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uncontrolled
<latexit sha1_base64="tcU6N2I6aHr1noWx4NkEX5M8LQ4="></latexit><latexit sha1_base64="tcU6N2I6aHr1noWx4NkEX5M8LQ4="></latexit><latexit sha1_base64="tcU6N2I6aHr1noWx4NkEX5M8LQ4="></latexit>

controlled
<latexit sha1_base64="mC1wCTFeTvm+IhFnQE1NEHVfnn4="></latexit><latexit sha1_base64="mC1wCTFeTvm+IhFnQE1NEHVfnn4="></latexit><latexit sha1_base64="mC1wCTFeTvm+IhFnQE1NEHVfnn4="></latexit>

Questions:
<latexit sha1_base64="gWgN7A/sXavowxLJzmJ1ZToUgZM="></latexit><latexit sha1_base64="gWgN7A/sXavowxLJzmJ1ZToUgZM="></latexit><latexit sha1_base64="gWgN7A/sXavowxLJzmJ1ZToUgZM="></latexit>

Stability
<latexit sha1_base64="lwliDMXOQgV9ZnGyHVbqiANnaCQ="></latexit><latexit sha1_base64="lwliDMXOQgV9ZnGyHVbqiANnaCQ="></latexit><latexit sha1_base64="lwliDMXOQgV9ZnGyHVbqiANnaCQ="></latexit>

Reachability
<latexit sha1_base64="DmV7X4MgvH3u4eEqpwpLBY6TGg0="></latexit><latexit sha1_base64="DmV7X4MgvH3u4eEqpwpLBY6TGg0="></latexit><latexit sha1_base64="DmV7X4MgvH3u4eEqpwpLBY6TGg0="></latexit>

Region of attraction
<latexit sha1_base64="nm1D5+k4wKOU0G8AVpvbNvR0hYA="></latexit><latexit sha1_base64="nm1D5+k4wKOU0G8AVpvbNvR0hYA="></latexit><latexit sha1_base64="nm1D5+k4wKOU0G8AVpvbNvR0hYA="></latexit>

Invariant sets
<latexit sha1_base64="tpmTv03IJCxNp33Jz5PJmUPD8wI="></latexit><latexit sha1_base64="tpmTv03IJCxNp33Jz5PJmUPD8wI="></latexit><latexit sha1_base64="tpmTv03IJCxNp33Jz5PJmUPD8wI="></latexit>

Invariant measures
<latexit sha1_base64="GLxcu/BpeIZipk2MU1mOBm+/zOE="></latexit><latexit sha1_base64="GLxcu/BpeIZipk2MU1mOBm+/zOE="></latexit><latexit sha1_base64="GLxcu/BpeIZipk2MU1mOBm+/zOE="></latexit> ...

<latexit sha1_base64="rA3sesnS0QppeYcim3QKoYX9B2g="></latexit><latexit sha1_base64="rA3sesnS0QppeYcim3QKoYX9B2g="></latexit><latexit sha1_base64="rA3sesnS0QppeYcim3QKoYX9B2g="></latexit>

Optimal control
<latexit sha1_base64="U6L0sZH8P7HuTwNWBgDAddi2xSI="></latexit><latexit sha1_base64="U6L0sZH8P7HuTwNWBgDAddi2xSI="></latexit><latexit sha1_base64="U6L0sZH8P7HuTwNWBgDAddi2xSI="></latexit>

ẋ = f (x)
<latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit><latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit><latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit>

ẋ = f (x, u)
<latexit sha1_base64="vnphiYUC1Bt89XWzyb/WFo1a+2I="></latexit><latexit sha1_base64="vnphiYUC1Bt89XWzyb/WFo1a+2I="></latexit><latexit sha1_base64="vnphiYUC1Bt89XWzyb/WFo1a+2I="></latexit>
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ẋ = f (x)
<latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit><latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit><latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit>

Assumption: x0 2 Rn given) unique solution t 7! x(t) on [0, T ]
<latexit sha1_base64="ICl/V2yWVTii/jmYjQkwBkgywOM=">AAAGlHicdZRtbxQ3EMc3QK5wLW2AF33RN1ZvkWgF0R4CIZAiQSFPokE0Skqk2yOyvbN3Vvywtb2XA8tfE4nv0he17y7N7XJZaaXR/H8z45nZNak4MzbLvq5du35jvfPdzVvd73+4/eNPG3fu/m1UrSkcU8WVPiHYAGcSji2zHE4qDVgQDh/I2euof5iANkzJI/upgqHAI8lKRrENrtONKrcwtaR0r4ypRRWdLzxK85CZuOlp5n </latexit><latexit sha1_base64="ICl/V2yWVTii/jmYjQkwBkgywOM=">AAAGlHicdZRtbxQ3EMc3QK5wLW2AF33RN1ZvkWgF0R4CIZAiQSFPokE0Skqk2yOyvbN3Vvywtb2XA8tfE4nv0he17y7N7XJZaaXR/H8z45nZNak4MzbLvq5du35jvfPdzVvd73+4/eNPG3fu/m1UrSkcU8WVPiHYAGcSji2zHE4qDVgQDh/I2euof5iANkzJI/upgqHAI8lKRrENrtONKrcwtaR0r4ypRRWdLzxK85CZuOlp5n </latexit><latexit sha1_base64="ICl/V2yWVTii/jmYjQkwBkgywOM=">AAAGlHicdZRtbxQ3EMc3QK5wLW2AF33RN1ZvkWgF0R4CIZAiQSFPokE0Skqk2yOyvbN3Vvywtb2XA8tfE4nv0he17y7N7XJZaaXR/H8z45nZNak4MzbLvq5du35jvfPdzVvd73+4/eNPG3fu/m1UrSkcU8WVPiHYAGcSji2zHE4qDVgQDh/I2euof5iANkzJI/upgqHAI8lKRrENrtONKrcwtaR0r4ypRRWdLzxK85CZuOlp5n </latexit>
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0 T t

x

A
<latexit sha1_base64="CMKtKTgQwPYfUGVuSYQuTddBgwQ="></latexit><latexit sha1_base64="CMKtKTgQwPYfUGVuSYQuTddBgwQ="></latexit><latexit sha1_base64="CMKtKTgQwPYfUGVuSYQuTddBgwQ="></latexit>

x(t)
<latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit><latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit><latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit>

ẋ = f (x)
<latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit><latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit><latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit>

Occupation measure:
<latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs="></latexit><latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs="></latexit><latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs="></latexit>

µ(A) =

∫ T

0
IA(t, x(t)) dt

<latexit sha1_base64="Q/NqJvAS4jRuyNHS4mzwUWlq+L0="></latexit><latexit sha1_base64="+F2yPwfdbjMLnFpSWM6QEerklt4="></latexit><latexit sha1_base64="+F2yPwfdbjMLnFpSWM6QEerklt4="></latexit>

µ(A)
<latexit sha1_base64="WDmg8o6HlfhI66WCw/vDi4weWGE="></latexit><latexit sha1_base64="WDmg8o6HlfhI66WCw/vDi4weWGE="></latexit><latexit sha1_base64="WDmg8o6HlfhI66WCw/vDi4weWGE="></latexit>

8A 2 B([0, T ]⇥ Rn)
<latexit sha1_base64="ieTr+Zp0kARaOFdPhSml9Hw6ILc="></latexit><latexit sha1_base64="ieTr+Zp0kARaOFdPhSml9Hw6ILc="></latexit><latexit sha1_base64="ieTr+Zp0kARaOFdPhSml9Hw6ILc="></latexit>
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Key property:
<latexit sha1_base64="9rstdRdvKVMfjoeu3sN1Qovi6ng="></latexit><latexit sha1_base64="9rstdRdvKVMfjoeu3sN1Qovi6ng="></latexit><latexit sha1_base64="9rstdRdvKVMfjoeu3sN1Qovi6ng="></latexit>

∫ T

0
g(t, x(t)) dt =

∫

[0,T ]×Rn
g(t, x) dµ(t, x)

<latexit sha1_base64="dPk6Q0taseuUQ0Z+Jy3PnGR7T3U="></latexit><latexit sha1_base64="fjOJO5eSTMig5EhK4woZOgC3vwk="></latexit><latexit sha1_base64="fjOJO5eSTMig5EhK4woZOgC3vwk="></latexit>

ẋ = f (x)
<latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit><latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit><latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit>

Occupation measure:
<latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs="></latexit><latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs="></latexit><latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs="></latexit>

µ(A) =

∫ T

0
IA(t, x(t)) dt

<latexit sha1_base64="Q/NqJvAS4jRuyNHS4mzwUWlq+L0="></latexit><latexit sha1_base64="+F2yPwfdbjMLnFpSWM6QEerklt4="></latexit><latexit sha1_base64="+F2yPwfdbjMLnFpSWM6QEerklt4="></latexit>

8A 2 B([0, T ]⇥ Rn)
<latexit sha1_base64="ieTr+Zp0kARaOFdPhSml9Hw6ILc="></latexit><latexit sha1_base64="ieTr+Zp0kARaOFdPhSml9Hw6ILc="></latexit><latexit sha1_base64="ieTr+Zp0kARaOFdPhSml9Hw6ILc="></latexit>

for all g 2 L1([0, T ]⇥ Rn])
<latexit sha1_base64="Twob2l6Jl89lC3RWI+Kkvkh5urM="></latexit><latexit sha1_base64="Twob2l6Jl89lC3RWI+Kkvkh5urM="></latexit><latexit sha1_base64="Twob2l6Jl89lC3RWI+Kkvkh5urM="></latexit>
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0 T t

x

µ0 = �x0
<latexit sha1_base64="HL/FxkLFUyPAddAdHwjVc/pAlKE="></latexit><latexit sha1_base64="HL/FxkLFUyPAddAdHwjVc/pAlKE="></latexit><latexit sha1_base64="HL/FxkLFUyPAddAdHwjVc/pAlKE="></latexit>

µT = �x(T )
<latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="zWJPF33a6W1pjR/GNbW34OzdIXg="></latexit><latexit sha1_base64="EYNnFAHI0e/tVLLHp4sL2eOWqMg="></latexit><latexit sha1_base64="EYNnFAHI0e/tVLLHp4sL2eOWqMg="></latexit><latexit sha1_base64="k3H/TFLphxEyB1L+NZmEEgYACR0="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit>

initial measure

final measure

A
<latexit sha1_base64="CMKtKTgQwPYfUGVuSYQuTddBgwQ="></latexit><latexit sha1_base64="CMKtKTgQwPYfUGVuSYQuTddBgwQ="></latexit><latexit sha1_base64="CMKtKTgQwPYfUGVuSYQuTddBgwQ="></latexit>

x(t)
<latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit><latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit><latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit>

ẋ = f (x)
<latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit><latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit><latexit sha1_base64="ps+RD2zw017PqT1ohRLEQwqiBiQ="></latexit>

Occupation measure:
<latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs="></latexit><latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs="></latexit><latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs="></latexit>

µ(A) =

∫ T

0
IA(t, x(t)) dt

<latexit sha1_base64="Q/NqJvAS4jRuyNHS4mzwUWlq+L0="></latexit><latexit sha1_base64="+F2yPwfdbjMLnFpSWM6QEerklt4="></latexit><latexit sha1_base64="+F2yPwfdbjMLnFpSWM6QEerklt4="></latexit>

8A 2 B([0, T ]⇥ Rn)
<latexit sha1_base64="ieTr+Zp0kARaOFdPhSml9Hw6ILc="></latexit><latexit sha1_base64="ieTr+Zp0kARaOFdPhSml9Hw6ILc="></latexit><latexit sha1_base64="ieTr+Zp0kARaOFdPhSml9Hw6ILc="></latexit>

µ(A)
<latexit sha1_base64="WDmg8o6HlfhI66WCw/vDi4weWGE="></latexit><latexit sha1_base64="WDmg8o6HlfhI66WCw/vDi4weWGE="></latexit><latexit sha1_base64="WDmg8o6HlfhI66WCw/vDi4weWGE="></latexit>
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What is the relation between µ0, µ, µT and f ?
<latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit>
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Given a test function � 2 C1([0, T ]⇥ Rn)
<latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit><latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit><latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit>

φ(T, x(T )) − φ(0, x0) =

∫ T

0

d

dt
φ(t, x(t)) dt

<latexit sha1_base64="ra3Z8iEIW9jbhJnaYnoFI3e2T3g="></latexit><latexit sha1_base64="55JfPd5Oe8PNpEdvFiyxVeFxkgE="></latexit><latexit sha1_base64="55JfPd5Oe8PNpEdvFiyxVeFxkgE="></latexit>

What is the relation between µ0, µ, µT and f ?
<latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit>
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Given a test function � 2 C1([0, T ]⇥ Rn)
<latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit><latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit><latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit>

φ(T, x(T )) − φ(0, x0) =

∫ T

0

d

dt
φ(t, x(t)) dt

<latexit sha1_base64="ra3Z8iEIW9jbhJnaYnoFI3e2T3g="></latexit><latexit sha1_base64="55JfPd5Oe8PNpEdvFiyxVeFxkgE="></latexit><latexit sha1_base64="55JfPd5Oe8PNpEdvFiyxVeFxkgE="></latexit>

What is the relation between µ0, µ, µT and f ?
<latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit>

=

∫ T

0

[∂φ
∂t
+
∂φ

∂x
· f

]
(t, x(t)) dt

<latexit sha1_base64="uie9xw7HbPhQHUPjAqN1qj4nu+Y="></latexit><latexit sha1_base64="mGvHAOXsW2nOc6pSHyhi2lEJjgE="></latexit><latexit sha1_base64="mGvHAOXsW2nOc6pSHyhi2lEJjgE="></latexit>



Milan Korda 11

Given a test function � 2 C1([0, T ]⇥ Rn)
<latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit><latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit><latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit>

φ(T, x(T )) − φ(0, x0) =

∫ T

0

d

dt
φ(t, x(t)) dt

<latexit sha1_base64="ra3Z8iEIW9jbhJnaYnoFI3e2T3g="></latexit><latexit sha1_base64="55JfPd5Oe8PNpEdvFiyxVeFxkgE="></latexit><latexit sha1_base64="55JfPd5Oe8PNpEdvFiyxVeFxkgE="></latexit>

What is the relation between µ0, µ, µT and f ?
<latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit>

∫

[0,T ]×Rn

[∂φ
∂t
+
∂φ

∂x
· f

]
dµ(t, x)

<latexit sha1_base64="Dr2s/HjwCMQlGCxeKbcHZEkitzI="></latexit><latexit sha1_base64="zFPMdjhcPeCd4g+Dkc6fLD/yH5I="></latexit><latexit sha1_base64="zFPMdjhcPeCd4g+Dkc6fLD/yH5I="></latexit>

=

∫ T

0

[∂φ
∂t
+
∂φ

∂x
· f

]
(t, x(t)) dt

<latexit sha1_base64="uie9xw7HbPhQHUPjAqN1qj4nu+Y="></latexit><latexit sha1_base64="mGvHAOXsW2nOc6pSHyhi2lEJjgE="></latexit><latexit sha1_base64="mGvHAOXsW2nOc6pSHyhi2lEJjgE="></latexit>



Milan Korda 12

Given a test function � 2 C1([0, T ]⇥ Rn)
<latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit><latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit><latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit>

∫

Rn
φ(0, ·) dµ0

<latexit sha1_base64="t/X2p7ndRsVwQngT8n+IjQ43Wac="></latexit><latexit sha1_base64="zGdYB9o1K/kaWEpdFI/K4AkPXGw="></latexit><latexit sha1_base64="zGdYB9o1K/kaWEpdFI/K4AkPXGw="></latexit>

∫

Rn
φ(T, ·) dµT

<latexit sha1_base64="PWCBDDZ57ZzrY8lGCRo2wS9oijg=">AAAGWnicdZTbbhMxEIYNpQHCqQXuuFnRIgFqq6TieFEJQelBUARVC5W6aWR7J4lVH1a2t6RYfhOehlt4AS6QeAXeADtJaXZJV1pp5P+bfzyeXZOcM2MbjZ/nzk9dmK5dvHS5fuXqtes3ZmZvfjSq0BR2qeJK7xFsgDMJu5ZZDnu5BiwIh0/k8FXUPx2BNkzJHXucQ0vgrmQdRrENS+2ZJymTtu3SbXIgfZKkwZG4NO8xf39nIa </latexit><latexit sha1_base64="ezDb91bxpZk3CemOqszJuDZ5vbs=">AAAGWnicdZRbTxQxFMcHlRXWG17efHAikKABsku8PpAYL1xUDBIQEmbZtJ2zuw29TNoOLjb9Jn4MP4Gv+gV88M0v4Dew3V1kZ1gmmeSk/9/5n56emeKMUW1qtV9jFy5eGq9cnpisXrl67fqNqZu3PmmZKwI7RDKp9jDSwKiAHUMNg71MAeKYwS4+fBX03SNQmkqxbY4zaHDUFrRFCTJ+qTn1JKHCNG2yhQ+Ei+PEO2KbZB3q5r </latexit><latexit sha1_base64="ezDb91bxpZk3CemOqszJuDZ5vbs=">AAAGWnicdZRbTxQxFMcHlRXWG17efHAikKABsku8PpAYL1xUDBIQEmbZtJ2zuw29TNoOLjb9Jn4MP4Gv+gV88M0v4Dew3V1kZ1gmmeSk/9/5n56emeKMUW1qtV9jFy5eGq9cnpisXrl67fqNqZu3PmmZKwI7RDKp9jDSwKiAHUMNg71MAeKYwS4+fBX03SNQmkqxbY4zaHDUFrRFCTJ+qTn1JKHCNG2yhQ+Ei+PEO2KbZB3q5r </latexit>

φ(T, x(T )) − φ(0, x0) =

∫ T

0

d

dt
φ(t, x(t)) dt

<latexit sha1_base64="ra3Z8iEIW9jbhJnaYnoFI3e2T3g="></latexit><latexit sha1_base64="55JfPd5Oe8PNpEdvFiyxVeFxkgE="></latexit><latexit sha1_base64="55JfPd5Oe8PNpEdvFiyxVeFxkgE="></latexit>

What is the relation between µ0, µ, µT and f ?
<latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit>

∫

[0,T ]×Rn

[∂φ
∂t
+
∂φ

∂x
· f

]
dµ(t, x)

<latexit sha1_base64="Dr2s/HjwCMQlGCxeKbcHZEkitzI="></latexit><latexit sha1_base64="zFPMdjhcPeCd4g+Dkc6fLD/yH5I="></latexit><latexit sha1_base64="zFPMdjhcPeCd4g+Dkc6fLD/yH5I="></latexit>

=

∫ T

0

[∂φ
∂t
+
∂φ

∂x
· f

]
(t, x(t)) dt

<latexit sha1_base64="uie9xw7HbPhQHUPjAqN1qj4nu+Y="></latexit><latexit sha1_base64="mGvHAOXsW2nOc6pSHyhi2lEJjgE="></latexit><latexit sha1_base64="mGvHAOXsW2nOc6pSHyhi2lEJjgE="></latexit>



Milan Korda 13

Given a test function � 2 C1([0, T ]⇥ Rn)
<latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit><latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit><latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit>

∫

Rn
φ(0, ·) dµ0

<latexit sha1_base64="t/X2p7ndRsVwQngT8n+IjQ43Wac="></latexit><latexit sha1_base64="zGdYB9o1K/kaWEpdFI/K4AkPXGw="></latexit><latexit sha1_base64="zGdYB9o1K/kaWEpdFI/K4AkPXGw="></latexit>

∫

Rn
φ(T, ·) dµT

<latexit sha1_base64="PWCBDDZ57ZzrY8lGCRo2wS9oijg=">AAAGWnicdZTbbhMxEIYNpQHCqQXuuFnRIgFqq6TieFEJQelBUARVC5W6aWR7J4lVH1a2t6RYfhOehlt4AS6QeAXeADtJaXZJV1pp5P+bfzyeXZOcM2MbjZ/nzk9dmK5dvHS5fuXqtes3ZmZvfjSq0BR2qeJK7xFsgDMJu5ZZDnu5BiwIh0/k8FXUPx2BNkzJHXucQ0vgrmQdRrENS+2ZJymTtu3SbXIgfZKkwZG4NO8xf39nIa </latexit><latexit sha1_base64="ezDb91bxpZk3CemOqszJuDZ5vbs=">AAAGWnicdZRbTxQxFMcHlRXWG17efHAikKABsku8PpAYL1xUDBIQEmbZtJ2zuw29TNoOLjb9Jn4MP4Gv+gV88M0v4Dew3V1kZ1gmmeSk/9/5n56emeKMUW1qtV9jFy5eGq9cnpisXrl67fqNqZu3PmmZKwI7RDKp9jDSwKiAHUMNg71MAeKYwS4+fBX03SNQmkqxbY4zaHDUFrRFCTJ+qTn1JKHCNG2yhQ+Ei+PEO2KbZB3q5r </latexit><latexit sha1_base64="ezDb91bxpZk3CemOqszJuDZ5vbs=">AAAGWnicdZRbTxQxFMcHlRXWG17efHAikKABsku8PpAYL1xUDBIQEmbZtJ2zuw29TNoOLjb9Jn4MP4Gv+gV88M0v4Dew3V1kZ1gmmeSk/9/5n56emeKMUW1qtV9jFy5eGq9cnpisXrl67fqNqZu3PmmZKwI7RDKp9jDSwKiAHUMNg71MAeKYwS4+fBX03SNQmkqxbY4zaHDUFrRFCTJ+qTn1JKHCNG2yhQ+Ei+PEO2KbZB3q5r </latexit>

φ(T, x(T )) − φ(0, x0) =

∫ T

0

d

dt
φ(t, x(t)) dt

<latexit sha1_base64="ra3Z8iEIW9jbhJnaYnoFI3e2T3g="></latexit><latexit sha1_base64="55JfPd5Oe8PNpEdvFiyxVeFxkgE="></latexit><latexit sha1_base64="55JfPd5Oe8PNpEdvFiyxVeFxkgE="></latexit>

What is the relation between µ0, µ, µT and f ?
<latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit>

∫

[0,T ]×Rn

[∂φ
∂t
+
∂φ

∂x
· f

]
dµ(t, x)

<latexit sha1_base64="Dr2s/HjwCMQlGCxeKbcHZEkitzI="></latexit><latexit sha1_base64="zFPMdjhcPeCd4g+Dkc6fLD/yH5I="></latexit><latexit sha1_base64="zFPMdjhcPeCd4g+Dkc6fLD/yH5I="></latexit>

for all � 2 C1([0, T ]⇥ Rn)
<latexit sha1_base64="5myB5PxuQlLkHQ9XQCw9Scq9HTk="></latexit><latexit sha1_base64="5myB5PxuQlLkHQ9XQCw9Scq9HTk="></latexit><latexit sha1_base64="5myB5PxuQlLkHQ9XQCw9Scq9HTk="></latexit>

∫

Rn
φ(T, ·) dµT −

∫

Rn
φ(0, ·) dµ0 =

∫

[0,T ]×Rn

∂φ

∂t
+
∂φ

∂x
· f dµ

<latexit sha1_base64="i5vZ7jUFTIof4e0aEDpnHCoQVDQ="></latexit><latexit sha1_base64="5sPE1HzbIsWzdjfQ108GQLGxs00="></latexit><latexit sha1_base64="5sPE1HzbIsWzdjfQ108GQLGxs00="></latexit>

=

∫ T

0

[∂φ
∂t
+
∂φ

∂x
· f

]
(t, x(t)) dt

<latexit sha1_base64="uie9xw7HbPhQHUPjAqN1qj4nu+Y="></latexit><latexit sha1_base64="mGvHAOXsW2nOc6pSHyhi2lEJjgE="></latexit><latexit sha1_base64="mGvHAOXsW2nOc6pSHyhi2lEJjgE="></latexit>



Milan Korda 14

Given a test function � 2 C1([0, T ]⇥ Rn)
<latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit><latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit><latexit sha1_base64="NHQTZ6ixnm4hPUUa4A9rCkQnNPw=">AAAGYnicdZTfbxM5EMcX7hq4cBwtfYQHiwQJTrTaoDuheyiqDugPcUVc1UKlbFrZ3tnEqn+sbG8IWP5v7q+51+OFP4D/4+wkpdkltRRpNN/PzHg82SElZ8am6Zdr13/4caV14+ZP7Vs/3/7lzura3XdGVZrCMVVc6ROCDXAm4dgyy+Gk1IAF4fCenL+I+vsxaMOUPLIfSxgIPJSsYBTb4Dpbfb7LxiARRhaMRUUlafSjbhZSE5 </latexit>

∫

Rn
φ(0, ·) dµ0

<latexit sha1_base64="t/X2p7ndRsVwQngT8n+IjQ43Wac="></latexit><latexit sha1_base64="zGdYB9o1K/kaWEpdFI/K4AkPXGw="></latexit><latexit sha1_base64="zGdYB9o1K/kaWEpdFI/K4AkPXGw="></latexit>

∫

Rn
φ(T, ·) dµT

<latexit sha1_base64="PWCBDDZ57ZzrY8lGCRo2wS9oijg=">AAAGWnicdZTbbhMxEIYNpQHCqQXuuFnRIgFqq6TieFEJQelBUARVC5W6aWR7J4lVH1a2t6RYfhOehlt4AS6QeAXeADtJaXZJV1pp5P+bfzyeXZOcM2MbjZ/nzk9dmK5dvHS5fuXqtes3ZmZvfjSq0BR2qeJK7xFsgDMJu5ZZDnu5BiwIh0/k8FXUPx2BNkzJHXucQ0vgrmQdRrENS+2ZJymTtu3SbXIgfZKkwZG4NO8xf39nIa </latexit><latexit sha1_base64="ezDb91bxpZk3CemOqszJuDZ5vbs=">AAAGWnicdZRbTxQxFMcHlRXWG17efHAikKABsku8PpAYL1xUDBIQEmbZtJ2zuw29TNoOLjb9Jn4MP4Gv+gV88M0v4Dew3V1kZ1gmmeSk/9/5n56emeKMUW1qtV9jFy5eGq9cnpisXrl67fqNqZu3PmmZKwI7RDKp9jDSwKiAHUMNg71MAeKYwS4+fBX03SNQmkqxbY4zaHDUFrRFCTJ+qTn1JKHCNG2yhQ+Ei+PEO2KbZB3q5r </latexit><latexit sha1_base64="ezDb91bxpZk3CemOqszJuDZ5vbs=">AAAGWnicdZRbTxQxFMcHlRXWG17efHAikKABsku8PpAYL1xUDBIQEmbZtJ2zuw29TNoOLjb9Jn4MP4Gv+gV88M0v4Dew3V1kZ1gmmeSk/9/5n56emeKMUW1qtV9jFy5eGq9cnpisXrl67fqNqZu3PmmZKwI7RDKp9jDSwKiAHUMNg71MAeKYwS4+fBX03SNQmkqxbY4zaHDUFrRFCTJ+qTn1JKHCNG2yhQ+Ei+PEO2KbZB3q5r </latexit>

φ(T, x(T )) − φ(0, x0) =

∫ T

0

d

dt
φ(t, x(t)) dt

<latexit sha1_base64="ra3Z8iEIW9jbhJnaYnoFI3e2T3g="></latexit><latexit sha1_base64="55JfPd5Oe8PNpEdvFiyxVeFxkgE="></latexit><latexit sha1_base64="55JfPd5Oe8PNpEdvFiyxVeFxkgE="></latexit>

What is the relation between µ0, µ, µT and f ?
<latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit><latexit sha1_base64="FeD/752bN49QwNcUEh+0wCXyvUM=">AAAGd3icdZRLbxs3EMc3aaw4at04zTEXIpKDoEiMVYCiycGIkYcfcB2krl0b8CoCyZ2VCPOxILm2EoIfLB+lp17br5BTSEmOtRuZgIDR/H8zw+EsSUrOjE3Tf27c/OHWUuv28p32jz+t/Hx39d4vfxtVaQpHVHGlTwg2wJmEI8ssh5NSAxaEwzE5ex3143PQhil5aD+W0Bd4KFnBKLbBNVj963iELWIG2REgDXziRgTsBYBE3S </latexit>

∫

[0,T ]×Rn

[∂φ
∂t
+
∂φ

∂x
· f

]
dµ(t, x)

<latexit sha1_base64="Dr2s/HjwCMQlGCxeKbcHZEkitzI="></latexit><latexit sha1_base64="zFPMdjhcPeCd4g+Dkc6fLD/yH5I="></latexit><latexit sha1_base64="zFPMdjhcPeCd4g+Dkc6fLD/yH5I="></latexit>

δT ⊗ µT − δ0 ⊗ µ0 + div(f µ) = 0
<latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit><latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit><latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit>

=

∫ T

0

[∂φ
∂t
+
∂φ

∂x
· f

]
(t, x(t)) dt

<latexit sha1_base64="uie9xw7HbPhQHUPjAqN1qj4nu+Y="></latexit><latexit sha1_base64="mGvHAOXsW2nOc6pSHyhi2lEJjgE="></latexit><latexit sha1_base64="mGvHAOXsW2nOc6pSHyhi2lEJjgE="></latexit>
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P =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L and

<latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit>

(L)
<latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit><latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit><latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit>

µ0 = �x0 , µ 2M([0, T ]⇥ Rn)+, µT 2M(Rn)+
 

<latexit sha1_base64="w1Ei+50zsjZusvt7wlP3DQ36zYI="></latexit><latexit sha1_base64="w1Ei+50zsjZusvt7wlP3DQ36zYI="></latexit><latexit sha1_base64="w1Ei+50zsjZusvt7wlP3DQ36zYI="></latexit>

δT ⊗ µT − δ0 ⊗ µ0 + div(f µ) = 0
<latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit><latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit><latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit>
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P =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L and

<latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit>

0 T t

x

µ0 = �x0
<latexit sha1_base64="HL/FxkLFUyPAddAdHwjVc/pAlKE="></latexit><latexit sha1_base64="HL/FxkLFUyPAddAdHwjVc/pAlKE="></latexit><latexit sha1_base64="HL/FxkLFUyPAddAdHwjVc/pAlKE="></latexit>

µT = �x(T )
<latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="zWJPF33a6W1pjR/GNbW34OzdIXg="></latexit><latexit sha1_base64="EYNnFAHI0e/tVLLHp4sL2eOWqMg="></latexit><latexit sha1_base64="EYNnFAHI0e/tVLLHp4sL2eOWqMg="></latexit><latexit sha1_base64="k3H/TFLphxEyB1L+NZmEEgYACR0="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit>

A
<latexit sha1_base64="CMKtKTgQwPYfUGVuSYQuTddBgwQ="></latexit><latexit sha1_base64="CMKtKTgQwPYfUGVuSYQuTddBgwQ="></latexit><latexit sha1_base64="CMKtKTgQwPYfUGVuSYQuTddBgwQ="></latexit>

µ(A)
<latexit sha1_base64="zliKm/rCa5soHNQLD60fz+bah2s="></latexit><latexit sha1_base64="zliKm/rCa5soHNQLD60fz+bah2s="></latexit><latexit sha1_base64="zliKm/rCa5soHNQLD60fz+bah2s="></latexit>

x(t)
<latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit><latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit><latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit>

(L)
<latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit><latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit><latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit>

µ0 = �x0 , µ 2M([0, T ]⇥ Rn)+, µT 2M(Rn)+
 

<latexit sha1_base64="w1Ei+50zsjZusvt7wlP3DQ36zYI="></latexit><latexit sha1_base64="w1Ei+50zsjZusvt7wlP3DQ36zYI="></latexit><latexit sha1_base64="w1Ei+50zsjZusvt7wlP3DQ36zYI="></latexit>

δT ⊗ µT − δ0 ⊗ µ0 + div(f µ) = 0
<latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit><latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit><latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit>

Fact: ẋ = f (x) has a unique solution on [0, T ] ) P is a singleton
<latexit sha1_base64="h/wyzlkj0PSdb7ugCRzHzE/HMEk="></latexit><latexit sha1_base64="h/wyzlkj0PSdb7ugCRzHzE/HMEk="></latexit><latexit sha1_base64="h/wyzlkj0PSdb7ugCRzHzE/HMEk="></latexit>



Infinite-dimensional linear program
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P =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L and

<latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU=">AAAG0HiclZTfbxQ3EMf3oBz0WiDAIy9W75BoFaI91KpFKBKlkB+CVIEmECk+Its7e2fFXq9sb7jUshCv/Vv6D/W/qX23SW6XywOWTpqb72dmPJ61aSm4sWn6X+fK1W+uda/f+Lb33fc3b91euXP3nVGVZrDPlFD6gBIDghewb7kVcFBqIJIKeE+P/4j6+xPQhqtiz56WMJJkXPCcM2KD62jlXzTAktgJI8LterSOEKZ8jLB7iE </latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU=">AAAG0HiclZTfbxQ3EMf3oBz0WiDAIy9W75BoFaI91KpFKBKlkB+CVIEmECk+Its7e2fFXq9sb7jUshCv/Vv6D/W/qX23SW6XywOWTpqb72dmPJ61aSm4sWn6X+fK1W+uda/f+Lb33fc3b91euXP3nVGVZrDPlFD6gBIDghewb7kVcFBqIJIKeE+P/4j6+xPQhqtiz56WMJJkXPCcM2KD62jlXzTAktgJI8LterSOEKZ8jLB7iE </latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU=">AAAG0HiclZTfbxQ3EMf3oBz0WiDAIy9W75BoFaI91KpFKBKlkB+CVIEmECk+Its7e2fFXq9sb7jUshCv/Vv6D/W/qX23SW6XywOWTpqb72dmPJ61aSm4sWn6X+fK1W+uda/f+Lb33fc3b91euXP3nVGVZrDPlFD6gBIDghewb7kVcFBqIJIKeE+P/4j6+xPQhqtiz56WMJJkXPCcM2KD62jlXzTAktgJI8LterSOEKZ8jLB7iE </latexit>

Infinite-Dimensional LP
<latexit sha1_base64="NokFe5/WLfPyWUcSV1AQK8OLtSs="></latexit><latexit sha1_base64="NokFe5/WLfPyWUcSV1AQK8OLtSs="></latexit><latexit sha1_base64="NokFe5/WLfPyWUcSV1AQK8OLtSs="></latexit>

p = inf / sup
µ0,µ,µT

∫
[0,T ]×Rn h(x, t) dµ(t, x)

s.t. (µ0, µ, µT ) ∈ P
<latexit sha1_base64="hGkxVHFBWuLCcOvbDfFdUXf9h7w="></latexit><latexit sha1_base64="McxtFb5Wg4eQy7hii2+/k5sMJyk="></latexit><latexit sha1_base64="McxtFb5Wg4eQy7hii2+/k5sMJyk="></latexit>

µ0 = �x0 , µ 2M([0, T ]⇥ Rn)+, µT 2M(Rn)+
 

<latexit sha1_base64="w1Ei+50zsjZusvt7wlP3DQ36zYI="></latexit><latexit sha1_base64="w1Ei+50zsjZusvt7wlP3DQ36zYI="></latexit><latexit sha1_base64="w1Ei+50zsjZusvt7wlP3DQ36zYI="></latexit>
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Finite-Dimensional SDP relaxation
<latexit sha1_base64="e9aLQDA8h8Pz2cHpP+EVDaGi0Qg="></latexit><latexit sha1_base64="e9aLQDA8h8Pz2cHpP+EVDaGi0Qg="></latexit><latexit sha1_base64="e9aLQDA8h8Pz2cHpP+EVDaGi0Qg="></latexit>

assumption: h and f polynomial
<latexit sha1_base64="t5SDcWB8R4nkw5XFqI6+xQRrp7g="></latexit><latexit sha1_base64="t5SDcWB8R4nkw5XFqI6+xQRrp7g="></latexit><latexit sha1_base64="t5SDcWB8R4nkw5XFqI6+xQRrp7g="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>

Pk semidefinite programming representable
<latexit sha1_base64="nIZdli3PfKejxdQjvWlVVngn/10="></latexit><latexit sha1_base64="nIZdli3PfKejxdQjvWlVVngn/10="></latexit><latexit sha1_base64="nIZdli3PfKejxdQjvWlVVngn/10="></latexit>

pk = inf / sup
µ0,µ,µT

∫
h dµ

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="sXyCiI7kn1sBJbgJ9dOX+4Ljp3U="></latexit><latexit sha1_base64="MernoSBX8FgK1DAo7cNCJkG/keQ="></latexit><latexit sha1_base64="MernoSBX8FgK1DAo7cNCJkG/keQ="></latexit>
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Pk =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L for all � 2 R[t, x ]2k and

<latexit sha1_base64="TbmQI+8DgeA5+1FV0QcqatOy2iI=">AAAHAXiclVVNbxs3EF2ljZqqTes0x16ISgHSwjFWRosgMAwE+fAHEheuYTcGREUguSOJELlckFxHCcFbfk1PRa/9JT30v5SU1rZ2Ix9KQMDsvDdvZji7I1oIbmya/tO69dnnt9tf3Pmy89XXd7/5duPed78bVWoGZ0wJpc8pMSB4DmeWWwHnhQYiqYA3dPY84m8uQBuu8lP7voChJJOcjzkjNrhGG/+iHpbEThkR7tiPZmgXIU </latexit><latexit sha1_base64="TbmQI+8DgeA5+1FV0QcqatOy2iI=">AAAHAXiclVVNbxs3EF2ljZqqTes0x16ISgHSwjFWRosgMAwE+fAHEheuYTcGREUguSOJELlckFxHCcFbfk1PRa/9JT30v5SU1rZ2Ix9KQMDsvDdvZji7I1oIbmya/tO69dnnt9tf3Pmy89XXd7/5duPed78bVWoGZ0wJpc8pMSB4DmeWWwHnhQYiqYA3dPY84m8uQBuu8lP7voChJJOcjzkjNrhGG/+iHpbEThkR7tiPZmgXIU </latexit><latexit sha1_base64="TbmQI+8DgeA5+1FV0QcqatOy2iI=">AAAHAXiclVVNbxs3EF2ljZqqTes0x16ISgHSwjFWRosgMAwE+fAHEheuYTcGREUguSOJELlckFxHCcFbfk1PRa/9JT30v5SU1rZ2Ix9KQMDsvDdvZji7I1oIbmya/tO69dnnt9tf3Pmy89XXd7/5duPed78bVWoGZ0wJpc8pMSB4DmeWWwHnhQYiqYA3dPY84m8uQBuu8lP7voChJJOcjzkjNrhGG/+iHpbEThkR7tiPZmgXIU </latexit>

Finite-Dimensional SDP relaxation
<latexit sha1_base64="e9aLQDA8h8Pz2cHpP+EVDaGi0Qg="></latexit><latexit sha1_base64="e9aLQDA8h8Pz2cHpP+EVDaGi0Qg="></latexit><latexit sha1_base64="e9aLQDA8h8Pz2cHpP+EVDaGi0Qg="></latexit>

assumption: h and f polynomial
<latexit sha1_base64="t5SDcWB8R4nkw5XFqI6+xQRrp7g="></latexit><latexit sha1_base64="t5SDcWB8R4nkw5XFqI6+xQRrp7g="></latexit><latexit sha1_base64="t5SDcWB8R4nkw5XFqI6+xQRrp7g="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>

pk = inf / sup
µ0,µ,µT

∫
h dµ

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="sXyCiI7kn1sBJbgJ9dOX+4Ljp3U="></latexit><latexit sha1_base64="MernoSBX8FgK1DAo7cNCJkG/keQ="></latexit><latexit sha1_base64="MernoSBX8FgK1DAo7cNCJkG/keQ="></latexit>

µ0 = �x0 , µ 2Mk([0, T ]⇥ Rn)+, µT 2Mk(Rn)+
 

<latexit sha1_base64="1F7nQOlBs2grxr9cmnBIdEjz/e0="></latexit><latexit sha1_base64="1F7nQOlBs2grxr9cmnBIdEjz/e0="></latexit><latexit sha1_base64="1F7nQOlBs2grxr9cmnBIdEjz/e0="></latexit>
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Pk =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L for all � 2 R[t, x ]2k and

<latexit sha1_base64="TbmQI+8DgeA5+1FV0QcqatOy2iI=">AAAHAXiclVVNbxs3EF2ljZqqTes0x16ISgHSwjFWRosgMAwE+fAHEheuYTcGREUguSOJELlckFxHCcFbfk1PRa/9JT30v5SU1rZ2Ix9KQMDsvDdvZji7I1oIbmya/tO69dnnt9tf3Pmy89XXd7/5duPed78bVWoGZ0wJpc8pMSB4DmeWWwHnhQYiqYA3dPY84m8uQBuu8lP7voChJJOcjzkjNrhGG/+iHpbEThkR7tiPZmgXIU </latexit><latexit sha1_base64="TbmQI+8DgeA5+1FV0QcqatOy2iI=">AAAHAXiclVVNbxs3EF2ljZqqTes0x16ISgHSwjFWRosgMAwE+fAHEheuYTcGREUguSOJELlckFxHCcFbfk1PRa/9JT30v5SU1rZ2Ix9KQMDsvDdvZji7I1oIbmya/tO69dnnt9tf3Pmy89XXd7/5duPed78bVWoGZ0wJpc8pMSB4DmeWWwHnhQYiqYA3dPY84m8uQBuu8lP7voChJJOcjzkjNrhGG/+iHpbEThkR7tiPZmgXIU </latexit><latexit sha1_base64="TbmQI+8DgeA5+1FV0QcqatOy2iI=">AAAHAXiclVVNbxs3EF2ljZqqTes0x16ISgHSwjFWRosgMAwE+fAHEheuYTcGREUguSOJELlckFxHCcFbfk1PRa/9JT30v5SU1rZ2Ix9KQMDsvDdvZji7I1oIbmya/tO69dnnt9tf3Pmy89XXd7/5duPed78bVWoGZ0wJpc8pMSB4DmeWWwHnhQYiqYA3dPY84m8uQBuu8lP7voChJJOcjzkjNrhGG/+iHpbEThkR7tiPZmgXIU </latexit>

Finite-Dimensional SDP relaxation
<latexit sha1_base64="e9aLQDA8h8Pz2cHpP+EVDaGi0Qg="></latexit><latexit sha1_base64="e9aLQDA8h8Pz2cHpP+EVDaGi0Qg="></latexit><latexit sha1_base64="e9aLQDA8h8Pz2cHpP+EVDaGi0Qg="></latexit>

assumption: h and f polynomial
<latexit sha1_base64="t5SDcWB8R4nkw5XFqI6+xQRrp7g="></latexit><latexit sha1_base64="t5SDcWB8R4nkw5XFqI6+xQRrp7g="></latexit><latexit sha1_base64="t5SDcWB8R4nkw5XFqI6+xQRrp7g="></latexit>

Mk(K)+ ⊃Mk+1(K)+ ⊃ . . . ⊃M(K)+
<latexit sha1_base64="FoDtiD8oOvHsMHwzy6kCPrbnW3Q="></latexit><latexit sha1_base64="FoDtiD8oOvHsMHwzy6kCPrbnW3Q="></latexit><latexit sha1_base64="FoDtiD8oOvHsMHwzy6kCPrbnW3Q="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>

(Putinar, Schmudgen, Krivin-Stengle, Handelman,…)
<latexit sha1_base64="mv8VdbvCD8l515ieS7YdxHmc19c="></latexit><latexit sha1_base64="mv8VdbvCD8l515ieS7YdxHmc19c="></latexit><latexit sha1_base64="mv8VdbvCD8l515ieS7YdxHmc19c="></latexit>

pk = inf / sup
µ0,µ,µT

∫
h dµ

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="sXyCiI7kn1sBJbgJ9dOX+4Ljp3U="></latexit><latexit sha1_base64="MernoSBX8FgK1DAo7cNCJkG/keQ="></latexit><latexit sha1_base64="MernoSBX8FgK1DAo7cNCJkG/keQ="></latexit>

µ0 = �x0 , µ 2Mk([0, T ]⇥ Rn)+, µT 2Mk(Rn)+
 

<latexit sha1_base64="1F7nQOlBs2grxr9cmnBIdEjz/e0="></latexit><latexit sha1_base64="1F7nQOlBs2grxr9cmnBIdEjz/e0="></latexit><latexit sha1_base64="1F7nQOlBs2grxr9cmnBIdEjz/e0="></latexit>
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pk % p for “inf”
<latexit sha1_base64="iOv9IPyFbaWKsqSG8/qwpnBi7S8="></latexit><latexit sha1_base64="iOv9IPyFbaWKsqSG8/qwpnBi7S8="></latexit><latexit sha1_base64="iOv9IPyFbaWKsqSG8/qwpnBi7S8="></latexit>

pk & p for “sup”
<latexit sha1_base64="Gd2gyP7/gcC95AblyvqtbBtLlWc="></latexit><latexit sha1_base64="Gd2gyP7/gcC95AblyvqtbBtLlWc="></latexit><latexit sha1_base64="Gd2gyP7/gcC95AblyvqtbBtLlWc="></latexit>

Convergence
<latexit sha1_base64="R6PVJRs0zOU3WGtrCL7ae25+zrM="></latexit><latexit sha1_base64="R6PVJRs0zOU3WGtrCL7ae25+zrM="></latexit><latexit sha1_base64="R6PVJRs0zOU3WGtrCL7ae25+zrM="></latexit>

p =
R T
0 h(t, x(t |x0)) dt

<latexit sha1_base64="tEknageilhZmP/9RXzMt0CDVNHY="></latexit><latexit sha1_base64="tEknageilhZmP/9RXzMt0CDVNHY="></latexit><latexit sha1_base64="tEknageilhZmP/9RXzMt0CDVNHY="></latexit>

(under a compactness assumption)
<latexit sha1_base64="O7GITd7ZsPBbvLJjJ83rYszU6Sc="></latexit><latexit sha1_base64="O7GITd7ZsPBbvLJjJ83rYszU6Sc="></latexit><latexit sha1_base64="O7GITd7ZsPBbvLJjJ83rYszU6Sc="></latexit>

Pk =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L for all � 2 R[t, x ]2k and

<latexit sha1_base64="TbmQI+8DgeA5+1FV0QcqatOy2iI=">AAAHAXiclVVNbxs3EF2ljZqqTes0x16ISgHSwjFWRosgMAwE+fAHEheuYTcGREUguSOJELlckFxHCcFbfk1PRa/9JT30v5SU1rZ2Ix9KQMDsvDdvZji7I1oIbmya/tO69dnnt9tf3Pmy89XXd7/5duPed78bVWoGZ0wJpc8pMSB4DmeWWwHnhQYiqYA3dPY84m8uQBuu8lP7voChJJOcjzkjNrhGG/+iHpbEThkR7tiPZmgXIU </latexit><latexit sha1_base64="TbmQI+8DgeA5+1FV0QcqatOy2iI=">AAAHAXiclVVNbxs3EF2ljZqqTes0x16ISgHSwjFWRosgMAwE+fAHEheuYTcGREUguSOJELlckFxHCcFbfk1PRa/9JT30v5SU1rZ2Ix9KQMDsvDdvZji7I1oIbmya/tO69dnnt9tf3Pmy89XXd7/5duPed78bVWoGZ0wJpc8pMSB4DmeWWwHnhQYiqYA3dPY84m8uQBuu8lP7voChJJOcjzkjNrhGG/+iHpbEThkR7tiPZmgXIU </latexit><latexit sha1_base64="TbmQI+8DgeA5+1FV0QcqatOy2iI=">AAAHAXiclVVNbxs3EF2ljZqqTes0x16ISgHSwjFWRosgMAwE+fAHEheuYTcGREUguSOJELlckFxHCcFbfk1PRa/9JT30v5SU1rZ2Ix9KQMDsvDdvZji7I1oIbmya/tO69dnnt9tf3Pmy89XXd7/5duPed78bVWoGZ0wJpc8pMSB4DmeWWwHnhQYiqYA3dPY84m8uQBuu8lP7voChJJOcjzkjNrhGG/+iHpbEThkR7tiPZmgXIU </latexit>

assumption: h and f polynomial
<latexit sha1_base64="t5SDcWB8R4nkw5XFqI6+xQRrp7g="></latexit><latexit sha1_base64="t5SDcWB8R4nkw5XFqI6+xQRrp7g="></latexit><latexit sha1_base64="t5SDcWB8R4nkw5XFqI6+xQRrp7g="></latexit>

Mk(K)+ ⊃Mk+1(K)+ ⊃ . . . ⊃M(K)+
<latexit sha1_base64="FoDtiD8oOvHsMHwzy6kCPrbnW3Q="></latexit><latexit sha1_base64="FoDtiD8oOvHsMHwzy6kCPrbnW3Q="></latexit><latexit sha1_base64="FoDtiD8oOvHsMHwzy6kCPrbnW3Q="></latexit>

Finite-Dimensional SDP relaxation
<latexit sha1_base64="e9aLQDA8h8Pz2cHpP+EVDaGi0Qg="></latexit><latexit sha1_base64="e9aLQDA8h8Pz2cHpP+EVDaGi0Qg="></latexit><latexit sha1_base64="e9aLQDA8h8Pz2cHpP+EVDaGi0Qg="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>

(Putinar, Schmudgen, Krivin-Stengle, Handelman,…)
<latexit sha1_base64="mv8VdbvCD8l515ieS7YdxHmc19c="></latexit><latexit sha1_base64="mv8VdbvCD8l515ieS7YdxHmc19c="></latexit><latexit sha1_base64="mv8VdbvCD8l515ieS7YdxHmc19c="></latexit>

pk = inf / sup
µ0,µ,µT

∫
h dµ

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="sXyCiI7kn1sBJbgJ9dOX+4Ljp3U="></latexit><latexit sha1_base64="MernoSBX8FgK1DAo7cNCJkG/keQ="></latexit><latexit sha1_base64="MernoSBX8FgK1DAo7cNCJkG/keQ="></latexit>

µ0 = �x0 , µ 2Mk([0, T ]⇥ Rn)+, µT 2Mk(Rn)+
 

<latexit sha1_base64="1F7nQOlBs2grxr9cmnBIdEjz/e0="></latexit><latexit sha1_base64="1F7nQOlBs2grxr9cmnBIdEjz/e0="></latexit><latexit sha1_base64="1F7nQOlBs2grxr9cmnBIdEjz/e0="></latexit>
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x0
<latexit sha1_base64="d6byBNm8OpEgSnu5BU5JGk97xfU="></latexit><latexit sha1_base64="d6byBNm8OpEgSnu5BU5JGk97xfU="></latexit><latexit sha1_base64="d6byBNm8OpEgSnu5BU5JGk97xfU="></latexit>

ẋ1 = 2x2
<latexit sha1_base64="w40wCpjiEej3zakMbCJZMN847Eo="></latexit><latexit sha1_base64="Kp5J+a7Jp56EfL+F3EZCaUgaErA="></latexit><latexit sha1_base64="Kp5J+a7Jp56EfL+F3EZCaUgaErA="></latexit>

ẋ2 = 10(0.21− x21 )x2 − 0.8x1
<latexit sha1_base64="JnkvFixLHdKflKwkVPdaPkNyvuk="></latexit><latexit sha1_base64="VMLLSNALJ8BKejeQi6VsoHLRPfY="></latexit><latexit sha1_base64="VMLLSNALJ8BKejeQi6VsoHLRPfY="></latexit>

Van der Pol oscillator
<latexit sha1_base64="kFLLjUFm5+V7j2r7+fdcJFSjhVM=">AAAGQ3icdZTNbhMxEMe3hUAJFFo4cmBFWgkhWiUVCHGoVEE/UpWiUvUjUjdUtnc2seqPle1tU6w98jRc4RV4B96BE+KKhJ2kNLtNLa00mv9vZjwzWuOUUW3q9Z8TkzduVm7dnrpTvXtv+v6DmdmHB1pmisA+kUyqFkYaGBWwb6hh0EoVII4ZHOKTd14/PAWlqRR75jyFNkcdQRNKkHGu45knkYGewYk9QCKMQYU7koVSE8oYMl </latexit><latexit sha1_base64="kFLLjUFm5+V7j2r7+fdcJFSjhVM=">AAAGQ3icdZTNbhMxEMe3hUAJFFo4cmBFWgkhWiUVCHGoVEE/UpWiUvUjUjdUtnc2seqPle1tU6w98jRc4RV4B96BE+KKhJ2kNLtNLa00mv9vZjwzWuOUUW3q9Z8TkzduVm7dnrpTvXtv+v6DmdmHB1pmisA+kUyqFkYaGBWwb6hh0EoVII4ZHOKTd14/PAWlqRR75jyFNkcdQRNKkHGu45knkYGewYk9QCKMQYU7koVSE8oYMl </latexit><latexit sha1_base64="kFLLjUFm5+V7j2r7+fdcJFSjhVM=">AAAGQ3icdZTNbhMxEMe3hUAJFFo4cmBFWgkhWiUVCHGoVEE/UpWiUvUjUjdUtnc2seqPle1tU6w98jRc4RV4B96BE+KKhJ2kNLtNLa00mv9vZjwzWuOUUW3q9Z8TkzduVm7dnrpTvXtv+v6DmdmHB1pmisA+kUyqFkYaGBWwb6hh0EoVII4ZHOKTd14/PAWlqRR75jyFNkcdQRNKkHGu45knkYGewYk9QCKMQYU7koVSE8oYMl </latexit>
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pk = inf / sup
µ0,µ,µT

∫
[0,T ]×Rn x

2
1 − x22 dµ(t, x)

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="s02gvhtdmQWk9Vv6FTWNHhvuq48="></latexit><latexit sha1_base64="iuB+TRhdwpkZkquVOAouu7sLSGM="></latexit><latexit sha1_base64="iuB+TRhdwpkZkquVOAouu7sLSGM="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>) bounds on
R T
0 x1(t |x0)

2 � x2(t |x0)2 dt
<latexit sha1_base64="6oKXfg3x7wS/krbdnDaHoCyLnjM="></latexit><latexit sha1_base64="6oKXfg3x7wS/krbdnDaHoCyLnjM="></latexit><latexit sha1_base64="6oKXfg3x7wS/krbdnDaHoCyLnjM="></latexit>
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moment SDP Exact
R
1 1.0000 1.0000R
t 0.5000 0.5000R
x1 -0.0605 �0.0632R
x2 -0.0438 �0.0434R
t2 0.3333 0.3333R
tx1 -0.0821 �0.0847R
tx2 -0.0208 0.0202R
x21 0.4359 0.4343R
x1x2 0.0020 0.0015R
x22 0.1600 0.1594
...

...
...

<latexit sha1_base64="SvgBBg8TRO9LkIhM94TiC4FWymY="></latexit><latexit sha1_base64="SvgBBg8TRO9LkIhM94TiC4FWymY="></latexit><latexit sha1_base64="SvgBBg8TRO9LkIhM94TiC4FWymY="></latexit>

pk = inf / sup
µ0,µ,µT

∫
[0,T ]×Rn x

2
1 − x22 dµ(t, x)

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="s02gvhtdmQWk9Vv6FTWNHhvuq48="></latexit><latexit sha1_base64="iuB+TRhdwpkZkquVOAouu7sLSGM="></latexit><latexit sha1_base64="iuB+TRhdwpkZkquVOAouu7sLSGM="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>
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pk = inf / sup
µ0,µ,µT

∫
[0,T ]×Rn x

2
1 − x22 dµ(t, x)

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="s02gvhtdmQWk9Vv6FTWNHhvuq48="></latexit><latexit sha1_base64="iuB+TRhdwpkZkquVOAouu7sLSGM="></latexit><latexit sha1_base64="iuB+TRhdwpkZkquVOAouu7sLSGM="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>

True = 0.3313
<latexit sha1_base64="160Mji8Nz5wLkCmkpSFOQyeX5Dw="></latexit><latexit sha1_base64="160Mji8Nz5wLkCmkpSFOQyeX5Dw="></latexit><latexit sha1_base64="160Mji8Nz5wLkCmkpSFOQyeX5Dw="></latexit>

T = 1
<latexit sha1_base64="tDrIQw+lNtgq59ePKnxyv5jBTD8="></latexit><latexit sha1_base64="tDrIQw+lNtgq59ePKnxyv5jBTD8="></latexit><latexit sha1_base64="tDrIQw+lNtgq59ePKnxyv5jBTD8="></latexit>

k 2 3 4

Lower bound 0.2401 0.3313 . . .
Upper bound 0.3326 0.3313 . . .

<latexit sha1_base64="9ydmvKmuqiy4pDyhzI0KGtPGAsg="></latexit><latexit sha1_base64="9ydmvKmuqiy4pDyhzI0KGtPGAsg="></latexit><latexit sha1_base64="9ydmvKmuqiy4pDyhzI0KGtPGAsg="></latexit>

) bounds on
R T
0 x1(t |x0)

2 � x2(t |x0)2 dt
<latexit sha1_base64="6oKXfg3x7wS/krbdnDaHoCyLnjM="></latexit><latexit sha1_base64="6oKXfg3x7wS/krbdnDaHoCyLnjM="></latexit><latexit sha1_base64="6oKXfg3x7wS/krbdnDaHoCyLnjM="></latexit>
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pk = inf / sup
µ0,µ,µT

∫
[0,T ]×Rn x

2
1 − x22 dµ(t, x)

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="s02gvhtdmQWk9Vv6FTWNHhvuq48="></latexit><latexit sha1_base64="iuB+TRhdwpkZkquVOAouu7sLSGM="></latexit><latexit sha1_base64="iuB+TRhdwpkZkquVOAouu7sLSGM="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>

True = 0.2750
<latexit sha1_base64="lzKlXG7SW9YIkEW/gyew3OVKgJE="></latexit><latexit sha1_base64="lzKlXG7SW9YIkEW/gyew3OVKgJE="></latexit><latexit sha1_base64="lzKlXG7SW9YIkEW/gyew3OVKgJE="></latexit>

T = 10
<latexit sha1_base64="y8xQPgOLbyZFkU0c0L2oFbYag24="></latexit><latexit sha1_base64="y8xQPgOLbyZFkU0c0L2oFbYag24="></latexit><latexit sha1_base64="y8xQPgOLbyZFkU0c0L2oFbYag24="></latexit>

True = 0.3313
<latexit sha1_base64="160Mji8Nz5wLkCmkpSFOQyeX5Dw="></latexit><latexit sha1_base64="160Mji8Nz5wLkCmkpSFOQyeX5Dw="></latexit><latexit sha1_base64="160Mji8Nz5wLkCmkpSFOQyeX5Dw="></latexit>

T = 1
<latexit sha1_base64="tDrIQw+lNtgq59ePKnxyv5jBTD8="></latexit><latexit sha1_base64="tDrIQw+lNtgq59ePKnxyv5jBTD8="></latexit><latexit sha1_base64="tDrIQw+lNtgq59ePKnxyv5jBTD8="></latexit>

k 2 3 4

Lower bound 0.2401 0.3313 . . .
Upper bound 0.3326 0.3313 . . .

<latexit sha1_base64="9ydmvKmuqiy4pDyhzI0KGtPGAsg="></latexit><latexit sha1_base64="9ydmvKmuqiy4pDyhzI0KGtPGAsg="></latexit><latexit sha1_base64="9ydmvKmuqiy4pDyhzI0KGtPGAsg="></latexit>

k 2 3 4 5 6 7

Lower bound �0.08 0.038 0.148 0.2664 0.2728 0.2739
Upper bound 0.484 0.329 0.294 0.2759 0.2752 0.2751

<latexit sha1_base64="Dqb4jzAc59EPkWeR+8O7sGI1Lww="></latexit><latexit sha1_base64="Dqb4jzAc59EPkWeR+8O7sGI1Lww="></latexit><latexit sha1_base64="Dqb4jzAc59EPkWeR+8O7sGI1Lww="></latexit>

) bounds on
R T
0 x1(t |x0)

2 � x2(t |x0)2 dt
<latexit sha1_base64="6oKXfg3x7wS/krbdnDaHoCyLnjM="></latexit><latexit sha1_base64="6oKXfg3x7wS/krbdnDaHoCyLnjM="></latexit><latexit sha1_base64="6oKXfg3x7wS/krbdnDaHoCyLnjM="></latexit>
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moment SDP Exact
R
1 1.0000 1.0000R
t 0.5000 0.5000R
x1 -0.0605 �0.0632R
x2 -0.0438 �0.0434R
t2 0.3333 0.3333R
tx1 -0.0821 �0.0847R
tx2 -0.0208 0.0202R
x21 0.4359 0.4343R
x1x2 0.0020 0.0015R
x22 0.1600 0.1594
...

...
...

<latexit sha1_base64="SvgBBg8TRO9LkIhM94TiC4FWymY="></latexit><latexit sha1_base64="SvgBBg8TRO9LkIhM94TiC4FWymY="></latexit><latexit sha1_base64="SvgBBg8TRO9LkIhM94TiC4FWymY="></latexit>

pk = inf / sup
µ0,µ,µT

∫
[0,T ]×Rn x

2
1 − x22 dµ(t, x)

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="s02gvhtdmQWk9Vv6FTWNHhvuq48="></latexit><latexit sha1_base64="iuB+TRhdwpkZkquVOAouu7sLSGM="></latexit><latexit sha1_base64="iuB+TRhdwpkZkquVOAouu7sLSGM="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>
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Trajectory recovery from approximate moments
<latexit sha1_base64="J8TM6VRoFgHGCf//Pra1RRLBOFU=">AAAGUHicdZRRTxQxEMcLeoinKOijLxvvSIxBckeixgcSonBAEIME5BL2JG139q7SbjdtFw6b/RJ+Gl/1K/jkR/FJ27tDbpejyWYn8//NTKeTlqScadNo/J6avnW7MnNn9m713v25Bw/nFx590jJTFA6p5FK1CdbAWQKHhhkO7VQBFoTDETl95/WjM1CayeTAXKTQEbibsJhRbJzrZH7pQOEvQI1UF4ECKh17EcRKigCnqZJ9Jr </latexit><latexit sha1_base64="J8TM6VRoFgHGCf//Pra1RRLBOFU=">AAAGUHicdZRRTxQxEMcLeoinKOijLxvvSIxBckeixgcSonBAEIME5BL2JG139q7SbjdtFw6b/RJ+Gl/1K/jkR/FJ27tDbpejyWYn8//NTKeTlqScadNo/J6avnW7MnNn9m713v25Bw/nFx590jJTFA6p5FK1CdbAWQKHhhkO7VQBFoTDETl95/WjM1CayeTAXKTQEbibsJhRbJzrZH7pQOEvQI1UF4ECKh17EcRKigCnqZJ9Jr </latexit><latexit sha1_base64="J8TM6VRoFgHGCf//Pra1RRLBOFU=">AAAGUHicdZRRTxQxEMcLeoinKOijLxvvSIxBckeixgcSonBAEIME5BL2JG139q7SbjdtFw6b/RJ+Gl/1K/jkR/FJ27tDbpejyWYn8//NTKeTlqScadNo/J6avnW7MnNn9m713v25Bw/nFx590jJTFA6p5FK1CdbAWQKHhhkO7VQBFoTDETl95/WjM1CayeTAXKTQEbibsJhRbJzrZH7pQOEvQI1UF4ECKh17EcRKigCnqZJ9Jr </latexit>
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Trajectory recovery from approximate moments
<latexit sha1_base64="J8TM6VRoFgHGCf//Pra1RRLBOFU=">AAAGUHicdZRRTxQxEMcLeoinKOijLxvvSIxBckeixgcSonBAEIME5BL2JG139q7SbjdtFw6b/RJ+Gl/1K/jkR/FJ27tDbpejyWYn8//NTKeTlqScadNo/J6avnW7MnNn9m713v25Bw/nFx590jJTFA6p5FK1CdbAWQKHhhkO7VQBFoTDETl95/WjM1CayeTAXKTQEbibsJhRbJzrZH7pQOEvQI1UF4ECKh17EcRKigCnqZJ9Jr </latexit><latexit sha1_base64="J8TM6VRoFgHGCf//Pra1RRLBOFU=">AAAGUHicdZRRTxQxEMcLeoinKOijLxvvSIxBckeixgcSonBAEIME5BL2JG139q7SbjdtFw6b/RJ+Gl/1K/jkR/FJ27tDbpejyWYn8//NTKeTlqScadNo/J6avnW7MnNn9m713v25Bw/nFx590jJTFA6p5FK1CdbAWQKHhhkO7VQBFoTDETl95/WjM1CayeTAXKTQEbibsJhRbJzrZH7pQOEvQI1UF4ECKh17EcRKigCnqZJ9Jr </latexit><latexit sha1_base64="J8TM6VRoFgHGCf//Pra1RRLBOFU=">AAAGUHicdZRRTxQxEMcLeoinKOijLxvvSIxBckeixgcSonBAEIME5BL2JG139q7SbjdtFw6b/RJ+Gl/1K/jkR/FJ27tDbpejyWYn8//NTKeTlqScadNo/J6avnW7MnNn9m713v25Bw/nFx590jJTFA6p5FK1CdbAWQKHhhkO7VQBFoTDETl95/WjM1CayeTAXKTQEbibsJhRbJzrZH7pQOEvQI1UF4ECKh17EcRKigCnqZJ9Jr </latexit>

[Claeys, Sepulchre, 2014]
<latexit sha1_base64="TvEcjDQklVKd4ze2L4DYRLb+Q14="></latexit><latexit sha1_base64="TvEcjDQklVKd4ze2L4DYRLb+Q14="></latexit><latexit sha1_base64="TvEcjDQklVKd4ze2L4DYRLb+Q14="></latexit>

[Marx et al. 2019]
<latexit sha1_base64="dljBv3+iKjDKpSSBylzImjIiQuM="></latexit><latexit sha1_base64="dljBv3+iKjDKpSSBylzImjIiQuM="></latexit><latexit sha1_base64="dljBv3+iKjDKpSSBylzImjIiQuM="></latexit>
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P =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L and

<latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit>

(L)
<latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit><latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit><latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit>

δT ⊗ µT − δ0 ⊗ µ0 + div(f µ) = 0
<latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit><latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit><latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit>

Fact: ẋ = f (x) has a unique solution on [0, T ] ) P is a singleton
<latexit sha1_base64="h/wyzlkj0PSdb7ugCRzHzE/HMEk="></latexit><latexit sha1_base64="h/wyzlkj0PSdb7ugCRzHzE/HMEk="></latexit><latexit sha1_base64="h/wyzlkj0PSdb7ugCRzHzE/HMEk="></latexit>

µ0 = ⌫ , µ 2M([0, T ]⇥ Rn)+, µT 2M(Rn)+
 

<latexit sha1_base64="fGhBMGG4nReydBeT2NOB4P+EfpA="></latexit><latexit sha1_base64="fGhBMGG4nReydBeT2NOB4P+EfpA="></latexit><latexit sha1_base64="fGhBMGG4nReydBeT2NOB4P+EfpA="></latexit>
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P =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L and

<latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit>

0 T t

x µT
<latexit sha1_base64="nbR7y1yjpVgFYn1EdnKIdIoDYJ8="></latexit><latexit sha1_base64="84D+Zc4VHwd2lD112aBghw4rZ1k="></latexit><latexit sha1_base64="84D+Zc4VHwd2lD112aBghw4rZ1k="></latexit>

µ0 = ⌫
<latexit sha1_base64="IISdPX2pouMzKy22+gNl1Ngl/uU="></latexit><latexit sha1_base64="IISdPX2pouMzKy22+gNl1Ngl/uU="></latexit><latexit sha1_base64="IISdPX2pouMzKy22+gNl1Ngl/uU="></latexit>

Fact: ẋ = f (x) has a unique solution on [0, T ] ) P is a singleton
<latexit sha1_base64="h/wyzlkj0PSdb7ugCRzHzE/HMEk="></latexit><latexit sha1_base64="h/wyzlkj0PSdb7ugCRzHzE/HMEk="></latexit><latexit sha1_base64="h/wyzlkj0PSdb7ugCRzHzE/HMEk="></latexit>

(L)
<latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit><latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit><latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit>

δT ⊗ µT − δ0 ⊗ µ0 + div(f µ) = 0
<latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit><latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit><latexit sha1_base64="FHd1yXN3DkY4koar99rvtuyWFTQ="></latexit>

µ0 = ⌫ , µ 2M([0, T ]⇥ Rn)+, µT 2M(Rn)+
 

<latexit sha1_base64="fGhBMGG4nReydBeT2NOB4P+EfpA="></latexit><latexit sha1_base64="fGhBMGG4nReydBeT2NOB4P+EfpA="></latexit><latexit sha1_base64="fGhBMGG4nReydBeT2NOB4P+EfpA="></latexit>
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Finite-Dimensional SDP
<latexit sha1_base64="tTMaX8ZgTYaIVGqNckhj8WzPjUs="></latexit><latexit sha1_base64="tTMaX8ZgTYaIVGqNckhj8WzPjUs="></latexit><latexit sha1_base64="tTMaX8ZgTYaIVGqNckhj8WzPjUs="></latexit>

pk % p for “inf”
<latexit sha1_base64="iOv9IPyFbaWKsqSG8/qwpnBi7S8="></latexit><latexit sha1_base64="iOv9IPyFbaWKsqSG8/qwpnBi7S8="></latexit><latexit sha1_base64="iOv9IPyFbaWKsqSG8/qwpnBi7S8="></latexit>

pk & p for “sup”
<latexit sha1_base64="Gd2gyP7/gcC95AblyvqtbBtLlWc="></latexit><latexit sha1_base64="Gd2gyP7/gcC95AblyvqtbBtLlWc="></latexit><latexit sha1_base64="Gd2gyP7/gcC95AblyvqtbBtLlWc="></latexit>

Convergence
<latexit sha1_base64="R6PVJRs0zOU3WGtrCL7ae25+zrM="></latexit><latexit sha1_base64="R6PVJRs0zOU3WGtrCL7ae25+zrM="></latexit><latexit sha1_base64="R6PVJRs0zOU3WGtrCL7ae25+zrM="></latexit>

(under a compactness assumption)
<latexit sha1_base64="O7GITd7ZsPBbvLJjJ83rYszU6Sc="></latexit><latexit sha1_base64="O7GITd7ZsPBbvLJjJ83rYszU6Sc="></latexit><latexit sha1_base64="O7GITd7ZsPBbvLJjJ83rYszU6Sc="></latexit>

Pk =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L for all � 2 R[t, x ]2k and

<latexit sha1_base64="TbmQI+8DgeA5+1FV0QcqatOy2iI=">AAAHAXiclVVNbxs3EF2ljZqqTes0x16ISgHSwjFWRosgMAwE+fAHEheuYTcGREUguSOJELlckFxHCcFbfk1PRa/9JT30v5SU1rZ2Ix9KQMDsvDdvZji7I1oIbmya/tO69dnnt9tf3Pmy89XXd7/5duPed78bVWoGZ0wJpc8pMSB4DmeWWwHnhQYiqYA3dPY84m8uQBuu8lP7voChJJOcjzkjNrhGG/+iHpbEThkR7tiPZmgXIU </latexit><latexit sha1_base64="TbmQI+8DgeA5+1FV0QcqatOy2iI=">AAAHAXiclVVNbxs3EF2ljZqqTes0x16ISgHSwjFWRosgMAwE+fAHEheuYTcGREUguSOJELlckFxHCcFbfk1PRa/9JT30v5SU1rZ2Ix9KQMDsvDdvZji7I1oIbmya/tO69dnnt9tf3Pmy89XXd7/5duPed78bVWoGZ0wJpc8pMSB4DmeWWwHnhQYiqYA3dPY84m8uQBuu8lP7voChJJOcjzkjNrhGG/+iHpbEThkR7tiPZmgXIU </latexit><latexit sha1_base64="TbmQI+8DgeA5+1FV0QcqatOy2iI=">AAAHAXiclVVNbxs3EF2ljZqqTes0x16ISgHSwjFWRosgMAwE+fAHEheuYTcGREUguSOJELlckFxHCcFbfk1PRa/9JT30v5SU1rZ2Ix9KQMDsvDdvZji7I1oIbmya/tO69dnnt9tf3Pmy89XXd7/5duPed78bVWoGZ0wJpc8pMSB4DmeWWwHnhQYiqYA3dPY84m8uQBuu8lP7voChJJOcjzkjNrhGG/+iHpbEThkR7tiPZmgXIU </latexit>

p =
R
Rn

R T
0 h(t, x(t |x0)) dt d⌫(x0)

<latexit sha1_base64="9IoFmuMxTVcXxwzUq0Z+/0LYlSk="></latexit><latexit sha1_base64="9IoFmuMxTVcXxwzUq0Z+/0LYlSk="></latexit><latexit sha1_base64="9IoFmuMxTVcXxwzUq0Z+/0LYlSk="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>

pk = inf / sup
µ0,µ,µT

∫
h dµ

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="sXyCiI7kn1sBJbgJ9dOX+4Ljp3U="></latexit><latexit sha1_base64="MernoSBX8FgK1DAo7cNCJkG/keQ="></latexit><latexit sha1_base64="MernoSBX8FgK1DAo7cNCJkG/keQ="></latexit>

µ0 = ⌫ , µ 2Mk([0, T ]⇥ Rn)+, µT 2Mk(Rn)+
 

<latexit sha1_base64="zMFM3lKEWaBuK4+eZFaHW0E+KEY="></latexit><latexit sha1_base64="zMFM3lKEWaBuK4+eZFaHW0E+KEY="></latexit><latexit sha1_base64="zMFM3lKEWaBuK4+eZFaHW0E+KEY="></latexit>



Milan Korda 35

⌫ = uniform on [0.1, 0.3]⇥ [0.1, 0.3]
<latexit sha1_base64="QwO0Y56n58uG51vFmz3bLmHh7Ag="></latexit><latexit sha1_base64="QwO0Y56n58uG51vFmz3bLmHh7Ag="></latexit><latexit sha1_base64="QwO0Y56n58uG51vFmz3bLmHh7Ag="></latexit>
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k 2 3 4 5 6 7

Lower bound �0.088 0.0116 0.0769 0.1648 0.1935 0.2009
Upper bound 0.4858 0.3217 0.2854 0.2644 0.2622 0.2615

<latexit sha1_base64="ZiwUiTuOOjBU5MC2uKy7MEk0FH4="></latexit><latexit sha1_base64="ZiwUiTuOOjBU5MC2uKy7MEk0FH4="></latexit><latexit sha1_base64="ZiwUiTuOOjBU5MC2uKy7MEk0FH4="></latexit>

k 2 3 4 5 6

Lower bound 0.016 0.1780 0.1813 0.1816 0.1817
Upper bound 0.2152 0.1895 0.1831 0.1823 0.1821

<latexit sha1_base64="yHOkZ2jU5OdPUvLD/PluHQr/rZU="></latexit><latexit sha1_base64="yHOkZ2jU5OdPUvLD/PluHQr/rZU="></latexit><latexit sha1_base64="yHOkZ2jU5OdPUvLD/PluHQr/rZU="></latexit>

T = 10
<latexit sha1_base64="y8xQPgOLbyZFkU0c0L2oFbYag24="></latexit><latexit sha1_base64="y8xQPgOLbyZFkU0c0L2oFbYag24="></latexit><latexit sha1_base64="y8xQPgOLbyZFkU0c0L2oFbYag24="></latexit>

T = 1
<latexit sha1_base64="tDrIQw+lNtgq59ePKnxyv5jBTD8="></latexit><latexit sha1_base64="tDrIQw+lNtgq59ePKnxyv5jBTD8="></latexit><latexit sha1_base64="tDrIQw+lNtgq59ePKnxyv5jBTD8="></latexit>

True = 0.2554
<latexit sha1_base64="SdTa9af8RxgOLC3FJjqmqkhWXrw="></latexit><latexit sha1_base64="SdTa9af8RxgOLC3FJjqmqkhWXrw="></latexit><latexit sha1_base64="SdTa9af8RxgOLC3FJjqmqkhWXrw="></latexit>

pk = inf / sup
µ0,µ,µT

∫
[0,T ]×Rn x

2
1 − x22 dµ(t, x)

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="s02gvhtdmQWk9Vv6FTWNHhvuq48="></latexit><latexit sha1_base64="iuB+TRhdwpkZkquVOAouu7sLSGM="></latexit><latexit sha1_base64="iuB+TRhdwpkZkquVOAouu7sLSGM="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>

) bounds on
R
Rn

R T
0 x1(t |x0)

2 � x2(t |x0)2 dt d⌫(x0)
<latexit sha1_base64="PlfPkulW7j8QJEdsP0jGzO1RSyk="></latexit><latexit sha1_base64="PlfPkulW7j8QJEdsP0jGzO1RSyk="></latexit><latexit sha1_base64="PlfPkulW7j8QJEdsP0jGzO1RSyk="></latexit>

True = 0.1817
<latexit sha1_base64="hl7XlIx3pB2gVzfA7HpYYBpFvxo="></latexit><latexit sha1_base64="hl7XlIx3pB2gVzfA7HpYYBpFvxo="></latexit><latexit sha1_base64="hl7XlIx3pB2gVzfA7HpYYBpFvxo="></latexit>
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Finite-Dimensional SDP
<latexit sha1_base64="tTMaX8ZgTYaIVGqNckhj8WzPjUs="></latexit><latexit sha1_base64="tTMaX8ZgTYaIVGqNckhj8WzPjUs="></latexit><latexit sha1_base64="tTMaX8ZgTYaIVGqNckhj8WzPjUs="></latexit>

Convergence
<latexit sha1_base64="R6PVJRs0zOU3WGtrCL7ae25+zrM="></latexit><latexit sha1_base64="R6PVJRs0zOU3WGtrCL7ae25+zrM="></latexit><latexit sha1_base64="R6PVJRs0zOU3WGtrCL7ae25+zrM="></latexit>

(under a compactness assumption)
<latexit sha1_base64="O7GITd7ZsPBbvLJjJ83rYszU6Sc="></latexit><latexit sha1_base64="O7GITd7ZsPBbvLJjJ83rYszU6Sc="></latexit><latexit sha1_base64="O7GITd7ZsPBbvLJjJ83rYszU6Sc="></latexit>

Pk =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L for all � 2 R[t, x ]2k ,

R
dµ0 = 1 and

<latexit sha1_base64="FKJifr5U7omUT8BC1ijDfaVn0lY="></latexit><latexit sha1_base64="FKJifr5U7omUT8BC1ijDfaVn0lY="></latexit><latexit sha1_base64="FKJifr5U7omUT8BC1ijDfaVn0lY="></latexit>

pk = inf
µ0,µ,µT

∫
[0,T ]×Rn h(x, t) dµ(t, x)

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="eHMjqjXPtmLYriQFHCvsjp6Znpg="></latexit><latexit sha1_base64="2Mllf8E/v8XkgfKq2zBsZzT5/AQ="></latexit><latexit sha1_base64="2Mllf8E/v8XkgfKq2zBsZzT5/AQ="></latexit>

pk % p
<latexit sha1_base64="JP7UVc0BVk6vSErcYXghu2/l9L4="></latexit><latexit sha1_base64="JP7UVc0BVk6vSErcYXghu2/l9L4="></latexit><latexit sha1_base64="JP7UVc0BVk6vSErcYXghu2/l9L4="></latexit>

p = inf
x0∈X0

∫ T

0
h(t, x(t |x0)) dt

<latexit sha1_base64="vOgl7VD6B+06EgTJdYSOpkpjJV4="></latexit><latexit sha1_base64="UtvQ6RIT4G2wej+xxfxTyn1ckR8="></latexit><latexit sha1_base64="UtvQ6RIT4G2wej+xxfxTyn1ckR8="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>

µ0 2Mk(X0)+, µ 2Mk([0, T ]⇥ Rn)+, µT 2Mk(Rn)+
 

<latexit sha1_base64="XpWAVUB9x9RBGm0DdRWJ0RC8j0E="></latexit><latexit sha1_base64="XpWAVUB9x9RBGm0DdRWJ0RC8j0E="></latexit><latexit sha1_base64="XpWAVUB9x9RBGm0DdRWJ0RC8j0E="></latexit>
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Finite-Dimensional SDP
<latexit sha1_base64="tTMaX8ZgTYaIVGqNckhj8WzPjUs="></latexit><latexit sha1_base64="tTMaX8ZgTYaIVGqNckhj8WzPjUs="></latexit><latexit sha1_base64="tTMaX8ZgTYaIVGqNckhj8WzPjUs="></latexit>

Convergence
<latexit sha1_base64="R6PVJRs0zOU3WGtrCL7ae25+zrM="></latexit><latexit sha1_base64="R6PVJRs0zOU3WGtrCL7ae25+zrM="></latexit><latexit sha1_base64="R6PVJRs0zOU3WGtrCL7ae25+zrM="></latexit>

(under a compactness assumption)
<latexit sha1_base64="O7GITd7ZsPBbvLJjJ83rYszU6Sc="></latexit><latexit sha1_base64="O7GITd7ZsPBbvLJjJ83rYszU6Sc="></latexit><latexit sha1_base64="O7GITd7ZsPBbvLJjJ83rYszU6Sc="></latexit>

Pk =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L for all � 2 R[t, x ]2k ,

R
dµ0 = 1 and

<latexit sha1_base64="FKJifr5U7omUT8BC1ijDfaVn0lY="></latexit><latexit sha1_base64="FKJifr5U7omUT8BC1ijDfaVn0lY="></latexit><latexit sha1_base64="FKJifr5U7omUT8BC1ijDfaVn0lY="></latexit>

pk = inf
µ0,µ,µT

∫
[0,T ]×Rn h(x, t) dµ(t, x)

s.t. (µ0, µ, µT ) ∈ Pk
<latexit sha1_base64="eHMjqjXPtmLYriQFHCvsjp6Znpg="></latexit><latexit sha1_base64="2Mllf8E/v8XkgfKq2zBsZzT5/AQ="></latexit><latexit sha1_base64="2Mllf8E/v8XkgfKq2zBsZzT5/AQ="></latexit>

pk % p
<latexit sha1_base64="JP7UVc0BVk6vSErcYXghu2/l9L4="></latexit><latexit sha1_base64="JP7UVc0BVk6vSErcYXghu2/l9L4="></latexit><latexit sha1_base64="JP7UVc0BVk6vSErcYXghu2/l9L4="></latexit>

p = inf
x0∈X0

∫ T

0
h(t, x(t |x0)) dt

<latexit sha1_base64="vOgl7VD6B+06EgTJdYSOpkpjJV4="></latexit><latexit sha1_base64="UtvQ6RIT4G2wej+xxfxTyn1ckR8="></latexit><latexit sha1_base64="UtvQ6RIT4G2wej+xxfxTyn1ckR8="></latexit>

x(t) ∈ X ∀ t ∈ [0, T ]
<latexit sha1_base64="fvHS7VhDcC2VWolGfI8gqvd0/JU="></latexit><latexit sha1_base64="fvHS7VhDcC2VWolGfI8gqvd0/JU="></latexit><latexit sha1_base64="fvHS7VhDcC2VWolGfI8gqvd0/JU="></latexit>

x(T ) ∈ XT
<latexit sha1_base64="26uzK284/aYzQIYWl5Lu6eFLg8g="></latexit><latexit sha1_base64="26uzK284/aYzQIYWl5Lu6eFLg8g="></latexit><latexit sha1_base64="26uzK284/aYzQIYWl5Lu6eFLg8g="></latexit>

s.t.
<latexit sha1_base64="TfHP65UzoMOBJflMjJwLu+FqpZU="></latexit><latexit sha1_base64="TfHP65UzoMOBJflMjJwLu+FqpZU="></latexit><latexit sha1_base64="TfHP65UzoMOBJflMjJwLu+FqpZU="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit>

Pk<latexit sha1_base64="2uFgyWWNxuOCa4o1H7sgsuUGWdU="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit><latexit sha1_base64="rsh5sDjUgeQ9iei+l+4WmYNwp1w="></latexit>

Constraints are easy
<latexit sha1_base64="tsVdfXOoLsAMvLbXIj51VZHA/SQ="></latexit><latexit sha1_base64="tsVdfXOoLsAMvLbXIj51VZHA/SQ="></latexit><latexit sha1_base64="tsVdfXOoLsAMvLbXIj51VZHA/SQ="></latexit>

µ0 2Mk(X0)+, µ 2Mk([0, T ]⇥ X)+, µT 2Mk(XT )+
 

<latexit sha1_base64="m47A5iBsRnJlPm1j1mF7i7dmeFk="></latexit><latexit sha1_base64="m47A5iBsRnJlPm1j1mF7i7dmeFk="></latexit><latexit sha1_base64="m47A5iBsRnJlPm1j1mF7i7dmeFk="></latexit>
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Region of attraction
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XT

Region of attraction

X
<latexit sha1_base64="3sPNn08fz0Umy38c5gJLeolDhcs="></latexit><latexit sha1_base64="3sPNn08fz0Umy38c5gJLeolDhcs="></latexit><latexit sha1_base64="3sPNn08fz0Umy38c5gJLeolDhcs="></latexit>

X?
<latexit sha1_base64="LX74T/CGaQxsLSYjQmTS6VgrAJg="></latexit><latexit sha1_base64="LX74T/CGaQxsLSYjQmTS6VgrAJg="></latexit><latexit sha1_base64="LX74T/CGaQxsLSYjQmTS6VgrAJg="></latexit>

X⋆ =
{
x0

∣∣x(t |x0) ∈ X ∀t ∈ [0, T ], x(T |x0) ∈ XT , ẋ(t |x0) = f (x(t |x0))
}

<latexit sha1_base64="iqJnN1lLEvfR6aPJ68CFsU5GlAc="></latexit><latexit sha1_base64="jfrSK+DquM4tMP0qpRd6NmzgDD0="></latexit><latexit sha1_base64="jfrSK+DquM4tMP0qpRd6NmzgDD0="></latexit>
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XT

Region of attraction

X
<latexit sha1_base64="3sPNn08fz0Umy38c5gJLeolDhcs="></latexit><latexit sha1_base64="3sPNn08fz0Umy38c5gJLeolDhcs="></latexit><latexit sha1_base64="3sPNn08fz0Umy38c5gJLeolDhcs="></latexit>

X?
<latexit sha1_base64="LX74T/CGaQxsLSYjQmTS6VgrAJg="></latexit><latexit sha1_base64="LX74T/CGaQxsLSYjQmTS6VgrAJg="></latexit><latexit sha1_base64="LX74T/CGaQxsLSYjQmTS6VgrAJg="></latexit>

X⋆ =
{
x0

∣∣x(t |x0) ∈ X ∀t ∈ [0, T ], x(T |x0) ∈ XT , ẋ(t |x0) = f (x(t |x0))
}

<latexit sha1_base64="iqJnN1lLEvfR6aPJ68CFsU5GlAc="></latexit><latexit sha1_base64="jfrSK+DquM4tMP0qpRd6NmzgDD0="></latexit><latexit sha1_base64="jfrSK+DquM4tMP0qpRd6NmzgDD0="></latexit>



Milan Korda 43

P =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L , µ0  �X and

<latexit sha1_base64="Q0CjpGltOJm/OtxpYdUPHxxXogw=">AAAG+HiclVXfjxM3EN5QSGko9Ggf+2KRIFEUThsQqlp0EmrhfgiuuqI7OOmcprZ3NnHPXq9s7xFq+Y/pU9XX/i196X+DnSx32SX3gKWVZuf75huPZz1LS8GNTdP/O1c+u3qt+/n1L3o3vrx566uN21+/NqrSDI6YEkofU2JA8AKOLLcCjksNRFIBb+jpzxF/cwbacFUc2ncljCWZFjznjNjgmmz8hwZYEjtjRLgDj7YQwpRPEX </latexit><latexit sha1_base64="Q0CjpGltOJm/OtxpYdUPHxxXogw=">AAAG+HiclVXfjxM3EN5QSGko9Ggf+2KRIFEUThsQqlp0EmrhfgiuuqI7OOmcprZ3NnHPXq9s7xFq+Y/pU9XX/i196X+DnSx32SX3gKWVZuf75huPZz1LS8GNTdP/O1c+u3qt+/n1L3o3vrx566uN21+/NqrSDI6YEkofU2JA8AKOLLcCjksNRFIBb+jpzxF/cwbacFUc2ncljCWZFjznjNjgmmz8hwZYEjtjRLgDj7YQwpRPEX </latexit><latexit sha1_base64="Q0CjpGltOJm/OtxpYdUPHxxXogw=">AAAG+HiclVXfjxM3EN5QSGko9Ggf+2KRIFEUThsQqlp0EmrhfgiuuqI7OOmcprZ3NnHPXq9s7xFq+Y/pU9XX/i196X+DnSx32SX3gKWVZuf75huPZz1LS8GNTdP/O1c+u3qt+/n1L3o3vrx566uN21+/NqrSDI6YEkofU2JA8AKOLLcCjksNRFIBb+jpzxF/cwbacFUc2ncljCWZFjznjNjgmmz8hwZYEjtjRLgDj7YQwpRPEX </latexit>

[Henrion, K., 2014]
<latexit sha1_base64="HyKFcOXwGZ6OGop35d6kjg6ykCw="></latexit><latexit sha1_base64="HyKFcOXwGZ6OGop35d6kjg6ykCw="></latexit><latexit sha1_base64="HyKFcOXwGZ6OGop35d6kjg6ykCw="></latexit>

µ0 2M(X)+, µ 2M([0, T ]⇥ X)+, µT 2M(XT )+
 

<latexit sha1_base64="AV/gBCC+jwS2wYiGEn2ODQUky3M="></latexit><latexit sha1_base64="AV/gBCC+jwS2wYiGEn2ODQUky3M="></latexit><latexit sha1_base64="AV/gBCC+jwS2wYiGEn2ODQUky3M="></latexit>

p = sup
µ0,µ,µT

∫
[0,T ]×Rn 1 dµ0(x)

s.t. (µ0, µ, µT ) ∈ P
<latexit sha1_base64="7Ju27+W0dh7LZYxIxXOe+gov64g="></latexit><latexit sha1_base64="G0Iu2PyIjzQQDMeNHTdEEwx+qpI="></latexit><latexit sha1_base64="G0Iu2PyIjzQQDMeNHTdEEwx+qpI="></latexit>

Infinite-dimensional LP characterization of ROA
<latexit sha1_base64="3rulegS5uspayBr+5XiWVvBbkhI="></latexit><latexit sha1_base64="3rulegS5uspayBr+5XiWVvBbkhI="></latexit><latexit sha1_base64="3rulegS5uspayBr+5XiWVvBbkhI="></latexit>
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1
optimal

Claim : Optimal µ0 equals to the restriction of �X to the ROA
<latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit><latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit><latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit>

X
<latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit>

X?
<latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit>
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1
feasible but not optimal

Claim : Optimal µ0 equals to the restriction of �X to the ROA
<latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit><latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit><latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit>

X
<latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit>

X?
<latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit>
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1
not feasible

Claim : Optimal µ0 equals to the restriction of �X to the ROA
<latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit><latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit><latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit>

X
<latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit>

X?
<latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit>
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1
not feasible

Claim : Optimal µ0 equals to the restriction of �X to the ROA
<latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit><latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit><latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit>

X
<latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit>

X?
<latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit>
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1
optimal

Claim : Optimal µ0 equals to the restriction of �X to the ROA
<latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit><latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit><latexit sha1_base64="FS/POxOh602UtuI/gOZGeI3a/Zs="></latexit>

X
<latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit>

X?
<latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit>
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inf
v2C1,w2C

Z

X
w(x) dx

s.t.
@v

@t
+
@v

@x
· f  0, 8 (t, x) 2 [0, T ]⇥ X

v(T, x) � 0, 8 x 2 XT
w(x) � v(0, x) + 1, 8 x 2 X
w(x) � 0, 8 x 2 X

<latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit><latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit><latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit>

Dual LP
<latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit><latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit><latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit>
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inf
v2C1,w2C

Z

X
w(x) dx

s.t.
@v

@t
+
@v

@x
· f  0, 8 (t, x) 2 [0, T ]⇥ X

v(T, x) � 0, 8 x 2 XT
w(x) � v(0, x) + 1, 8 x 2 X
w(x) � 0, 8 x 2 X

<latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit><latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit><latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit>

Dual LP
<latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit><latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit><latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit>

w(x)

Key obseravtion
w � IX? ) {x | w(x) � 1} � X?

<latexit sha1_base64="BJfK1FDUv5o3b4k2An0E6JLlUAY="></latexit><latexit sha1_base64="BJfK1FDUv5o3b4k2An0E6JLlUAY="></latexit><latexit sha1_base64="BJfK1FDUv5o3b4k2An0E6JLlUAY="></latexit>

X?
<latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit>

X
<latexit sha1_base64="O4+En/QW8Hg/KWyjcax2ObFeRig="></latexit><latexit sha1_base64="O4+En/QW8Hg/KWyjcax2ObFeRig="></latexit><latexit sha1_base64="O4+En/QW8Hg/KWyjcax2ObFeRig="></latexit>
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inf
v2C1,w2C

Z

X
w(x) dx

s.t.
@v

@t
+
@v

@x
· f  0, 8 (t, x) 2 [0, T ]⇥ X

v(T, x) � 0, 8 x 2 XT
w(x) � v(0, x) + 1, 8 x 2 X
w(x) � 0, 8 x 2 X

<latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit><latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit><latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit>

Dual LP
<latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit><latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit><latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit>

Key obseravtion
w � IX? ) {x | w(x) � 1} � X?

<latexit sha1_base64="BJfK1FDUv5o3b4k2An0E6JLlUAY="></latexit><latexit sha1_base64="BJfK1FDUv5o3b4k2An0E6JLlUAY="></latexit><latexit sha1_base64="BJfK1FDUv5o3b4k2An0E6JLlUAY="></latexit>

X?
<latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit>

X
<latexit sha1_base64="O4+En/QW8Hg/KWyjcax2ObFeRig="></latexit><latexit sha1_base64="O4+En/QW8Hg/KWyjcax2ObFeRig="></latexit><latexit sha1_base64="O4+En/QW8Hg/KWyjcax2ObFeRig="></latexit>

w(x)
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inf
v2C1,w2C

Z

X
w(x) dx

s.t.
@v

@t
+
@v

@x
· f  0, 8 (t, x) 2 [0, T ]⇥ X

v(T, x) � 0, 8 x 2 XT
w(x) � v(0, x) + 1, 8 x 2 X
w(x) � 0, 8 x 2 X

<latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit><latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit><latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit>

Dual LP
<latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit><latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit><latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit>

Key obseravtion
w � IX? ) {x | w(x) � 1} � X?

<latexit sha1_base64="BJfK1FDUv5o3b4k2An0E6JLlUAY="></latexit><latexit sha1_base64="BJfK1FDUv5o3b4k2An0E6JLlUAY="></latexit><latexit sha1_base64="BJfK1FDUv5o3b4k2An0E6JLlUAY="></latexit>

X?
<latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit>

X
<latexit sha1_base64="O4+En/QW8Hg/KWyjcax2ObFeRig="></latexit><latexit sha1_base64="O4+En/QW8Hg/KWyjcax2ObFeRig="></latexit><latexit sha1_base64="O4+En/QW8Hg/KWyjcax2ObFeRig="></latexit>

w ∗(x)
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inf
v2C1,w2C

Z

X
w(x) dx

s.t.
@v

@t
+
@v

@x
· f  0, 8 (t, x) 2 [0, T ]⇥ X

v(T, x) � 0, 8 x 2 XT
w(x) � v(0, x) + 1, 8 x 2 X
w(x) � 0, 8 x 2 X

<latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit><latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit><latexit sha1_base64="hEPz/mTrw4qBfP5oUFTwuh7HKmo="></latexit>

Dual LP
<latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit><latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit><latexit sha1_base64="gljtsins4P5zX/cO8bsZFIlTA1I="></latexit>

X?
<latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit><latexit sha1_base64="KHgsD3EUX4VEPUeN9x8w0AJRqr4="></latexit>

X
<latexit sha1_base64="O4+En/QW8Hg/KWyjcax2ObFeRig="></latexit><latexit sha1_base64="O4+En/QW8Hg/KWyjcax2ObFeRig="></latexit><latexit sha1_base64="O4+En/QW8Hg/KWyjcax2ObFeRig="></latexit>

w ∗(x)Theorem (SDP approximations):
<latexit sha1_base64="vI6v2f6ihMcH45QsnGxTg80mkMs=">AAAGS3icdZTfThQxFMYHdRFXUdBLbyYuRDRCdonGaEJClL9BDCLIJsxK2s6Z3YZ2Omk7sNj0EXwab/UVvPc9vDJe2O4usjMsk0xy0u93vtPTkxZnjCpdr/8au3b9RmX85sSt6u07k3fvTU3f/6RELgnsE8GEbGKkgNEU9jXVDJqZBMQxgwN8/NbrBycgFRXpnj7LoMVRO6UJJUi7paOpx5GGrsaJ2euAkMBtOPdxZSdEWSZFl/ </latexit><latexit sha1_base64="vI6v2f6ihMcH45QsnGxTg80mkMs=">AAAGS3icdZTfThQxFMYHdRFXUdBLbyYuRDRCdonGaEJClL9BDCLIJsxK2s6Z3YZ2Omk7sNj0EXwab/UVvPc9vDJe2O4usjMsk0xy0u93vtPTkxZnjCpdr/8au3b9RmX85sSt6u07k3fvTU3f/6RELgnsE8GEbGKkgNEU9jXVDJqZBMQxgwN8/NbrBycgFRXpnj7LoMVRO6UJJUi7paOpx5GGrsaJ2euAkMBtOPdxZSdEWSZFl/ </latexit><latexit sha1_base64="vI6v2f6ihMcH45QsnGxTg80mkMs=">AAAGS3icdZTfThQxFMYHdRFXUdBLbyYuRDRCdonGaEJClL9BDCLIJsxK2s6Z3YZ2Omk7sNj0EXwab/UVvPc9vDJe2O4usjMsk0xy0u93vtPTkxZnjCpdr/8au3b9RmX85sSt6u07k3fvTU3f/6RELgnsE8GEbGKkgNEU9jXVDJqZBMQxgwN8/NbrBycgFRXpnj7LoMVRO6UJJUi7paOpx5GGrsaJ2euAkMBtOPdxZSdEWSZFl/ </latexit>

[Henrion, K., 2014]
<latexit sha1_base64="HyKFcOXwGZ6OGop35d6kjg6ykCw="></latexit><latexit sha1_base64="HyKFcOXwGZ6OGop35d6kjg6ykCw="></latexit><latexit sha1_base64="HyKFcOXwGZ6OGop35d6kjg6ykCw="></latexit>

vol(Xk \ X?)! 0
<latexit sha1_base64="oEPpPsQ9thIgUtsog8KbARB7phk="></latexit><latexit sha1_base64="oEPpPsQ9thIgUtsog8KbARB7phk="></latexit><latexit sha1_base64="oEPpPsQ9thIgUtsog8KbARB7phk="></latexit>

w k & IX? in L1
<latexit sha1_base64="C1q77JdlYlKW8flP0icUIm+jYyA="></latexit><latexit sha1_base64="C1q77JdlYlKW8flP0icUIm+jYyA="></latexit><latexit sha1_base64="C1q77JdlYlKW8flP0icUIm+jYyA="></latexit>
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ẋ1 = −2x2

X = [−1.2,−1.2]2
XT = {x | ∥x∥2 ≤ 0.01},

ẋ2 = 0.8x1 + 10(x
2
1 − 0.21)x2

wk
<latexit sha1_base64="qZexNMlzyPLZuaU6hRCv7icZvGI="></latexit><latexit sha1_base64="qZexNMlzyPLZuaU6hRCv7icZvGI="></latexit><latexit sha1_base64="qZexNMlzyPLZuaU6hRCv7icZvGI="></latexit>
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ẋ1 = −2x2

X = [−1.2,−1.2]2
XT = {x | ∥x∥2 ≤ 0.01},

ẋ2 = 0.8x1 + 10(x
2
1 − 0.21)x2
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ẋ1 = −2x2

X = [−1.2,−1.2]2
XT = {x | ∥x∥2 ≤ 0.01},

ẋ2 = 0.8x1 + 10(x
2
1 − 0.21)x2
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d = 12
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ẋ1 = −2x2

X = [−1.2,−1.2]2
XT = {x | ∥x∥2 ≤ 0.01},

ẋ2 = 0.8x1 + 10(x
2
1 − 0.21)x2
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d = 14
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ẋ1 = −2x2

X = [−1.2,−1.2]2
XT = {x | ∥x∥2 ≤ 0.01},

ẋ2 = 0.8x1 + 10(x
2
1 − 0.21)x2
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d = 16
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Adding control is easy
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ẋ = f (x, u)
<latexit sha1_base64="ZfQa15akBfW/08eQ8bF46d55M6E="></latexit><latexit sha1_base64="ZfQa15akBfW/08eQ8bF46d55M6E="></latexit><latexit sha1_base64="ZfQa15akBfW/08eQ8bF46d55M6E="></latexit>

Occupation measure:
<latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs=">AAAGQHicdZTfTxQxEMcX9BRPUdBHfdh4R2KMkDsSYzQhIcqPI4giASFhT9J2Z+8a2u2m7cJh0xf/Gl/1X/Cv8E/wyfjqk+3dIbfL0WSTyXw/M9OZyRZnjCrdaPycmLx2vXLj5tSt6u0703fvzcze/6hELgnsEcGEPMBIAaMp7GmqGRxkEhDHDPbx8Ruv75+AVFSku/osgzZHnZQmlCDtXEczjyINPY0T856QPOs7Qw5I5RLsq6 </latexit><latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs=">AAAGQHicdZTfTxQxEMcX9BRPUdBHfdh4R2KMkDsSYzQhIcqPI4giASFhT9J2Z+8a2u2m7cJh0xf/Gl/1X/Cv8E/wyfjqk+3dIbfL0WSTyXw/M9OZyRZnjCrdaPycmLx2vXLj5tSt6u0703fvzcze/6hELgnsEcGEPMBIAaMp7GmqGRxkEhDHDPbx8Ruv75+AVFSku/osgzZHnZQmlCDtXEczjyINPY0T856QPOs7Qw5I5RLsq6 </latexit><latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs=">AAAGQHicdZTfTxQxEMcX9BRPUdBHfdh4R2KMkDsSYzQhIcqPI4giASFhT9J2Z+8a2u2m7cJh0xf/Gl/1X/Cv8E/wyfjqk+3dIbfL0WSTyXw/M9OZyRZnjCrdaPycmLx2vXLj5tSt6u0703fvzcze/6hELgnsEcGEPMBIAaMp7GmqGRxkEhDHDPbx8Ruv75+AVFSku/osgzZHnZQmlCDtXEczjyINPY0T856QPOs7Qw5I5RLsq6 </latexit>

µ(A) =

∫ T

0
IA(t, x(t), u(t)) dt

<latexit sha1_base64="GMK5id/yaC0WzkkLf1B5s4k97K8="></latexit><latexit sha1_base64="XhFAtq+Stz/zCeuAhwA2n3y8UR4="></latexit><latexit sha1_base64="XhFAtq+Stz/zCeuAhwA2n3y8UR4="></latexit>

8A 2 B([0, T ]⇥ Rn ⇥ Rm)
<latexit sha1_base64="dRqKLCcKxXQaFRIDUJWnmiYkbv0="></latexit><latexit sha1_base64="dRqKLCcKxXQaFRIDUJWnmiYkbv0="></latexit><latexit sha1_base64="dRqKLCcKxXQaFRIDUJWnmiYkbv0="></latexit>
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ẋ = f (x, u)
<latexit sha1_base64="ZfQa15akBfW/08eQ8bF46d55M6E="></latexit><latexit sha1_base64="ZfQa15akBfW/08eQ8bF46d55M6E="></latexit><latexit sha1_base64="ZfQa15akBfW/08eQ8bF46d55M6E="></latexit>

Occupation measure:
<latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs=">AAAGQHicdZTfTxQxEMcX9BRPUdBHfdh4R2KMkDsSYzQhIcqPI4giASFhT9J2Z+8a2u2m7cJh0xf/Gl/1X/Cv8E/wyfjqk+3dIbfL0WSTyXw/M9OZyRZnjCrdaPycmLx2vXLj5tSt6u0703fvzcze/6hELgnsEcGEPMBIAaMp7GmqGRxkEhDHDPbx8Ruv75+AVFSku/osgzZHnZQmlCDtXEczjyINPY0T856QPOs7Qw5I5RLsq6 </latexit><latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs=">AAAGQHicdZTfTxQxEMcX9BRPUdBHfdh4R2KMkDsSYzQhIcqPI4giASFhT9J2Z+8a2u2m7cJh0xf/Gl/1X/Cv8E/wyfjqk+3dIbfL0WSTyXw/M9OZyRZnjCrdaPycmLx2vXLj5tSt6u0703fvzcze/6hELgnsEcGEPMBIAaMp7GmqGRxkEhDHDPbx8Ruv75+AVFSku/osgzZHnZQmlCDtXEczjyINPY0T856QPOs7Qw5I5RLsq6 </latexit><latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs=">AAAGQHicdZTfTxQxEMcX9BRPUdBHfdh4R2KMkDsSYzQhIcqPI4giASFhT9J2Z+8a2u2m7cJh0xf/Gl/1X/Cv8E/wyfjqk+3dIbfL0WSTyXw/M9OZyRZnjCrdaPycmLx2vXLj5tSt6u0703fvzcze/6hELgnsEcGEPMBIAaMp7GmqGRxkEhDHDPbx8Ruv75+AVFSku/osgzZHnZQmlCDtXEczjyINPY0T856QPOs7Qw5I5RLsq6 </latexit>

µ(A) =

∫ T

0
IA(t, x(t), u(t)) dt

<latexit sha1_base64="GMK5id/yaC0WzkkLf1B5s4k97K8="></latexit><latexit sha1_base64="XhFAtq+Stz/zCeuAhwA2n3y8UR4="></latexit><latexit sha1_base64="XhFAtq+Stz/zCeuAhwA2n3y8UR4="></latexit>

8A 2 B([0, T ]⇥ Rn ⇥ Rm)
<latexit sha1_base64="dRqKLCcKxXQaFRIDUJWnmiYkbv0="></latexit><latexit sha1_base64="dRqKLCcKxXQaFRIDUJWnmiYkbv0="></latexit><latexit sha1_base64="dRqKLCcKxXQaFRIDUJWnmiYkbv0="></latexit>

0 T t

x

µ0 = �x0
<latexit sha1_base64="HL/FxkLFUyPAddAdHwjVc/pAlKE="></latexit><latexit sha1_base64="HL/FxkLFUyPAddAdHwjVc/pAlKE="></latexit><latexit sha1_base64="HL/FxkLFUyPAddAdHwjVc/pAlKE="></latexit>

µT = �x(T )
<latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="zWJPF33a6W1pjR/GNbW34OzdIXg="></latexit><latexit sha1_base64="EYNnFAHI0e/tVLLHp4sL2eOWqMg="></latexit><latexit sha1_base64="EYNnFAHI0e/tVLLHp4sL2eOWqMg="></latexit><latexit sha1_base64="k3H/TFLphxEyB1L+NZmEEgYACR0="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit><latexit sha1_base64="KKLL4lNA4iJ5tGZEJhwrEz2ftl8="></latexit>

A
<latexit sha1_base64="CMKtKTgQwPYfUGVuSYQuTddBgwQ="></latexit><latexit sha1_base64="CMKtKTgQwPYfUGVuSYQuTddBgwQ="></latexit><latexit sha1_base64="CMKtKTgQwPYfUGVuSYQuTddBgwQ="></latexit>

x(t)
<latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit><latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit><latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit>

µ(A)
<latexit sha1_base64="WDmg8o6HlfhI66WCw/vDi4weWGE="></latexit><latexit sha1_base64="WDmg8o6HlfhI66WCw/vDi4weWGE="></latexit><latexit sha1_base64="WDmg8o6HlfhI66WCw/vDi4weWGE="></latexit>
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ẋ = f (x, u)
<latexit sha1_base64="ZfQa15akBfW/08eQ8bF46d55M6E="></latexit><latexit sha1_base64="ZfQa15akBfW/08eQ8bF46d55M6E="></latexit><latexit sha1_base64="ZfQa15akBfW/08eQ8bF46d55M6E="></latexit>

Occupation measure:
<latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs=">AAAGQHicdZTfTxQxEMcX9BRPUdBHfdh4R2KMkDsSYzQhIcqPI4giASFhT9J2Z+8a2u2m7cJh0xf/Gl/1X/Cv8E/wyfjqk+3dIbfL0WSTyXw/M9OZyRZnjCrdaPycmLx2vXLj5tSt6u0703fvzcze/6hELgnsEcGEPMBIAaMp7GmqGRxkEhDHDPbx8Ruv75+AVFSku/osgzZHnZQmlCDtXEczjyINPY0T856QPOs7Qw5I5RLsq6 </latexit><latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs=">AAAGQHicdZTfTxQxEMcX9BRPUdBHfdh4R2KMkDsSYzQhIcqPI4giASFhT9J2Z+8a2u2m7cJh0xf/Gl/1X/Cv8E/wyfjqk+3dIbfL0WSTyXw/M9OZyRZnjCrdaPycmLx2vXLj5tSt6u0703fvzcze/6hELgnsEcGEPMBIAaMp7GmqGRxkEhDHDPbx8Ruv75+AVFSku/osgzZHnZQmlCDtXEczjyINPY0T856QPOs7Qw5I5RLsq6 </latexit><latexit sha1_base64="MEUo7W4hEpXBKc0hK6sU4iOFZZs=">AAAGQHicdZTfTxQxEMcX9BRPUdBHfdh4R2KMkDsSYzQhIcqPI4giASFhT9J2Z+8a2u2m7cJh0xf/Gl/1X/Cv8E/wyfjqk+3dIbfL0WSTyXw/M9OZyRZnjCrdaPycmLx2vXLj5tSt6u0703fvzcze/6hELgnsEcGEPMBIAaMp7GmqGRxkEhDHDPbx8Ruv75+AVFSku/osgzZHnZQmlCDtXEczjyINPY0T856QPOs7Qw5I5RLsq6 </latexit>

µ(A) =

∫ T

0
IA(t, x(t), u(t)) dt

<latexit sha1_base64="GMK5id/yaC0WzkkLf1B5s4k97K8="></latexit><latexit sha1_base64="XhFAtq+Stz/zCeuAhwA2n3y8UR4="></latexit><latexit sha1_base64="XhFAtq+Stz/zCeuAhwA2n3y8UR4="></latexit>

8A 2 B([0, T ]⇥ Rn ⇥ Rm)
<latexit sha1_base64="dRqKLCcKxXQaFRIDUJWnmiYkbv0="></latexit><latexit sha1_base64="dRqKLCcKxXQaFRIDUJWnmiYkbv0="></latexit><latexit sha1_base64="dRqKLCcKxXQaFRIDUJWnmiYkbv0="></latexit>

for all � 2 C1([0, T ]⇥ Rn)
<latexit sha1_base64="5myB5PxuQlLkHQ9XQCw9Scq9HTk="></latexit><latexit sha1_base64="5myB5PxuQlLkHQ9XQCw9Scq9HTk="></latexit><latexit sha1_base64="5myB5PxuQlLkHQ9XQCw9Scq9HTk="></latexit>

(L)
<latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit><latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit><latexit sha1_base64="P4HzAg2rzXqhheszQwZ8J8gyDlY="></latexit>

∫

Rn
φ(T, ·) dµT −

∫

Rn
φ(0, ·) dµ0 =

∫

[0,T ]×Rn×Rm

∂φ

∂t
+
∂φ

∂x
· f dµ

<latexit sha1_base64="A1dNkLSoW8ts3c1GiZs4hMKQ7bI="></latexit><latexit sha1_base64="Rk57VqyfuLXxY3PTJ1JX9AH1wFg="></latexit><latexit sha1_base64="Rk57VqyfuLXxY3PTJ1JX9AH1wFg="></latexit>



Milan Korda 63

P =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L and

<latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit> P not a singleton

<latexit sha1_base64="plMLgblzy8f+xWTfybhUt8j4CqY="></latexit><latexit sha1_base64="plMLgblzy8f+xWTfybhUt8j4CqY="></latexit><latexit sha1_base64="plMLgblzy8f+xWTfybhUt8j4CqY="></latexit>

µ0 = ⌫, µ 2M([0, T ]⇥ X⇥U)+, µT 2M(Rn)+
 

<latexit sha1_base64="akjFpVaetpzhkblSOHCw0wAo0UQ="></latexit><latexit sha1_base64="akjFpVaetpzhkblSOHCw0wAo0UQ="></latexit><latexit sha1_base64="akjFpVaetpzhkblSOHCw0wAo0UQ="></latexit>



Milan Korda 64

P =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L and

<latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit> P not a singleton

<latexit sha1_base64="plMLgblzy8f+xWTfybhUt8j4CqY="></latexit><latexit sha1_base64="plMLgblzy8f+xWTfybhUt8j4CqY="></latexit><latexit sha1_base64="plMLgblzy8f+xWTfybhUt8j4CqY="></latexit>

µ0 = ⌫, µ 2M([0, T ]⇥ X⇥U)+, µT 2M(Rn)+
 

<latexit sha1_base64="akjFpVaetpzhkblSOHCw0wAo0UQ="></latexit><latexit sha1_base64="akjFpVaetpzhkblSOHCw0wAo0UQ="></latexit><latexit sha1_base64="akjFpVaetpzhkblSOHCw0wAo0UQ="></latexit>

What does P look like?
<latexit sha1_base64="1FQztOSQQg47Jz8VrZ5z+I311Dw="></latexit><latexit sha1_base64="1FQztOSQQg47Jz8VrZ5z+I311Dw="></latexit><latexit sha1_base64="1FQztOSQQg47Jz8VrZ5z+I311Dw="></latexit>

P contains superpositions of occupation measures associated to
<latexit sha1_base64="MLoed7OAB04Qs/cpeh4CDDXZZD8="></latexit><latexit sha1_base64="MLoed7OAB04Qs/cpeh4CDDXZZD8="></latexit><latexit sha1_base64="MLoed7OAB04Qs/cpeh4CDDXZZD8="></latexit>

ẋ 2 conv(f (x,U))
<latexit sha1_base64="62xZAq/9ojOxV2dae66B30C2XIc="></latexit><latexit sha1_base64="62xZAq/9ojOxV2dae66B30C2XIc="></latexit><latexit sha1_base64="62xZAq/9ojOxV2dae66B30C2XIc="></latexit>
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P =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L and

<latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit> P not a singleton

<latexit sha1_base64="plMLgblzy8f+xWTfybhUt8j4CqY="></latexit><latexit sha1_base64="plMLgblzy8f+xWTfybhUt8j4CqY="></latexit><latexit sha1_base64="plMLgblzy8f+xWTfybhUt8j4CqY="></latexit>

µ0 = ⌫, µ 2M([0, T ]⇥ X⇥U)+, µT 2M(Rn)+
 

<latexit sha1_base64="akjFpVaetpzhkblSOHCw0wAo0UQ="></latexit><latexit sha1_base64="akjFpVaetpzhkblSOHCw0wAo0UQ="></latexit><latexit sha1_base64="akjFpVaetpzhkblSOHCw0wAo0UQ="></latexit>

What does P look like?
<latexit sha1_base64="1FQztOSQQg47Jz8VrZ5z+I311Dw="></latexit><latexit sha1_base64="1FQztOSQQg47Jz8VrZ5z+I311Dw="></latexit><latexit sha1_base64="1FQztOSQQg47Jz8VrZ5z+I311Dw="></latexit>

P contains superpositions of occupation measures associated to
<latexit sha1_base64="MLoed7OAB04Qs/cpeh4CDDXZZD8="></latexit><latexit sha1_base64="MLoed7OAB04Qs/cpeh4CDDXZZD8="></latexit><latexit sha1_base64="MLoed7OAB04Qs/cpeh4CDDXZZD8="></latexit>

ẋ 2 conv(f (x,U))
<latexit sha1_base64="62xZAq/9ojOxV2dae66B30C2XIc="></latexit><latexit sha1_base64="62xZAq/9ojOxV2dae66B30C2XIc="></latexit><latexit sha1_base64="62xZAq/9ojOxV2dae66B30C2XIc="></latexit>

with � supported on trajectories of ẋ 2 conv(f (x,U))
<latexit sha1_base64="J096P5JLufpSfJq3EVuDDNFE5wI="></latexit><latexit sha1_base64="J096P5JLufpSfJq3EVuDDNFE5wI="></latexit><latexit sha1_base64="J096P5JLufpSfJq3EVuDDNFE5wI="></latexit>

[Vinter, Lewis, 1978]
<latexit sha1_base64="95rMoKP5wXsGkeHyPBzQWEuQ4MQ="></latexit><latexit sha1_base64="95rMoKP5wXsGkeHyPBzQWEuQ4MQ="></latexit><latexit sha1_base64="95rMoKP5wXsGkeHyPBzQWEuQ4MQ="></latexit>

[Vinter, 1993]
<latexit sha1_base64="APEqLV/K1uS9EbLgTBXLhMq93Zk="></latexit><latexit sha1_base64="APEqLV/K1uS9EbLgTBXLhMq93Zk="></latexit><latexit sha1_base64="APEqLV/K1uS9EbLgTBXLhMq93Zk="></latexit>

[Henrion, K., 2014]
<latexit sha1_base64="XcKqe402CbTbSHKH7tBwEIgLAuA="></latexit><latexit sha1_base64="XcKqe402CbTbSHKH7tBwEIgLAuA="></latexit><latexit sha1_base64="XcKqe402CbTbSHKH7tBwEIgLAuA="></latexit>

µ̄(A) =
R
C([0,T ];X)

R T
0 IA(t, x(t)) dt d�(x(·))

<latexit sha1_base64="EWaJD5/WmPJ9Z5Mx6qEQHUJ/jsg="></latexit><latexit sha1_base64="EWaJD5/WmPJ9Z5Mx6qEQHUJ/jsg="></latexit><latexit sha1_base64="EWaJD5/WmPJ9Z5Mx6qEQHUJ/jsg="></latexit>

[Rubio, 1976]
<latexit sha1_base64="mCvcGVjTTLP5bW0xMXo+lIfjgSE="></latexit><latexit sha1_base64="mCvcGVjTTLP5bW0xMXo+lIfjgSE="></latexit><latexit sha1_base64="mCvcGVjTTLP5bW0xMXo+lIfjgSE="></latexit>
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P =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L and

<latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit><latexit sha1_base64="5mbXDYkY8Teu6H/fyHZMIy9p3oU="></latexit>

P
<latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit><latexit sha1_base64="z9lDGw5qJaEK1qjZQs+sp5catJY="></latexit> P not a singleton

<latexit sha1_base64="plMLgblzy8f+xWTfybhUt8j4CqY="></latexit><latexit sha1_base64="plMLgblzy8f+xWTfybhUt8j4CqY="></latexit><latexit sha1_base64="plMLgblzy8f+xWTfybhUt8j4CqY="></latexit>

µ0 = ⌫, µ 2M([0, T ]⇥ X⇥U)+, µT 2M(Rn)+
 

<latexit sha1_base64="akjFpVaetpzhkblSOHCw0wAo0UQ="></latexit><latexit sha1_base64="akjFpVaetpzhkblSOHCw0wAo0UQ="></latexit><latexit sha1_base64="akjFpVaetpzhkblSOHCw0wAo0UQ="></latexit>

What does P look like?
<latexit sha1_base64="1FQztOSQQg47Jz8VrZ5z+I311Dw="></latexit><latexit sha1_base64="1FQztOSQQg47Jz8VrZ5z+I311Dw="></latexit><latexit sha1_base64="1FQztOSQQg47Jz8VrZ5z+I311Dw="></latexit>

P contains superpositions of occupation measures associated to
<latexit sha1_base64="MLoed7OAB04Qs/cpeh4CDDXZZD8="></latexit><latexit sha1_base64="MLoed7OAB04Qs/cpeh4CDDXZZD8="></latexit><latexit sha1_base64="MLoed7OAB04Qs/cpeh4CDDXZZD8="></latexit>

ẋ 2 conv(f (x,U))
<latexit sha1_base64="62xZAq/9ojOxV2dae66B30C2XIc="></latexit><latexit sha1_base64="62xZAq/9ojOxV2dae66B30C2XIc="></latexit><latexit sha1_base64="62xZAq/9ojOxV2dae66B30C2XIc="></latexit>

Trajectories of ẋ = f (x, u), u 2 U
<latexit sha1_base64="j0ACrX9EvmCEmHXVvUKZU9smmqE="></latexit><latexit sha1_base64="j0ACrX9EvmCEmHXVvUKZU9smmqE="></latexit><latexit sha1_base64="j0ACrX9EvmCEmHXVvUKZU9smmqE="></latexit>

dense in the set of trajectories of
<latexit sha1_base64="JRxXVH9TsUMdjvWWnr0ZD15sVa4="></latexit><latexit sha1_base64="JRxXVH9TsUMdjvWWnr0ZD15sVa4="></latexit><latexit sha1_base64="JRxXVH9TsUMdjvWWnr0ZD15sVa4="></latexit>

Note:
<latexit sha1_base64="+iFIKRaMAw53pI9sDG9MYkhCGvc="></latexit><latexit sha1_base64="+iFIKRaMAw53pI9sDG9MYkhCGvc="></latexit><latexit sha1_base64="+iFIKRaMAw53pI9sDG9MYkhCGvc="></latexit>
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Example: ẋ = u, U = {�1,+1}
<latexit sha1_base64="QF7tz1hGLHDWiC5YdMxWfMJhVXw="></latexit><latexit sha1_base64="QF7tz1hGLHDWiC5YdMxWfMJhVXw="></latexit><latexit sha1_base64="QF7tz1hGLHDWiC5YdMxWfMJhVXw="></latexit>

conv(f (x,U)) = [�1, 1]
<latexit sha1_base64="CsOVt3Ms4dwGPpxVX6M3IVZZwB0="></latexit><latexit sha1_base64="CsOVt3Ms4dwGPpxVX6M3IVZZwB0="></latexit><latexit sha1_base64="CsOVt3Ms4dwGPpxVX6M3IVZZwB0="></latexit>

) trajectory x(t) = 0 satisfies ẋ 2 conv(f (x,U)) but not ẋ = u, u 2 {�1,�1}
<latexit sha1_base64="EhHrt8HvaXjEgi3cCia7Lz7r0Ik="></latexit><latexit sha1_base64="EhHrt8HvaXjEgi3cCia7Lz7r0Ik="></latexit><latexit sha1_base64="EhHrt8HvaXjEgi3cCia7Lz7r0Ik="></latexit>

x(t)
<latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit><latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit><latexit sha1_base64="zLCVkCwb3a3bsGhiMQFn9qGA0mM="></latexit>

u(t)
<latexit sha1_base64="kZaKO1iG38u5Sn8tsyLQjjIbMxQ="></latexit><latexit sha1_base64="kZaKO1iG38u5Sn8tsyLQjjIbMxQ="></latexit><latexit sha1_base64="kZaKO1iG38u5Sn8tsyLQjjIbMxQ="></latexit>
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XT

Region of attraction

X
<latexit sha1_base64="3sPNn08fz0Umy38c5gJLeolDhcs="></latexit><latexit sha1_base64="3sPNn08fz0Umy38c5gJLeolDhcs="></latexit><latexit sha1_base64="3sPNn08fz0Umy38c5gJLeolDhcs="></latexit>

X?
<latexit sha1_base64="LX74T/CGaQxsLSYjQmTS6VgrAJg="></latexit><latexit sha1_base64="LX74T/CGaQxsLSYjQmTS6VgrAJg="></latexit><latexit sha1_base64="LX74T/CGaQxsLSYjQmTS6VgrAJg="></latexit>

X? = the set of all states that can be steered to XT using admissible control inputs
<latexit sha1_base64="UKzCL0+RYE6Ol3cwuoBnJnAiZt0="></latexit><latexit sha1_base64="UKzCL0+RYE6Ol3cwuoBnJnAiZt0="></latexit><latexit sha1_base64="UKzCL0+RYE6Ol3cwuoBnJnAiZt0="></latexit>
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P =
�
(µ0, µ, µT ) | (µ0, µ, µT ) satisfies L , µ0  �X and

<latexit sha1_base64="Q0CjpGltOJm/OtxpYdUPHxxXogw=">AAAG+HiclVXfjxM3EN5QSGko9Ggf+2KRIFEUThsQqlp0EmrhfgiuuqI7OOmcprZ3NnHPXq9s7xFq+Y/pU9XX/i196X+DnSx32SX3gKWVZuf75huPZz1LS8GNTdP/O1c+u3qt+/n1L3o3vrx566uN21+/NqrSDI6YEkofU2JA8AKOLLcCjksNRFIBb+jpzxF/cwbacFUc2ncljCWZFjznjNjgmmz8hwZYEjtjRLgDj7YQwpRPEX </latexit><latexit sha1_base64="Q0CjpGltOJm/OtxpYdUPHxxXogw=">AAAG+HiclVXfjxM3EN5QSGko9Ggf+2KRIFEUThsQqlp0EmrhfgiuuqI7OOmcprZ3NnHPXq9s7xFq+Y/pU9XX/i196X+DnSx32SX3gKWVZuf75huPZz1LS8GNTdP/O1c+u3qt+/n1L3o3vrx566uN21+/NqrSDI6YEkofU2JA8AKOLLcCjksNRFIBb+jpzxF/cwbacFUc2ncljCWZFjznjNjgmmz8hwZYEjtjRLgDj7YQwpRPEX </latexit><latexit sha1_base64="Q0CjpGltOJm/OtxpYdUPHxxXogw=">AAAG+HiclVXfjxM3EN5QSGko9Ggf+2KRIFEUThsQqlp0EmrhfgiuuqI7OOmcprZ3NnHPXq9s7xFq+Y/pU9XX/i196X+DnSx32SX3gKWVZuf75huPZz1LS8GNTdP/O1c+u3qt+/n1L3o3vrx566uN21+/NqrSDI6YEkofU2JA8AKOLLcCjksNRFIBb+jpzxF/cwbacFUc2ncljCWZFjznjNjgmmz8hwZYEjtjRLgDj7YQwpRPEX </latexit>

[Henrion, K., 2014]
<latexit sha1_base64="HyKFcOXwGZ6OGop35d6kjg6ykCw="></latexit><latexit sha1_base64="HyKFcOXwGZ6OGop35d6kjg6ykCw="></latexit><latexit sha1_base64="HyKFcOXwGZ6OGop35d6kjg6ykCw="></latexit>

µ0 2M(X)+, µ 2M([0, T ]⇥ X⇥U)+, µT 2M(XT )+
 

<latexit sha1_base64="5sVDap1F6nIHziBQQgS0aBjj4Yc="></latexit><latexit sha1_base64="5sVDap1F6nIHziBQQgS0aBjj4Yc="></latexit><latexit sha1_base64="5sVDap1F6nIHziBQQgS0aBjj4Yc="></latexit>

Theorem (SDP approximations):
<latexit sha1_base64="vI6v2f6ihMcH45QsnGxTg80mkMs=">AAAGS3icdZTfThQxFMYHdRFXUdBLbyYuRDRCdonGaEJClL9BDCLIJsxK2s6Z3YZ2Omk7sNj0EXwab/UVvPc9vDJe2O4usjMsk0xy0u93vtPTkxZnjCpdr/8au3b9RmX85sSt6u07k3fvTU3f/6RELgnsE8GEbGKkgNEU9jXVDJqZBMQxgwN8/NbrBycgFRXpnj7LoMVRO6UJJUi7paOpx5GGrsaJ2euAkMBtOPdxZSdEWSZFl/ </latexit><latexit sha1_base64="vI6v2f6ihMcH45QsnGxTg80mkMs=">AAAGS3icdZTfThQxFMYHdRFXUdBLbyYuRDRCdonGaEJClL9BDCLIJsxK2s6Z3YZ2Omk7sNj0EXwab/UVvPc9vDJe2O4usjMsk0xy0u93vtPTkxZnjCpdr/8au3b9RmX85sSt6u07k3fvTU3f/6RELgnsE8GEbGKkgNEU9jXVDJqZBMQxgwN8/NbrBycgFRXpnj7LoMVRO6UJJUi7paOpx5GGrsaJ2euAkMBtOPdxZSdEWSZFl/ </latexit><latexit sha1_base64="vI6v2f6ihMcH45QsnGxTg80mkMs=">AAAGS3icdZTfThQxFMYHdRFXUdBLbyYuRDRCdonGaEJClL9BDCLIJsxK2s6Z3YZ2Omk7sNj0EXwab/UVvPc9vDJe2O4usjMsk0xy0u93vtPTkxZnjCpdr/8au3b9RmX85sSt6u07k3fvTU3f/6RELgnsE8GEbGKkgNEU9jXVDJqZBMQxgwN8/NbrBycgFRXpnj7LoMVRO6UJJUi7paOpx5GGrsaJ2euAkMBtOPdxZSdEWSZFl/ </latexit>

vol(Xk \ X?)! 0
<latexit sha1_base64="oEPpPsQ9thIgUtsog8KbARB7phk="></latexit><latexit sha1_base64="oEPpPsQ9thIgUtsog8KbARB7phk="></latexit><latexit sha1_base64="oEPpPsQ9thIgUtsog8KbARB7phk="></latexit>

sup
µ0,µ,µT

∫
[0,T ]×Rn 1 dµ0(x)

s.t. (µ0, µ, µT ) ∈ P
<latexit sha1_base64="nAK10QQOUDpOthD65F85IIl1x6Q="></latexit><latexit sha1_base64="qsm2fZED/VBm9FShVZl9FClJDxs="></latexit><latexit sha1_base64="qsm2fZED/VBm9FShVZl9FClJDxs="></latexit>

Infinite-Dimensional LP for ROA
<latexit sha1_base64="1oYl9H4jMcta6xdphdVfhFFcLLw="></latexit><latexit sha1_base64="1oYl9H4jMcta6xdphdVfhFFcLLw="></latexit><latexit sha1_base64="1oYl9H4jMcta6xdphdVfhFFcLLw="></latexit>

pk & vol(X?)
<latexit sha1_base64="eMtSXf/1sYAEkqG1PKDHS9hVodw="></latexit><latexit sha1_base64="eMtSXf/1sYAEkqG1PKDHS9hVodw="></latexit><latexit sha1_base64="eMtSXf/1sYAEkqG1PKDHS9hVodw="></latexit>

w k & IX? in L1
<latexit sha1_base64="C1q77JdlYlKW8flP0icUIm+jYyA="></latexit><latexit sha1_base64="C1q77JdlYlKW8flP0icUIm+jYyA="></latexit><latexit sha1_base64="C1q77JdlYlKW8flP0icUIm+jYyA="></latexit>
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X = {x | ||x ||∞ ≤ 1}
<latexit sha1_base64="00DkZjT0WLVjENiHkVFVCKaTKRs="></latexit><latexit sha1_base64="v3ps1bSXsbodP4Utl8gP6Q3fD5k="></latexit><latexit sha1_base64="v3ps1bSXsbodP4Utl8gP6Q3fD5k="></latexit>

U = {u | ||u||2 ≤ 1}
<latexit sha1_base64="w/KFwG78sxCtHYAg+rNKZK2vlWA="></latexit><latexit sha1_base64="rH4nkX2TAW7Z+5LArS6iUoW+eYw="></latexit><latexit sha1_base64="rH4nkX2TAW7Z+5LArS6iUoW+eYw="></latexit>

XT = {0}, T = 1
<latexit sha1_base64="kJJqjeqbdwTK1mxyEBPuzE9oycc="></latexit><latexit sha1_base64="fTVw5VCrq3/ejqethgUPx4LJtVQ="></latexit><latexit sha1_base64="fTVw5VCrq3/ejqethgUPx4LJtVQ="></latexit>

ẋ3 = u1x2 − u2x1
<latexit sha1_base64="Bgh9jkTicUJRldgF8NNtE9+OTWw="></latexit><latexit sha1_base64="xpvlmphWv1gDCZoCIEJZY6ZE6Ms="></latexit><latexit sha1_base64="xpvlmphWv1gDCZoCIEJZY6ZE6Ms="></latexit>

ẋ2 = u2
<latexit sha1_base64="8OhMMckp4HN3sQ6y/jC+eu++Tho="></latexit><latexit sha1_base64="0BAwhJt1KE+2IWBEu30VmidwqG4="></latexit><latexit sha1_base64="0BAwhJt1KE+2IWBEu30VmidwqG4="></latexit>

ẋ1 = u1
<latexit sha1_base64="z5xLasKqQ9yjHEKQ5KTxWjJQFpc="></latexit><latexit sha1_base64="H/7J9p0GaIe78nSRUIfUEd/3iXQ="></latexit><latexit sha1_base64="H/7J9p0GaIe78nSRUIfUEd/3iXQ="></latexit>

k = 3
<latexit sha1_base64="UD80twa+AN0noIIxlgzGrqLE7Ro="></latexit><latexit sha1_base64="UD80twa+AN0noIIxlgzGrqLE7Ro="></latexit><latexit sha1_base64="UD80twa+AN0noIIxlgzGrqLE7Ro="></latexit>

Brockett integrator (ROA known semi-analytically)
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X = {x | ||x ||∞ ≤ 1}
<latexit sha1_base64="00DkZjT0WLVjENiHkVFVCKaTKRs="></latexit><latexit sha1_base64="v3ps1bSXsbodP4Utl8gP6Q3fD5k="></latexit><latexit sha1_base64="v3ps1bSXsbodP4Utl8gP6Q3fD5k="></latexit>

U = {u | ||u||2 ≤ 1}
<latexit sha1_base64="w/KFwG78sxCtHYAg+rNKZK2vlWA="></latexit><latexit sha1_base64="rH4nkX2TAW7Z+5LArS6iUoW+eYw="></latexit><latexit sha1_base64="rH4nkX2TAW7Z+5LArS6iUoW+eYw="></latexit>

XT = {0}, T = 1
<latexit sha1_base64="kJJqjeqbdwTK1mxyEBPuzE9oycc="></latexit><latexit sha1_base64="fTVw5VCrq3/ejqethgUPx4LJtVQ="></latexit><latexit sha1_base64="fTVw5VCrq3/ejqethgUPx4LJtVQ="></latexit>

ẋ3 = u1x2 − u2x1
<latexit sha1_base64="Bgh9jkTicUJRldgF8NNtE9+OTWw="></latexit><latexit sha1_base64="xpvlmphWv1gDCZoCIEJZY6ZE6Ms="></latexit><latexit sha1_base64="xpvlmphWv1gDCZoCIEJZY6ZE6Ms="></latexit>

ẋ2 = u2
<latexit sha1_base64="8OhMMckp4HN3sQ6y/jC+eu++Tho="></latexit><latexit sha1_base64="0BAwhJt1KE+2IWBEu30VmidwqG4="></latexit><latexit sha1_base64="0BAwhJt1KE+2IWBEu30VmidwqG4="></latexit>

ẋ1 = u1
<latexit sha1_base64="z5xLasKqQ9yjHEKQ5KTxWjJQFpc="></latexit><latexit sha1_base64="H/7J9p0GaIe78nSRUIfUEd/3iXQ="></latexit><latexit sha1_base64="H/7J9p0GaIe78nSRUIfUEd/3iXQ="></latexit>

k = 5
<latexit sha1_base64="mm5ZmbE/AuQ11zAiYVEkTtghT90="></latexit><latexit sha1_base64="mm5ZmbE/AuQ11zAiYVEkTtghT90="></latexit><latexit sha1_base64="mm5ZmbE/AuQ11zAiYVEkTtghT90="></latexit>

Brockett integrator (ROA known semi-analytically)



Data
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 70

X
<latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit><latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit><latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit>

f not known, only data {xi , x+i }Ki=1 available
<latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit><latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit><latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit>

x+ = f (x)
<latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit><latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit><latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit>
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X
<latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit><latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit><latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit>

Maximum positively invariant set
<latexit sha1_base64="XIP+APBtwoHLf7uN5XkWJNGkj/k="></latexit><latexit sha1_base64="XIP+APBtwoHLf7uN5XkWJNGkj/k="></latexit><latexit sha1_base64="XIP+APBtwoHLf7uN5XkWJNGkj/k="></latexit>

f not known, only data {xi , x+i }Ki=1 available
<latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit><latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit><latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit>

x+ = f (x)
<latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit><latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit><latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit>
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X
<latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit><latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit><latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit>

Maximum positively invariant set
<latexit sha1_base64="XIP+APBtwoHLf7uN5XkWJNGkj/k="></latexit><latexit sha1_base64="XIP+APBtwoHLf7uN5XkWJNGkj/k="></latexit><latexit sha1_base64="XIP+APBtwoHLf7uN5XkWJNGkj/k="></latexit>

f not known, only data {xi , x+i }Ki=1 available
<latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit><latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit><latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit>

x+ = f (x)
<latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit><latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit><latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit>
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X
<latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit><latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit><latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit>

Maximum positively invariant set
<latexit sha1_base64="XIP+APBtwoHLf7uN5XkWJNGkj/k="></latexit><latexit sha1_base64="XIP+APBtwoHLf7uN5XkWJNGkj/k="></latexit><latexit sha1_base64="XIP+APBtwoHLf7uN5XkWJNGkj/k="></latexit>

f not known, only data {xi , x+i }Ki=1 available
<latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit><latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit><latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit>

x+ = f (x)
<latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit><latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit><latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit>



 9

X
<latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit><latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit><latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit>

f not known, only data {xi , x+i }Ki=1 available
<latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit><latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit><latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit>

x+ = f (x)
<latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit><latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit><latexit sha1_base64="eIgKafbkvC74WTA6LPkrghWfOiM="></latexit>



 9

X
<latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit><latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit><latexit sha1_base64="igtIxHKYTZDcLCVGXM+296yZDhc="></latexit>

f not known, only data {xi , x+i }Ki=1 available
<latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit><latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit><latexit sha1_base64="1enidnY/6ZP12GIy6K8hTZ4cddY="></latexit>

x+ = f (x, u)
<latexit sha1_base64="SMu3fPI8oROL9b10eCKZdc4YPu4="></latexit><latexit sha1_base64="SMu3fPI8oROL9b10eCKZdc4YPu4="></latexit><latexit sha1_base64="SMu3fPI8oROL9b10eCKZdc4YPu4="></latexit>

Maximum controlled invariant set
<latexit sha1_base64="HieTv+RLUGM+nitBISJOsyHsJEg="></latexit><latexit sha1_base64="HieTv+RLUGM+nitBISJOsyHsJEg="></latexit><latexit sha1_base64="HieTv+RLUGM+nitBISJOsyHsJEg="></latexit>
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sup
v∈C(X)

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="mrtEAsqAqrjAI3GeR421zCbfYyY="></latexit><latexit sha1_base64="ezY4bASRgTn38WRAgSA2bE6mcdg="></latexit><latexit sha1_base64="ezY4bASRgTn38WRAgSA2bE6mcdg="></latexit>
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`
<latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit>

f̄
<latexit sha1_base64="OpWZPNXIllJTeFjJKRaqhUQFff0="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit>

sup
v∈C(X)

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="mrtEAsqAqrjAI3GeR421zCbfYyY="></latexit><latexit sha1_base64="ezY4bASRgTn38WRAgSA2bE6mcdg="></latexit><latexit sha1_base64="ezY4bASRgTn38WRAgSA2bE6mcdg="></latexit>
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`
<latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit>

{

<latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit>

= 0 if x 2 X?
<latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit>

> 0 if x /2 X?
<latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit>

f̄
<latexit sha1_base64="OpWZPNXIllJTeFjJKRaqhUQFff0="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit>

Remark: X invariant under f̄
<latexit sha1_base64="ePpFyeC3fNKyipT/dFTt7ItnrXM="></latexit><latexit sha1_base64="ePpFyeC3fNKyipT/dFTt7ItnrXM="></latexit><latexit sha1_base64="ePpFyeC3fNKyipT/dFTt7ItnrXM="></latexit>

v ?(x) =
P1
k=0 ↵

k`
�
f̄ (k)(x)

�
<latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit><latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit><latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit>

Crucial fact
<latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit>

Milan Korda

v ?
<latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0=">AAAGNHicdZTPbhMxEMa3QKAECi0cuaxIKiFEq6QSQhwqVdA/qUpRqRoaKZtWtneSWLXXK9ubplh+E67wCjwLB06IK8+AnaQ0u00trTTy95tvPB6tccqo0rXaz7lbt++U7t6bv19+8HDh0ePFpSeflcgkgSYRTMgWRgoYTaCpqWbQSiUgjhkc47P3Xj8egFRUJEf6IoUOR72EdilB2m2dLi5WI2cizeAkUhpJWz1drNRWa6MVXg </latexit><latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0=">AAAGNHicdZTPbhMxEMa3QKAECi0cuaxIKiFEq6QSQhwqVdA/qUpRqRoaKZtWtneSWLXXK9ubplh+E67wCjwLB06IK8+AnaQ0u00trTTy95tvPB6tccqo0rXaz7lbt++U7t6bv19+8HDh0ePFpSeflcgkgSYRTMgWRgoYTaCpqWbQSiUgjhkc47P3Xj8egFRUJEf6IoUOR72EdilB2m2dLi5WI2cizeAkUhpJWz1drNRWa6MVXg </latexit><latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0=">AAAGNHicdZTPbhMxEMa3QKAECi0cuaxIKiFEq6QSQhwqVdA/qUpRqRoaKZtWtneSWLXXK9ubplh+E67wCjwLB06IK8+AnaQ0u00trTTy95tvPB6tccqo0rXaz7lbt++U7t6bv19+8HDh0ePFpSeflcgkgSYRTMgWRgoYTaCpqWbQSiUgjhkc47P3Xj8egFRUJEf6IoUOR72EdilB2m2dLi5WI2cizeAkUhpJWz1drNRWa6MVXg </latexit>

X?
<latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit>

X
<latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit>

sup
v∈C(X)

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="mrtEAsqAqrjAI3GeR421zCbfYyY="></latexit><latexit sha1_base64="ezY4bASRgTn38WRAgSA2bE6mcdg="></latexit><latexit sha1_base64="ezY4bASRgTn38WRAgSA2bE6mcdg="></latexit>
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`
<latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit>

f̄
<latexit sha1_base64="OpWZPNXIllJTeFjJKRaqhUQFff0="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit>

{

<latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit>

= 0 if x 2 X?
<latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit>

> 0 if x /2 X?
<latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit>

Crucial fact
<latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit>

v ?(x) =
P1
k=0 ↵

k`
�
f̄ (k)(x)

�
<latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit><latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit><latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit>

sup
v∈C(X)

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="mrtEAsqAqrjAI3GeR421zCbfYyY="></latexit><latexit sha1_base64="ezY4bASRgTn38WRAgSA2bE6mcdg="></latexit><latexit sha1_base64="ezY4bASRgTn38WRAgSA2bE6mcdg="></latexit>

v feasible
<latexit sha1_base64="qjaSbeIgdk59fkMLyePnhRWaivI="></latexit><latexit sha1_base64="qjaSbeIgdk59fkMLyePnhRWaivI="></latexit><latexit sha1_base64="qjaSbeIgdk59fkMLyePnhRWaivI="></latexit>

)
<latexit sha1_base64="UQnxWfn6xEyfo/a9z1T2NPZ93w8="></latexit><latexit sha1_base64="UQnxWfn6xEyfo/a9z1T2NPZ93w8="></latexit><latexit sha1_base64="UQnxWfn6xEyfo/a9z1T2NPZ93w8="></latexit>

{x | v(x)  0} � X?
<latexit sha1_base64="ruoUeDmM55FJheGXDPfAGi+i1vc="></latexit><latexit sha1_base64="ruoUeDmM55FJheGXDPfAGi+i1vc="></latexit><latexit sha1_base64="ruoUeDmM55FJheGXDPfAGi+i1vc="></latexit>



Linear programming formulation

Milan Korda 84

`
<latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit><latexit sha1_base64="xBBh0zBkk9+4AjivJ0QnXxkGDfc="></latexit>

α <
1

Lip f
<latexit sha1_base64="UP/DDYPgyHfyaFfKhEsZVgRxN+Q="></latexit><latexit sha1_base64="FBe+8vJeS1udftlWMvhLBCDwBDE="></latexit><latexit sha1_base64="FBe+8vJeS1udftlWMvhLBCDwBDE="></latexit>

v ? Lipschitz
<latexit sha1_base64="/AdyWr7Ld0LzXypLXUSQg+QCq5s="></latexit><latexit sha1_base64="/AdyWr7Ld0LzXypLXUSQg+QCq5s="></latexit><latexit sha1_base64="/AdyWr7Ld0LzXypLXUSQg+QCq5s="></latexit>

Lip v ⋆ ≤
1

1− α · Lip f
<latexit sha1_base64="Dv9qnz1OcsusSvlHbTCIoYYYTo8="></latexit><latexit sha1_base64="P2+F1+ssAvR4Vrsj7rp9ov+hbTU="></latexit><latexit sha1_base64="P2+F1+ssAvR4Vrsj7rp9ov+hbTU="></latexit>

with
<latexit sha1_base64="/doNoowP/IRNo/npqAXdxRptgAc="></latexit><latexit sha1_base64="/doNoowP/IRNo/npqAXdxRptgAc="></latexit><latexit sha1_base64="/doNoowP/IRNo/npqAXdxRptgAc="></latexit>

⇒
<latexit sha1_base64="rP4jBeAAQUsJwOJ22LK0rSWMeLk="></latexit><latexit sha1_base64="rP4jBeAAQUsJwOJ22LK0rSWMeLk="></latexit><latexit sha1_base64="rP4jBeAAQUsJwOJ22LK0rSWMeLk="></latexit>

f̄
<latexit sha1_base64="OpWZPNXIllJTeFjJKRaqhUQFff0="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit><latexit sha1_base64="PPVB1Sww0omAQoBBtJQYRs6d3hM="></latexit>

{

<latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit><latexit sha1_base64="RATh1kyHEt1qyoL9F2k7AU4j8PE="></latexit>

= 0 if x 2 X?
<latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit><latexit sha1_base64="MMviF3hvnaxcQNTWtvsp8EWd4hQ="></latexit>

> 0 if x /2 X?
<latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit><latexit sha1_base64="iA8JbCoUVubWjolZrzcCO7RSIag="></latexit>

Crucial fact
<latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit><latexit sha1_base64="jtUaotv2UuSTWopgYOm3YyDzA44=">AAAGOXicdZRRTxNBEMcPtIpVFDQ++XKxJTFGSUs0xgcSIlBKEIOESpNeJbt7c+2G3dvL7l4pbu7D+KpfwS/iq0/GV7+Au22R3lE2uWQy/9/M7MzkFieMKl2r/Zybv3GzdOv2wp3y3XuL9x8sLT/8pEQqCbSIYEK2MVLAaAwtTTWDdiIBcczgGJ9uOv14AFJRER/p8wS6HPViGlGCtHWdLD0ONAw1jsymTAlFzI8Q0dnJUqW2Wh </latexit>

v ?(x) =
P1
k=0 ↵

k`
�
f̄ (k)(x)

�
<latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit><latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit><latexit sha1_base64="Vfq4LB2rK1PY/33grYlw0kZjD+s="></latexit>

sup
v∈C(X)

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="mrtEAsqAqrjAI3GeR421zCbfYyY="></latexit><latexit sha1_base64="ezY4bASRgTn38WRAgSA2bE6mcdg="></latexit><latexit sha1_base64="ezY4bASRgTn38WRAgSA2bE6mcdg="></latexit>
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∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

with the variable v 2 V ⇢ C(X), dim(V) <1
<latexit sha1_base64="EMit/fwX0tWcnlkbMIScgwcVsYI="></latexit><latexit sha1_base64="EMit/fwX0tWcnlkbMIScgwcVsYI="></latexit><latexit sha1_base64="EMit/fwX0tWcnlkbMIScgwcVsYI="></latexit>

sup
v∈C(X)

∫
v(x) dx

s.t. v(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="h1Nd56MGOJ8sPfpXvDbPEhXSVg8="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit>
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Properties
<latexit sha1_base64="j5GoXEFlvkvLbDopxTZRsBbSVWA=">AAAFvnicdZTNbhMxEMfd0kAJXy09clmRVOJAq00FQhwqFVDToBJUqoZWykaV7Z0kVu31yvamKda+BXeu8Ei8DXYS2uw2tbTSaP6/mfHMJCYpZ9qE4d+l5XsrlfsPVh9WHz1+8vTZ2vrz71pmikKHSi7VGcEaOEugY5jhcJYqwIJwOCUXn7x+OgKlmUxOzFUKPYEHCeszio1zna9tRAbGhvTtkZIpKMNA5+drtXA7nJzgttGYGT </latexit><latexit sha1_base64="j5GoXEFlvkvLbDopxTZRsBbSVWA=">AAAFvnicdZTNbhMxEMfd0kAJXy09clmRVOJAq00FQhwqFVDToBJUqoZWykaV7Z0kVu31yvamKda+BXeu8Ei8DXYS2uw2tbTSaP6/mfHMJCYpZ9qE4d+l5XsrlfsPVh9WHz1+8vTZ2vrz71pmikKHSi7VGcEaOEugY5jhcJYqwIJwOCUXn7x+OgKlmUxOzFUKPYEHCeszio1zna9tRAbGhvTtkZIpKMNA5+drtXA7nJzgttGYGT </latexit><latexit sha1_base64="j5GoXEFlvkvLbDopxTZRsBbSVWA=">AAAFvnicdZTNbhMxEMfd0kAJXy09clmRVOJAq00FQhwqFVDToBJUqoZWykaV7Z0kVu31yvamKda+BXeu8Ei8DXYS2uw2tbTSaP6/mfHMJCYpZ9qE4d+l5XsrlfsPVh9WHz1+8vTZ2vrz71pmikKHSi7VGcEaOEugY5jhcJYqwIJwOCUXn7x+OgKlmUxOzFUKPYEHCeszio1zna9tRAbGhvTtkZIpKMNA5+drtXA7nJzgttGYGT </latexit>

No longer guaranteed outer approximation
<latexit sha1_base64="IMxI5rSUfm7rCsm3EXUFY/MVTEk="></latexit>

Can analyze convergence rate and sample complexity
<latexit sha1_base64="3sgQmNPnDCvvUjOrxqPpctdEtaU="></latexit><latexit sha1_base64="3sgQmNPnDCvvUjOrxqPpctdEtaU="></latexit><latexit sha1_base64="3sgQmNPnDCvvUjOrxqPpctdEtaU="></latexit>

Boils down to finite-dimensional linear program
<latexit sha1_base64="quyU0tq3xW2ct0zrjvzacif3+fg="></latexit><latexit sha1_base64="quyU0tq3xW2ct0zrjvzacif3+fg="></latexit><latexit sha1_base64="quyU0tq3xW2ct0zrjvzacif3+fg="></latexit>

No assumptions on the subspace V (can be radial basis functions, wavelets etc.)
<latexit sha1_base64="M6bU6haU6vJ6vYOBOOuP991oIhw="></latexit><latexit sha1_base64="M6bU6haU6vJ6vYOBOOuP991oIhw="></latexit><latexit sha1_base64="M6bU6haU6vJ6vYOBOOuP991oIhw="></latexit>

No assumptions on f (can be non-polynomial, discontinuous? etc.)
<latexit sha1_base64="0JigS0DRX6me9oP/8yW1BD89zYs="></latexit><latexit sha1_base64="0JigS0DRX6me9oP/8yW1BD89zYs="></latexit><latexit sha1_base64="0JigS0DRX6me9oP/8yW1BD89zYs="></latexit>

∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

with the variable v 2 V ⇢ C(X), dim(V) <1
<latexit sha1_base64="EMit/fwX0tWcnlkbMIScgwcVsYI="></latexit><latexit sha1_base64="EMit/fwX0tWcnlkbMIScgwcVsYI="></latexit><latexit sha1_base64="EMit/fwX0tWcnlkbMIScgwcVsYI="></latexit>

sup
v∈C(X)

∫
v(x) dx

s.t. v(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="h1Nd56MGOJ8sPfpXvDbPEhXSVg8="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit>
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sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>

vol(XF \ X⋆) ≤??
<latexit sha1_base64="DNxaQRpgQUeNsMNhoUucYBPSe+4="></latexit><latexit sha1_base64="DNxaQRpgQUeNsMNhoUucYBPSe+4="></latexit><latexit sha1_base64="DNxaQRpgQUeNsMNhoUucYBPSe+4="></latexit>
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sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>

gv ⋆(γ) = vol({x | 0 < v ⋆(x) ≤ γ})
<latexit sha1_base64="reQ4hryurkMBbC6bt8rr9cws+jQ=">AAAGfXicdZTbbhMxEIbNKUA4lXLJjUULogiqDRKqkKiEOPQgKAJEoagOle2dJFbt9cr2hoDlZ+M5eABu4RWwk5Rml3SlSCP/3/zj8cRmpRTWZdnPU6fPnD3XOn/hYvvS5StXry1cX/xodWU47HIttdlj1IIUBew64STslQaoYhI+scPnSf80BGOFLj64byV0Fe0Xoic4dXHpYOFz/8APvxDrqAl3SfRjnvSpUjSs4HVMlPFDLa </latexit><latexit sha1_base64="reQ4hryurkMBbC6bt8rr9cws+jQ=">AAAGfXicdZTbbhMxEIbNKUA4lXLJjUULogiqDRKqkKiEOPQgKAJEoagOle2dJFbt9cr2hoDlZ+M5eABu4RWwk5Rml3SlSCP/3/zj8cRmpRTWZdnPU6fPnD3XOn/hYvvS5StXry1cX/xodWU47HIttdlj1IIUBew64STslQaoYhI+scPnSf80BGOFLj64byV0Fe0Xoic4dXHpYOFz/8APvxDrqAl3SfRjnvSpUjSs4HVMlPFDLa </latexit><latexit sha1_base64="reQ4hryurkMBbC6bt8rr9cws+jQ=">AAAGfXicdZTbbhMxEIbNKUA4lXLJjUULogiqDRKqkKiEOPQgKAJEoagOle2dJFbt9cr2hoDlZ+M5eABu4RWwk5Rml3SlSCP/3/zj8cRmpRTWZdnPU6fPnD3XOn/hYvvS5StXry1cX/xodWU47HIttdlj1IIUBew64STslQaoYhI+scPnSf80BGOFLj64byV0Fe0Xoic4dXHpYOFz/8APvxDrqAl3SfRjnvSpUjSs4HVMlPFDLa </latexit>

vol(XF \ X⋆) ≤
c

(1− α)(1− αLip(f ))
1√
d
+ gv ⋆

( 1√
d

)

<latexit sha1_base64="O7PXiqL+V0uAFFCZ3GvCyl9yqi8="></latexit><latexit sha1_base64="idio7kMJGg1D9sMjYui3BzcPMjA="></latexit><latexit sha1_base64="idio7kMJGg1D9sMjYui3BzcPMjA="></latexit>

F = multivariate polynomials up to degree d
<latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="zWJPF33a6W1pjR/GNbW34OzdIXg=">AAAGFHicdZTfaxNBEMev1WiNrbbPvhwmBRFbLoKIDwXRNk2plVoaG8hF2d2bJEv3x7G7l6Yu9w/46r/gX+OT+OZ/426S2tw1XTgY5vuZmZ0dbnDKqDZR9Hdp+c7dyr37Kw+qD1era48er69+1jJTBNpEMqk6GGlgVEDbUMOgkypAHDM4w+fvvX42AqWpFKfmMoUeRwNB+5Qg41zHX9dr0XY0OeFNozEzasHsfN2orMWJJBkHYQ </latexit><latexit sha1_base64="4vblsqytgCGi+rAeuLqgeU97VTg=">AAAGYXicdZTfayM3EMeVuybNuUmbO+hTOBCNA6X0wrpQSh8Cx/XiOKQpaUh6gawvSNqxLaIfi6T1OSf0L91f05c+tP9C/4VKttN4N45gYdD3MzMazWpoKbh1WfbXypOnn62ufb7+rPXFxuaXX2093/jD6sowuGBaaHNJiQXBFVw47gRclgaIpALe0Ztfkv5uDMZyrc7dbQl9SYaKDzgjLm5db/XaeQxCfS6JGzEifDcEvI/bWF </latexit><latexit sha1_base64="4vblsqytgCGi+rAeuLqgeU97VTg=">AAAGYXicdZTfayM3EMeVuybNuUmbO+hTOBCNA6X0wrpQSh8Cx/XiOKQpaUh6gawvSNqxLaIfi6T1OSf0L91f05c+tP9C/4VKttN4N45gYdD3MzMazWpoKbh1WfbXypOnn62ufb7+rPXFxuaXX2093/jD6sowuGBaaHNJiQXBFVw47gRclgaIpALe0Ztfkv5uDMZyrc7dbQl9SYaKDzgjLm5db/XaeQxCfS6JGzEifDcEvI/bWF </latexit><latexit sha1_base64="srG6iwWyct74WG0jEfjfLDoDEoE=">AAAGbHicdZTbbhMxEIaXQwOEUwFxhZAsEhBCUG0QCHFRCXFIU0ERIAqVuqGyvZPEqg8r2xtSLL8ST8MNF/AKvAJ2ktLskq4UaeT/m388ntik4MzYNP154uSp0yuNM2fPNc9fuHjp8uqVq5+MKjWFbaq40jsEG+BMwrZllsNOoQELwuEz2X8R9c9j0IYp+dEeFNAXeCjZgFFsw9Leaq+dBRPiMoHtiGLuut6jddRGouSWjbFm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit>
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v ?
<latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0="></latexit><latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0="></latexit><latexit sha1_base64="u6U0/QyPy4sxb9x+5Z5iZhGr5d0="></latexit>

X?
<latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit>

vol(XF \ X⋆) ≤
c

(1− α)(1− αLip(f ))
1√
d
+ gv ⋆

( 1√
d

)

<latexit sha1_base64="O7PXiqL+V0uAFFCZ3GvCyl9yqi8="></latexit><latexit sha1_base64="idio7kMJGg1D9sMjYui3BzcPMjA="></latexit><latexit sha1_base64="idio7kMJGg1D9sMjYui3BzcPMjA="></latexit>

0
<latexit sha1_base64="tN/vxmT1H9PUPedkDaOQw2E9Wo4="></latexit><latexit sha1_base64="jr13e8G/TMlfUpS1KzACkBFWALM="></latexit><latexit sha1_base64="jr13e8G/TMlfUpS1KzACkBFWALM="></latexit>

sup
v

∫

X
v(x) dx

s.t. v ≤ distX ◦ f + αv ◦ projX ◦ f on X
<latexit sha1_base64="fUj9TtpVIpffbV7/0689PGhmdwI="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit><latexit sha1_base64="KMf/4KlMNcobwPSZVrDhcT7d8yM="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>

F = multivariate polynomials up to degree d
<latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="zWJPF33a6W1pjR/GNbW34OzdIXg=">AAAGFHicdZTfaxNBEMev1WiNrbbPvhwmBRFbLoKIDwXRNk2plVoaG8hF2d2bJEv3x7G7l6Yu9w/46r/gX+OT+OZ/426S2tw1XTgY5vuZmZ0dbnDKqDZR9Hdp+c7dyr37Kw+qD1era48er69+1jJTBNpEMqk6GGlgVEDbUMOgkypAHDM4w+fvvX42AqWpFKfmMoUeRwNB+5Qg41zHX9dr0XY0OeFNozEzasHsfN2orMWJJBkHYQ </latexit><latexit sha1_base64="4vblsqytgCGi+rAeuLqgeU97VTg=">AAAGYXicdZTfayM3EMeVuybNuUmbO+hTOBCNA6X0wrpQSh8Cx/XiOKQpaUh6gawvSNqxLaIfi6T1OSf0L91f05c+tP9C/4VKttN4N45gYdD3MzMazWpoKbh1WfbXypOnn62ufb7+rPXFxuaXX2093/jD6sowuGBaaHNJiQXBFVw47gRclgaIpALe0Ztfkv5uDMZyrc7dbQl9SYaKDzgjLm5db/XaeQxCfS6JGzEifDcEvI/bWF </latexit><latexit sha1_base64="4vblsqytgCGi+rAeuLqgeU97VTg=">AAAGYXicdZTfayM3EMeVuybNuUmbO+hTOBCNA6X0wrpQSh8Cx/XiOKQpaUh6gawvSNqxLaIfi6T1OSf0L91f05c+tP9C/4VKttN4N45gYdD3MzMazWpoKbh1WfbXypOnn62ufb7+rPXFxuaXX2093/jD6sowuGBaaHNJiQXBFVw47gRclgaIpALe0Ztfkv5uDMZyrc7dbQl9SYaKDzgjLm5db/XaeQxCfS6JGzEifDcEvI/bWF </latexit><latexit sha1_base64="srG6iwWyct74WG0jEfjfLDoDEoE=">AAAGbHicdZTbbhMxEIaXQwOEUwFxhZAsEhBCUG0QCHFRCXFIU0ERIAqVuqGyvZPEqg8r2xtSLL8ST8MNF/AKvAJ2ktLskq4UaeT/m388ntik4MzYNP154uSp0yuNM2fPNc9fuHjp8uqVq5+MKjWFbaq40jsEG+BMwrZllsNOoQELwuEz2X8R9c9j0IYp+dEeFNAXeCjZgFFsw9Leaq+dBRPiMoHtiGLuut6jddRGouSWjbFm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0=">AAAGbHicdZRta1MxFMfv1FWtT1PxlQjBVhHR0YoivhiIuq5jTlScDnbrSHJP27A8XJLc2hnylfw0vvGFfgW/gknbud677kLhkP/v/E9OThOSc2Zsq/Vr6czZc8u18xcu1i9dvnL12sr1G5+NKjSFHaq40rsEG+BMwo5llsNurgELwuELOXgd9S8j0IYp+cke5tATeCBZn1Fsw9L+SreZBhPiUoHtkGLuOt6jNdREouCWjbBm2A </latexit>

gv ⋆(γ) = vol({x | 0 < v ⋆(x) ≤ γ})
<latexit sha1_base64="reQ4hryurkMBbC6bt8rr9cws+jQ=">AAAGfXicdZTbbhMxEIbNKUA4lXLJjUULogiqDRKqkKiEOPQgKAJEoagOle2dJFbt9cr2hoDlZ+M5eABu4RWwk5Rml3SlSCP/3/zj8cRmpRTWZdnPU6fPnD3XOn/hYvvS5StXry1cX/xodWU47HIttdlj1IIUBew64STslQaoYhI+scPnSf80BGOFLj64byV0Fe0Xoic4dXHpYOFz/8APvxDrqAl3SfRjnvSpUjSs4HVMlPFDLa </latexit><latexit sha1_base64="reQ4hryurkMBbC6bt8rr9cws+jQ=">AAAGfXicdZTbbhMxEIbNKUA4lXLJjUULogiqDRKqkKiEOPQgKAJEoagOle2dJFbt9cr2hoDlZ+M5eABu4RWwk5Rml3SlSCP/3/zj8cRmpRTWZdnPU6fPnD3XOn/hYvvS5StXry1cX/xodWU47HIttdlj1IIUBew64STslQaoYhI+scPnSf80BGOFLj64byV0Fe0Xoic4dXHpYOFz/8APvxDrqAl3SfRjnvSpUjSs4HVMlPFDLa </latexit><latexit sha1_base64="reQ4hryurkMBbC6bt8rr9cws+jQ=">AAAGfXicdZTbbhMxEIbNKUA4lXLJjUULogiqDRKqkKiEOPQgKAJEoagOle2dJFbt9cr2hoDlZ+M5eABu4RWwk5Rml3SlSCP/3/zj8cRmpRTWZdnPU6fPnD3XOn/hYvvS5StXry1cX/xodWU47HIttdlj1IIUBew64STslQaoYhI+scPnSf80BGOFLj64byV0Fe0Xoic4dXHpYOFz/8APvxDrqAl3SfRjnvSpUjSs4HVMlPFDLa </latexit>

�
<latexit sha1_base64="Fln7HzpRIMCeQ+554siwYUdi14s="></latexit><latexit sha1_base64="Fln7HzpRIMCeQ+554siwYUdi14s="></latexit><latexit sha1_base64="Fln7HzpRIMCeQ+554siwYUdi14s="></latexit>

gv ⋆(γ)
<latexit sha1_base64="F60H6ZJ6mPFFxuusXu7zrCAh5wI="></latexit><latexit sha1_base64="F60H6ZJ6mPFFxuusXu7zrCAh5wI="></latexit><latexit sha1_base64="F60H6ZJ6mPFFxuusXu7zrCAh5wI="></latexit>

[K., 2019]
<latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit><latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit><latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit>
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∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

with probability at least 1� � if
<latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit><latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit><latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit>

K ≥
log( 1δ ) + n log(

LX,F
ϵ(1−α))

log
(

1

1−
[
ϵ(1−α)
LX,F

]n
)

<latexit sha1_base64="9FgHGw592drQHdNN6XokL9g0XJM="></latexit><latexit sha1_base64="q4D1xgeCaQ9eMMKewUXd1I9ayv0="></latexit><latexit sha1_base64="q4D1xgeCaQ9eMMKewUXd1I9ayv0="></latexit>

|Data| = K
<latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit>

∣∣∣∣
∫

X
vF ,K −

∫

X
vF

∣∣∣∣ < ϵ
<latexit sha1_base64="ZBSdPSRCzr+dkPHgEqKLiEE6t4M="></latexit><latexit sha1_base64="EB21qnGzr3tDQk/9ch3mnLuD64s="></latexit><latexit sha1_base64="EB21qnGzr3tDQk/9ch3mnLuD64s="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>

sup
v∈C(X)

∫
v(x) dx

s.t. v(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="h1Nd56MGOJ8sPfpXvDbPEhXSVg8="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit>

[K., 2019]
<latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit><latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit><latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit>
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with probability at least 1� � if
<latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit><latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit><latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit>

K ≥
log( 1δ ) + n log(

LX,F
ϵ(1−α))

log
(

1

1−
[
ϵ(1−α)
LX,F

]n
)

<latexit sha1_base64="9FgHGw592drQHdNN6XokL9g0XJM="></latexit><latexit sha1_base64="q4D1xgeCaQ9eMMKewUXd1I9ayv0="></latexit><latexit sha1_base64="q4D1xgeCaQ9eMMKewUXd1I9ayv0="></latexit>

≈
log( 1δ ) + n log(

LX,F
ϵ(1−α))[

ϵ(1−α)
LX,F

]n
<latexit sha1_base64="XYBygE4IaM0s9Sw6x3jUIt/XUL0="></latexit><latexit sha1_base64="rj5MdX4dRgW0wI2rzNDimvDuxXI="></latexit><latexit sha1_base64="rj5MdX4dRgW0wI2rzNDimvDuxXI="></latexit>

∣∣∣∣
∫

X
vF ,K −

∫

X
vF

∣∣∣∣ < ϵ
<latexit sha1_base64="ZBSdPSRCzr+dkPHgEqKLiEE6t4M="></latexit><latexit sha1_base64="EB21qnGzr3tDQk/9ch3mnLuD64s="></latexit><latexit sha1_base64="EB21qnGzr3tDQk/9ch3mnLuD64s="></latexit>

∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

|Data| = K
<latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit>

with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>

sup
v∈C(X)

∫
v(x) dx

s.t. v(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="h1Nd56MGOJ8sPfpXvDbPEhXSVg8="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit>

[K., 2019]
<latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit><latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit><latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit>
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with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>

vol(XF ,K \ X⋆) ≤??
<latexit sha1_base64="Ku4oyZzuY5rxO4fsVoDuoxBb7gc="></latexit><latexit sha1_base64="U3rPhoO4n1GwXwdK3ND4HhfDsrM="></latexit><latexit sha1_base64="U3rPhoO4n1GwXwdK3ND4HhfDsrM="></latexit>

∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

|Data| = K
<latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit>

sup
v∈C(X)

∫
v(x) dx

s.t. v(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="h1Nd56MGOJ8sPfpXvDbPEhXSVg8="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit>
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with the variable v 2 F ⇢ C(X), dim(F) <1
<latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit><latexit sha1_base64="9HxGsm0946JGm7pKVQezevmCDrc="></latexit>

with probability at least 1� � if
<latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit><latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit><latexit sha1_base64="RIHvnaKTjln6n52mjx5q7v2DJ54="></latexit>

F = multivariate polynomials up to degree d
<latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="zWJPF33a6W1pjR/GNbW34OzdIXg="></latexit><latexit sha1_base64="4vblsqytgCGi+rAeuLqgeU97VTg="></latexit><latexit sha1_base64="4vblsqytgCGi+rAeuLqgeU97VTg="></latexit><latexit sha1_base64="srG6iwWyct74WG0jEfjfLDoDEoE="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit><latexit sha1_base64="OabEBBetBRsIJmoURy1Ob8/y1P0="></latexit>

∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

|Data| = K
<latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit>

sup
v∈C(X)

∫
v(x) dx

s.t. v(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="h1Nd56MGOJ8sPfpXvDbPEhXSVg8="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit>

vol(XF ,K \ X⋆) ≤
C

K1/(2n+1)
+ gv ⋆

(
1

K1/(2n+1)

)

<latexit sha1_base64="RcbGAUesRiXIkvFvS/OMpOFswP8="></latexit><latexit sha1_base64="ZLj8vhSjeN24dD01TnTyXlXl/UM="></latexit><latexit sha1_base64="ZLj8vhSjeN24dD01TnTyXlXl/UM="></latexit>

[K., 2019]
<latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit><latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit><latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit>
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∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

|Data| = K
<latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit>

sup
v∈C(X)

∫
v(x) dx

s.t. v(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="h1Nd56MGOJ8sPfpXvDbPEhXSVg8="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit>

X?
<latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit>

X
<latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit>

v
<latexit sha1_base64="Yp+X0iewUCagl3B+qoWAEadDDQI="></latexit><latexit sha1_base64="Yp+X0iewUCagl3B+qoWAEadDDQI="></latexit><latexit sha1_base64="Yp+X0iewUCagl3B+qoWAEadDDQI="></latexit>

Error due to sampling
<latexit sha1_base64="jxLvBLddXcTeYo8Gdcia6sFSUX8="></latexit><latexit sha1_base64="jxLvBLddXcTeYo8Gdcia6sFSUX8="></latexit><latexit sha1_base64="jxLvBLddXcTeYo8Gdcia6sFSUX8="></latexit>

Problem: {x | v  0} may not be an outer approximation of X
<latexit sha1_base64="EelH7ODL35jfl0IL+pr/nZdpfVU="></latexit><latexit sha1_base64="EelH7ODL35jfl0IL+pr/nZdpfVU="></latexit><latexit sha1_base64="EelH7ODL35jfl0IL+pr/nZdpfVU="></latexit>
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∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

|Data| = K
<latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit>

sup
v∈C(X)

∫
v(x) dx

s.t. v(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="h1Nd56MGOJ8sPfpXvDbPEhXSVg8="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit>

v
<latexit sha1_base64="Yp+X0iewUCagl3B+qoWAEadDDQI="></latexit><latexit sha1_base64="Yp+X0iewUCagl3B+qoWAEadDDQI="></latexit><latexit sha1_base64="Yp+X0iewUCagl3B+qoWAEadDDQI="></latexit>

X?
<latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit><latexit sha1_base64="SPUWM6E77hfayXmRD7eSpwuUp/s="></latexit>

X
<latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit><latexit sha1_base64="r8aFli97/k3bJ3wITJrqrDH/KfE="></latexit>

Solution: look at a different sublevel set
<latexit sha1_base64="jer4IzEJK3TsZ09cHK9XE6xa3+U="></latexit><latexit sha1_base64="jer4IzEJK3TsZ09cHK9XE6xa3+U="></latexit><latexit sha1_base64="jer4IzEJK3TsZ09cHK9XE6xa3+U="></latexit>
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∀(xi , x+i ) ∈ Data
<latexit sha1_base64="feD8FAut/tspKbKXRo8WQrLV8yg="></latexit>

|Data| = K
<latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit><latexit sha1_base64="36PJ2um+ZSQSgRm3N0qCzAlc5nQ="></latexit>

sup
v∈C(X)

∫
v(x) dx

s.t. v(xi) ≤ distX(x+i ) + αv(projX(x
+
i ))

−1 ≤ v(xi) ≤ (1− α)−1
<latexit sha1_base64="h1Nd56MGOJ8sPfpXvDbPEhXSVg8="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit><latexit sha1_base64="4rESfxq0qDJQFIMkPT61Fi+r8dI="></latexit>

E(x) := v(x)− distX(f (x))− αv(projX(f (x)))
<latexit sha1_base64="ZsYfs0SDaGpDXUXeN62o09BKPc0="></latexit><latexit sha1_base64="ZsYfs0SDaGpDXUXeN62o09BKPc0="></latexit><latexit sha1_base64="ZsYfs0SDaGpDXUXeN62o09BKPc0="></latexit>

)
<latexit sha1_base64="EixfkekTkw2Pfa0Es7jNmL9wR3I="></latexit><latexit sha1_base64="EixfkekTkw2Pfa0Es7jNmL9wR3I="></latexit><latexit sha1_base64="EixfkekTkw2Pfa0Es7jNmL9wR3I="></latexit>

Proposition:
<latexit sha1_base64="j026x7ViepRu2aBaC83+WQa232c="></latexit><latexit sha1_base64="j026x7ViepRu2aBaC83+WQa232c="></latexit><latexit sha1_base64="j026x7ViepRu2aBaC83+WQa232c="></latexit>

[K., 2019]
<latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit><latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit><latexit sha1_base64="UMbG+kNjHGsPcfZCPc0HXN0YR54="></latexit>

XG :=
{
x | v(x) ≤

1

1− α supy∈X
E(y)

}
⊃ X⋆

<latexit sha1_base64="qnvGUiMQ/c8NtQFm2N7RR3kFkL0="></latexit><latexit sha1_base64="bSnzkfJ4RzoI5xHdi6zKksWHgRM="></latexit><latexit sha1_base64="bSnzkfJ4RzoI5xHdi6zKksWHgRM="></latexit>
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Julia set – sampling vs SDP
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Sampling
<latexit sha1_base64="gS05Ix6TV5P/OOqAGxlqxuzV+wI="></latexit>

SDP
<latexit sha1_base64="qFcCLxxy+g9Q4yl/8ov2DLlbATI="></latexit>

Volume error 20.31 %

Misclassification 0 %

Volume error 28.7 %

Misclassification 0 %

Basis: polynomials up to degree 10
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Sampling
<latexit sha1_base64="gS05Ix6TV5P/OOqAGxlqxuzV+wI="></latexit>

SDP
<latexit sha1_base64="qFcCLxxy+g9Q4yl/8ov2DLlbATI="></latexit>

Volume error 14.98 %

Misclassification 0.086 %

Volume error 21.9 %

Misclassification 0 %

Basis: polynomials up to degree 14
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Sampling
<latexit sha1_base64="gS05Ix6TV5P/OOqAGxlqxuzV+wI="></latexit>

SDP
<latexit sha1_base64="qFcCLxxy+g9Q4yl/8ov2DLlbATI="></latexit>

Volume error 13.24 %

Misclassification 0.157 %

Basis: polynomials up to degree 18

Numerical problems



Julia set – different bases
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Sampling
<latexit sha1_base64="gS05Ix6TV5P/OOqAGxlqxuzV+wI="></latexit>

SDP
<latexit sha1_base64="qFcCLxxy+g9Q4yl/8ov2DLlbATI="></latexit>

Volume error 10.78 %

Misclassification 0.041 %

Basis: 400 thin-plate spline RBFs

NA
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Sampling
<latexit sha1_base64="gS05Ix6TV5P/OOqAGxlqxuzV+wI="></latexit>

SDP
<latexit sha1_base64="qFcCLxxy+g9Q4yl/8ov2DLlbATI="></latexit>

Volume error 7.35 %

Misclassification 0.014 %

Basis: 1000 thin-plate spline RBFs

NA



Julia set – postprocessing
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Sampling
<latexit sha1_base64="gS05Ix6TV5P/OOqAGxlqxuzV+wI="></latexit>

Volume error 7.35 %

Misclassification 0.014 %

Basis: 1000 thin-plate spline RBFs

Volume error 18.86 %

Misclassification 0 %

Sampling (with postprocessing)
<latexit sha1_base64="fPoSuqCNruduCUJyyXZjW0eFMEU="></latexit><latexit sha1_base64="fPoSuqCNruduCUJyyXZjW0eFMEU="></latexit><latexit sha1_base64="fPoSuqCNruduCUJyyXZjW0eFMEU="></latexit>



Julia set – low data limit
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# Samples: 200

Data
<latexit sha1_base64="W0kNvxtMn9iIn2G4nImfO7JYDvQ="></latexit>



Julia set – low data limit
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# Samples: 200

Data
<latexit sha1_base64="W0kNvxtMn9iIn2G4nImfO7JYDvQ="></latexit>

Approximation using 15 RBFs



Julia set – low data limit
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# Samples: 200

Data
<latexit sha1_base64="W0kNvxtMn9iIn2G4nImfO7JYDvQ="></latexit>

Approximation using 10 RBFs



Julia set – low data limit
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# Samples: 1000

Data
<latexit sha1_base64="W0kNvxtMn9iIn2G4nImfO7JYDvQ="></latexit>

Approximation using 30 RBFsData
<latexit sha1_base64="W0kNvxtMn9iIn2G4nImfO7JYDvQ="></latexit>
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Flower system
<latexit sha1_base64="YP43hObEqNjx6dKdWsKq//POwbo="></latexit>

{
ẋ = A1x, x ∈ X1
ẋ = A2x, x ∈ X2

<latexit sha1_base64="SQgTs327oi9oYJRfONYPngV3Q1o="></latexit>
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Flower system
<latexit sha1_base64="YP43hObEqNjx6dKdWsKq//POwbo="></latexit>

Basis: 400 RBFs

# Samples: 10000

{
ẋ = A1x, x ∈ X1
ẋ = A2x, x ∈ X2

<latexit sha1_base64="SQgTs327oi9oYJRfONYPngV3Q1o="></latexit>
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{
ẋ = A1sin(x3), x ∈ X1
ẋ = A2sin(x3), x ∈ X2

<latexit sha1_base64="RhnerzXml/o5oyGxkPmgSziL32o="></latexit>

Modified flower system
<latexit sha1_base64="47vOzQDz8PS+PuFcQ/TvfHX9kAQ="></latexit>
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Basis: 400 RBFs

# Samples: 10000

{
ẋ = A1sin(x3), x ∈ X1
ẋ = A2sin(x3), x ∈ X2

<latexit sha1_base64="RhnerzXml/o5oyGxkPmgSziL32o="></latexit>

Modified flower system
<latexit sha1_base64="47vOzQDz8PS+PuFcQ/TvfHX9kAQ="></latexit>



3D Hénon map

Milan Korda 112

Basis: Monomials up to degree 10 Basis: 286 RBFs



Dimensionality dependence
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f = [fJulia, . . . , fJulia| {z }
n/2 times

]>

<latexit sha1_base64="92R7z35uZHIUyHZwfqge5EztQ3w="></latexit><latexit sha1_base64="92R7z35uZHIUyHZwfqge5EztQ3w="></latexit><latexit sha1_base64="92R7z35uZHIUyHZwfqge5EztQ3w="></latexit>

) state-space of dimension n
<latexit sha1_base64="TCZ3dq5wicQHOY2mlPEJTOdjYm8="></latexit><latexit sha1_base64="TCZ3dq5wicQHOY2mlPEJTOdjYm8="></latexit><latexit sha1_base64="TCZ3dq5wicQHOY2mlPEJTOdjYm8="></latexit>

Random n-dimensional unitary state-space transformation
<latexit sha1_base64="hMSyye7Nnm2+Y5YizDhVkL7M+O0="></latexit><latexit sha1_base64="hMSyye7Nnm2+Y5YizDhVkL7M+O0="></latexit><latexit sha1_base64="hMSyye7Nnm2+Y5YizDhVkL7M+O0="></latexit>

1600 thin-plate spline RBFs
<latexit sha1_base64="eU7auJtb7NOD3kOTqYRHCIxoJ1I="></latexit><latexit sha1_base64="eU7auJtb7NOD3kOTqYRHCIxoJ1I="></latexit><latexit sha1_base64="eU7auJtb7NOD3kOTqYRHCIxoJ1I="></latexit>

3 · 104 samples
<latexit sha1_base64="wL48RuDX+lmXKlzCIqoFMkhWJNo="></latexit><latexit sha1_base64="wL48RuDX+lmXKlzCIqoFMkhWJNo="></latexit><latexit sha1_base64="wL48RuDX+lmXKlzCIqoFMkhWJNo="></latexit>

Box constraints: �1  xi  1, i = 1, . . . , n
<latexit sha1_base64="8DenKHOOzX5Gt1ei1CCsKya1p0o="></latexit><latexit sha1_base64="8DenKHOOzX5Gt1ei1CCsKya1p0o="></latexit><latexit sha1_base64="8DenKHOOzX5Gt1ei1CCsKya1p0o="></latexit>
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State-space dim = 4! State-space dim = 6!

State-space dim = 8! State-space dim = 10!



Summary

•  Measure optimization can solve dynamical systems and control problems

•  The harder the problem, the more useful it seems to be

•  Extends to a data-driven setting

•  No free lunch – curse of dimensionality


Topics not covered and perspectives


Nonlinear PDE analysis and control


Complexity reduction (sparsity, symmetries, redundant constraints)


Invariant measures, reachability …


Postprocessing in data-driven approach: cross-validation etc.
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