The Koopman operator framework for analysis and
control of nonlinear dynamical systems
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Koopman operator

K:grgof g. X—C

K(agr +B892) = (g1 + Bg2) o f
Linearity =agiof +B8gof

= akg, +6Kg



Koopman operator

K:g—gof g: X—C

[B. O. Koopman, 1931]

(1900 — 1981)

[Mezic, Banaszuk, 2004]
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Koopman operator

K:g—gof g: X—C

Eigenfunctions Ko=Xp & Qof =X



Koopman operator

Eigenfunctions

K:g—gof g: X—C

Ké=Xp < dof =

do ) =xkp Linear coordinate
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Koopman operator

Eigenfunctions

K:g—gof g: X—C

Ko=Ap <& ¢Qof =X

(2) ¢ eigenfunction = |¢| eigenfunction

(3) ¢ eigenfunction = ¢* eigenfunction



Examples: linear system

xT = Ax

w!A=xw' = w'x eigenfunction with eigenvalue X
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Examples: linear system

xT = Ax

w!A=xw' = w'x eigenfunction with eigenvalue X

Wi, ..., w, left eigenvectors of A
= (wy x)* - ... (w,) x)* eigenfunctions
with eigenvalues A& - .- Ak

ki's integers = eigenfunctions are polynomials

& spectrum has lattice structure



Examples: stable nonlinear system

xT = f(x) Stable equilibrium

Any X\ € C with |A| < 1 is an eigenvalue with an eigenfunction ¢ € C(D°)

Set of all eigenfunctions dense in C(D°)

X




Examples: rotation
xT =x+6mod1

Eigenfunctions €™, k € Z

with eigenvalues e'?7%

0 rational = spectrum finite discrete subset of T = periodic dynamics

6 irrational = spectrum dense in T = ergodic dynamics



Koopman operator

Eigenfunctions

A=1

po ) =xk¢

= g0 =)

iInvariant set

Chirikov standard map
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Koopman operator

Eigenfunctions

A <1

$o ="

= {x [ol(x) <7}

invariant set

Chirikov standard map

\ et

N
— .\

g
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Koopman operator

Eigenfunctions ¢o k) =Nk¢

A=¢eY = {x:

(w rational)

d(x) =~} periodic set

Chirikov standard map

[Budisic et al. 2012]
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Koopman operator

Eigenfunctions

|Isostables

|Isochrons
Stability

Model reduction

-5 4 2 20 -2

[Rowley et al. 2009]
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Prediction

Eigenfunctions b1, ..., On
N N
g=) Goi — gof =Y chio;
/ i=1 =1
(e.9., g(x) = x)

N
gof® =3 "c)\¢

=1

N
gofl =73 ¢
=1



Prediction

Eigenfunctions b1, ..., On
N
g= ) G, =
/ i=1
(e.9., g(x) = x)
oy
gof® =[c,. . ., CN]
\ Y J - >\/\/
C ' Y
A
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Prediction

Eigenfunctions O1, ..., On
N N
g=) Coi = gof=> c\o;
f i=1 i=1
(e.9., g(x) = x)
New coordinates z=1(x) (“eigencoordiantes’)

= Zkp1 = Az



Prediction

Eigenfunctions

(€.9., g(x) = x)

Linear predictor

N
Cidi —
i=1

Z11 = AZk

P(X0) =

Yk = Cz
20 = TP(XO)

[ $1(x0)

_¢/\/(.X0)_

=1

N
gof =Y chio;

— Y = g(Xk)



Nonlinear embedding

Nonlinear

Linear

—N. Zk+1




Nonlinear embedding

Linear
A/’\). Zk+1
[
Zk
A N
// \\
(2 L7 e
7 \
/7 . o N
L7 linear projection “
/7 \&
o
f Xk+1
g(xk) = Cz

Nonlinear



Are eigenfunctions the only choice?

Z11 = AzZk
zo = P(x0)
vk = Czg
Yk = g(Xk)

Exact linear prediction possible if

span{1, . . ., Py} is Koopman invariant & g € span{yy, ..., Y}

= Eigenfunctions and generalized eigenfunctions
(or linear combinations thereof)

This talk: Assume 1) given

Constructing good ):  [Korda, Mezi¢, 2018]



Getting A and B from data

Data

Basis functions

LS problem

LS problem

(xi ,-Ail (X,'Jr il\il X,-Jr = 1(x)
Y=Y, ..., Yn] '
M
: +\ N\ [12
Jin 2 (et = Adlxi)llz

=1

CERNXN 4

M
min > llg(x) — Cy ()3
=1

Extended dynamic mode decomposition [Williams et al., 2015]



Convergence of predictions

Finite-horizon predictions converge!

Theorem [Korda, Mezic, 2018
o C:Lo(u) — Lo(w), bounded

o span{®;}22, = Lo(u)

iMoo My 00 [x ICAN N — g o FH2du — 0
forany k € N

Milan Korda
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Convergence of predictions

Finite-horizon predictions converge!

Theorem [Korda, Mezic, 2018
o C:Lo(u) — Lo(w), bounded

o span{®;}22, = Lo(u)

iMoo My 00 [x ICAN N — g o FH2du — 0
forany k € N

Y Kn = PnlCiy,

Hy = span{yq, ..., Yn}

Milan Korda 33




Application — State estimation [Surana et al. 2076]

(o

+ _
X—|‘ — f(X) /\ Z = AZ
measured Y1 = h(x) y1 = Ciz
to estimate Y2 = g(x) Yo = Crz

h € span{v} <  h(x) = Ciy(x)

g € span{v} & g(x) = Gp(x)
Kalman filter 2t =A24+ Ly, — C,2)

C»Z is an estimate of g(x)

(A — LC,) stable and span{1} Koopman invariant = ||C>2x — g(xx)|| — O



Control



Milan Korda

Control

Joint work with Igor Mezi¢
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Linear predictor

X1, X0, ...
> x =f(x,u) —s
A
Up, Uy, ... Xo
v

zZ'=Az+Bu . %. ...
> Zo = P(x0) >

X=C0Cz

YRRV, N>n



Koopman operator for controlled systems

xT=f(x,u),x e R", ueR”



Koopman operator for controlled systems

xT=f(x,u),x e R", ueR”

|

= F) = [f <Xi;;(0>>]

e Extended state x = (x,u) € X :=R" x £(R™)

N

Space of all
control sequents =: w

e Shift operator (Su)(i) = u(/i + 1)



Koopman operator for controlled systems

xT=f(x,u),x e R", ueR”

|

= Fx) = [f <><;;(0>>]

e Extended state x = (x,u) € X :=R" x £(R™)

N

Space of all
control sequents =: w

e Shift operator (Su)(i) = u(/i + 1)

Koopman operator K$=¢ofF o: X —>R



Linear predictors from Koopman - EDMD

Data (X1 () X7 = F
K
min ) — Ad(x)|I3
LS problem P ; [&(x;) — Ap(Xi)ll3

d(x) = [d1(x). ... dn, )] T



Linear predictors from Koopman - EDMD

Data

LS problem

(Xi)iKzl (X,JF iK=1 X?L = F(X/)

K
min 3" (60 — Ag(xi)3

AERN¢XN¢ I_

o(x) = [d1(x), ..., o, ()17 linear operator

Predictor linearinu = ¢i(x, u) = ¥i(x) + Li(u)



Linear predictors from Koopman - EDMD

Data

LS problem

(X)), Cophe x; = F(xi)
K
min = Al IIE:
i, 2 1606) ~ A9

o(x) = [d1(x), ..., o, ()17 linear operator

Predictor linearinu = ¢i(x, u) = ¥i(x) + Li(u)

Without loss of generality

d(x,u) = [Y1(x), ..., Yn(x), u(0)']"



Linear predictors from Koopman - EDMD

Data (X)) (X x; = F(xi)
K
LS problem AEFIQNT% ; lo(x;") — Ap(xi) 5
d(x) = [01(x). - .. dn, (X)) linear operator

Predictor linearinu = ¢i(x, u) = ¥i(x) + Li(u)

Without loss of generality

d(x,u) = [Y1(x), ..., Yn(x), u(0)']"

K
min Z i (xT) — A (x;) — Bui(0)]3

AERNXN, BGRNXm



Algorithm summary

Data X=|xi, ....xm|, XT =[x, ...,

Embedding  Xembed = [%(x1), ... % (xm)] . X

+ e —_

LS pI’Ob|em TIBn HX embed — AXembed
Solution [A, Bl = X1 [Xembed, U],
zt = Az +

X=Cz

= 1(x0)

BUI[F ,

C =

Bu

m(,in HX — C)(embedHF

XX

embed



MPC design



Koopman MPC

Nonlinear MPC

Nonconvex

47



Koopman MPC

Koopman MPC

minimize , ”O ZTQZ, +u'Rui+q'z + r'u
uj,Zzj
subjectto z 1 = Az + Bu, 1=0,..., /\/p —1 Convex

Ezi + Fu; < b, 1=0,..., N, —1
parameter zy = ¥ (x)

Can handle nonlinear constraints and costs in a linear fashion



Koopman MPC

Dense-form Koopman MPC

minimize  u' Hu' + h'u+ zJ Gu
ucRmNp

subjectto Lu+ Mz < c

parameter 2o = Y (x)

>y I~

Kk(x) = : —> xT =f(x,u)

Computation cost independent of the size of the embedding!



Koopman MPC summary

At each step k of closed-loop operation

e Set 7z = P(xk)

minimize  u' Hu' + hTu+ zJ Gu
e Solve ucRmp
subjectto Lu+ Mzy < c

e Apply ug to the system




Koopman MPC summary

At each step k of closed-loop operation

e Set 7z = P(xk)

C u
minimize  u' Hu' + hTu+ zJ Gu 0
e Solve uER™Np = u = :
subjectto Lu+ Mzy < c "
YN, —1

e Apply ug to the system

Main benefits
Data-driven: No model required
Fast & simple: only small convex quadratic program solved online

Nonlinear constraints and costs handled in a linear fashion



Extensions

e [nput-output systems

xt = f(x, u)

y = h(x)

Solution: Use nonlinear functions of y and its time-delays as basis functions

(cf. Takens theorem, system id)

e Systems with disturbances

xt =f(x, uw)

Solution: Treat w as an additional input



Numerical examples



Van der Pol oscillator

Xl = 2X2

Xo = —0.8x7 + 2xo — 10X12X2 +u

u
RK-4 discretization with 0.01 s sampling interval

Data: 20 trajectories with 1000 samples each
Lifting: state observable + 100 RBFs

121/—True |
- -Koopman
M-~ Local at 0 i
0.8{-- Local at x :
0/~ - Carleman ‘]

. . I
1.5 2 2.5

—True

- -Koopman
--Local at 0

Local at xg
- - Carleman

time

54



Van der Pol oscillator

X1 = 2Xo >°r |
0.6 - i
Xo = —0.8x1 + 2x0 — 10x7x0 + U 0l ]
u o |
RK-4 discretization with 0.01 s sampling interval o2r 1
-0.4 4
Data: 20 trajectories with 1000 samples each |
Lifting: state observable + 100 RBFs 081 1
o 0.5 1 75 2 2.5 3
! \, T 1 | _\ / T \\ T
v :-Izrouoepman : / BN AN :-Izzauoepman
1k ,'I’ - - LocalatO || 0.8 '/I \ - - Localat0 |
‘. Local at x0 ; \ Local at x0
’ - - Carleman A \ - - Carleman




Van der Pol oscillator

Xl = 2X2

Xo = —0.8x7 + 2xo — 10x12><2 +u

RK-4 discretization with 0.01 s sampling interval
Data: 20 trajectories with 1000 samples each
Lifting: state observable + 100 RBFs

RMSE [%] = 100 -

X0 Average RMSE
Koopman 24.4%
L ocal linearization at xg 2.83-103%
Local linearization at O 912.5%

Carleman

5.08 - 10%2 9%

”Xtrue — Xpred ||

HXtrue ||



Van der Pol oscillator

Xl = 2X2

Xo = —0.8x1 + 2x5 — 10X12X2 + U RMSE [%] = 100 - HXtrue _ Xpred“

HXtrue ||

RK-4 discretization with 0.01 s sampling interval
Data: 20 trajectories with 1000 samples each
Lifting: state observable + 100 RBFs

N 5 10 25 50 75 100
Average RMSE 66.5% 449% 47.0% 387% 30.6% 24.4%




Power grid stabilization

Join work with Yoshi Susuki



Problem setup

New England power grid model
Setup from [Susuki et al, 2011]

5/ = Wi
" t = 0.67s - fault occurs
i = TRt P t = 1s— faulted line removed
10
—GiVZ = ) ViV{Gjcos(é; — 6;) + Byjsin(6; — &)}
J=1 i

8
10 37|
| |29
30 25 26 28
2 38
18 27
1 e 24 9
17
F;( 16
3 9
1 415 35
21
39 L 22
4 1 14
5 6 12 19 23
13 20 _136
7 31 11
10 34 33 7
8 2
32 5 4
0 -2
3




Fault causes instabillity

10

Af [HZ]

1.5¢

—_
T

—G02|]

—G03
Go4
—GO05

—G06|

—G08
—G09

—G10]|

10

60



Setting up Koopman MPC
New England power grid model

6,’2(,0,'

/_/.
——Lah:: = (Dol = 75,
7be

10

—GiVZ = ) ViVi{Gjjcos(é; — 6;) + Bjjsin(6; — 6)}
J=1j#

Actuation: £, mechanical power
Cost: >, w? - frequency deviation

Pred. horizon: 1 second

Sampling: 50ms

cos(0)
Embedding: ) = {sin(é)} ¥ R — R/
w



Instability suppression

15

10

—Go02 1.5 —Go02|T
—G03 —G03
Go4 G04
—G05 —G05
—G06 1k ——GO06 |
Go07 Go07
—GO08 |+ —G08
—G09 —G09
—G10 —G10] |
~—
N
| L,
Y
-0.5+ 8
Ak 4
2 4 6 8 10
time [g]
—Go02 d
—G03
G04
—G05 y
——G06
Go07 ]
—Go8
—G09
—G10 .
= Constraint
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1 s — faulted line removed

0.87 s — fault occurs in grid #1
Setup from [Susuki et al, 2012]

t
t

NE grid cascade

||||||||||
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Cascade instability occurs without control

No control
0 [rad] Af [HZ]
#1 2 ' ' ' "/ 10f ' ' '
of N
0 5 10 15
S 10} ' ]
2-
2 5
2 0 ]
0 5 10 15
2_ 10} ' ]
43 7 Il _
OF ™
0 —
0 5 10 15
2 10f '
# 4 1 or
Of 0 - -
0 5 10 15
2_ 10f '
#5 1k 51
OF 0 — — !
0 5 10 15
2 10f ' ' -
#6 sl _
OF 0 . /
0 5 10 15
#7 2 101 ' ' ]
L 5- 4
:)- 0 /.—/_’—.‘
0 5 10 15




Can we suppress cascade instability”?

Case 1: Each grid controlled separately

""""""""""""""""""""""""""""""

T T lT lT lT

K-MPC K-MPC K-MPC K-MPC K-MPC

""""""

139 241
1 1

""""""

__________



Koopman MPC suppresses the instability

Af [HZ]

0 [rad]

=t = — 4 = | - = ]

F=Ff—T———F - F— 1 —F = F — - —

10

F=Ff—a———F - F— 1 —F = F — - —

et —d——l— =4+ — 4 - |- - — 4 — - —

10

F=Ff—a———F - F— 1 —F = F — - —

| [PUSp [Spgy pUt Uy PRSP NS S [

10

F=Ff—a———F - F— 1 —F = F — - —

et —od——l— =4+ - 4 - |- b — 4 — - —

10

F=Ff—a———F - F— 1 —F = F — - —

|y St R PRy S S [

10

F=Ff—a———F - F— 1 —F = F — - —

et —dd——l— =4+ - 4 - |- - — 4 — - —

10

F=F—Td————F —F— - —F =+ — - —

0
U

et —dd——l— =4+ - 4 - |- - — 4 — - —

otNoaw
ooo oo

osNoN

oTNoNw

10

otTNoaw
ooo oo

10

otNoa

10

otNoNT
oo o oo

10

otNoN

10

10

3
ot
1t

4D

3
ot
1t

#3

21
1F

#4

21

#5

1t

0.

2+
1k

# 6

0OF

2F

# 7

1k

0.

10

10

time [s]

time [s]

time [s]
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What if only the first grid is controlled”?

Case 2: Only the grid where the fault occurred controlled

""""""""""""""""""""""""""""""

""""""

__________

""""""

__________



Even one grid control suppresses the instabllity

Alf [Hz]

0 [rad]

10

10

10

10

10

OtTNOAN o<

o

1 T
ANOAN <

o

[ [
otTNOAN <

o

[ [
OFTNOAN <

366 S0 o©oS oo ooo oo ooo oo

10

10

10

10

[ T
OoOtTNON <

o

[ [
Ot NOAN <

o

[ [
otTNOAN <

oo oo ooo oo ooo oo

10

10

TR
o N — O

—

RIS

TR
o N - O

RIS

TR
o N ~ O

™

RIS

i i
o N — O

4

RIS

i A
o N — O

LO

F

i AN
o N ~ O

i AN
™o N~ O

# 7

10

10
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Even one grid control suppresses the instabllity

Zoomed
0 [rad]

. - - 02F -
: 0

A.f [H;]

# 1

[eelolo)
oN O
W I
'

0 2 4 6 8 10 0 2 4 6 8 10
0sF 0.2F
0.6 I
# 2 03 0.1
02f Of—
o L .
0 2 4 6 8 10 0 2 4 6 8 10
o0sF 02F
0.6 F 1l
#3 ¢ :
02F ] ol
-
OF . : : . ]
0 2 4 6 8 10 0 2 4 6 8 10
S ——— o2
0.6F . I
# 4 04 0.1
oof 0 )
oF ]
0 2 4 6 8 10 0 2 4 6 8 10
o |
0.6 I
# 5 0.4.59";_\ 0.1
02k 0
Ot . . . .
0 2 4 6 8 10 0 2 4 6 8 10
ogf T —T—— T ] 0-2r
06F i I
H# 6 o4 0.1
o2p 0 J—
Ot . . . . . . . . .
0 2 4 6 8 10 0 2 4 6 8 10
08F 0.2F
0.6k I ]
# [ 9e s 0.1
b0 0 ]
Ot , , , , . , , , ,
0 2 4 6 8 10 0 2 4 6 8 10

time [s] time [s]



Control input

0.8 -

0.6

04

Control action of Grid #1
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Numerical examples - NE cascade

Computation time =~ 10ms per grid
(Matlab + gpOASES, 2GHz i7)



PDE control

Joint work with Hassan Arbabi



Burgers’ equation

oy 9%y 9y
a —Uﬁ —l‘ya = U(t,X)

y(x,0) = yo(x), periodic boundary

73



(t,%) = () + (D)

oy 9%y 9y
a —l/ﬁ —l‘ya = U(t,X)

y(x,0) = yo(x), periodic boundary 1
Setup from [Peitz, Klus 2017 | oa) v1(x)
el va(x)




u(t,%) = 13 () () + 2 )12()

8_y_1/82_y+ a—y—u(tx)
ot “oax2  Yax I\ (1)) < 0.1, |u(t) <0.1

y(x,0) = yo(x), periodic boundary

Tracking piecewise-constant reference
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u(t,%) = 13 () () + 2 )12()

Oy 0%y Oy _
ar Vo TYox - B (B <01, |w(t) <01

y(x,0) = yo(x), periodic boundary




Burgers’ equation

oy 9%y 9y
a —l/ﬁ —l‘ya = U(t,X)

y(x,0) = yo(x), periodic boundary

0.8

u(t,x) = u1(t)vi(x) + s (t)va(x)
lu1(t)] <0.1, Ju(t) <01

—Flow Mean
- -Reference

10

o



u(t,%) = 13 () () + 2 )12()

a—y—uﬁz—y—F a—y—u(tx)
ot “oax2  Yax I\ (1)) < 0.1, |u(t) <0.1

y(x,0) = yo(x), periodic boundary

0.15

0.1

0.05

-0.05

0.1

-0.15
0



Milan Korda

T

T
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Korteweg—de Vries equation

Similar control setup as for Burgers’

0.9
0.8 4
0.7 4
0.6 4
0.5 4
0.4
0.3 4
0.2 4
0.1

0 -

Milan Korda



Korteweg—de Vries equation

Similar control setup as for Burgers’

Milan Korda

0.8

0.7+F
0.6 -

0.5

0.4+
0.3+
0.2}

0.1
0
-0.1

—Spatial mean of y(¢, x)
— Reference

0

10 20
time

30

40

o0
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Cavity flow — problem setup

ov 1 _,
§+U-V1}——Vp+§v v, V-v=0
u(t)(1 - z7)?
R — -
¢
Q'

-1 1
21
Control input: Amplitude of top lid velocity

Measurements: Velocity at randomly selected points
Training data: 300 two-second-long trajectories
Control task: Re 13k (limit cycle) — Re 10k (stable fixed point)

il Korda Re 13k (limit cycle) — mean flow (unstable fixed point)



Control performance

Control task: Re 13k (limit cycle) — Re 10k (stable fixed point)

U
. 3 p 1.1k
vorticity discrepancy
1k
0.9
&’;I
normalized energy of velocity field error
0.5
Zl 0 1 1 1 L
0 20 40 60 80 100
t
Milan Korda
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Comparison for different # of measurements

Control task: Re 13k (limit cycle) — Re 10k (locally stable fixed point)

T T

1.2 1 —k=1
k=2 /|
k=5
1 ——k = 50 I
——k =100
—~ 038 oty — (k = 2500) full state| |
= - -- bounded NS-LQR
9
~
061
=
Q
0.4} _
0.2 + i
0 | 1 | 1
0 20 40 60 80 100

Milan Korda



Comparison for different # of measurements

Control task: Re 13k (limit cycle) — Mean flow (unstabilizable fixed point)

1.5 T T
ANA V
[} \”\ _k:]_
1\ \
’ — k=2

AN k=5
\ —k =50
" —— k=100
— (k = 2500) full state

7\ /\ ~

\ VM AN/S\N A Ay
~/ \J/ \ / \ /
~ N

er(t)/ex(0)

0.5 |

0 20 40 60 80 100

Milan Korda



Milan Korda

Computation time: 10~ second per step
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Summary

* Embedding method for analysis & control of nonlinear dynamical systems
« Data-driven

» Fast & scalable (only small convex QPs solved online)

Open problems

« Accuracy of the predictors for finite N — Some answers? [Kurdila, Bobade, 2018]
« Choice of the embedding % - partly solved [Korda, Mezi¢ 2018]
» Guarantees on the controllers (stability, optimality)

« Control for other classes of predictors (bilinear)
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Numerical examples

RK-4 discretization with 0.01 s sampling interval
%1 = —(Ra/La)x1 — (km/La)xoU + ts/L, Only x> (= angular velocity) measured

_ 5/ Y J Data: 20 trajectories with 1000 samples each
% =—(B/Jpe+ (kn/Jpau =/ Lifting: state observable + 100 RBFs

Xo = [0.887,0.587]
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Numerical examples

RK-4 discretization with 0.01 s sampling interval

%1 = —(Ra/La)x1 — (km/La)xoU + ts/L, Only x> (= angular velocity) measured
_ Data: 20 trajectories with 1000 samples each
X = —(B/)xo + (km/Jd)xau —11/J

Lifting: state observable + 100 RBFs

Xo = [0.404, 0.126]
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Numerical examples

RK-4 discretization with 0.01 s sampling interval

%1 = —(Ra/La)x1 — (km/La)xoU + ts/L, Only x> (= angular velocity) measured
_ oy Y ; Data: 20 trajectories with 1000 samples each
% =—(B/Jpe+ (kn/Jpau =/ Lifting: state observable + 100 RBFs

Koopman Local linearization at xg

Average BMSE  32.3% 135.5%

Prediction
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Numerical examples

RK-4 discretization with 0.01 s sampling interval

x1 = —(Ra/Ly)x1 — (km/La)xou + u,/L,
X = —(B/)xo + (km/Jd)xau —11/J

Only x> (= angular velocity) measured
Data: 20 trajectories with 1000 samples each
Lifting: state observable + 100 RBFs
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Numerical examples

RK-4 discretization with 0.01 s sampling interval

%1 = —(Ra/La)x1 — (km/La)xoU + ts/L, Only x> (= angular velocity) measured
_ oy Y ; Data: 20 trajectories with 1000 samples each
% =—(B/Jpe+ (kn/Jpau =/ Lifting: state observable + 100 RBFs

control action

1
0.5¢
0 [
Feedback control u
Tpred =1s
Q=1 R=0.01 -0.5¢ —K-MPC
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-1 —Constraints||
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Numerical examples

RK-4 discretization with 0.01 s sampling interval

%1 = —(Ra/La)x1 — (km/La)xoU + ts/L, Only x> (= angular velocity) measured
_ oy Y ; Data: 20 trajectories with 1000 samples each
% =—(B/Jpe+ (kn/Jpau =/ Lifting: state observable + 100 RBFs

angular velocity

0.6 :
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IR - -L-MPC 7
0.4 X - -Reference
—Constraints
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Feedback control Xo  Of

7_pred =1s L-MPC
Q=1 R=0.01 -0.2} infeasible

time 94



Numerical examples

RK-4 discretization with 0.01 s sampling interval

%1 = —(Ra/La)x1 — (km/La)xoU + ts/L, Only x> (= angular velocity) measured
_ Data: 20 trajectories with 1000 samples each
X = —(B/)xo + (km/Jd)xau —11/J

Lifting: state observable + 100 RBFs

control action

1
0.8+
0.6
Feedback control u
Toes = 15 0.4+
Q=1 R=0.01 —K-MPC
0.2} - -L-MPC
—Constraint
O .
0 1 2 3
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Numerical examples

RK-4 discretization with 0.01 s sampling interval

%1 = —(Ra/La)x1 — (km/La)xoU + ts/L, Only x> (= angular velocity) measured
Y Y ; Data: 20 trajectories with 1000 samples each
% =—(B/Jpe+ (kn/Jpau =/ Lifting: state observable + 100 RBFs

Feedback control Average computation time = 6.83 ms

Tored = 15 (Matlab + gpOASES, 2GHz i7)
Q=1 R=0.01
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