT81SrTTb4="></latexit>
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A(µ, µ∂) = b
<latexit sha1_base64="N0JBOlrliP4b1qxfFfEJlwOlxdI="></latexit><latexit sha1_base64="N0JBOlrliP4b1qxfFfEJlwOlxdI="></latexit><latexit sha1_base64="N0JBOlrliP4b1qxfFfEJlwOlxdI="></latexit>

(µ, µ∂) ∈ K
<latexit sha1_base64="sU9qet/c6ZNNUl3xW4tJc42Dugc="></latexit><latexit sha1_base64="sU9qet/c6ZNNUl3xW4tJc42Dugc="></latexit><latexit sha1_base64="sU9qet/c6ZNNUl3xW4tJc42Dugc="></latexit>

inf / sup
µ,µ∂

〈
(µ, µ∂), c

〉

<latexit sha1_base64="9Oj2ZRuffAt/HJCbpO/BimnkqqU="></latexit><latexit sha1_base64="u+LqMzVhbwzlfJMQ3JK6jAaSl50="></latexit><latexit sha1_base64="u+LqMzVhbwzlfJMQ3JK6jAaSl50="></latexit>

s.t.
<latexit sha1_base64="+/fzfLmqQ3VstJehdVZZzTRcysE="></latexit><latexit sha1_base64="+/fzfLmqQ3VstJehdVZZzTRcysE="></latexit><latexit sha1_base64="+/fzfLmqQ3VstJehdVZZzTRcysE="></latexit>

inf / sup
y(·)

J
(
y(·)

)

subject to y(·) solves the PDE
<latexit sha1_base64="a7bCovleaN8hem+gciPxIAU8Tg4="></latexit><latexit sha1_base64="dK9zO/FewxPjmSy6NCvtnfmwYvs="></latexit><latexit sha1_base64="dK9zO/FewxPjmSy6NCvtnfmwYvs="></latexit>
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A(µ, µ∂) = b
<latexit sha1_base64="N0JBOlrliP4b1qxfFfEJlwOlxdI="></latexit><latexit sha1_base64="N0JBOlrliP4b1qxfFfEJlwOlxdI="></latexit><latexit sha1_base64="N0JBOlrliP4b1qxfFfEJlwOlxdI="></latexit>

(µ, µ∂) ∈ K
<latexit sha1_base64="sU9qet/c6ZNNUl3xW4tJc42Dugc="></latexit><latexit sha1_base64="sU9qet/c6ZNNUl3xW4tJc42Dugc="></latexit><latexit sha1_base64="sU9qet/c6ZNNUl3xW4tJc42Dugc="></latexit>

inf / sup
µ,µ∂

〈
(µ, µ∂), c

〉

<latexit sha1_base64="9Oj2ZRuffAt/HJCbpO/BimnkqqU="></latexit><latexit sha1_base64="u+LqMzVhbwzlfJMQ3JK6jAaSl50="></latexit><latexit sha1_base64="u+LqMzVhbwzlfJMQ3JK6jAaSl50="></latexit>

s.t.
<latexit sha1_base64="+/fzfLmqQ3VstJehdVZZzTRcysE="></latexit><latexit sha1_base64="+/fzfLmqQ3VstJehdVZZzTRcysE="></latexit><latexit sha1_base64="+/fzfLmqQ3VstJehdVZZzTRcysE="></latexit>

Lemma: pLP is a lower/upper bound on p
<latexit sha1_base64="NMAkthSEVWY/94rjRK/J3qp0FBM="></latexit><latexit sha1_base64="NMAkthSEVWY/94rjRK/J3qp0FBM="></latexit><latexit sha1_base64="NMAkthSEVWY/94rjRK/J3qp0FBM="></latexit>

inf / sup
y(·)

J
(
y(·)

)

subject to y(·) solves the PDE
<latexit sha1_base64="a7bCovleaN8hem+gciPxIAU8Tg4="></latexit><latexit sha1_base64="dK9zO/FewxPjmSy6NCvtnfmwYvs="></latexit><latexit sha1_base64="dK9zO/FewxPjmSy6NCvtnfmwYvs="></latexit>

optimal value p
<latexit sha1_base64="3pvvKBNcYtn2eM7De1b6U3TkGwo="></latexit><latexit sha1_base64="3pvvKBNcYtn2eM7De1b6U3TkGwo="></latexit><latexit sha1_base64="3pvvKBNcYtn2eM7De1b6U3TkGwo="></latexit>

optimal value pLP
<latexit sha1_base64="3GVCKAHHOOoIvhq98AHnDh7mkWs="></latexit><latexit sha1_base64="3GVCKAHHOOoIvhq98AHnDh7mkWs="></latexit><latexit sha1_base64="3GVCKAHHOOoIvhq98AHnDh7mkWs="></latexit>
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When do we have p = pLP?
<latexit sha1_base64="LkUbon4E7ao3afk/UtFuY+X6rSQ="></latexit><latexit sha1_base64="LkUbon4E7ao3afk/UtFuY+X6rSQ="></latexit><latexit sha1_base64="LkUbon4E7ao3afk/UtFuY+X6rSQ="></latexit>

! additional constraints added to the LP - “entropy inequalities”
<latexit sha1_base64="o9kHvTsvVoccrCpCn6xxz2eKwXk="></latexit><latexit sha1_base64="o9kHvTsvVoccrCpCn6xxz2eKwXk="></latexit><latexit sha1_base64="o9kHvTsvVoccrCpCn6xxz2eKwXk="></latexit>

• Proven for ODEs
<latexit sha1_base64="2MQamOtzdD5E/8wrgD2QNnv6v3k="></latexit><latexit sha1_base64="2MQamOtzdD5E/8wrgD2QNnv6v3k="></latexit><latexit sha1_base64="2MQamOtzdD5E/8wrgD2QNnv6v3k="></latexit>

• Proven for scalar hyperbolic conservation laws in [Marx et. al, 2018]
<latexit sha1_base64="zNRNpJpTXsiRYhVOg1ftKpPDwxU="></latexit><latexit sha1_base64="zNRNpJpTXsiRYhVOg1ftKpPDwxU="></latexit><latexit sha1_base64="zNRNpJpTXsiRYhVOg1ftKpPDwxU="></latexit>

• General case open
<latexit sha1_base64="5o/v1g7U9LlhokTxL/DRcZ90r1E="></latexit><latexit sha1_base64="5o/v1g7U9LlhokTxL/DRcZ90r1E="></latexit><latexit sha1_base64="5o/v1g7U9LlhokTxL/DRcZ90r1E="></latexit>
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Optimization 
over measures

Optimization over 
moment sequences

Optimization over 
moment sequences 

up to degree d

SDP!

⇒⇔

Compactness
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Optimization 
over measures

Optimization over 
moment sequences

Optimization over 
moment sequences 

up to degree d

SDP!

⇒⇔

SDP solver
<latexit sha1_base64="gFHM4eat+KLISHDYu2Gm45G44yc="></latexit><latexit sha1_base64="gFHM4eat+KLISHDYu2Gm45G44yc="></latexit><latexit sha1_base64="gFHM4eat+KLISHDYu2Gm45G44yc="></latexit>

(MOSEK, SeDuMi,…)
<latexit sha1_base64="vxfkWd9YCvkWgv/OhV4s9tz5nD4="></latexit><latexit sha1_base64="vxfkWd9YCvkWgv/OhV4s9tz5nD4="></latexit><latexit sha1_base64="vxfkWd9YCvkWgv/OhV4s9tz5nD4="></latexit>

High-level modelling
<latexit sha1_base64="2KOBhbEaFMpAp1tAzLJRuHTJGUg="></latexit><latexit sha1_base64="2KOBhbEaFMpAp1tAzLJRuHTJGUg="></latexit><latexit sha1_base64="2KOBhbEaFMpAp1tAzLJRuHTJGUg="></latexit>

(Gloptipoly 3)
<latexit sha1_base64="+ej+T/5DE12fFnjvBj7wr38kw2U="></latexit><latexit sha1_base64="+ej+T/5DE12fFnjvBj7wr38kw2U="></latexit><latexit sha1_base64="+ej+T/5DE12fFnjvBj7wr38kw2U="></latexit>
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Optimization 
over measures

Optimization over 
moment sequences

Optimization over 
moment sequences 

up to degree d

SDP!

⇒⇔

Theorem: pk  pLP  p and limk!1 pk = pLP
<latexit sha1_base64="lpzgUTsEFHpz3L1KUgRjdyv87qg="></latexit><latexit sha1_base64="lpzgUTsEFHpz3L1KUgRjdyv87qg="></latexit><latexit sha1_base64="lpzgUTsEFHpz3L1KUgRjdyv87qg="></latexit>
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∂y

∂x1
+ y
∂y

∂x2
= 0

<latexit sha1_base64="jWiMirVRfh9q5nj5Tq3tQahYlNU="></latexit><latexit sha1_base64="mBdeBmY1VyMdln840AIesdVuj14="></latexit><latexit sha1_base64="mBdeBmY1VyMdln840AIesdVuj14="></latexit>

⌦ = [0, 5]⇥ [0, 1]
<latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit><latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit><latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit>

• y(0, x2) = 10(x2(1� x2))2
<latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit>

• y(x1, 0) = y(x1, 1)
<latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit>
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∂y

∂x1
+ y
∂y

∂x2
= 0

<latexit sha1_base64="jWiMirVRfh9q5nj5Tq3tQahYlNU="></latexit><latexit sha1_base64="mBdeBmY1VyMdln840AIesdVuj14="></latexit><latexit sha1_base64="mBdeBmY1VyMdln840AIesdVuj14="></latexit>

⌦ = [0, 5]⇥ [0, 1]
<latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit><latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit><latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit>

• y(0, x2) = 10(x2(1� x2))2
<latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit>

• y(x1, 0) = y(x1, 1)
<latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit>

Case 1: J(y(·)) =
R 5
0

R 1
0 y(x1, x2)

2 dx2dx1
<latexit sha1_base64="Z8BGwdrxzxcqCGdSKP4de9ahhxE="></latexit><latexit sha1_base64="Z8BGwdrxzxcqCGdSKP4de9ahhxE="></latexit><latexit sha1_base64="Z8BGwdrxzxcqCGdSKP4de9ahhxE="></latexit>
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∂y

∂x1
+ y
∂y

∂x2
= 0

<latexit sha1_base64="jWiMirVRfh9q5nj5Tq3tQahYlNU="></latexit><latexit sha1_base64="mBdeBmY1VyMdln840AIesdVuj14="></latexit><latexit sha1_base64="mBdeBmY1VyMdln840AIesdVuj14="></latexit>

⌦ = [0, 5]⇥ [0, 1]
<latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit><latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit><latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit>

• y(0, x2) = 10(x2(1� x2))2
<latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit>

• y(x1, 0) = y(x1, 1)
<latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit>

Case 1: J(y(·)) =
R 5
0

R 1
0 y(x1, x2)

2 dx2dx1
<latexit sha1_base64="Z8BGwdrxzxcqCGdSKP4de9ahhxE="></latexit><latexit sha1_base64="Z8BGwdrxzxcqCGdSKP4de9ahhxE="></latexit><latexit sha1_base64="Z8BGwdrxzxcqCGdSKP4de9ahhxE="></latexit>

Analytical solution: J(y(·)) = 50
63 ⇡ 0.79365079365

<latexit sha1_base64="bKUTTYp+SMJDZiaZhI5nQ2tvaIk="></latexit><latexit sha1_base64="bKUTTYp+SMJDZiaZhI5nQ2tvaIk="></latexit><latexit sha1_base64="bKUTTYp+SMJDZiaZhI5nQ2tvaIk="></latexit>

pLB ⇡ 0.79365079357
<latexit sha1_base64="LCxiV+tB8PWOftAgpIAIhlhHzKE="></latexit><latexit sha1_base64="LCxiV+tB8PWOftAgpIAIhlhHzKE="></latexit><latexit sha1_base64="LCxiV+tB8PWOftAgpIAIhlhHzKE="></latexit>

pUB ⇡ 0.79365080188
<latexit sha1_base64="+Jc0mz9+1Zqfs7VN8D95nN17Ujw="></latexit><latexit sha1_base64="+Jc0mz9+1Zqfs7VN8D95nN17Ujw="></latexit><latexit sha1_base64="+Jc0mz9+1Zqfs7VN8D95nN17Ujw="></latexit>

SDP bounds:
<latexit sha1_base64="MhQ8xzBcBZtDPaMzdEbYb970IQI="></latexit><latexit sha1_base64="MhQ8xzBcBZtDPaMzdEbYb970IQI="></latexit><latexit sha1_base64="MhQ8xzBcBZtDPaMzdEbYb970IQI="></latexit>

(d = 4)
<latexit sha1_base64="Xxw0adpcEnrhVzmzIHJ99SqhL/c="></latexit><latexit sha1_base64="Xxw0adpcEnrhVzmzIHJ99SqhL/c="></latexit><latexit sha1_base64="Xxw0adpcEnrhVzmzIHJ99SqhL/c="></latexit>
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∂y

∂x1
+ y
∂y

∂x2
= 0

<latexit sha1_base64="jWiMirVRfh9q5nj5Tq3tQahYlNU="></latexit><latexit sha1_base64="mBdeBmY1VyMdln840AIesdVuj14="></latexit><latexit sha1_base64="mBdeBmY1VyMdln840AIesdVuj14="></latexit>

⌦ = [0, 5]⇥ [0, 1]
<latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit><latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit><latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit>

• y(0, x2) = 10(x2(1� x2))2
<latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit>

• y(x1, 0) = y(x1, 1)
<latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit>

Case 2: J(y(·)) =
R 5
0

R 1
0 x
2
2 y(x1, x2)

2 dx2dx1
<latexit sha1_base64="962QIsubgAM1hw6pXLRffB6APEQ="></latexit><latexit sha1_base64="962QIsubgAM1hw6pXLRffB6APEQ="></latexit><latexit sha1_base64="962QIsubgAM1hw6pXLRffB6APEQ="></latexit>
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∂y

∂x1
+ y
∂y

∂x2
= 0

<latexit sha1_base64="jWiMirVRfh9q5nj5Tq3tQahYlNU="></latexit><latexit sha1_base64="mBdeBmY1VyMdln840AIesdVuj14="></latexit><latexit sha1_base64="mBdeBmY1VyMdln840AIesdVuj14="></latexit>

⌦ = [0, 5]⇥ [0, 1]
<latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit><latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit><latexit sha1_base64="ASs2RMIAYtHKoBihpHgHXlsB2Xs="></latexit>

• y(0, x2) = 10(x2(1� x2))2
<latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit>

• y(x1, 0) = y(x1, 1)
<latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit>

d 4 6 8

Lower bound (SeDuMi) 0.206 0.263 0.276
Upper bound (SeDuMi) 0.380 0.297 0.283

Parse time (Gloptipoly 3) 2.91s 3.41 s 6.23 s
SDP solve time (SeDuMi / MOSEK) 2.62 / 1.63 s 2.61 / 1.32 s 20.67 / 7.05 s

<latexit sha1_base64="POP31X2c2Mjpq3th8Cpc8DWjsgg="></latexit><latexit sha1_base64="POP31X2c2Mjpq3th8Cpc8DWjsgg="></latexit><latexit sha1_base64="POP31X2c2Mjpq3th8Cpc8DWjsgg="></latexit>

Case 2: J(y(·)) =
R 5
0

R 1
0 x
2
2 y(x1, x2)

2 dx2dx1
<latexit sha1_base64="962QIsubgAM1hw6pXLRffB6APEQ="></latexit><latexit sha1_base64="962QIsubgAM1hw6pXLRffB6APEQ="></latexit><latexit sha1_base64="962QIsubgAM1hw6pXLRffB6APEQ="></latexit>
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F (x, y(x),Dy(x)) = C(x, y(x))u(x) for x ∈ Ωo

G(x, y(x),Dy(x)) = C∂(x, y(x))u∂(x) for x ∈ ∂Ω,
<latexit sha1_base64="CK/83MiarOrz74UcCuqyxIxXJVs="></latexit><latexit sha1_base64="WA5/ZOrhfLrHCrZlawaOdoJ7w6o="></latexit><latexit sha1_base64="WA5/ZOrhfLrHCrZlawaOdoJ7w6o="></latexit>
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F (x, y(x),Dy(x)) = C(x, y(x))u(x) for x ∈ Ωo

G(x, y(x),Dy(x)) = C∂(x, y(x))u∂(x) for x ∈ ∂Ω,
<latexit sha1_base64="CK/83MiarOrz74UcCuqyxIxXJVs="></latexit><latexit sha1_base64="WA5/ZOrhfLrHCrZlawaOdoJ7w6o="></latexit><latexit sha1_base64="WA5/ZOrhfLrHCrZlawaOdoJ7w6o="></latexit>

+
R
⌦ Lu (x, y(x)) u(x) dx +

R
@⌦ Lu@ (x, y(x)) u d�(x)

<latexit sha1_base64="K4yZtomz32+DvmyOzr6q04hsCeM="></latexit><latexit sha1_base64="K4yZtomz32+DvmyOzr6q04hsCeM="></latexit><latexit sha1_base64="K4yZtomz32+DvmyOzr6q04hsCeM="></latexit>

J
�
y(·)

�
:=

R
⌦ L (x, y(x),Dy(x)) dx +

R
@⌦ L@ (x, y(x),Dy(x)) d�(x)

<latexit sha1_base64="mKa/uWqCQXIoIF3PpL0DTIxtwsU="></latexit><latexit sha1_base64="mKa/uWqCQXIoIF3PpL0DTIxtwsU="></latexit><latexit sha1_base64="mKa/uWqCQXIoIF3PpL0DTIxtwsU="></latexit>

Goal: solve (at least approximately)
<latexit sha1_base64="IPdc/KOToJ3HxVCMfVhyu9vJDSA="></latexit><latexit sha1_base64="IPdc/KOToJ3HxVCMfVhyu9vJDSA="></latexit><latexit sha1_base64="IPdc/KOToJ3HxVCMfVhyu9vJDSA="></latexit>

inf
y,u,u∂

J
(
y , u, u∂

)

subject to y solves the PDE(u, u∂)
<latexit sha1_base64="s9/GsiVpLihoytrABt9Lbyl5nFE="></latexit><latexit sha1_base64="Chy17mNkbDHKetBGrOME81k0c6w="></latexit><latexit sha1_base64="Chy17mNkbDHKetBGrOME81k0c6w="></latexit>

0  u  1 on ⌦�
<latexit sha1_base64="R8lLdkHzuFKA80kiVNk3v7u8AD4="></latexit><latexit sha1_base64="R8lLdkHzuFKA80kiVNk3v7u8AD4="></latexit><latexit sha1_base64="R8lLdkHzuFKA80kiVNk3v7u8AD4="></latexit>

0  u@  1 on @⌦
<latexit sha1_base64="epTQUpQ23LiZSkKVrAbfOyrfc6w="></latexit><latexit sha1_base64="epTQUpQ23LiZSkKVrAbfOyrfc6w="></latexit><latexit sha1_base64="epTQUpQ23LiZSkKVrAbfOyrfc6w="></latexit>
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Aµ = b
<latexit sha1_base64="D51RKDMFE48YutlRfSnxqi6MBFc="></latexit><latexit sha1_base64="D51RKDMFE48YutlRfSnxqi6MBFc="></latexit><latexit sha1_base64="D51RKDMFE48YutlRfSnxqi6MBFc="></latexit>

µ 2 M+
<latexit sha1_base64="I2heFv1JwfkFn6QilX6WUC7bueI="></latexit><latexit sha1_base64="I2heFv1JwfkFn6QilX6WUC7bueI="></latexit><latexit sha1_base64="I2heFv1JwfkFn6QilX6WUC7bueI="></latexit>

�

min
µ
hg, µi

<latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="gXr36p/KSFVdrmxg08kLnAQNQ9g="></latexit><latexit sha1_base64="AEsqb4ldRhKp/XaDlqEVmR8BqlA="></latexit><latexit sha1_base64="AEsqb4ldRhKp/XaDlqEVmR8BqlA="></latexit><latexit sha1_base64="Mf9WtiDVfiTqbyIw8rO5HHJOtwA="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit><latexit sha1_base64="bzS5TumdFQLnn+mgx5qXNxDKWoY="></latexit>

Infinite-dimensional LP
<latexit sha1_base64="VWS1DABKxRSJQruCGnRKFgXUXn8="></latexit><latexit sha1_base64="VWS1DABKxRSJQruCGnRKFgXUXn8="></latexit><latexit sha1_base64="VWS1DABKxRSJQruCGnRKFgXUXn8="></latexit>

Nonlinear PDE
<latexit sha1_base64="xWMIJK50RDSdxw1Hld/vnkT+KTA="></latexit><latexit sha1_base64="xWMIJK50RDSdxw1Hld/vnkT+KTA="></latexit><latexit sha1_base64="xWMIJK50RDSdxw1Hld/vnkT+KTA="></latexit>

ANy = bN
<latexit sha1_base64="reIOr870QOz4ZqZZBQyrPZjx2o4="></latexit><latexit sha1_base64="reIOr870QOz4ZqZZBQyrPZjx2o4="></latexit><latexit sha1_base64="reIOr870QOz4ZqZZBQyrPZjx2o4="></latexit>

min
y
hgN ,yi

<latexit sha1_base64="TOAY7H0Zk96mCvP+O3qAbW3vuK8="></latexit><latexit sha1_base64="TOAY7H0Zk96mCvP+O3qAbW3vuK8="></latexit><latexit sha1_base64="TOAY7H0Zk96mCvP+O3qAbW3vuK8="></latexit>

y 2 M+
N

<latexit sha1_base64="+kWBZ+NVFwX6+DCwTW8C2xJFmkg="></latexit><latexit sha1_base64="+kWBZ+NVFwX6+DCwTW8C2xJFmkg="></latexit><latexit sha1_base64="+kWBZ+NVFwX6+DCwTW8C2xJFmkg="></latexit>

�

Convex semidefinite program
<latexit sha1_base64="aRwRsTJx8rHol+wNVkpOjavk2tk="></latexit><latexit sha1_base64="aRwRsTJx8rHol+wNVkpOjavk2tk="></latexit><latexit sha1_base64="aRwRsTJx8rHol+wNVkpOjavk2tk="></latexit>

with control
<latexit sha1_base64="usoh2wWMulBWyg/7AVMkwA51VlA="></latexit><latexit sha1_base64="usoh2wWMulBWyg/7AVMkwA51VlA="></latexit><latexit sha1_base64="usoh2wWMulBWyg/7AVMkwA51VlA="></latexit>
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ν(A× B) :=
∫

Ω
IA×B (x, y(x)) u(x)dx

<latexit sha1_base64="ASe51OKcRmjw/EqO7SwSfJ7pHbc="></latexit><latexit sha1_base64="sh31yC/YDz/15fDAG1S/CJr62W4="></latexit><latexit sha1_base64="sh31yC/YDz/15fDAG1S/CJr62W4="></latexit>

⌫ ⌧ µ̄ with density u
<latexit sha1_base64="dYVJfFaKMLSM5P4UhaDa3K/MD1I="></latexit><latexit sha1_base64="dYVJfFaKMLSM5P4UhaDa3K/MD1I="></latexit><latexit sha1_base64="dYVJfFaKMLSM5P4UhaDa3K/MD1I="></latexit>

,
<latexit sha1_base64="f3bQzKTB/PR/T5aDVNyhoRfM2PI="></latexit><latexit sha1_base64="f3bQzKTB/PR/T5aDVNyhoRfM2PI="></latexit><latexit sha1_base64="f3bQzKTB/PR/T5aDVNyhoRfM2PI="></latexit>

Constraints easy to impose:
<latexit sha1_base64="ye6LKlDNCa8JfY1FkvCEF3qSbLI="></latexit><latexit sha1_base64="ye6LKlDNCa8JfY1FkvCEF3qSbLI="></latexit><latexit sha1_base64="ye6LKlDNCa8JfY1FkvCEF3qSbLI="></latexit>

⌫  µ̄ , u 2 [0, 1]
<latexit sha1_base64="ECjtyR0kqQSUqksfIU5LV+ukkkE="></latexit><latexit sha1_base64="ECjtyR0kqQSUqksfIU5LV+ukkkE="></latexit><latexit sha1_base64="ECjtyR0kqQSUqksfIU5LV+ukkkE="></latexit>
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ν∂(A× B) :=
∫

∂Ω
IA×B (x, y(x)) u∂(x)dx

<latexit sha1_base64="kJZuFEDbXkFt+Sj1+Akcary4L0M="></latexit><latexit sha1_base64="TP4xSXPQM8WZUUE3wUaGSk8Usmw="></latexit><latexit sha1_base64="TP4xSXPQM8WZUUE3wUaGSk8Usmw="></latexit>

ν(A× B) :=
∫

Ω
IA×B (x, y(x)) u(x)dx

<latexit sha1_base64="ASe51OKcRmjw/EqO7SwSfJ7pHbc="></latexit><latexit sha1_base64="sh31yC/YDz/15fDAG1S/CJr62W4="></latexit><latexit sha1_base64="sh31yC/YDz/15fDAG1S/CJr62W4="></latexit>

⌫@ ⌧ µ̄@ with density u
<latexit sha1_base64="Xpoqmv/6VBFT4g6rRB5g1AuVyMo="></latexit><latexit sha1_base64="Xpoqmv/6VBFT4g6rRB5g1AuVyMo="></latexit><latexit sha1_base64="Xpoqmv/6VBFT4g6rRB5g1AuVyMo="></latexit>

⌫ ⌧ µ̄ with density u
<latexit sha1_base64="dYVJfFaKMLSM5P4UhaDa3K/MD1I="></latexit><latexit sha1_base64="dYVJfFaKMLSM5P4UhaDa3K/MD1I="></latexit><latexit sha1_base64="dYVJfFaKMLSM5P4UhaDa3K/MD1I="></latexit>,

<latexit sha1_base64="f3bQzKTB/PR/T5aDVNyhoRfM2PI="></latexit><latexit sha1_base64="f3bQzKTB/PR/T5aDVNyhoRfM2PI="></latexit><latexit sha1_base64="f3bQzKTB/PR/T5aDVNyhoRfM2PI="></latexit>

Constraints easy to impose:
<latexit sha1_base64="ye6LKlDNCa8JfY1FkvCEF3qSbLI="></latexit><latexit sha1_base64="ye6LKlDNCa8JfY1FkvCEF3qSbLI="></latexit><latexit sha1_base64="ye6LKlDNCa8JfY1FkvCEF3qSbLI="></latexit>

⌫  µ̄ , u 2 [0, 1]
<latexit sha1_base64="ECjtyR0kqQSUqksfIU5LV+ukkkE="></latexit><latexit sha1_base64="ECjtyR0kqQSUqksfIU5LV+ukkkE="></latexit><latexit sha1_base64="ECjtyR0kqQSUqksfIU5LV+ukkkE="></latexit>

⌫@  µ̄@ , u@ 2 [0, 1]
<latexit sha1_base64="AHtgct5aAzLApY7VBIt1XC2X17A="></latexit><latexit sha1_base64="AHtgct5aAzLApY7VBIt1XC2X17A="></latexit><latexit sha1_base64="AHtgct5aAzLApY7VBIt1XC2X17A="></latexit>
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s.t.
<latexit sha1_base64="+/fzfLmqQ3VstJehdVZZzTRcysE="></latexit><latexit sha1_base64="+/fzfLmqQ3VstJehdVZZzTRcysE="></latexit><latexit sha1_base64="+/fzfLmqQ3VstJehdVZZzTRcysE="></latexit>

inf
y,u,u∂

J
(
y , u, u∂

)

subject to y solves the PDE(u, u∂)
<latexit sha1_base64="s9/GsiVpLihoytrABt9Lbyl5nFE="></latexit><latexit sha1_base64="Chy17mNkbDHKetBGrOME81k0c6w="></latexit><latexit sha1_base64="Chy17mNkbDHKetBGrOME81k0c6w="></latexit>

0  u  1 on ⌦�
<latexit sha1_base64="R8lLdkHzuFKA80kiVNk3v7u8AD4="></latexit><latexit sha1_base64="R8lLdkHzuFKA80kiVNk3v7u8AD4="></latexit><latexit sha1_base64="R8lLdkHzuFKA80kiVNk3v7u8AD4="></latexit>

0  u@  1 on @⌦
<latexit sha1_base64="epTQUpQ23LiZSkKVrAbfOyrfc6w="></latexit><latexit sha1_base64="epTQUpQ23LiZSkKVrAbfOyrfc6w="></latexit><latexit sha1_base64="epTQUpQ23LiZSkKVrAbfOyrfc6w="></latexit>

inf / sup
µ,µ∂ ,ν,ν∂

〈
(µ, µ∂ , ν, ν∂), c

〉

<latexit sha1_base64="z8+43EctzPQ7D8MyPzeMcTqEZQE="></latexit><latexit sha1_base64="+az6SGfNpftGVwD8s6d4WE70/gE="></latexit><latexit sha1_base64="+az6SGfNpftGVwD8s6d4WE70/gE="></latexit>

A(µ, µ∂ , ν, ν∂) = b
<latexit sha1_base64="InWdxMMVARdFF9L72CNNlgyCjMM="></latexit><latexit sha1_base64="InWdxMMVARdFF9L72CNNlgyCjMM="></latexit><latexit sha1_base64="InWdxMMVARdFF9L72CNNlgyCjMM="></latexit>

(µ, µ∂ , ν, ν∂) ∈ K
<latexit sha1_base64="ccjbFJJHzZ3bXFoKNWuRM9Yr7Sw="></latexit><latexit sha1_base64="ccjbFJJHzZ3bXFoKNWuRM9Yr7Sw="></latexit><latexit sha1_base64="ccjbFJJHzZ3bXFoKNWuRM9Yr7Sw="></latexit>
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optimal value p
<latexit sha1_base64="3pvvKBNcYtn2eM7De1b6U3TkGwo="></latexit><latexit sha1_base64="3pvvKBNcYtn2eM7De1b6U3TkGwo="></latexit><latexit sha1_base64="3pvvKBNcYtn2eM7De1b6U3TkGwo="></latexit>

optimal value pLP
<latexit sha1_base64="3GVCKAHHOOoIvhq98AHnDh7mkWs="></latexit><latexit sha1_base64="3GVCKAHHOOoIvhq98AHnDh7mkWs="></latexit><latexit sha1_base64="3GVCKAHHOOoIvhq98AHnDh7mkWs="></latexit>

inf
y,u,u∂

J
(
y , u, u∂

)

subject to y solves the PDE(u, u∂)
<latexit sha1_base64="s9/GsiVpLihoytrABt9Lbyl5nFE="></latexit><latexit sha1_base64="Chy17mNkbDHKetBGrOME81k0c6w="></latexit><latexit sha1_base64="Chy17mNkbDHKetBGrOME81k0c6w="></latexit>

0  u  1 on ⌦�
<latexit sha1_base64="R8lLdkHzuFKA80kiVNk3v7u8AD4="></latexit><latexit sha1_base64="R8lLdkHzuFKA80kiVNk3v7u8AD4="></latexit><latexit sha1_base64="R8lLdkHzuFKA80kiVNk3v7u8AD4="></latexit>

0  u@  1 on @⌦
<latexit sha1_base64="epTQUpQ23LiZSkKVrAbfOyrfc6w="></latexit><latexit sha1_base64="epTQUpQ23LiZSkKVrAbfOyrfc6w="></latexit><latexit sha1_base64="epTQUpQ23LiZSkKVrAbfOyrfc6w="></latexit>

Lemma: pLP is a lower bound on p
<latexit sha1_base64="vU/O0d96CEfg0AsPRD3SzhEkPDE="></latexit><latexit sha1_base64="vU/O0d96CEfg0AsPRD3SzhEkPDE="></latexit><latexit sha1_base64="vU/O0d96CEfg0AsPRD3SzhEkPDE="></latexit>

s.t.
<latexit sha1_base64="+/fzfLmqQ3VstJehdVZZzTRcysE="></latexit><latexit sha1_base64="+/fzfLmqQ3VstJehdVZZzTRcysE="></latexit><latexit sha1_base64="+/fzfLmqQ3VstJehdVZZzTRcysE="></latexit>

inf / sup
µ,µ∂ ,ν,ν∂

〈
(µ, µ∂ , ν, ν∂), c

〉

<latexit sha1_base64="z8+43EctzPQ7D8MyPzeMcTqEZQE="></latexit><latexit sha1_base64="+az6SGfNpftGVwD8s6d4WE70/gE="></latexit><latexit sha1_base64="+az6SGfNpftGVwD8s6d4WE70/gE="></latexit>

A(µ, µ∂ , ν, ν∂) = b
<latexit sha1_base64="InWdxMMVARdFF9L72CNNlgyCjMM="></latexit><latexit sha1_base64="InWdxMMVARdFF9L72CNNlgyCjMM="></latexit><latexit sha1_base64="InWdxMMVARdFF9L72CNNlgyCjMM="></latexit>

(µ, µ∂ , ν, ν∂) ∈ K
<latexit sha1_base64="ccjbFJJHzZ3bXFoKNWuRM9Yr7Sw="></latexit><latexit sha1_base64="ccjbFJJHzZ3bXFoKNWuRM9Yr7Sw="></latexit><latexit sha1_base64="ccjbFJJHzZ3bXFoKNWuRM9Yr7Sw="></latexit>
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Optimization 
over measures

Optimization over 
moment sequences

Optimization over 
moment sequences 

up to degree d

SDP!

⇒⇔

u(x1, x2) = (y(x1, x2), x1, x2)
<latexit sha1_base64="/dfR9Z0C6grGGnZIvM2JG8Lhjyo="></latexit><latexit sha1_base64="/dfR9Z0C6grGGnZIvM2JG8Lhjyo="></latexit><latexit sha1_base64="/dfR9Z0C6grGGnZIvM2JG8Lhjyo="></latexit>

u@(x1, x2) = @(y(x1, x2), x1, x2)
<latexit sha1_base64="hgjbcII4dU3dVGn1o+EDvF1EyYs="></latexit><latexit sha1_base64="hgjbcII4dU3dVGn1o+EDvF1EyYs="></latexit><latexit sha1_base64="hgjbcII4dU3dVGn1o+EDvF1EyYs="></latexit>

Feedback controller
<latexit sha1_base64="j0JWxJUgfiH2BzIlMYSn5olcN1Y="></latexit><latexit sha1_base64="j0JWxJUgfiH2BzIlMYSn5olcN1Y="></latexit><latexit sha1_base64="j0JWxJUgfiH2BzIlMYSn5olcN1Y="></latexit>
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∂y

∂x1
+ y
∂y

∂x2
= u(x1, x2)

<latexit sha1_base64="hTpTRwLSfy4DXqT2JaL7XcJtAo0="></latexit><latexit sha1_base64="huxRUukf6tOh3wAc3BfZTHF6x2k="></latexit><latexit sha1_base64="huxRUukf6tOh3wAc3BfZTHF6x2k="></latexit>

• y(0, x2) = 10(x2(1� x2))2
<latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit>

• y(x1, 0) = y(x1, 1)
<latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit>

⌦ = [0, 3]⇥ [0, 1]
<latexit sha1_base64="B8dYmc8Q3UepKKL7WStEVDpmy+o="></latexit><latexit sha1_base64="B8dYmc8Q3UepKKL7WStEVDpmy+o="></latexit><latexit sha1_base64="B8dYmc8Q3UepKKL7WStEVDpmy+o="></latexit>

Goal: minimize
R 3
0

R 1
0 y(x1, x2)

2dx2dx1
<latexit sha1_base64="2qaslSAnx/4r3BlaxaXFjQHAyVc="></latexit><latexit sha1_base64="2qaslSAnx/4r3BlaxaXFjQHAyVc="></latexit><latexit sha1_base64="2qaslSAnx/4r3BlaxaXFjQHAyVc="></latexit>
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∂y

∂x1
+ y
∂y

∂x2
= u(x1, x2)

<latexit sha1_base64="hTpTRwLSfy4DXqT2JaL7XcJtAo0="></latexit><latexit sha1_base64="huxRUukf6tOh3wAc3BfZTHF6x2k="></latexit><latexit sha1_base64="huxRUukf6tOh3wAc3BfZTHF6x2k="></latexit>

• y(0, x2) = 10(x2(1� x2))2
<latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit><latexit sha1_base64="80MweFzbmf9aqfsCJnVTogmUKPE="></latexit>

• y(x1, 0) = y(x1, 1)
<latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit><latexit sha1_base64="oc2K9B8NX7Z3zy0tzGbtpO6N2rE="></latexit>

⌦ = [0, 3]⇥ [0, 1]
<latexit sha1_base64="B8dYmc8Q3UepKKL7WStEVDpmy+o="></latexit><latexit sha1_base64="B8dYmc8Q3UepKKL7WStEVDpmy+o="></latexit><latexit sha1_base64="B8dYmc8Q3UepKKL7WStEVDpmy+o="></latexit>

Goal: minimize
R 3
0

R 1
0 y(x1, x2)

2dx2dx1
<latexit sha1_base64="2qaslSAnx/4r3BlaxaXFjQHAyVc="></latexit><latexit sha1_base64="2qaslSAnx/4r3BlaxaXFjQHAyVc="></latexit><latexit sha1_base64="2qaslSAnx/4r3BlaxaXFjQHAyVc="></latexit>

x1 (= time)
<latexit sha1_base64="AOgUjZn5New+I1z8idsK4NJFj64="></latexit><latexit sha1_base64="AOgUjZn5New+I1z8idsK4NJFj64="></latexit><latexit sha1_base64="AOgUjZn5New+I1z8idsK4NJFj64="></latexit>

x2
<latexit sha1_base64="2pjmqz6kGwLmMFJBdnKvEmK0nmQ="></latexit><latexit sha1_base64="2pjmqz6kGwLmMFJBdnKvEmK0nmQ="></latexit><latexit sha1_base64="2pjmqz6kGwLmMFJBdnKvEmK0nmQ="></latexit>

y
(x
1
,x
2
)

<latexit sha1_base64="6yuCuDv3PNoTlzkhNNQoVr2z6fU="></latexit><latexit sha1_base64="6yuCuDv3PNoTlzkhNNQoVr2z6fU="></latexit><latexit sha1_base64="6yuCuDv3PNoTlzkhNNQoVr2z6fU="></latexit>

x2
<latexit sha1_base64="2pjmqz6kGwLmMFJBdnKvEmK0nmQ="></latexit><latexit sha1_base64="2pjmqz6kGwLmMFJBdnKvEmK0nmQ="></latexit><latexit sha1_base64="2pjmqz6kGwLmMFJBdnKvEmK0nmQ="></latexit>

x1 (= time)
<latexit sha1_base64="AOgUjZn5New+I1z8idsK4NJFj64="></latexit><latexit sha1_base64="AOgUjZn5New+I1z8idsK4NJFj64="></latexit><latexit sha1_base64="AOgUjZn5New+I1z8idsK4NJFj64="></latexit>

u
(x
1
,x
2
)

<latexit sha1_base64="9XXXOKEFk39G/I/U6j4rnoui69Y="></latexit><latexit sha1_base64="9XXXOKEFk39G/I/U6j4rnoui69Y="></latexit><latexit sha1_base64="9XXXOKEFk39G/I/U6j4rnoui69Y="></latexit>

SDP! polynomial controller of degree 3
<latexit sha1_base64="jmbv4Kt5WNELsiRVoc8LHLkvGQ4="></latexit><latexit sha1_base64="jmbv4Kt5WNELsiRVoc8LHLkvGQ4="></latexit><latexit sha1_base64="jmbv4Kt5WNELsiRVoc8LHLkvGQ4="></latexit>
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n = dim(x) + dim(y) + # derivatives appearing nonlinarly
<latexit sha1_base64="zKCPT8dCtF8V4S2OUzG3HXn0z+8="></latexit><latexit sha1_base64="zKCPT8dCtF8V4S2OUzG3HXn0z+8="></latexit><latexit sha1_base64="zKCPT8dCtF8V4S2OUzG3HXn0z+8="></latexit>

Measures supported on subsets of Rn of dimension
<latexit sha1_base64="QAxoGlROwlKA3yrDqOopEvLIvn8="></latexit><latexit sha1_base64="QAxoGlROwlKA3yrDqOopEvLIvn8="></latexit><latexit sha1_base64="QAxoGlROwlKA3yrDqOopEvLIvn8="></latexit>

n 4 6 8 10 12 17 21 24

d = 4 15 28 45 66 91 171 253 325
d = 6 35 84 165 286 455 1140 2024 2925
d = 8 70 210 495 1001 1820 5985 12650 20475

<latexit sha1_base64="GPFZNHwMx4nkGOdt+ksk3WgjjKY="></latexit><latexit sha1_base64="OqwIQn5XK6ETTZ3gJI0SRLZfL0o="></latexit><latexit sha1_base64="OqwIQn5XK6ETTZ3gJI0SRLZfL0o="></latexit>

Largest SDP block of size: N =
�
n+d/2
n

�
<latexit sha1_base64="QzzhOUdNn25aH5MzPsOJ5SJ4/c4="></latexit><latexit sha1_base64="QzzhOUdNn25aH5MzPsOJ5SJ4/c4="></latexit><latexit sha1_base64="QzzhOUdNn25aH5MzPsOJ5SJ4/c4="></latexit>

Degree bounding
<latexit sha1_base64="eLKrnEAVusFzrjS0gQjiOc/SXKk="></latexit><latexit sha1_base64="eLKrnEAVusFzrjS0gQjiOc/SXKk="></latexit><latexit sha1_base64="eLKrnEAVusFzrjS0gQjiOc/SXKk="></latexit>

Complexity reduction: Sparsity
<latexit sha1_base64="iQAwCjm4oZvKUlOmaFjQdViIctQ="></latexit><latexit sha1_base64="iQAwCjm4oZvKUlOmaFjQdViIctQ="></latexit><latexit sha1_base64="iQAwCjm4oZvKUlOmaFjQdViIctQ="></latexit>
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• Convex optimization based approach to analysis and control of PDEs
<latexit sha1_base64="c0ZPwifduufYLWc1KEhzpfzP8HA=">AAAGXXicdZTfaxNBEMevWmONtbb64IMvi2lBREtSFBEpFPubWqmltUIvlt29SbJ0fxy7e2na5f40/xDfBF8V/wV3k9TmrunCwbDfz8zszHBDUs6Mrdd/TNy6PXmncnfqXvX+9IOZh7Nzj74YlWkKh1Rxpb8SbIAzCYeWWQ5fUw1YEA5H5HQ16Edd0IYpeWDPU2gK3JasxSi2/upk9mg+JhnnYOfj9yi20LOk5VaV7EIvRyq1TL </latexit><latexit sha1_base64="c0ZPwifduufYLWc1KEhzpfzP8HA=">AAAGXXicdZTfaxNBEMevWmONtbb64IMvi2lBREtSFBEpFPubWqmltUIvlt29SbJ0fxy7e2na5f40/xDfBF8V/wV3k9TmrunCwbDfz8zszHBDUs6Mrdd/TNy6PXmncnfqXvX+9IOZh7Nzj74YlWkKh1Rxpb8SbIAzCYeWWQ5fUw1YEA5H5HQ16Edd0IYpeWDPU2gK3JasxSi2/upk9mg+JhnnYOfj9yi20LOk5VaV7EIvRyq1TL </latexit><latexit sha1_base64="c0ZPwifduufYLWc1KEhzpfzP8HA=">AAAGXXicdZTfaxNBEMevWmONtbb64IMvi2lBREtSFBEpFPubWqmltUIvlt29SbJ0fxy7e2na5f40/xDfBF8V/wV3k9TmrunCwbDfz8zszHBDUs6Mrdd/TNy6PXmncnfqXvX+9IOZh7Nzj74YlWkKh1Rxpb8SbIAzCYeWWQ5fUw1YEA5H5HQ16Edd0IYpeWDPU2gK3JasxSi2/upk9mg+JhnnYOfj9yi20LOk5VaV7EIvRyq1TL </latexit>

! Off-the-shelf software available
<latexit sha1_base64="bN4YNCXZeE5Tve0B3HDDhBhjB7Q="></latexit><latexit sha1_base64="bN4YNCXZeE5Tve0B3HDDhBhjB7Q="></latexit><latexit sha1_base64="bN4YNCXZeE5Tve0B3HDDhBhjB7Q="></latexit>

! Discontinuities (e.g., shocks) well resolved
<latexit sha1_base64="hAHFNcY/F/A36TVJ93d3ghZ8dv8="></latexit><latexit sha1_base64="hAHFNcY/F/A36TVJ93d3ghZ8dv8="></latexit><latexit sha1_base64="hAHFNcY/F/A36TVJ93d3ghZ8dv8="></latexit>

• No spatio-temporal gridding
<latexit sha1_base64="8lMkxRfafViTZZEU9pw1yXiDRJM=">AAAGLXicdZTfaxNBEMevtdEaf7X66MthUhSx5VIUESkUbdOU2lJLY4VeLLt7k2Tp7u2xu5emLvcn+L8Ivuq/IQjiq4/+C+4maZu7pgsHw3w/M7Ozww1OGFU6CH5NTV+bKV2/MXuzfOv2nbv35ubvf1AilQSaRDAhP2KkgNEYmppqBh8TCYhjBgf4+K3TD3ogFRXxvj5NoMVRJ6ZtSpC2rqO5x9UQp4yBroav/R3hq8QJixp4Ii </latexit><latexit sha1_base64="8lMkxRfafViTZZEU9pw1yXiDRJM=">AAAGLXicdZTfaxNBEMevtdEaf7X66MthUhSx5VIUESkUbdOU2lJLY4VeLLt7k2Tp7u2xu5emLvcn+L8Ivuq/IQjiq4/+C+4maZu7pgsHw3w/M7Ozww1OGFU6CH5NTV+bKV2/MXuzfOv2nbv35ubvf1AilQSaRDAhP2KkgNEYmppqBh8TCYhjBgf4+K3TD3ogFRXxvj5NoMVRJ6ZtSpC2rqO5x9UQp4yBroav/R3hq8QJixp4Ii </latexit><latexit sha1_base64="8lMkxRfafViTZZEU9pw1yXiDRJM=">AAAGLXicdZTfaxNBEMevtdEaf7X66MthUhSx5VIUESkUbdOU2lJLY4VeLLt7k2Tp7u2xu5emLvcn+L8Ivuq/IQjiq4/+C+4maZu7pgsHw3w/M7Ozww1OGFU6CH5NTV+bKV2/MXuzfOv2nbv35ubvf1AilQSaRDAhP2KkgNEYmppqBh8TCYhjBgf4+K3TD3ogFRXxvj5NoMVRJ6ZtSpC2rqO5x9UQp4yBroav/R3hq8QJixp4Ii </latexit>

• Solutions represented by measures supported on their graphs
<latexit sha1_base64="9u9o6QKjI4O3P8Njc4GAHXSADmc=">AAAGVnicdZVtTxNBEMcPBMT6VPSlbzYWEmOEtERjjCEhymMQgwhCwlWyuzdtN+zDZXcPipv7Wn4XEt/qWz+C7rYFekfZ5JLJ/H8zc7OTmyMpZ8bW6xdj43cmJqfuTt+r3H/w8NHj6syTb0ZlmsI+VVzpQ4INcCZh3zLL4TDVgAXhcEBOPgb94BS0YUru2fMUmgK3JWsxiq13HVd3ZmOScQ52Nn6PviqeBbdBGnwWA9JCgsg5Eo </latexit><latexit sha1_base64="9u9o6QKjI4O3P8Njc4GAHXSADmc=">AAAGVnicdZVtTxNBEMcPBMT6VPSlbzYWEmOEtERjjCEhymMQgwhCwlWyuzdtN+zDZXcPipv7Wn4XEt/qWz+C7rYFekfZ5JLJ/H8zc7OTmyMpZ8bW6xdj43cmJqfuTt+r3H/w8NHj6syTb0ZlmsI+VVzpQ4INcCZh3zLL4TDVgAXhcEBOPgb94BS0YUru2fMUmgK3JWsxiq13HVd3ZmOScQ52Nn6PviqeBbdBGnwWA9JCgsg5Eo </latexit><latexit sha1_base64="9u9o6QKjI4O3P8Njc4GAHXSADmc=">AAAGVnicdZVtTxNBEMcPBMT6VPSlbzYWEmOEtERjjCEhymMQgwhCwlWyuzdtN+zDZXcPipv7Wn4XEt/qWz+C7rYFekfZ5JLJ/H8zc7OTmyMpZ8bW6xdj43cmJqfuTt+r3H/w8NHj6syTb0ZlmsI+VVzpQ4INcCZh3zLL4TDVgAXhcEBOPgb94BS0YUru2fMUmgK3JWsxiq13HVd3ZmOScQ52Nn6PviqeBbdBGnwWA9JCgsg5Eo </latexit>

[Marx et al, 2018]
<latexit sha1_base64="EZC7jMr9oA7hXsv3Mf4F3hHhHKY="></latexit><latexit sha1_base64="EZC7jMr9oA7hXsv3Mf4F3hHhHKY="></latexit><latexit sha1_base64="EZC7jMr9oA7hXsv3Mf4F3hHhHKY="></latexit>
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• Convex optimization based approach to analysis and control of PDEs
<latexit sha1_base64="c0ZPwifduufYLWc1KEhzpfzP8HA=">AAAGXXicdZTfaxNBEMevWmONtbb64IMvi2lBREtSFBEpFPubWqmltUIvlt29SbJ0fxy7e2na5f40/xDfBF8V/wV3k9TmrunCwbDfz8zszHBDUs6Mrdd/TNy6PXmncnfqXvX+9IOZh7Nzj74YlWkKh1Rxpb8SbIAzCYeWWQ5fUw1YEA5H5HQ16Edd0IYpeWDPU2gK3JasxSi2/upk9mg+JhnnYOfj9yi20LOk5VaV7EIvRyq1TL </latexit><latexit sha1_base64="c0ZPwifduufYLWc1KEhzpfzP8HA=">AAAGXXicdZTfaxNBEMevWmONtbb64IMvi2lBREtSFBEpFPubWqmltUIvlt29SbJ0fxy7e2na5f40/xDfBF8V/wV3k9TmrunCwbDfz8zszHBDUs6Mrdd/TNy6PXmncnfqXvX+9IOZh7Nzj74YlWkKh1Rxpb8SbIAzCYeWWQ5fUw1YEA5H5HQ16Edd0IYpeWDPU2gK3JasxSi2/upk9mg+JhnnYOfj9yi20LOk5VaV7EIvRyq1TL </latexit><latexit sha1_base64="c0ZPwifduufYLWc1KEhzpfzP8HA=">AAAGXXicdZTfaxNBEMevWmONtbb64IMvi2lBREtSFBEpFPubWqmltUIvlt29SbJ0fxy7e2na5f40/xDfBF8V/wV3k9TmrunCwbDfz8zszHBDUs6Mrdd/TNy6PXmncnfqXvX+9IOZh7Nzj74YlWkKh1Rxpb8SbIAzCYeWWQ5fUw1YEA5H5HQ16Edd0IYpeWDPU2gK3JasxSi2/upk9mg+JhnnYOfj9yi20LOk5VaV7EIvRyq1TL </latexit>

  Future directions
• Absence of relaxation gap

<latexit sha1_base64="C0v0K/NLgR8UXOX/DmlFJnE4bQU=">AAAGK3icdZTfTxNBEMcPpIr1F+ijLxdbEmOEXInGGEOCCqUEMUiokHCV7O5N2w27t5fdvVLc3F/g/2Liq/4bvmh89dl/wd22QO8om1wyme9nZnZ2coMTRpUOgl9T09dmStdvzN4s37p95+69ufn7H5VIJYEmEUzIA4wUMBpDU1PN4CCRgDhmsI+P3zp9vwdSURHv6dMEWhx1YtqmBGnrOppbqIY4ZQx0NXzlv8YKYgK+aPsSGO </latexit><latexit sha1_base64="C0v0K/NLgR8UXOX/DmlFJnE4bQU=">AAAGK3icdZTfTxNBEMcPpIr1F+ijLxdbEmOEXInGGEOCCqUEMUiokHCV7O5N2w27t5fdvVLc3F/g/2Liq/4bvmh89dl/wd22QO8om1wyme9nZnZ2coMTRpUOgl9T09dmStdvzN4s37p95+69ufn7H5VIJYEmEUzIA4wUMBpDU1PN4CCRgDhmsI+P3zp9vwdSURHv6dMEWhx1YtqmBGnrOppbqIY4ZQx0NXzlv8YKYgK+aPsSGO </latexit><latexit sha1_base64="C0v0K/NLgR8UXOX/DmlFJnE4bQU=">AAAGK3icdZTfTxNBEMcPpIr1F+ijLxdbEmOEXInGGEOCCqUEMUiokHCV7O5N2w27t5fdvVLc3F/g/2Liq/4bvmh89dl/wd22QO8om1wyme9nZnZ2coMTRpUOgl9T09dmStdvzN4s37p95+69ufn7H5VIJYEmEUzIA4wUMBpDU1PN4CCRgDhmsI+P3zp9vwdSURHv6dMEWhx1YtqmBGnrOppbqIY4ZQx0NXzlv8YKYgK+aPsSGO </latexit>

• More extensive numerical experiments
<latexit sha1_base64="34ib3kU0Z53Cb8HLMFSTK7Lv1kw=">AAAGNnicdZTdahNBFMe32miNX61eerOYFERs2RRFRApF+0mt1NLaQjeWmdmTZOh8LDOzaeqwr+G7CN7qO3jllXipj+BMkrbZbTqwcDj/3zlnzxzm4JRRbaLo58S165OVGzenblVv37l77/70zIOPWmaKwB6RTKoDjDQwKmDPUMPgIFWAOGawj4/fen2/C0pTKXbNaQpNjtqCtihBxrmOpqN6jDPGwNTj1+GWVBBCz4DQtAuhyD </latexit><latexit sha1_base64="34ib3kU0Z53Cb8HLMFSTK7Lv1kw=">AAAGNnicdZTdahNBFMe32miNX61eerOYFERs2RRFRApF+0mt1NLaQjeWmdmTZOh8LDOzaeqwr+G7CN7qO3jllXipj+BMkrbZbTqwcDj/3zlnzxzm4JRRbaLo58S165OVGzenblVv37l77/70zIOPWmaKwB6RTKoDjDQwKmDPUMPgIFWAOGawj4/fen2/C0pTKXbNaQpNjtqCtihBxrmOpqN6jDPGwNTj1+GWVBBCz4DQtAuhyD </latexit><latexit sha1_base64="34ib3kU0Z53Cb8HLMFSTK7Lv1kw=">AAAGNnicdZTdahNBFMe32miNX61eerOYFERs2RRFRApF+0mt1NLaQjeWmdmTZOh8LDOzaeqwr+G7CN7qO3jllXipj+BMkrbZbTqwcDj/3zlnzxzm4JRRbaLo58S165OVGzenblVv37l77/70zIOPWmaKwB6RTKoDjDQwKmDPUMPgIFWAOGawj4/fen2/C0pTKXbNaQpNjtqCtihBxrmOpqN6jDPGwNTj1+GWVBBCz4DQtAuhyD </latexit>

! Off-the-shelf software available
<latexit sha1_base64="bN4YNCXZeE5Tve0B3HDDhBhjB7Q="></latexit><latexit sha1_base64="bN4YNCXZeE5Tve0B3HDDhBhjB7Q="></latexit><latexit sha1_base64="bN4YNCXZeE5Tve0B3HDDhBhjB7Q="></latexit>

! Discontinuities (e.g., shocks) well resolved
<latexit sha1_base64="hAHFNcY/F/A36TVJ93d3ghZ8dv8="></latexit><latexit sha1_base64="hAHFNcY/F/A36TVJ93d3ghZ8dv8="></latexit><latexit sha1_base64="hAHFNcY/F/A36TVJ93d3ghZ8dv8="></latexit>

• No spatio-temporal gridding
<latexit sha1_base64="8lMkxRfafViTZZEU9pw1yXiDRJM=">AAAGLXicdZTfaxNBEMevtdEaf7X66MthUhSx5VIUESkUbdOU2lJLY4VeLLt7k2Tp7u2xu5emLvcn+L8Ivuq/IQjiq4/+C+4maZu7pgsHw3w/M7Ozww1OGFU6CH5NTV+bKV2/MXuzfOv2nbv35ubvf1AilQSaRDAhP2KkgNEYmppqBh8TCYhjBgf4+K3TD3ogFRXxvj5NoMVRJ6ZtSpC2rqO5x9UQp4yBroav/R3hq8QJixp4Ii </latexit><latexit sha1_base64="8lMkxRfafViTZZEU9pw1yXiDRJM=">AAAGLXicdZTfaxNBEMevtdEaf7X66MthUhSx5VIUESkUbdOU2lJLY4VeLLt7k2Tp7u2xu5emLvcn+L8Ivuq/IQjiq4/+C+4maZu7pgsHw3w/M7Ozww1OGFU6CH5NTV+bKV2/MXuzfOv2nbv35ubvf1AilQSaRDAhP2KkgNEYmppqBh8TCYhjBgf4+K3TD3ogFRXxvj5NoMVRJ6ZtSpC2rqO5x9UQp4yBroav/R3hq8QJixp4Ii </latexit><latexit sha1_base64="8lMkxRfafViTZZEU9pw1yXiDRJM=">AAAGLXicdZTfaxNBEMevtdEaf7X66MthUhSx5VIUESkUbdOU2lJLY4VeLLt7k2Tp7u2xu5emLvcn+L8Ivuq/IQjiq4/+C+4maZu7pgsHw3w/M7Ozww1OGFU6CH5NTV+bKV2/MXuzfOv2nbv35ubvf1AilQSaRDAhP2KkgNEYmppqBh8TCYhjBgf4+K3TD3ogFRXxvj5NoMVRJ6ZtSpC2rqO5x9UQp4yBroav/R3hq8QJixp4Ii </latexit>

• Solutions represented by measures supported on their graphs
<latexit sha1_base64="9u9o6QKjI4O3P8Njc4GAHXSADmc=">AAAGVnicdZVtTxNBEMcPBMT6VPSlbzYWEmOEtERjjCEhymMQgwhCwlWyuzdtN+zDZXcPipv7Wn4XEt/qWz+C7rYFekfZ5JLJ/H8zc7OTmyMpZ8bW6xdj43cmJqfuTt+r3H/w8NHj6syTb0ZlmsI+VVzpQ4INcCZh3zLL4TDVgAXhcEBOPgb94BS0YUru2fMUmgK3JWsxiq13HVd3ZmOScQ52Nn6PviqeBbdBGnwWA9JCgsg5Eo </latexit><latexit sha1_base64="9u9o6QKjI4O3P8Njc4GAHXSADmc=">AAAGVnicdZVtTxNBEMcPBMT6VPSlbzYWEmOEtERjjCEhymMQgwhCwlWyuzdtN+zDZXcPipv7Wn4XEt/qWz+C7rYFekfZ5JLJ/H8zc7OTmyMpZ8bW6xdj43cmJqfuTt+r3H/w8NHj6syTb0ZlmsI+VVzpQ4INcCZh3zLL4TDVgAXhcEBOPgb94BS0YUru2fMUmgK3JWsxiq13HVd3ZmOScQ52Nn6PviqeBbdBGnwWA9JCgsg5Eo </latexit><latexit sha1_base64="9u9o6QKjI4O3P8Njc4GAHXSADmc=">AAAGVnicdZVtTxNBEMcPBMT6VPSlbzYWEmOEtERjjCEhymMQgwhCwlWyuzdtN+zDZXcPipv7Wn4XEt/qWz+C7rYFekfZ5JLJ/H8zc7OTmyMpZ8bW6xdj43cmJqfuTt+r3H/w8NHj6syTb0ZlmsI+VVzpQ4INcCZh3zLL4TDVgAXhcEBOPgb94BS0YUru2fMUmgK3JWsxiq13HVd3ZmOScQ52Nn6PviqeBbdBGnwWA9JCgsg5Eo </latexit>

Preprint: ?iiTb,ff�`tBpXQ`;f�#bfR3y9Xyd8e8
<latexit sha1_base64="6Oj0rEu0nnVoBM/n6gPjhPDc9ms="></latexit><latexit sha1_base64="6Oj0rEu0nnVoBM/n6gPjhPDc9ms="></latexit><latexit sha1_base64="6Oj0rEu0nnVoBM/n6gPjhPDc9ms="></latexit>

[Marx et al, 2018]
<latexit sha1_base64="EZC7jMr9oA7hXsv3Mf4F3hHhHKY="></latexit><latexit sha1_base64="EZC7jMr9oA7hXsv3Mf4F3hHhHKY="></latexit><latexit sha1_base64="EZC7jMr9oA7hXsv3Mf4F3hHhHKY="></latexit>


