Measure optimization for dynamical systems and
control: overview and perspectives
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Occupation measures



x = f(x)

Assumption: xg € R” given = unique solution t +— x(t) on [0, T]|



x = f(x)

-
Occupation measure: w(A) = / Ia(t,x(t))dt VA e B([0, T] x R")
0




x = f(x)

-
Occupation measure: w(A) = / Ia(t,x(t))dt VA e B([0, T] x R")
0

-
Key property: / g(t, x(t))dt = / g(t, x)du(t, x)
0 [0, T]xR"

forall g € L1([0, T] x R"])



x = f(x)

-
Occupation measure: w(A) = / Ia(t,x(t))dt VA e B([0, T] x R")
0

LT = 0x(T)
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Given a test function ¢ € C1([0, T] x R")

i
HTHT) = 90x) = [ gelex(e)de
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What is the relation between ug, @, ur and ?

Given a test function ¢ € C1([0, T] x R")

i
HTHT) = 90x) = [ gelex(e)de

B Trop 09
B /0 {at+ax'f

Milan Korda

](t, x(t)) dt
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What is the relation between ug, @, ur and ?

Given a test function ¢ € C1([0, T] x R")

i
HTHT) = 90x) = [ gelex(e)de

_ /OT {Zf n gf - f}(t,x(t))dt
|

l

|

0p  0¢
/[‘O,T]XR” L’?t + Ox !

Milan Korda

}du(t. X)
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What is the relation between ug, @, ur and ?

Given a test function ¢ € C1([0, T] x R")
N
HTHT) = 90x) = [ gelex)de

\ | | |
Tro¢p O¢
‘/()[at+ax-f}(t,x(t))dt

|
J

/Rn </>(T', ) dpr /R ¢(0, -) duo

|

8 O
/[o,T]an S+ 5 |dutx)

Milan Korda
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What is the relation between ug, @, ur and ?

Given a test function ¢ € C1([0, T] x R")

(T, x(T)) -

\ ) \ )
|

/Rn(b(T'w)duT /anb(o,-)duo =

¢(0, xo0) =

/R BT dur /R (0, ) duo

Milan Korda

/OT (99 1+ 90 ] (x(e)) dt
|

T d
/o adb(t,x(t))dt

l

|

8 O
/[o,T]an S+ 5 |dutx)

Op 0O¢
= — +t-fdu
/[O,T]XR” ot Ox

for all ¢ € C([0, T] x R") .



What is the relation between ug, @, ur and ?

Given a test function ¢ € C1([0, T] x R")
N
HTHT) = 90x) = [ gelex)de

\ | | |
Tro¢p O¢
‘/()[at+ax-f}(t,x(t))dt

|
J

/Rn </>(T', ) dpr /R ¢(0, -) duo

|

8 O
/[o,T]an S+ 5 |dutx)

0T ® T — 0g ® o + div(fu) =0

Milan Korda
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0T @ 1 — o ® o + div(fu) =0

P = {(uo, . 1) | (to, b, p7) satisfies £ and
Bo = 0x, 1€ M([0, T] X R") 4, ur € M(Rn)+}

Milan Korda

(£)

15



P = {(1o. . pur) | (1o, p, pr) satisfies £ and

Milan Korda

Fact: x = f(x) has a unigue solution on [0, T]

Ko = 6Xo

0T @ 1 — 0o ® o +div(fu) =0 (ﬁ)

po =0x, L E€M(O,T]XR"), ure M(Rn)‘f—}

w(A)

= ‘P is a singleton

HT = 5X(T)

T t 16



Infinite-dimensional linear program



Infinite-Dimensional LP

p = inf/sup f[O,T]xR” h(x, t)du(t, x)
MO, s T

s.t. (Mo, ) €P

P = {(o i) | (io, b, p7) satisfies £ and
o = b, € MU0, T] X BY),, i € M(R), )

Milan Korda

18



Finite-Dimensional SDP relaxation

pk = inf/sup [ hdu
KOs by T
s.t. (Mo, i, 1) € Pr

assumption: h and f polynomial

P semidefinite programming representable



Finite-Dimensional SDP relaxation

pk = inf/sup [ hdu
Mo, b, T 73.

st. (uo, p, ut) € P

assumption: h and f polynomial Pk

Pic={(ko . b7) | (ko p 1) satisfies L for@lli@EREX]zw and

o = 0x, 1€ Mg([0, T] X R"),, ur € Mg(R")4}

Milan Korda
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Finite-Dimensional SDP relaxation

pk = inf/sup [ hdu
Mo, b, T 73.

st. (uo, p, ut) € P

assumption: h and f polynomial Pk

Pic={(ko . b7) | (ko p 1) satisfies L for@lli@EREX]zw and

o = 0x, 1€ Mg([0, T] X R"),, ur € Mg(R")4}

Mi(K)L D My (K)y D ... D M(K),

(Putinar, Schmudgen, Krivin-Stengle, Handelman,...)

Milan Korda
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Finite-Dimensional SDP relaxation

pk = inf/sup [ hdu
Mo, b, T 73.

st. (uo, p, ut) € P

assumption: h and f polynomial Pk

Pic={(ko . b7) | (ko p 1) satisfies L for@lli@EREX]zw and

o = 0x, 1€ Mg([0, T] X R"),, ur € Mg(R")4}

Mi(K)L D My (K)y D ... D M(K),

(Putinar, Schmudgen, Krivin-Stengle, Handelman,...)

px  p for “inf’

Convergence p= [, h(t x(t|x))dt

11 7

(under a compactness assumption) Pk \{ p for SuUp

Milan Korda
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Van der Pol oscillator

L2

Xl = 2X2

X = 10(0.21 — x)x, — 0.8x;

T T

Milan Korda

T
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Milan Korda

pk = inf/sup  [i ryupe Xi — X5 du(t, x)
K0 by LT

s.t. (Mo, i, 7)) € Pi

= bounds on fOTxl(t|xo)2—x2(t|xo)2dt

24



pk = inf/sup  [i ryupe Xi — X5 du(t, x)

K0 by LT

st. (uo, u ut) € P

moment SDP Exact
1 1.0000 1.0000
[t 0.5000 0.5000
[ x1 -0.0605 —0.0632
[ x -0.0438 —0.0434
| t2 0.3333 0.3333
[ txy -0.0821 —0.0847
f tXxo -0.0208  0.0202
f X7 0.4359 0.4343
fX]_XQ 0.0020 0.0015
0.1600 0.1594

/s




Milan Korda

pk = inf/sup  [i ryupe Xi — X5 du(t, x)
K0 by LT

st. (uo, u ut) € P

= boundson [ x;(t|x0)? — xa(t]x0)? dt

True = 0.3313

k 2 3

Lower bound 0.2401 0.3313
Upper bound 0.3326 0.3313

20



pk = inf/sup  [i ryupe Xi — X5 du(t, x)
Ho. K KT 73.
s.t. (Mo, i, 7)) € Pi

= boundson [ x(t]x0)2 — xao(t|x0)2 dt P
True = 0.3313
k 2 3 4
T =1

Lower bound 0.2401 0.3313
Upper bound 0.3326 0.3313

True = 0.2750
k 2 3 4 5 6 7
7 =10 Lower bound —0.08 0.038 0.148 0.2664 0.2728 0.2739

Upper bound 0.484 0.329 0.294 0.2759 0.2752 0.2751




pk = inf/sup  [i ryupe Xi — X5 du(t, x)

K0 by LT

st. (uo, u ut) € P

moment SDP Exact
1 1.0000 1.0000
[t 0.5000 0.5000
[ x1 -0.0605 —0.0632
[ x -0.0438 —0.0434
| t2 0.3333 0.3333
[ txy -0.0821 —0.0847
f tXxo -0.0208  0.0202
f X7 0.4359 0.4343
fX]_XQ 0.0020 0.0015
0.1600 0.1594

/s




Trajectory recovery from approximate moments




Trajectory recovery from approximate moments

!
= True
== Recovered

[Claeys, Sepulchre, 2014]

[Marx et al. 2019]
Milan Korda



Arbitrary initial measure



0T @ 1 — 0o ® o +div(fu) =0 (ﬁ)

P = {(1o. . pur) | (1o, p, pr) satisfies £ and

po =@, ne M([0,T] xRy, ur € M(R"),}

Fact: x = f(x) has a unigue solution on [0, T]

Milan Korda

= ‘P is a singleton
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0T @ 1 — 0o ® o +div(fu) =0 (ﬁ)

P ={(uo 1) | (io,u, ur) satisfies £ and
po =@, ne M([0,T] xRy, ur € M(R"),}

Fact: x = f(x) has a unique solutionon [0, T] = 7P is a singleton

KT

Milan Korda 33



Finite-Dimensional SDP

pk = inf/sup [ hdu
o, s T 7?.

s.t. (Mo, i, 1) € Pr
P

Pe = {(wo, o o) | (1o, ur) satisfies £ for all ¢ € R[t, x]ox and
po =@ 1€ Mi([0, T] xRy, pr € Mp(R")4}

px A p for “inf’
Convergence P = Jun fOT h(t, x(t|x9))dt dv(xp)

(under a compactness assumption) Dk \ p for “SUp”

Milan Korda 34



Milan Korda

)

v = uniform on [0.1, 0.3] x [0.1, 0.3]

L1
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pk = inf/sup  [ig rpupe Xi — X3 du(t, x)
o, o, T 73.
s.t. (o, 4, 1) € Pi

= bounds on [, [\ x1(t]x0)2 — xa(t]x0)? dt dv(xo) Py
True = 0.1817
k 2 3 4 ) 6]
T =1 Lower bound 0.016 0.1780 0.1813 0.1816 0.1817

Upper bound 0.2152 0.1895 0.1831 0.1823 0.1821

True = 0.2554
k 2 3 4 5 6 7
T =10 Lower bound —0.088 0.0116 0.0769 0.1648 0.1935 0.2009

Upper bound 0.4858 0.3217 0.2854 0.2644 0.2622 0.2615




Free Initial measure



Finite-Dimensional SDP

pk = inf Jio. 7yxmn P0x0 ) dis(t, x) Pk.

M0 oy T
s.t. (wo, i, ut) € Pi

P = { (1o, i i7) | (o, 6, 7) satisfies £ for all ¢eR[t,x]2-nd
-, we M([0, TI X R, pr € Me(R"), )

.
Convergence Pk ' p p =‘/ h(t, x(t]xp)) dt
0

(under a compactness assumption)

Milan Korda 38



Finite-Dimensional SDP

px = inf Jio. 1 DX 8) du(t, X) Pk.

M0 oy T
s.t. (wo, i, ut) € Pi

P = { (1o, i i7) | (o, 6, 7) satisfies £ for all quR[t,X]g-nd
-, w e M (][0, T]‘, Ut € Mk‘}

Constraints are easy

N
Convergence Pk ' p p =‘/ h(t, x(t]xp)) dt
0

(under a compactness assumption)
st x(t) @Y7t e[0T

Milan Korda 39



Region of attraction



Region of attraction

X = {0 | x(tIx) € XVt e [0,T], x(T|x) € Xr, x(t]x) = F(x(t] )}

Milan Korda
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Region of attraction

X = {0 | x(tIx) € XVt e [0,T], x(T|x) € Xr, x(t]x) = F(x(t] )}

Milan Korda
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Infinite-dimensional LP characterization of ROA

p = sup f[O,T]XRn.duo(X)

Ko, s bT
st. (o, u, ur)€P

P = { (1o, ur) | (1o, p, p7) satisfies Ev.a”d

o € M(X)y, pe M([0,T] x X)y, pr e M(X7)i}

[Henrion, K., 2014]
Milan Korda
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Claim : Optimal ug equals to the restriction of Ax to the ROA

Rt e E— iy optimal




Claim : Optimal ug equals to the restriction of Ax to the ROA

Milan Korda

feasible but not optimal
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Claim : Optimal ug equals to the restriction of Ax to the ROA

not feasible




Claim : Optimal ug equals to the restriction of Ax to the ROA

R e R - v not feasible




Claim : Optimal ug equals to the restriction of Ax to the ROA

Rt e E— iy optimal




Dual LP

inf / w(x) dx
veCl,weC X

ov Ov
T e
ot Tax =0

v(T,x) >0,

S.t.

w(x) > v(0,x) + 1,

w(x) >0,

Milan Korda

V(t,x) e [0, T] xX

Vx e Xy
Vx e X
Vx e X

49



Dual LP

inf / w(x) dx
veCl,weC X

s.t. %nL%-ng, V(t,x)€[0, T] xX
v(T,x) >0, Vx e Xt
w(x) > v(0,x)+1, VxeX
w(x) >0, VxeX

w(x)

Key obseravtion
WZHX* — {XlW(X)Zl}DX* L )

Milan Korda 50



Dual LP

inf / w(x) dx
veCl,weC X

s.t. %nL%-ng, V(t,x)€[0, T] xX
v(T,x) >0, Vx e Xt
w(x) > v(0,x)+1, VxeX
w(x) >0, VxeX

w(x)

Key obseravtion
w>Ixe = {x|w(x) >1}DX* ‘ j
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Dual LP

inf / w(x) dx
veCl,weC X

s.t. %nL%-ng, V(t,x)€[0, T] xX
v(T,x) >0, Vx e Xt
w(x) > v(0,x)+1, VxeX
w(x) >0, VxeX

w”(x)

\
Key obseravtion ‘

w>Ix- = {x|wlx) >1}DX* | ;

PU—

Milan Korda



Dual LP

inf / w(x) dx
veCl,weC X

ov Ov
s.t. eq&-ng, V(t,x)€[0, T] xX
v(T,x) >0, Vx e Xt
w(x) >v(0,x)+1, VxeX
w(x) >0, VxeX
Theorem (SDP approximations): W*(&
W g \I[x* N [+ |
vol (X, \ X*) — 0 X
X

Milan Korda [Henrion, K., 2074] 55



Van der Pol (reverse time)

Xl = —2X2

X2 = 0.8x; + 10(x7 — 0.21)xs
X =[-1.2,-1.2]?

X7 ={x]lx|2<0.01},

Milan Korda
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Van der Pol (reverse time)

Xl = —2X2

Xo = 0.8x; + 10(x? — 0.21)x
X =[-1.2,-1.2]?

X7 ={x]lx|2<0.01},

1.2
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Van der Pol (reverse time)

Xl = —2X2

Xo = 0.8x; + 10(x? — 0.21)x
X =[-1.2,-1.2]?

X7 ={x]lx|2<0.01},

1.2

1

0.8

0.6

0.4

0.2

-1.
—%2 -1 -08 -06 -04 -0.2 0 02 04 06 038

Milan Korda



Adding control



Adding control is easy

x = f(x,u)

-
Occupation measure: u(A) = / Ia(t, x(t),u(t))dt VAeB([0,T] xR x R™)
0

Milan Korda 60



Adding control is easy

x = f(x,u)

-
Occupation measure: u(A) = / Ia(t, x(t),u(t))dt VAeB([0,T] xR x R™)
0

LT = Ox(T)

:u’O — 6Xo

Milan Korda 61



Adding control is easy

x = f(x, u)
-
Occupation measure: u(A) = / Ia(t, x(t),u(t))dt VAeB([0,T] xR x R™)
0

_ 09 , 09
/Rncb(T,.)dw — /Rncb(o,.)duo = /[o,T]anme ar T By fdu (ﬁ)

forall ¢ € C1([0, T] x R")

Milan Korda 62



P = {(uo,u,ur) | (o, w, ut) satisfies £ and
po=v, peM(0,T] x XxU)y, purc MR}

P not a singleton

Milan Korda
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P = {(so, o) | (ko, p, pr) satisfies £ and
po=v, peM(0,T] x XxU)y, purc MR}

P not a singleton

What does P look like?

P contains superpositions of occupation measures associated to

x € conv(f(x,U))

Milan Korda
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P = {(so, o) | (ko, p, pr) satisfies £ and
po=v, peM(0,T] x XxU)y, purc MR}

P not a singleton

What does P look like?

P contains superpositions of occupation measures associated to

x € conv(f(x,U))

B(A) = [0 Jo Talt, x(1)) dt do(x(-))
with o supported on trajectories of x € conv(f(x, U))

[Rubio, 1976]
[Vinter, Lewis, 1978]
[Vinter, 1993]

Milan Korda [Henrion, K., 2014]



P = {(so, o) | (ko, p, pr) satisfies £ and
po=v, peM(0,T] x XxU)y, purc MR}

P not a singleton

What does P look like?

P contains superpositions of occupation measures associated to

Note: Trajectories of x=f(x,u),ueU
dense in the set of trajectories of

x € conv(f(x, U))

Milan Korda
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Example: x =u, U={-1,+1}

conv(f(x,U)) =[-1,1]

= trajectory x(t) = 0 satisfies x € conv(f(x,U)) butnot x = v, v € {—1, -1}

Milan Korda
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Region of attraction with control



Region of attraction

X* = the set of all states that can be steered to X+ using admissible control inputs

Milan Korda
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Infinite-Dimensional LP for ROA

sup f[O,T]XR” 1 d:u'O(X)
K0 by T

st. (uo, p, ut) €P

P ={(uo, 1) | (o, p7) satisfies £, po < Ax and

o € M(X)y, e M([0, T] x Xx U)y, pur € M(X7)4}

Theorem (SDP approximations):
P ¢ vol(X¥)
Wi \( Ix- in Lq
vol( X, \ X*) = 0

Milan Korda

[Henrion, K., 2014]
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Brockett integrator (ROA known semi-analytically)
X1 =l

Xo = U

X3 = U1Xo — LnXq

X ={x|lIxlloc <1}

U={ulllull> <1}

Xr={0}, T=1

71



Brockett integrator (ROA known semi-analytically)
X1 =l

Xo = U

X3 = U1Xo — LnXq

X ={x|lIxlloc <1}

U={ulllull> <1}

Xr={0}, T=1
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Milan Korda

Data

73



xT = f(x)

f not known, only data {x;, x;" }*, available



Milan Korda

xT = f(x)

Maximum positively invariant set
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Milan Korda

xT = f(x)

Maximum positively invariant set
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Milan Korda

xT = f(x)

Maximum positively invariant set

7’






xT = f(x, u)

Maximum controlled invariant set



Linear programming formulation

sup / v(x) dx
veC(X) X

s.t. v < distxof +avoprojof on



Linear programming formulation

sup / v(x) dx
veC(X) X

s.t. v < distxof +avoprojof on
!

l f



Linear programming formulation

sup / v(x) dx
veC(X) X

s.t. v < distxof +avoprojyof on X

14 f
Crucial fact =0 if xe&X*

V() = e ae(FI9 ()
>0 if x¢X*

Remark: X invariant under f




Linear programming formulation

sup / v(x) dx
veC(X) X

s.t. v < distxof +avoprojof on X

14 f
Crucial fact =0 if xe&X*

V() = e ae(FI9 ()
>0 if x¢X*

v feasible = {x|v(x) <0} DX*



Linear programming formulation

sup / v(x) dx
veC(X) X

s.t. v < distxof +avoprojof on X

l f

Crucial fact =0 if xe&X*

V() = e ae(FI9 ()
>0 if x¢X*

1 1
a< —— = * Lipschitz ~ with Lipv™ < :
Lip Vo HP By ~—1—a-Lipf




Sampled LP

with the variable v € V € C(X), dim(V) < oo

80



Sampled LP

sup / v(x) dx

veC(X)
S.t. v(x) < distx(x:") + av(projx(x"))

. T
1< v(x)<(1—a)? V(x;, x,") € Data

with the variable v € ¥V C C(X), dim(V) < o

Properties

<+ No assumptions on f (can be non-polynomial, discontinuous* etc.)
<+ No assumptions on the subspace V (can be radial basis functions, wavelets etc.)

-+ Boils down to finite-dimensional linear program
— No longer guaranteed outer approximation

-+ Can analyze convergence rate and sample complexity



Convergence rate

sup /v(x)dx
v X

s.t. v <distxof 4+ avoprojof

with the variable v € F C C(X), dim(F) < oo

vol(Xz \ X*) <77

on



Convergence rate

sup /v(x)dx
v X

st. v<distxof +avoprojxof on X

with the variable v € F C C(X), dim(F) < oo

F = multivariate polynomials up to degree d

C 1

WAXFAXD = a1 alin(0) Va

)

Q-

+gv*(

gv-(7) = vol({x [ 0 < v7(x) <})



Convergence rate

sup /v(x)dx
v X

st. v<distxof +avoprojxof on X

with the variable v € F C C(X), dim(F) < oo

F = multivariate polynomials up to degree d

C 1

N 1
VOIXAAX) = Ty a —atptr) va T 9 (ﬁ)

K., 2019]
gv-(7) = vol({x [ 0 < v7(x) <})

o

gv- ()



Sample complexity

sup / v(x) dx

veC(X)

s.t. v(x) < distx(x:") + av(projx(x")) V(x, x") € Data

“lsvbg s - |Data] = K

with the variable v € F C C(X), dim(F) < oo

/V]-",K_/V}"
X X

l09(3) + nlog(7255)

K>
Iog(l_[@]n)

Lx,F

< €

with probability at least 1 — ¢ if

K., 2019]



Sample complexity

sup / v(x) dx

veC(X)
s.t. v(x;) < distx(x") + av(projy (x:"
-1<v(x)<(1—-a)!

|Data| = K

with the variable v € F c C(X), dim(F) < oo

/V]-",K_/V}"
X X

L
Iog(%)%—nlog(e(lx_’ﬂ)) _ |09(%)+”|09(6(L1X—’j;))

= log ( . ) {M} !
1_[M] LX,f

Lx,F

< €

with probability at least 1 — ¢ if

K., 2019]



Sample complexity

sup / v(x) dx

veC(X)
S.t. v(x) < distx(x:") + av(projx(x"))
~1<v(x)<(1—a)t

with the variable v € F C C(X), dim(F) < oo

vol(Xz x \ X*) <77

V(x;, x;") € Data

|Data| = K



Sample complexity

sup / v(x) dx

veC(X)

s.t. v(x) < distx(x:") + av(projx(x")) V(x, x") € Data

“1<v(x) < (1 -a) Datal - K

with the variable v € F C C(X), dim(F) < oo

F = multivariate polynomials up to degree d

* C 1
vol( Xz x \ X*) < KI/@ni1) + v (m)

with probability at least 1 — ¢ if
K., 2019]



Guaranteed outer approximation

sup / v(x) dx

veC(X)

s.t. v(x;) < distx (") + av(projx (")) V(x;, x") € Data

lsvba s =)™ |Data] = K

Problem: {x | v < 0} may not be an outer approximation of X

Error due to sampling V




Guaranteed outer approximation

sup / v(x) dx

veC(X)

S.t. i) < ist ' | '
V(X) di X(XI ) an OCV([)I’O.JX(XI )) V(X/rxj ) € Data
—1 < v(x) <(1 a ' =

Solution: look at a different sublevel set

Milan Korda X
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Guaranteed outer approximation

sup / v(x) dx

veC(X)

st v(x) <distx(x") + av(projx(x")) V(x;, x") € Data

“lsvbg s - |Data] = K

Proposition:
E(x) 1= v(x) — distx(f(x)) — av(projx(f(x)))

1

= Xg = {X | v(x) <

sup E(y)} D X*
yeX

K., 2019]



Numerical examples



Julia set — sampling vs SDP

Basis: polynomials up to degree 10

Sampling SDP

Volume error 20.31 % Volume error 28.7 %

Misclassification 0 % Misclassification 0 %
Milan Korda



Julia set — sampling vs SDP

Basis: polynomials up to degree 14

Sampling SDP

Volume error 14.98 % Volume error 21.9 %

Misclassification 0.086 % Misclassification O %
Milan Korda



Julia set — sampling vs SDP

Basis: polynomials up to degree 18

Sampling SDP

Numerical problems

Volume error 13.24 %

Misclassification 0.157 %
Milan Korda 100



Julia set — different bases

Basis: 400 thin-plate spline RBFs

Sampling SDP

NA

Volume error 10.78 %

Misclassification 0.041 %
Milan Korda 101



Julia set — different bases

Basis: 1000 thin-plate spline RBFs

Sampling SDP

NA

Volume error 7.35 %

Misclassification 0.014 %
Milan Korda 102



Julia set — postprocessing

Basis: 1000 thin-plate spline RBFs

Sampling Sampling (with postprocessing)

P RRRE ' oA Tt -

Volume error 7.35 % Volume error 18.86 %

Misclassification 0.014 % Misclassification O %
Milan Korda 103



1Ml

Julia set — low data |

200

# Samples

Data

104
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1Ml

Julia set — low data |

200

# Samples

15 RBFs

ing
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1Ml

Julia set — low data |

200

# Samples

10 RBFs

ion using

t

Ima

Approx

Data

e

v
5
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02

o

02
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1Ml

Julia set — low data |
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Switched system

X:AlX, XEXl

Flower system |
X = A2X, X € XQ

Milan Korda 108



Switched system

X:AlX, XEXl
X:AQX, XGXQ

Flower system

Basis: 400 RBFs

# Samples: 10000

Milan Korda 109



Switched system

Milan Korda

Modified flower system {

x = Assin(x3),

x = Aosin(x?),

X € AX]
X € X>

110



Switched system

Basis: 400 RBFs

# Samples: 10000

Milan Korda

X = Alsin(x3), X € Xl
x = Assin(x®), xe€ X

Modified flower system

111



3D Hénon map

Basis: Monomials up to degree 10 Basis: 286 RBFs

S8

0.6 0.4 0.2 0 -0.2 -0.4 -06 0.6 0.4 0.2 0 -0.2 -0.4 -0.6

Milan Korda



Dimensionality dependence

f = [futa - - - fiutia) = state-space of dimension n
n/2\trimes
Box constraints: —1<x,<1,/1=1,..., n

Random n-dimensional unitary state-space transformation

1600 thin-plate spline RBFs

3. 10% samples



Dimensionality dependence

State-space dim = 4 State-space dim = 6

Milan Korda

State-space dim = 8 State-space dim = 10

114



Summary

* Measure optimization can solve dynamical systems and control problems
* The harder the problem, the more useful it seems to be
« Extends to a data-driven setting

* No free lunch — curse of dimensionality

Topics not covered and perspectives
Nonlinear PDE analysis and control
Complexity reduction (sparsity, symmetries, redundant constraints)
Invariant measures, reachability ...

Postprocessing in data-driven approach: cross-validation etc.



