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Why linear predictors?
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Zo = ¢(xo)
Yk = Czg
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Why linear predictors?

Zk+1 = Az
Zo = ¢(xo)
Yk = Czg
Vi ~ &(xk)

Nonlinear feedback control & estimation using linear techniques

= Model predictive control [Korda & Mezic, 2018]

= State estimation [Surana & Banaszuk, 2016]

Mature & well understood

Fast computation (linear algebra / convex optimization)
Rapid deployment in applications



Koopman MPC - applications
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Choosing the embedding

Z+1 = Az
Zo = (o)
Yk = Cz

When can we predict exactly? Vi = E(xk)
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Choosing the embedding

Zk+1 = Az
Zo = ¢(x0)
Yk = Cz
Vi = &(Xk)

equality if and only if

span{¢1, ..., dn} is Koopman invariant & £ € span{¢y, ..., On}
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Choosing the embedding

Zk+1 = Az
Zo = ¢(x0)
Yk = Cz
Vi = &(Xk)

equality if and only if

span{¢1, ..., dn} is Koopman invariant & £ € span{¢y, ..., On}
< <
¢;’s are Koopman eigenfunctions Span of ¢;’s is rich enough

Goal:

(or linear combinations thereof)

Learn rich set of eigenfunctions from data



Eigenfunction construction



Eigenfunction construction

Eigenfunction

x = f(x) $(Se(x)) = eM(x)
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- Non-recurrent surface I
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Eigenfunction construction

Eigenfunction

x = f(x) $(Se(x)) = eM(x)

Key observation: Non-recurrent surface =- uncountably many eigenfunctions
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Lemma: [ non-recurrent & g continuous = ¢, 4 is a continuous eigenfunction



Eigenfunction construction

Eigenfunction

x = f(x) $(Se(x)) = eM(x)

Key observation: Non-recurrent surface =- uncountably many eigenfunctions

g = arbitrary continuous function eigenfunction ¢y g

Px.9(St(x0)) = GMQ(XO) xp €1

(P)MQZQ on [

A = arbitrary complex number

__.- Non-recurrent surface I

cf. Open eigenfunctions [Mezic 2017]



Richness

Key question: how rich is the class of eigenfunctions obtained in this way?
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Key question: how rich is the class of eigenfunctions obtained in this way?
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Richness

Key question: how rich is the class of eigenfunctions obtained in this way?
A\ = subset of complex numbers G = subset of continuous functions

dp ¢ = all eigenfunctions associated to (X, g) € (A, G)

A\ = mesh(/\g) G = {9}, with span{G} dense in C

Theorem: " non-recurrent, flow rectifiable, Ag = Ag & I\ € Ay with Re(X\) # 0

= span{®x s} densein C

For every continuous function & and every € > 0 there exists ¢, . . ., dn € Pa g such that

N
£(x) — Z Ci¢/(X)‘ <€

=1

sup
X

for some coefficients ¢y, . . ., CN



Data-driven construction



Data-driven construction

g = arbitrary continuous function
A = arbitrary complex number

Milan Korda / Mezi¢ group

eigenfunction ¢, 4 defined on data

br.o(xL) = T g(xd)
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Data-driven construction

g = arbitrary continuous function eigenfunction ¢, g defined on data

X = arbitrary complex number br.g(x)) = eMTsg(xd)

Non-recurrent surface I

e
-
-

Lemma: Flow rectifiable & initial conditions on distinct trajectories
= d non-recurrent surface [ passing through initial conditions



Data-driven construction

g = arbitrary continuous function eigenfunction ¢, g defined on data

X = arbitrary complex number br.g(x)) = eMTsg(xd)

Non-recurrent surface I

e
-
-

Lemma: Flow rectifiable & initial conditions on distinct trajectories
= d non-recurrent surface [ passing through initial conditions

= {¢A,g(x{;)} .k sSamples of a continuous eigenfunction = can interpolate



Algorithm summary

Eigenfunction construction
Given trajectory data (x!); x
Choose )\, ..., An, complex numbers
Choose g1, . . ., 9gn, continuous functions
Construct N := N, N, eigenfunctions by
Set ¢ 4(x) := e*Tsg(x}) for each X and g

Interpolate ¢» 4(x]) to get P 4

Output ¢ = [¢1, ..., Pn]



Algorithm summary

Eigenfunction construction
Given trajectory data (x!); x
Choose )\, ..., An, complex numbers
Choose g1, . . ., 9gn, continuous functions
Construct N := N, N, eigenfunctions by
Set ¢ 4(x) := e*Tsg(x}) for each X and g

Interpolate ¢» 4(x]) to get P 4

Output ¢ = [¢, ..., dn]

Predictor matrices Zk+1 = Az

2y = QS(XO)

Set A = diag(\y, .. ., AN) Ve = Czi

Get C by minimizing S>V. |€(x) — CH(%) |2

(Linear least-squares)



Adding control

Zki1l = AZk + BUk

20 = QE(XO)
Yk = Cz

Minimize multi-step prediction error

#traj trajlen

minimize Z Z [IIEARACHIES

B RNxm -
< Jj=1 k=1

k—1
V. is linear in B J(x) = CA*ZS + Y CA1BY
=0
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A, C, ¢ known
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Adding control

Zki1l = AZk -+ BUk

Zyp = QB(XO) A, C, ¢ known
Yk = Cz

Minimize multi-step prediction error

#traj trajlen

minimize Z Z [IIEARACHIES

B RNxm -
< Jj=1 k=1

k—1
9V is linear in B J(x) = CA*ZS + Y CA1BY
=0

&

Aand C known = minimize [|©b— 6| where b= vec(B)
beRNm

Linear least-squares problem = B = vec_l(GTG)
Milan Korda / Mezi¢ group
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Koopman MPC orda, Mezic 2018]

Nonlinear MPC

minimize vaz”o_l h(x;) + ul Ru; + r'u
Ui, Xi
subjectto  xj11 = f (X, uj), 1=0,...,
cx(x) + Cyu; < b, i=0,...,

parameter Xp = X



Koopman MPC orda, Mezic 2018]

Koopman MPC

minimize Y10 9T QY+ Ul Rui + g5+ T u;

Uiz, yi

subjectto zj,1 = Az + Bu;, 1=0,..., N, —1
_)//\I':CZ/' /:O ..... Np—]_
Ezi+ Fu < b, 1 =20,..., /Vp—l

parameter o = ¢(x)

| -

o) = Uhus. . vy 1} —> | x* = Flx,u)

Can handle nonlinear constraints and costs in a linear fashion



Koopman MPC orda, Mezic 2018]

Dense-form Koopman MPC

minimize  u'Hu' + h'u+ z, Gu
ucR™Np

subjectto Lu+ Mz < c Convex QP!

parameter zp = ¢(x)

¢ B

Kk(x) = : —> xT =f(x,u)

Computation cost independent of the size of the lift!



Koopman MPC summary

At each step k of closed-loop operation
o Set 2y = QB(Xcurrent)

minimize  u' Hu' + hTu+ zJ Gu
e Solve ucRmMp
subjectto Lu+ Mzy <c

e Apply uj to the system

Main benefits
Computation cost independent of the embedding dimension

Can handle nonlinear constraints and costs in a linear fashion



Numerical examples — Van der Pol

Data: 100 trajectories, 3 second long

X1 =2X2 Eigenvalues: Mesh from DMD eigenvalues

L 12
X =—0.8x1 + 2 — 10xpx + u Boundary functions: Thin plate spline RBFs

Milan Korda / Mezi¢ group
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Numerical examples — Van der Pol

Spatial distribution of one-second prediction error (with control)
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Numerical examples — Van der Pol

Spatial distribution of one-second prediction error (with control)
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Numerical examples — Van der Pol
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Numerical examples — Van der Pol

Mean prediction error for different number of eigenfunctions

(N, Ng) (10,20) (6,20) (10,10) (10,5) (10,3)

Mean error [uncontrolled] 5.0% 12.1% 9.6% 249% 61.5%
Mean error [controlled] 77% 132% 122% 284% 60.1%

EDMD error (200 RBF basis functions) = 22.1 %



Numerical examples — damped Duffing

Data: 100 trajectories, 8 second long

X1 = X2 Eigenvalues: Mesh from DMD eigenvalues

. 2
Xp = —0.5x% — x1(4x) —1) +0.5u Boundary functions: Thin plate spline RBFs

Milan Korda / Mezi¢ group
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Numerical examples — damped Duffing

Spatial distribution of one-second prediction error (with control)

Data: 100 trajectories
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Numerical examples — damped Duffing

Spatial distribution of one-second prediction error (with control)

Data: 50 trajectories
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Numerical examples — damped Duffing
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Numerical examples — damped Duffing

(Na, Ng) (10,30) (10,20) (6,20) (10,10) (10,5) (10,3)

Mean error [uncontrolled] 6.9%  89% 174% 199% 38.8% 56.2%
Mean error [controlled] 46% 67% 158% 157% 356% 53.5%

EDMD error (200 RBF basis functions) = 25.1 %



Numerical examples — damped Duffing

Milan Korda /

Feedback control — Koopman MPC
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Conclusion

e Data-driven construction of Koopman eigenfunctions

Geared toward transient off-attractor dynamics

Only linear algebra and/or convex optimization needed

Readily applicable to control and estimation

Very robust

Future work

e High dimensional interpolation / approximation

e Exploit algebraic structure (products of eigenfunctions)

h1, ..., ¢n eigenfunctions = @7 -...- P} also an eigenfunction

e (Generalized eigenfunctions — Jordan blocks

[glggg] = eXp(t [g i\] ) B;Eig%] = span{¢1, ¢»} is invariant!



