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Analysis,
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K : g !→ g ◦ f g : X → C
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K : g !→ g ◦ f

K(�g1 + �g2) = (�g1 + �g2) � f
= �g1 � f + �g2 � f
= �Kg1 + �Kg2

Linearity

g : X → C
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K : g !→ g ◦ f g : X → C

(1900− 1981)
[B. O. Koopman, 1931]

[Mezić, Banaszuk, 2004]

...
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K : g !→ g ◦ f g : X → C

Eigenfunctions Kφ = λφ ⇔ φ ◦ f = λφ
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K : g !→ g ◦ f g : X → C

Eigenfunctions

Linear coordinate

Kφ = λφ ⇔ φ ◦ f = λφ
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K : g !→ g ◦ f g : X → C

Eigenfunctions Kφ = λφ ⇔ φ ◦ f = λφ
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ki ’s integers) eigenfunctions are polynomials
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Eigenfunctions e i2⇡xk , k 2 Z
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<latexit sha1_base64="HBUGD6+XLbUKT23Vm5/EUzVbmME="></latexit><latexit sha1_base64="HBUGD6+XLbUKT23Vm5/EUzVbmME="></latexit><latexit sha1_base64="HBUGD6+XLbUKT23Vm5/EUzVbmME="></latexit>



Koopman operator

18

Eigenfunctions

� = 1 � {x : �(x) = �} invariant set

Chirikov standard map

φ ◦ f (k) = λkφ
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Eigenfunctions

|�| � 1 � {x : |�|(x) � �} invariant set

Chirikov standard map

φ ◦ f (k) = λkφ
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Eigenfunctions

(� rational)
� = e i� � {x : �(x) = �} periodic set

[Budisic et al. 2012]
Chirikov standard map

φ ◦ f (k) = λkφ
<latexit sha1_base64="5eiU0M8HwxheC84TSX7jBoC9jlE="></latexit><latexit sha1_base64="9qd942FpKbnX7LbJfxdThbNFkq0="></latexit><latexit sha1_base64="9qd942FpKbnX7LbJfxdThbNFkq0="></latexit>



Koopman operator

21

Eigenfunctions

Isostables
Isochrons

...
[Mauroy et al. 2013]

Model reduction

[Rowley et al. 2009]

Stability
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Eigenfunctions
<latexit sha1_base64="/jQOEu1nziey1oyOOE5Hb2dQvII="></latexit><latexit sha1_base64="/jQOEu1nziey1oyOOE5Hb2dQvII="></latexit><latexit sha1_base64="/jQOEu1nziey1oyOOE5Hb2dQvII="></latexit>

φ1, . . . ,φN
<latexit sha1_base64="YKJdcPl8E9tzph/mKNSd+hd9hbA="></latexit><latexit sha1_base64="mARK18Zu/xZnMXw9weZLWnC8ia8="></latexit><latexit sha1_base64="mARK18Zu/xZnMXw9weZLWnC8ia8="></latexit>
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g =
N∑

i=1

ciφi
<latexit sha1_base64="+zWc0fbTaIy/z6R/8ZLjqkDHVoI="></latexit><latexit sha1_base64="PTlrhoIltUwuItPhWO5MxpfvlLA="></latexit><latexit sha1_base64="PTlrhoIltUwuItPhWO5MxpfvlLA="></latexit>

(e.g., g(x) = x )
<latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit><latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit><latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit>

g ◦ f =
N∑

i=1

ciλiφi
<latexit sha1_base64="T7yifHPzQ0X8Y3SaGp+T1t3MQ80="></latexit><latexit sha1_base64="BbwNOZuegAcDx3+KKYJjm7VI3aw="></latexit><latexit sha1_base64="BbwNOZuegAcDx3+KKYJjm7VI3aw="></latexit>
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Eigenfunctions
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g =
N∑

i=1

ciφi
<latexit sha1_base64="+zWc0fbTaIy/z6R/8ZLjqkDHVoI="></latexit><latexit sha1_base64="PTlrhoIltUwuItPhWO5MxpfvlLA="></latexit><latexit sha1_base64="PTlrhoIltUwuItPhWO5MxpfvlLA="></latexit>

(e.g., g(x) = x )
<latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit><latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit><latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit>

g ◦ f =
N∑

i=1

ciλiφi
<latexit sha1_base64="T7yifHPzQ0X8Y3SaGp+T1t3MQ80="></latexit><latexit sha1_base64="BbwNOZuegAcDx3+KKYJjm7VI3aw="></latexit><latexit sha1_base64="BbwNOZuegAcDx3+KKYJjm7VI3aw="></latexit>

...
<latexit sha1_base64="JQgmSgRb1f9zFnSvgqWkQQjevy0="></latexit><latexit sha1_base64="JQgmSgRb1f9zFnSvgqWkQQjevy0="></latexit><latexit sha1_base64="JQgmSgRb1f9zFnSvgqWkQQjevy0="></latexit>

g ◦ f (2) =
N∑

i=1

ciλ
2
i φi

<latexit sha1_base64="DfweRfNyzEFiL/pOZk/Ahzm1WbM="></latexit><latexit sha1_base64="uxA0bsbGcFNXl9XftMnz8MitS6k="></latexit><latexit sha1_base64="uxA0bsbGcFNXl9XftMnz8MitS6k="></latexit>

g ◦ f (k) =
N∑

i=1

ciλ
k
i φi

<latexit sha1_base64="m8Yj4Jsuia/9c7LSs247o7OFtI0="></latexit><latexit sha1_base64="bXpRdQAAbqsO6M8JjOiuErcwUcI="></latexit><latexit sha1_base64="bXpRdQAAbqsO6M8JjOiuErcwUcI="></latexit>
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Eigenfunctions
<latexit sha1_base64="/jQOEu1nziey1oyOOE5Hb2dQvII="></latexit><latexit sha1_base64="/jQOEu1nziey1oyOOE5Hb2dQvII="></latexit><latexit sha1_base64="/jQOEu1nziey1oyOOE5Hb2dQvII="></latexit>

φ1, . . . ,φN
<latexit sha1_base64="YKJdcPl8E9tzph/mKNSd+hd9hbA="></latexit><latexit sha1_base64="mARK18Zu/xZnMXw9weZLWnC8ia8="></latexit><latexit sha1_base64="mARK18Zu/xZnMXw9weZLWnC8ia8="></latexit>

⇒
<latexit sha1_base64="itR9HCQKnhM9KHLC1JvhcvNMnYE="></latexit><latexit sha1_base64="itR9HCQKnhM9KHLC1JvhcvNMnYE="></latexit><latexit sha1_base64="itR9HCQKnhM9KHLC1JvhcvNMnYE="></latexit>

g =
N∑

i=1

ciφi
<latexit sha1_base64="+zWc0fbTaIy/z6R/8ZLjqkDHVoI="></latexit><latexit sha1_base64="PTlrhoIltUwuItPhWO5MxpfvlLA="></latexit><latexit sha1_base64="PTlrhoIltUwuItPhWO5MxpfvlLA="></latexit>

(e.g., g(x) = x )
<latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit><latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit><latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit>

g ◦ f =
N∑

i=1

ciλiφi
<latexit sha1_base64="T7yifHPzQ0X8Y3SaGp+T1t3MQ80="></latexit><latexit sha1_base64="BbwNOZuegAcDx3+KKYJjm7VI3aw="></latexit><latexit sha1_base64="BbwNOZuegAcDx3+KKYJjm7VI3aw="></latexit>

C
<latexit sha1_base64="DoqIzvbOqj7TW362D1V268xJsNY="></latexit><latexit sha1_base64="DoqIzvbOqj7TW362D1V268xJsNY="></latexit><latexit sha1_base64="DoqIzvbOqj7TW362D1V268xJsNY="></latexit>

A
<latexit sha1_base64="dEvCetWt0sgBVzZ5j+HFcDf9e/U="></latexit><latexit sha1_base64="dEvCetWt0sgBVzZ5j+HFcDf9e/U="></latexit><latexit sha1_base64="dEvCetWt0sgBVzZ5j+HFcDf9e/U="></latexit>

ψ
<latexit sha1_base64="rHDAIa58YKiN1/ZWxwDPuRbA5b0="></latexit><latexit sha1_base64="IbhktmZJ7LMCM4LVZy/ruH0Vrvc="></latexit><latexit sha1_base64="IbhktmZJ7LMCM4LVZy/ruH0Vrvc="></latexit>

g ◦ f (k) = CAkψ
<latexit sha1_base64="V3t8Rdq3Kj0yjtjuEzor8dJ1IUU="></latexit><latexit sha1_base64="kpCB3mn+jXIW37MA1C0UVnOQfqQ="></latexit><latexit sha1_base64="kpCB3mn+jXIW37MA1C0UVnOQfqQ="></latexit>

g ◦ f (k) = [c1, . . . , cN ]

⎡

⎢⎣
λ1

. . .
λN

⎤

⎥⎦

k ⎡

⎢⎣
φ1
...
φN

⎤

⎥⎦

<latexit sha1_base64="fTIpq59eGcsvz4xwhtszkZem164="></latexit><latexit sha1_base64="fTIpq59eGcsvz4xwhtszkZem164="></latexit><latexit sha1_base64="fTIpq59eGcsvz4xwhtszkZem164="></latexit>
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Eigenfunctions
<latexit sha1_base64="/jQOEu1nziey1oyOOE5Hb2dQvII="></latexit><latexit sha1_base64="/jQOEu1nziey1oyOOE5Hb2dQvII="></latexit><latexit sha1_base64="/jQOEu1nziey1oyOOE5Hb2dQvII="></latexit>

φ1, . . . ,φN
<latexit sha1_base64="YKJdcPl8E9tzph/mKNSd+hd9hbA="></latexit><latexit sha1_base64="mARK18Zu/xZnMXw9weZLWnC8ia8="></latexit><latexit sha1_base64="mARK18Zu/xZnMXw9weZLWnC8ia8="></latexit>

⇒
<latexit sha1_base64="itR9HCQKnhM9KHLC1JvhcvNMnYE="></latexit><latexit sha1_base64="itR9HCQKnhM9KHLC1JvhcvNMnYE="></latexit><latexit sha1_base64="itR9HCQKnhM9KHLC1JvhcvNMnYE="></latexit>

g =
N∑

i=1

ciφi
<latexit sha1_base64="+zWc0fbTaIy/z6R/8ZLjqkDHVoI="></latexit><latexit sha1_base64="PTlrhoIltUwuItPhWO5MxpfvlLA="></latexit><latexit sha1_base64="PTlrhoIltUwuItPhWO5MxpfvlLA="></latexit>

(e.g., g(x) = x )
<latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit><latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit><latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit>

g ◦ f =
N∑

i=1

ciλiφi
<latexit sha1_base64="T7yifHPzQ0X8Y3SaGp+T1t3MQ80="></latexit><latexit sha1_base64="BbwNOZuegAcDx3+KKYJjm7VI3aw="></latexit><latexit sha1_base64="BbwNOZuegAcDx3+KKYJjm7VI3aw="></latexit>

) zk+1 = Azk
<latexit sha1_base64="A9kZM02rlw8sLZ5jfOLl+TtWdjw="></latexit><latexit sha1_base64="A9kZM02rlw8sLZ5jfOLl+TtWdjw="></latexit><latexit sha1_base64="A9kZM02rlw8sLZ5jfOLl+TtWdjw="></latexit>

z = ψ(x)
<latexit sha1_base64="vZlHQRZRH/I7ixIvhYvZ+ZU5eB4="></latexit><latexit sha1_base64="vZlHQRZRH/I7ixIvhYvZ+ZU5eB4="></latexit><latexit sha1_base64="vZlHQRZRH/I7ixIvhYvZ+ZU5eB4="></latexit>

New coordinates
<latexit sha1_base64="uGtmUvalmx1aMzEuXQigKNOwgEY="></latexit><latexit sha1_base64="uGtmUvalmx1aMzEuXQigKNOwgEY="></latexit><latexit sha1_base64="uGtmUvalmx1aMzEuXQigKNOwgEY="></latexit>

(“eigencoordiantes”)
<latexit sha1_base64="aIp1aVtvCqfZFtxlTISgii5qLSc="></latexit><latexit sha1_base64="aIp1aVtvCqfZFtxlTISgii5qLSc="></latexit><latexit sha1_base64="aIp1aVtvCqfZFtxlTISgii5qLSc="></latexit>
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Eigenfunctions
<latexit sha1_base64="/jQOEu1nziey1oyOOE5Hb2dQvII="></latexit><latexit sha1_base64="/jQOEu1nziey1oyOOE5Hb2dQvII="></latexit><latexit sha1_base64="/jQOEu1nziey1oyOOE5Hb2dQvII="></latexit>

φ1, . . . ,φN
<latexit sha1_base64="YKJdcPl8E9tzph/mKNSd+hd9hbA="></latexit><latexit sha1_base64="mARK18Zu/xZnMXw9weZLWnC8ia8="></latexit><latexit sha1_base64="mARK18Zu/xZnMXw9weZLWnC8ia8="></latexit>

C = [c1, . . . , cN ]

Linear predictor

⇒
<latexit sha1_base64="itR9HCQKnhM9KHLC1JvhcvNMnYE="></latexit><latexit sha1_base64="itR9HCQKnhM9KHLC1JvhcvNMnYE="></latexit><latexit sha1_base64="itR9HCQKnhM9KHLC1JvhcvNMnYE="></latexit>

A = diag(λ1, . . . ,λN)
<latexit sha1_base64="KfXN9eP1uOsmw4C5apl4+R1FKI4="></latexit><latexit sha1_base64="KfXN9eP1uOsmw4C5apl4+R1FKI4="></latexit><latexit sha1_base64="KfXN9eP1uOsmw4C5apl4+R1FKI4="></latexit>

zk+1 = Azk
<latexit sha1_base64="ruCCK3E8VAHcRB3BC7VesHJRMoI="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit>

z0 = ψ(x0)
<latexit sha1_base64="iSASHZ7+L1nRIsycgHc/F0FkYoo="></latexit><latexit sha1_base64="iSASHZ7+L1nRIsycgHc/F0FkYoo="></latexit><latexit sha1_base64="iSASHZ7+L1nRIsycgHc/F0FkYoo="></latexit>

ψ(x0) =

⎡

⎢⎣
φ1(x0)

...
φN(x0)

⎤

⎥⎦

<latexit sha1_base64="IcclHGlnRlIMpx4DsU4j2iplUOw="></latexit><latexit sha1_base64="IcclHGlnRlIMpx4DsU4j2iplUOw="></latexit><latexit sha1_base64="IcclHGlnRlIMpx4DsU4j2iplUOw="></latexit>

yk = Czk
<latexit sha1_base64="4PU4QaYp28TSGiK1DGWc+C4ZYCA="></latexit><latexit sha1_base64="bA4e7ssbzK/M6Hmq7triN5ujpWM="></latexit><latexit sha1_base64="bA4e7ssbzK/M6Hmq7triN5ujpWM="></latexit>

⇒
<latexit sha1_base64="itR9HCQKnhM9KHLC1JvhcvNMnYE="></latexit><latexit sha1_base64="itR9HCQKnhM9KHLC1JvhcvNMnYE="></latexit><latexit sha1_base64="itR9HCQKnhM9KHLC1JvhcvNMnYE="></latexit>

g =
N∑

i=1

ciφi
<latexit sha1_base64="+zWc0fbTaIy/z6R/8ZLjqkDHVoI="></latexit><latexit sha1_base64="PTlrhoIltUwuItPhWO5MxpfvlLA="></latexit><latexit sha1_base64="PTlrhoIltUwuItPhWO5MxpfvlLA="></latexit>

(e.g., g(x) = x )
<latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit><latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit><latexit sha1_base64="0cctegXxjw8QV2pM94ZqSYlUwyE="></latexit>

g ◦ f =
N∑

i=1

ciλiφi
<latexit sha1_base64="T7yifHPzQ0X8Y3SaGp+T1t3MQ80="></latexit><latexit sha1_base64="BbwNOZuegAcDx3+KKYJjm7VI3aw="></latexit><latexit sha1_base64="BbwNOZuegAcDx3+KKYJjm7VI3aw="></latexit>

yk = g(xk)
<latexit sha1_base64="2BjYfaxyQo4K6FXFWOjmSnqCNbA="></latexit><latexit sha1_base64="2BjYfaxyQo4K6FXFWOjmSnqCNbA="></latexit><latexit sha1_base64="2BjYfaxyQo4K6FXFWOjmSnqCNbA="></latexit>
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xk+1

xk

zk

zk+1

f

Nonlinear

A
<latexit sha1_base64="WdbtykEbEbkycp0vZwiXYRUOOu8="></latexit><latexit sha1_base64="WdbtykEbEbkycp0vZwiXYRUOOu8="></latexit><latexit sha1_base64="WdbtykEbEbkycp0vZwiXYRUOOu8="></latexit>

Linear

ψ
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xk+1

xk

zk

zk+1

f

Nonlinear

A
<latexit sha1_base64="WdbtykEbEbkycp0vZwiXYRUOOu8="></latexit><latexit sha1_base64="WdbtykEbEbkycp0vZwiXYRUOOu8="></latexit><latexit sha1_base64="WdbtykEbEbkycp0vZwiXYRUOOu8="></latexit>

C
<latexit sha1_base64="kLSm8AHsK9jAbxIZyKlwgZhP1qI="></latexit><latexit sha1_base64="kLSm8AHsK9jAbxIZyKlwgZhP1qI="></latexit><latexit sha1_base64="kLSm8AHsK9jAbxIZyKlwgZhP1qI="></latexit>

ψ

Linear

g(xk) = Czk
<latexit sha1_base64="59IFiCm015mJVjAMMol+PbYBomc="></latexit><latexit sha1_base64="59IFiCm015mJVjAMMol+PbYBomc="></latexit><latexit sha1_base64="59IFiCm015mJVjAMMol+PbYBomc="></latexit>

linear projection
<latexit sha1_base64="hUFOk38TGTcdBnz6O5hD/cBWMAs="></latexit><latexit sha1_base64="hUFOk38TGTcdBnz6O5hD/cBWMAs="></latexit><latexit sha1_base64="hUFOk38TGTcdBnz6O5hD/cBWMAs="></latexit>
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zk+1 = Azk
<latexit sha1_base64="ruCCK3E8VAHcRB3BC7VesHJRMoI="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit>

&
<latexit sha1_base64="iptNX7e4GXT118DGYko+6UnrhVg="></latexit><latexit sha1_base64="iptNX7e4GXT118DGYko+6UnrhVg="></latexit><latexit sha1_base64="iptNX7e4GXT118DGYko+6UnrhVg="></latexit>

z0 = ψ(x0)
<latexit sha1_base64="iSASHZ7+L1nRIsycgHc/F0FkYoo="></latexit><latexit sha1_base64="iSASHZ7+L1nRIsycgHc/F0FkYoo="></latexit><latexit sha1_base64="iSASHZ7+L1nRIsycgHc/F0FkYoo="></latexit>

span{ 1, . . . , N} is Koopman invariant
<latexit sha1_base64="EnZBH7/O5pQyZyHjgtNRk8sjvJc="></latexit><latexit sha1_base64="EnZBH7/O5pQyZyHjgtNRk8sjvJc="></latexit><latexit sha1_base64="EnZBH7/O5pQyZyHjgtNRk8sjvJc="></latexit>

Constructing good  :
<latexit sha1_base64="CLfQB2XaEqXNwsSRl6mRYTpeiuk="></latexit><latexit sha1_base64="CLfQB2XaEqXNwsSRl6mRYTpeiuk="></latexit><latexit sha1_base64="CLfQB2XaEqXNwsSRl6mRYTpeiuk="></latexit>

[Korda, Mezić, 2018]
<latexit sha1_base64="4FqTlz57lo/T01oATUuIXsivgb8="></latexit><latexit sha1_base64="4FqTlz57lo/T01oATUuIXsivgb8="></latexit><latexit sha1_base64="4FqTlz57lo/T01oATUuIXsivgb8="></latexit>

Exact linear prediction possible if
<latexit sha1_base64="zk+VFydxO/HHsvfFlZr8LwF7UFY="></latexit><latexit sha1_base64="zk+VFydxO/HHsvfFlZr8LwF7UFY="></latexit><latexit sha1_base64="zk+VFydxO/HHsvfFlZr8LwF7UFY="></latexit>

(or linear combinations thereof)
<latexit sha1_base64="bvAMZSY29s2Pq/Pii30BC0YTsmM="></latexit><latexit sha1_base64="bvAMZSY29s2Pq/Pii30BC0YTsmM="></latexit><latexit sha1_base64="bvAMZSY29s2Pq/Pii30BC0YTsmM="></latexit>

) Eigenfunctions and generalized eigenfunctions
<latexit sha1_base64="WDrYLDmggySdt2gD7C8n0qvjUGA=">AAAF43icdZTNbtNAEMddaKCErxaOXCySShxo5VRCiEOlCmgaVIpK1dBKcVTtrifJqvth7a7TlJXvHDghrrwAT8O1PA27SUpjN13J0mj/v5nxzNiDU0a1iaKLhVu3Fyt37i7dq95/8PDR4+WVJ1+0zBSBNpFMqmOMNDAqoG2oYXCcKkAcMzjCp++8fjQEpakUh+Y8hS5HfUF7lCDjrk6W39fjA9ofGKSUPKuH27QPopcJ4lUdIp </latexit><latexit sha1_base64="WDrYLDmggySdt2gD7C8n0qvjUGA=">AAAF43icdZTNbtNAEMddaKCErxaOXCySShxo5VRCiEOlCmgaVIpK1dBKcVTtrifJqvth7a7TlJXvHDghrrwAT8O1PA27SUpjN13J0mj/v5nxzNiDU0a1iaKLhVu3Fyt37i7dq95/8PDR4+WVJ1+0zBSBNpFMqmOMNDAqoG2oYXCcKkAcMzjCp++8fjQEpakUh+Y8hS5HfUF7lCDjrk6W39fjA9ofGKSUPKuH27QPopcJ4lUdIp </latexit><latexit sha1_base64="WDrYLDmggySdt2gD7C8n0qvjUGA=">AAAF43icdZTNbtNAEMddaKCErxaOXCySShxo5VRCiEOlCmgaVIpK1dBKcVTtrifJqvth7a7TlJXvHDghrrwAT8O1PA27SUpjN13J0mj/v5nxzNiDU0a1iaKLhVu3Fyt37i7dq95/8PDR4+WVJ1+0zBSBNpFMqmOMNDAqoG2oYXCcKkAcMzjCp++8fjQEpakUh+Y8hS5HfUF7lCDjrk6W39fjA9ofGKSUPKuH27QPopcJ4lUdIp </latexit>

This talk: Assume  given
<latexit sha1_base64="BJ4mB7EwI2RGFSCI6d5bhmUi6KI="></latexit><latexit sha1_base64="BJ4mB7EwI2RGFSCI6d5bhmUi6KI="></latexit><latexit sha1_base64="BJ4mB7EwI2RGFSCI6d5bhmUi6KI="></latexit>

yk = g(xk)
<latexit sha1_base64="Gl/Dtx0CAmcVmXnN3IwqM+jNU1I="></latexit><latexit sha1_base64="Gl/Dtx0CAmcVmXnN3IwqM+jNU1I="></latexit><latexit sha1_base64="Gl/Dtx0CAmcVmXnN3IwqM+jNU1I="></latexit>

g 2 span{ 1, . . . , N}
<latexit sha1_base64="b8SXXDHiOXV/9mTXiaO1a8XfoLs="></latexit><latexit sha1_base64="b8SXXDHiOXV/9mTXiaO1a8XfoLs="></latexit><latexit sha1_base64="b8SXXDHiOXV/9mTXiaO1a8XfoLs="></latexit>

yk = Czk
<latexit sha1_base64="4PU4QaYp28TSGiK1DGWc+C4ZYCA="></latexit><latexit sha1_base64="bA4e7ssbzK/M6Hmq7triN5ujpWM="></latexit><latexit sha1_base64="bA4e7ssbzK/M6Hmq7triN5ujpWM="></latexit>
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LS problem

Data x+i = f (xi)

ψ = [ψ1, . . . ,ψN ]
⊤Basis functions

LS problem

Milan Korda

Extended dynamic mode decomposition [Williams et al., 2015]
<latexit sha1_base64="lr+N84DukxKN/QDxmYLz92gnr+Y="></latexit><latexit sha1_base64="lr+N84DukxKN/QDxmYLz92gnr+Y="></latexit><latexit sha1_base64="lr+N84DukxKN/QDxmYLz92gnr+Y="></latexit>

(xi)
M
i=1<latexit sha1_base64="asbDooqeDFC/7tZVVlv77um+Vj4="></latexit><latexit sha1_base64="asbDooqeDFC/7tZVVlv77um+Vj4="></latexit><latexit sha1_base64="asbDooqeDFC/7tZVVlv77um+Vj4="></latexit>

(x+i )
M
i=1

<latexit sha1_base64="UqcP0YfIRa43UPMqRPknP4xzEz4="></latexit><latexit sha1_base64="29XCCUyFy2j3B2VTrP2Ydj6rwdo="></latexit><latexit sha1_base64="29XCCUyFy2j3B2VTrP2Ydj6rwdo="></latexit>

min
A∈RN×N

M∑

i=1

∥ψ(x+i )− Aψ(xi)∥
2
2

<latexit sha1_base64="ClUBT8xIY2lTizOnaIjurduxvmE="></latexit><latexit sha1_base64="jhEaNzhYYLvDwV4B56uMZ10kYFg="></latexit><latexit sha1_base64="jhEaNzhYYLvDwV4B56uMZ10kYFg="></latexit>

min
C∈RN×N

M∑

i=1

∥g(xi)− Cψ(xi)∥22
<latexit sha1_base64="bZzuIHHjxRrZofyaJFlCjad0TEk="></latexit><latexit sha1_base64="6px9kiWB9yecal4amRW24cQkQ3s="></latexit><latexit sha1_base64="6px9kiWB9yecal4amRW24cQkQ3s="></latexit>
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Theorem [Korda, Mezić, 2018]

• span{ψi}∞i=1 = L2(µ)
<latexit sha1_base64="we0Qh4K5umhrP7W2anyjXSdyckw="></latexit><latexit sha1_base64="evPcdyJUgLMKOPn+oYJ0fyJTUxc="></latexit><latexit sha1_base64="evPcdyJUgLMKOPn+oYJ0fyJTUxc="></latexit>

• K : L2(µ)! L2(µ), bounded
<latexit sha1_base64="yftMKXVkszu4G0e3KCjAj+QRiJc="></latexit><latexit sha1_base64="yftMKXVkszu4G0e3KCjAj+QRiJc="></latexit><latexit sha1_base64="yftMKXVkszu4G0e3KCjAj+QRiJc="></latexit>

limN!1 limM!1
R
X |CA

k
N,M N � g � f k |2 dµ! 0

<latexit sha1_base64="mswWIeddDd39FtJZ/leUVRNmq+E="></latexit><latexit sha1_base64="mswWIeddDd39FtJZ/leUVRNmq+E="></latexit><latexit sha1_base64="mswWIeddDd39FtJZ/leUVRNmq+E="></latexit>

for any k 2 N
<latexit sha1_base64="7OS7PfVJdcyGdLCz5wLdeennHuw="></latexit><latexit sha1_base64="7OS7PfVJdcyGdLCz5wLdeennHuw="></latexit><latexit sha1_base64="7OS7PfVJdcyGdLCz5wLdeennHuw="></latexit>

Finite-horizon predictions converge!
<latexit sha1_base64="XDe3dXJGafqUQ471cvXmzXOnU0A="></latexit><latexit sha1_base64="XDe3dXJGafqUQ471cvXmzXOnU0A="></latexit><latexit sha1_base64="XDe3dXJGafqUQ471cvXmzXOnU0A="></latexit>
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Theorem [Korda, Mezić, 2018]

• span{ψi}∞i=1 = L2(µ)
<latexit sha1_base64="we0Qh4K5umhrP7W2anyjXSdyckw="></latexit><latexit sha1_base64="evPcdyJUgLMKOPn+oYJ0fyJTUxc="></latexit><latexit sha1_base64="evPcdyJUgLMKOPn+oYJ0fyJTUxc="></latexit>

• K : L2(µ)! L2(µ), bounded
<latexit sha1_base64="yftMKXVkszu4G0e3KCjAj+QRiJc="></latexit><latexit sha1_base64="yftMKXVkszu4G0e3KCjAj+QRiJc="></latexit><latexit sha1_base64="yftMKXVkszu4G0e3KCjAj+QRiJc="></latexit>

limN!1 limM!1
R
X |CA

k
N,M N � g � f k |2 dµ! 0

<latexit sha1_base64="mswWIeddDd39FtJZ/leUVRNmq+E="></latexit><latexit sha1_base64="mswWIeddDd39FtJZ/leUVRNmq+E="></latexit><latexit sha1_base64="mswWIeddDd39FtJZ/leUVRNmq+E="></latexit>

for any k 2 N
<latexit sha1_base64="7OS7PfVJdcyGdLCz5wLdeennHuw="></latexit><latexit sha1_base64="7OS7PfVJdcyGdLCz5wLdeennHuw="></latexit><latexit sha1_base64="7OS7PfVJdcyGdLCz5wLdeennHuw="></latexit>

Finite-horizon predictions converge!
<latexit sha1_base64="XDe3dXJGafqUQ471cvXmzXOnU0A="></latexit><latexit sha1_base64="XDe3dXJGafqUQ471cvXmzXOnU0A="></latexit><latexit sha1_base64="XDe3dXJGafqUQ471cvXmzXOnU0A="></latexit>

HN

KN

PN
K|HN

KN := PNK|HN

HN := span{ψ1, . . . ,ψN}



Application – State estimation [Surana et al. 2016]
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ψ
<latexit sha1_base64="j1gzalDM3cAQY0j+cO0uwKh1bBE="></latexit><latexit sha1_base64="Dv8NqxpeADeDnYwYgpImsYvMrts="></latexit><latexit sha1_base64="Dv8NqxpeADeDnYwYgpImsYvMrts="></latexit>

z+ = Az
<latexit sha1_base64="pNhWRacc8Kc2gWJO2D25qneLiSw="></latexit><latexit sha1_base64="pNhWRacc8Kc2gWJO2D25qneLiSw="></latexit><latexit sha1_base64="pNhWRacc8Kc2gWJO2D25qneLiSw="></latexit>

h ∈ span{ψ}
<latexit sha1_base64="pGK7QwshFApbNdn8gP1jVkExQBo="></latexit><latexit sha1_base64="pGK7QwshFApbNdn8gP1jVkExQBo="></latexit><latexit sha1_base64="pGK7QwshFApbNdn8gP1jVkExQBo="></latexit>

Kalman filter
<latexit sha1_base64="MAdanbgK5nTFVfKtiq3cGdThiXs="></latexit><latexit sha1_base64="MAdanbgK5nTFVfKtiq3cGdThiXs="></latexit><latexit sha1_base64="MAdanbgK5nTFVfKtiq3cGdThiXs="></latexit>

,
<latexit sha1_base64="XoCJ9adz2adcmS4F+Ad6hv2TzLM="></latexit><latexit sha1_base64="XoCJ9adz2adcmS4F+Ad6hv2TzLM="></latexit><latexit sha1_base64="XoCJ9adz2adcmS4F+Ad6hv2TzLM="></latexit>

,
<latexit sha1_base64="XoCJ9adz2adcmS4F+Ad6hv2TzLM="></latexit><latexit sha1_base64="XoCJ9adz2adcmS4F+Ad6hv2TzLM="></latexit><latexit sha1_base64="XoCJ9adz2adcmS4F+Ad6hv2TzLM="></latexit><latexit sha1_base64="K3eYmt3/0QgsnxPLp/qGBFEtb5Q="></latexit><latexit sha1_base64="iKPp4MLKu6XRomPpB2lJBKBwU2M="></latexit><latexit sha1_base64="iKPp4MLKu6XRomPpB2lJBKBwU2M="></latexit><latexit sha1_base64="i6QUNHtqz0ybt6hc5d8v7YmWj+4="></latexit><latexit sha1_base64="XoCJ9adz2adcmS4F+Ad6hv2TzLM="></latexit><latexit sha1_base64="XoCJ9adz2adcmS4F+Ad6hv2TzLM="></latexit><latexit sha1_base64="XoCJ9adz2adcmS4F+Ad6hv2TzLM="></latexit><latexit sha1_base64="XoCJ9adz2adcmS4F+Ad6hv2TzLM="></latexit><latexit sha1_base64="XoCJ9adz2adcmS4F+Ad6hv2TzLM="></latexit>

x+ = f (x)
<latexit sha1_base64="mSSfOq9USaLJvNxqdofBhSNYdWU="></latexit><latexit sha1_base64="mSSfOq9USaLJvNxqdofBhSNYdWU="></latexit><latexit sha1_base64="mSSfOq9USaLJvNxqdofBhSNYdWU="></latexit>

y1 = h(x)
<latexit sha1_base64="+bexrk8pPWE7TWYKsseTdRN7Q4A="></latexit><latexit sha1_base64="+bexrk8pPWE7TWYKsseTdRN7Q4A="></latexit><latexit sha1_base64="+bexrk8pPWE7TWYKsseTdRN7Q4A="></latexit>

y2 = g(x)
<latexit sha1_base64="RY2vBYKopso8hIWCaLTXJi7qmwg="></latexit><latexit sha1_base64="RY2vBYKopso8hIWCaLTXJi7qmwg="></latexit><latexit sha1_base64="RY2vBYKopso8hIWCaLTXJi7qmwg="></latexit>

y1 = C1z
<latexit sha1_base64="e9od+obdTBCqfd6JI2/vkS3nkUI="></latexit><latexit sha1_base64="7Xns2zLfs9vIFd0GvT/t5NS+3IQ="></latexit><latexit sha1_base64="7Xns2zLfs9vIFd0GvT/t5NS+3IQ="></latexit>

g ∈ span{ψ}
<latexit sha1_base64="eEYBNzSHi/nuhklkdyNHIksdWb0="></latexit><latexit sha1_base64="eEYBNzSHi/nuhklkdyNHIksdWb0="></latexit><latexit sha1_base64="eEYBNzSHi/nuhklkdyNHIksdWb0="></latexit>

g(x) = C2ψ(x)
<latexit sha1_base64="qwfGWNYZJ2lx5EQaPObyBQ/8X+c="></latexit><latexit sha1_base64="qwfGWNYZJ2lx5EQaPObyBQ/8X+c="></latexit><latexit sha1_base64="qwfGWNYZJ2lx5EQaPObyBQ/8X+c="></latexit>

h(x) = C1ψ(x)
<latexit sha1_base64="TTXwEttHSTMQAk8VtzC1FaBSeEk="></latexit><latexit sha1_base64="TTXwEttHSTMQAk8VtzC1FaBSeEk="></latexit><latexit sha1_base64="TTXwEttHSTMQAk8VtzC1FaBSeEk="></latexit>

C2ẑ is an estimate of g(x)
<latexit sha1_base64="LH7hfruCoU1Nuizhmm3P4K5Tv7o="></latexit><latexit sha1_base64="LH7hfruCoU1Nuizhmm3P4K5Tv7o="></latexit><latexit sha1_base64="LH7hfruCoU1Nuizhmm3P4K5Tv7o="></latexit>

measured
<latexit sha1_base64="SqmCadtanpQGHoO5b2WMiIGLGqY="></latexit><latexit sha1_base64="SqmCadtanpQGHoO5b2WMiIGLGqY="></latexit><latexit sha1_base64="SqmCadtanpQGHoO5b2WMiIGLGqY="></latexit>

to estimate
<latexit sha1_base64="N1B06heuZGVlvQa+U+kALtZ6kFc="></latexit><latexit sha1_base64="N1B06heuZGVlvQa+U+kALtZ6kFc="></latexit><latexit sha1_base64="N1B06heuZGVlvQa+U+kALtZ6kFc="></latexit>

ẑ+ = Aẑ + L(y1 − C1ẑ)
<latexit sha1_base64="zvTFaGYNiTSbotAWKuTscAYY9Vg="></latexit><latexit sha1_base64="zvTFaGYNiTSbotAWKuTscAYY9Vg="></latexit><latexit sha1_base64="zvTFaGYNiTSbotAWKuTscAYY9Vg="></latexit>

(A� LC1) stable and span{ } Koopman invariant) kC2ẑk � g(xk)k ! 0
<latexit sha1_base64="WebIpvWf0eelR/FSF3xo6rxi0yA="></latexit><latexit sha1_base64="WebIpvWf0eelR/FSF3xo6rxi0yA="></latexit><latexit sha1_base64="WebIpvWf0eelR/FSF3xo6rxi0yA="></latexit>

y2 = C2z
<latexit sha1_base64="HyPZmzEZQwAqdpHMK70JEtR3EIk="></latexit><latexit sha1_base64="DqnY10WsA54mladzKP9BmampUDg="></latexit><latexit sha1_base64="DqnY10WsA54mladzKP9BmampUDg="></latexit>
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Control
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Control

Joint work with Igor Mezić
<latexit sha1_base64="MVtfUKRAUCzARuAeGp5g1N3LvuM="></latexit><latexit sha1_base64="MVtfUKRAUCzARuAeGp5g1N3LvuM="></latexit><latexit sha1_base64="MVtfUKRAUCzARuAeGp5g1N3LvuM="></latexit>
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z0 = �(x0)

� : Rn � RN , N � n

z+ = Az + Bu

x̂ = Cz

x+ = f (x, u)
x1, x2, . . .

x̂1, x̂2, . . .

u0, u1, . . .
<latexit sha1_base64="/xYerpLQfFWwP2p9s16x5sewUco="></latexit><latexit sha1_base64="/xYerpLQfFWwP2p9s16x5sewUco="></latexit><latexit sha1_base64="/xYerpLQfFWwP2p9s16x5sewUco="></latexit> x0

<latexit sha1_base64="Tdl+K2wpxEIPGnEP53ssLwsGzss="></latexit><latexit sha1_base64="QPf9AqgO7ycPDKkQG7rleBS7wJk="></latexit><latexit sha1_base64="QPf9AqgO7ycPDKkQG7rleBS7wJk="></latexit>
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x+ = f (x, u), x � Rn, u � Rm
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χ+ = F (χ) :=

[
f (x,u(0))
Su

]

x+ = f (x, u), x � Rn, u � Rm

=⇒
• Shift operator (Su)(i) = u(i + 1)

<latexit sha1_base64="6vv6PHhlLjam3Mq3hlpUWFfdE5I="></latexit><latexit sha1_base64="6vv6PHhlLjam3Mq3hlpUWFfdE5I="></latexit><latexit sha1_base64="6vv6PHhlLjam3Mq3hlpUWFfdE5I="></latexit>

(ui)�i=0 =: u
Space of all 
control sequences

• Extended state � := (x,u) 2 X := Rn ⇥ `(Rm)
<latexit sha1_base64="t5FkqOiq38a6FbZtA65icVATW9o="></latexit><latexit sha1_base64="t5FkqOiq38a6FbZtA65icVATW9o="></latexit><latexit sha1_base64="t5FkqOiq38a6FbZtA65icVATW9o="></latexit>
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χ+ = F (χ) :=

[
f (x,u(0))
Su

]

Koopman operator

x+ = f (x, u), x � Rn, u � Rm

� : X � R

=⇒

K� = � � F

• Shift operator (Su)(i) = u(i + 1)
<latexit sha1_base64="6vv6PHhlLjam3Mq3hlpUWFfdE5I="></latexit><latexit sha1_base64="6vv6PHhlLjam3Mq3hlpUWFfdE5I="></latexit><latexit sha1_base64="6vv6PHhlLjam3Mq3hlpUWFfdE5I="></latexit>

(ui)�i=0 =: u
Space of all 
control sequences

• Extended state � := (x,u) 2 X := Rn ⇥ `(Rm)
<latexit sha1_base64="t5FkqOiq38a6FbZtA65icVATW9o="></latexit><latexit sha1_base64="t5FkqOiq38a6FbZtA65icVATW9o="></latexit><latexit sha1_base64="t5FkqOiq38a6FbZtA65icVATW9o="></latexit>
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Data (χi)
K
i=1 (χ+i )

K
i=1 χ+i = F (χi)

�(�) = [�1(�), . . . ,�N�(�)]
�

min
A∈RNφ×Nφ

K∑

i=1

∥φ(χ+i )−Aφ(χi)∥
2
2LS problem
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Data (χi)
K
i=1 (χ+i )

K
i=1 χ+i = F (χi)

�(�) = [�1(�), . . . ,�N�(�)]
�

min
A∈RNφ×Nφ

K∑

i=1

∥φ(χ+i )−Aφ(χi)∥
2
2LS problem

⇒

linear operator

φi(x,u) = ψi(x) + Li(u)Predictor linear in u
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Data (χi)
K
i=1 (χ+i )

K
i=1 χ+i = F (χi)

�(�) = [�1(�), . . . ,�N�(�)]
�

min
A∈RNφ×Nφ

K∑

i=1

∥φ(χ+i )−Aφ(χi)∥
2
2LS problem

⇒

linear operator

φi(x,u) = ψi(x) + Li(u)Predictor linear in u

Without loss of generality
φ(x,u) = [ψ1(x), . . . ,ψN(x),u(0)

⊤]⊤
<latexit sha1_base64="iKDrnu8W3Q0Merqsd9vlUdUUOPs="></latexit><latexit sha1_base64="iKDrnu8W3Q0Merqsd9vlUdUUOPs="></latexit><latexit sha1_base64="iKDrnu8W3Q0Merqsd9vlUdUUOPs="></latexit>
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Data (χi)
K
i=1 (χ+i )

K
i=1 χ+i = F (χi)

�(�) = [�1(�), . . . ,�N�(�)]
�

min
A∈RNφ×Nφ

K∑

i=1

∥φ(χ+i )−Aφ(χi)∥
2
2LS problem

⇒

linear operator

φi(x,u) = ψi(x) + Li(u)Predictor linear in u

Without loss of generality

min
A∈RN×N,B∈RN×m

K∑

i=1

∥ψ(x+i )− Aψ(xi)− Bui(0)∥
2
2

φ(x,u) = [ψ1(x), . . . ,ψN(x),u(0)
⊤]⊤

<latexit sha1_base64="iKDrnu8W3Q0Merqsd9vlUdUUOPs="></latexit><latexit sha1_base64="iKDrnu8W3Q0Merqsd9vlUdUUOPs="></latexit><latexit sha1_base64="iKDrnu8W3Q0Merqsd9vlUdUUOPs="></latexit>
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Data

LS problem

Solution

Embedding
<latexit sha1_base64="cBhMBXkTodz8miOylJY7q5VQbl8="></latexit><latexit sha1_base64="cBhMBXkTodz8miOylJY7q5VQbl8="></latexit><latexit sha1_base64="cBhMBXkTodz8miOylJY7q5VQbl8="></latexit>

z0 =  (x0)
<latexit sha1_base64="kUJVYYZPue1O9s5/sNJb6zp0MB8="></latexit><latexit sha1_base64="kUJVYYZPue1O9s5/sNJb6zp0MB8="></latexit><latexit sha1_base64="kUJVYYZPue1O9s5/sNJb6zp0MB8="></latexit>

X =
[
x1, . . . , xM

]
, X+ =

[
x+1 , . . . , x

+
M

]
,U =

[
u1, . . . , uM

]
<latexit sha1_base64="tVI+kMYSXinmWifm/lOaJJCMKNs="></latexit><latexit sha1_base64="l7A6Poj2E2ZEi4e4C+JfrZRTJBM="></latexit><latexit sha1_base64="l7A6Poj2E2ZEi4e4C+JfrZRTJBM="></latexit>

Xembed =
[
ψ(x1), . . . ,ψ(xM)

]
, X+embed =

[
ψ(x+1 ), . . . ,ψ(x

+
M)

]
<latexit sha1_base64="CCJngUjm5uxgW5afdZ7PcI00ll4="></latexit><latexit sha1_base64="UKUOJvU6lTnYhdm5PRqnTVp2JBA="></latexit><latexit sha1_base64="UKUOJvU6lTnYhdm5PRqnTVp2JBA="></latexit>

z+ = Az + Bu
<latexit sha1_base64="XwKz2WIToUms0cq48HOAW+KdZhw="></latexit><latexit sha1_base64="XwKz2WIToUms0cq48HOAW+KdZhw="></latexit><latexit sha1_base64="XwKz2WIToUms0cq48HOAW+KdZhw="></latexit>

x̂ = Cz
<latexit sha1_base64="+TAITpm+l5COqE5naOBQNC3ADUs="></latexit><latexit sha1_base64="+TAITpm+l5COqE5naOBQNC3ADUs="></latexit><latexit sha1_base64="+TAITpm+l5COqE5naOBQNC3ADUs="></latexit>

min
A,B
∥X+embed − AXembed − BU∥F , min

C
∥X− CXembed∥F

<latexit sha1_base64="/HXgdYKBPzZqHxHNvywgq94BHQA="></latexit><latexit sha1_base64="4/5HLlbMi/sTLMOq04EsvaF7tPQ="></latexit><latexit sha1_base64="4/5HLlbMi/sTLMOq04EsvaF7tPQ="></latexit>

[A,B] = X+embed[Xembed,U]
†, C = XX†embed

<latexit sha1_base64="ZHI/cAO7UVM4sMOHkWz3SD9WdZ8="></latexit><latexit sha1_base64="LdZKtdfSKm6unkXh6q3s6bpuyuQ="></latexit><latexit sha1_base64="LdZKtdfSKm6unkXh6q3s6bpuyuQ="></latexit>
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MPC design



Koopman MPC
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Nonlinear MPC

x+ = f (x, u)κ(x) = {u⋆0, u⋆1, . . . , u⋆Np−1}

x

parameter

Nonconvex
<latexit sha1_base64="BRDvTSNxV1ktTDbtqez4JdwVUAs="></latexit><latexit sha1_base64="BRDvTSNxV1ktTDbtqez4JdwVUAs="></latexit><latexit sha1_base64="BRDvTSNxV1ktTDbtqez4JdwVUAs="></latexit>

x0 = x
<latexit sha1_base64="1DJzlQ7ewBEulWnRAP7/WAQoyzg="></latexit><latexit sha1_base64="P95tKtl10eACxAyoSYiu3PLR6QA="></latexit><latexit sha1_base64="P95tKtl10eACxAyoSYiu3PLR6QA="></latexit>

minimize
ui ,xi

∑Np−1
i=0 lx(xi) + u

⊤
i Rui + r

⊤ui

subject to xi+1 = f (xi , ui), i = 0, . . . , Np − 1
cx(xi) + Cuui ≤ b, i = 0, . . . , Np − 1

<latexit sha1_base64="VObbiNKk2D6hutzndCDcVEfDOO0="></latexit><latexit sha1_base64="sZvdCsLCCxU4FTz8yO4eSYCFLZ0="></latexit><latexit sha1_base64="sZvdCsLCCxU4FTz8yO4eSYCFLZ0="></latexit>
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x+ = f (x, u)κ(x) = {u⋆0, u⋆1, . . . , u⋆Np−1}

x

minimize
ui ,zi

∑Np−1
i=0 z

⊤
i Qzi + u

⊤
i Rui + q

⊤zi + r⊤ui

subject to zi+1 = Azi + Bui , i = 0, . . . , Np − 1
Ezi + Fui ≤ b, i = 0, . . . , Np − 1

parameter

Koopman MPC

Can handle nonlinear constraints and costs in a linear fashion

Convex
<latexit sha1_base64="9u9a8phPOAbjc8vSj7iAlRYg8Bw="></latexit><latexit sha1_base64="9u9a8phPOAbjc8vSj7iAlRYg8Bw="></latexit><latexit sha1_base64="9u9a8phPOAbjc8vSj7iAlRYg8Bw="></latexit>

z0 = ψ(x)
<latexit sha1_base64="Mbh1nJWj+tLdAHdEF1Z0UQESRYw="></latexit><latexit sha1_base64="Mbh1nJWj+tLdAHdEF1Z0UQESRYw="></latexit><latexit sha1_base64="Mbh1nJWj+tLdAHdEF1Z0UQESRYw="></latexit>
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x+ = f (x, u)

x

Dense-form Koopman MPC

parameter

κ(x) =

⎡

⎢⎣
u⋆0
...

u⋆Np−1

⎤

⎥⎦

minimize
u∈RmNp

u⊤Hu⊤ + h⊤u+ z⊤0 Gu

subject to Lu+Mz0 ≤ c
<latexit sha1_base64="btEn77dIDkL3WA3TkgXAhPRkuv4="></latexit><latexit sha1_base64="HGar6IDXtFe+56hG5SDXaFSbG64="></latexit><latexit sha1_base64="HGar6IDXtFe+56hG5SDXaFSbG64="></latexit>

Computation cost independent of the size of the embedding!
<latexit sha1_base64="8BtxnyDnlJc5A/8p3M3ZrKR9Aao="></latexit><latexit sha1_base64="8BtxnyDnlJc5A/8p3M3ZrKR9Aao="></latexit><latexit sha1_base64="8BtxnyDnlJc5A/8p3M3ZrKR9Aao="></latexit>

z0 = ψ(x)
<latexit sha1_base64="Mbh1nJWj+tLdAHdEF1Z0UQESRYw="></latexit><latexit sha1_base64="Mbh1nJWj+tLdAHdEF1Z0UQESRYw="></latexit><latexit sha1_base64="Mbh1nJWj+tLdAHdEF1Z0UQESRYw="></latexit>
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At each step k of closed-loop operation

• Set z0 = �(xk)

• Solve ⇒
<latexit sha1_base64="uEzXsjXoczztFItp2cr0eXQ+Rzc="></latexit><latexit sha1_base64="uEzXsjXoczztFItp2cr0eXQ+Rzc="></latexit><latexit sha1_base64="uEzXsjXoczztFItp2cr0eXQ+Rzc="></latexit>

u⋆ =

⎡

⎢⎣
u⋆0
...

u⋆Np−1

⎤

⎥⎦

<latexit sha1_base64="rYy0y/+C58ieXm9qgFEuJyq1SR0="></latexit><latexit sha1_base64="j4i7eai16brKYSI11M95nJxeJFc="></latexit><latexit sha1_base64="j4i7eai16brKYSI11M95nJxeJFc="></latexit>

• Apply u?0 to the system
<latexit sha1_base64="WFlTfjVQD674diVovsiKs2ugVT8="></latexit><latexit sha1_base64="WFlTfjVQD674diVovsiKs2ugVT8="></latexit><latexit sha1_base64="WFlTfjVQD674diVovsiKs2ugVT8="></latexit>

minimize
u∈RmNp

u⊤Hu⊤ + h⊤u+ z⊤0 Gu

subject to Lu+Mz0 ≤ c
<latexit sha1_base64="btEn77dIDkL3WA3TkgXAhPRkuv4="></latexit><latexit sha1_base64="HGar6IDXtFe+56hG5SDXaFSbG64="></latexit><latexit sha1_base64="HGar6IDXtFe+56hG5SDXaFSbG64="></latexit>
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51

At each step k of closed-loop operation

• Set z0 = �(xk)

• Solve ⇒
<latexit sha1_base64="uEzXsjXoczztFItp2cr0eXQ+Rzc="></latexit><latexit sha1_base64="uEzXsjXoczztFItp2cr0eXQ+Rzc="></latexit><latexit sha1_base64="uEzXsjXoczztFItp2cr0eXQ+Rzc="></latexit>

u⋆ =

⎡

⎢⎣
u⋆0
...

u⋆Np−1

⎤

⎥⎦

<latexit sha1_base64="rYy0y/+C58ieXm9qgFEuJyq1SR0="></latexit><latexit sha1_base64="j4i7eai16brKYSI11M95nJxeJFc="></latexit><latexit sha1_base64="j4i7eai16brKYSI11M95nJxeJFc="></latexit>

• Apply u?0 to the system
<latexit sha1_base64="WFlTfjVQD674diVovsiKs2ugVT8="></latexit><latexit sha1_base64="WFlTfjVQD674diVovsiKs2ugVT8="></latexit><latexit sha1_base64="WFlTfjVQD674diVovsiKs2ugVT8="></latexit>

Main benefits

minimize
u∈RmNp

u⊤Hu⊤ + h⊤u+ z⊤0 Gu

subject to Lu+Mz0 ≤ c
<latexit sha1_base64="btEn77dIDkL3WA3TkgXAhPRkuv4="></latexit><latexit sha1_base64="HGar6IDXtFe+56hG5SDXaFSbG64="></latexit><latexit sha1_base64="HGar6IDXtFe+56hG5SDXaFSbG64="></latexit>

Nonlinear constraints and costs handled in a linear fashion
<latexit sha1_base64="vwQrLS1wk+cEyh0gUn1Xlhp+mss="></latexit><latexit sha1_base64="vwQrLS1wk+cEyh0gUn1Xlhp+mss="></latexit><latexit sha1_base64="vwQrLS1wk+cEyh0gUn1Xlhp+mss="></latexit>

Fast & simple: only small convex quadratic program solved online
<latexit sha1_base64="i9fD0Tv7ZnBLs9xN47MvowM28/A="></latexit><latexit sha1_base64="i9fD0Tv7ZnBLs9xN47MvowM28/A="></latexit><latexit sha1_base64="i9fD0Tv7ZnBLs9xN47MvowM28/A="></latexit>

Data-driven: No model required
<latexit sha1_base64="Av2bscf1MeFjO/MPEaaFmf7Al3I="></latexit><latexit sha1_base64="Av2bscf1MeFjO/MPEaaFmf7Al3I="></latexit><latexit sha1_base64="Av2bscf1MeFjO/MPEaaFmf7Al3I="></latexit>
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x+ = f (x, u)

y = h(x)

x+ = f (x, u, w)

• Input-output systems

• Systems with disturbances

Solution: Treat w as an additional input

Solution: Use nonlinear functions of y and its time-delays as basis functions
(cf. Takens theorem, system id)

<latexit sha1_base64="Ws7k4+onNotNEfzUturPU0z5nvI="></latexit><latexit sha1_base64="Ws7k4+onNotNEfzUturPU0z5nvI="></latexit><latexit sha1_base64="Ws7k4+onNotNEfzUturPU0z5nvI="></latexit>
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Numerical examples
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Van der Pol oscillator
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ẋ1 = 2x2
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Van der Pol oscillator
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Lifting: state observable + 100 RBFs
Data: 20 trajectories with 1000 samples each
RK-4 discretization with 0.01 s sampling interval

RMSE [%] = 100 ·
∥xtrue − xpred∥
∥xtrue∥

x0 Average RMSE

Koopman 24.4%

Local linearization at x0 2.83 · 103%

Local linearization at 0 912.5%

Carleman 5.08 · 1022%

ẋ1 = 2x2

ẋ2 = −0.8x1 + 2x2 − 10x21 x2 + u



Van der Pol oscillator
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Lifting: state observable + 100 RBFs
Data: 20 trajectories with 1000 samples each
RK-4 discretization with 0.01 s sampling interval

N 5 10 25 50 75 100
Average RMSE 66.5% 44.9% 47.0% 38.7% 30.6% 24.4%

RMSE [%] = 100 ·
∥xtrue − xpred∥
∥xtrue∥

ẋ1 = 2x2

ẋ2 = −0.8x1 + 2x2 − 10x21 x2 + u
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Power grid stabilization

Join work with Yoshi Susuki
<latexit sha1_base64="gLELqCftHc3ADWbH4+hrvVZvvnM="></latexit><latexit sha1_base64="gLELqCftHc3ADWbH4+hrvVZvvnM="></latexit><latexit sha1_base64="gLELqCftHc3ADWbH4+hrvVZvvnM="></latexit>
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Problem setup
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F

New England power grid model

δ̇i = ωi

−Gi iV 2i −
10∑

j=1,j ̸=i
ViVj{Gi j cos(δi − δj) + Bi j sin(δi − δj)}

Hi
πfb
ω̇i = −Diωi + Pmi

t = 0.67 s – fault occurs
t = 1 s – faulted line removed

Setup from [Susuki et al, 2011]
New England power grid model

<latexit sha1_base64="w2tQQBdYt9qEY6llVg84kcY3UTQ="></latexit><latexit sha1_base64="w2tQQBdYt9qEY6llVg84kcY3UTQ="></latexit><latexit sha1_base64="w2tQQBdYt9qEY6llVg84kcY3UTQ="></latexit>



Fault causes instability 
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Setting up Koopman MPC
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δ̇i = ωi

−Gi iV 2i −
10∑

j=1,j ̸=i
ViVj{Gi j cos(δi − δj) + Bi j sin(δi − δj)}

Hi
πfb
ω̇i = −Diωi + Pmi

Actuation:

Cost:
�

i �
2
i – frequency deviation

Pred. horizon: 1 second

Sampling: 50ms

Embedding:
<latexit sha1_base64="2Qam/w5TxWNrQeHmO9F5iTGx9Pg="></latexit><latexit sha1_base64="2Qam/w5TxWNrQeHmO9F5iTGx9Pg="></latexit><latexit sha1_base64="2Qam/w5TxWNrQeHmO9F5iTGx9Pg="></latexit>

Pmi mechanical power
<latexit sha1_base64="jc4i/bDNh012/PsmIV1bwjiNNbQ="></latexit><latexit sha1_base64="jc4i/bDNh012/PsmIV1bwjiNNbQ="></latexit><latexit sha1_base64="jc4i/bDNh012/PsmIV1bwjiNNbQ="></latexit>

New England power grid model
<latexit sha1_base64="w2tQQBdYt9qEY6llVg84kcY3UTQ=">AAAEA3icdVNLbxMxEHYTHiW8UjjCYUVSiQOtsrkgDpUqUFCRaFWkhlbKRpHXO9lY9WNle5MUyxcO/BYOXKi48h+48m+wQwTJFiztajTzffOetGBUm07n50atfu36jZubtxq379y9d7+59eC9lqUi0CeSSXWWYg2MCugbahicFQowTxmcpuevgv10CkpTKU7MRQFDjnNBx5Rg41Wj5uMjmEU9kTMssqiQM1BRrmgWcZkBGzVbnd </latexit><latexit sha1_base64="w2tQQBdYt9qEY6llVg84kcY3UTQ=">AAAEA3icdVNLbxMxEHYTHiW8UjjCYUVSiQOtsrkgDpUqUFCRaFWkhlbKRpHXO9lY9WNle5MUyxcO/BYOXKi48h+48m+wQwTJFiztajTzffOetGBUm07n50atfu36jZubtxq379y9d7+59eC9lqUi0CeSSXWWYg2MCugbahicFQowTxmcpuevgv10CkpTKU7MRQFDjnNBx5Rg41Wj5uMjmEU9kTMssqiQM1BRrmgWcZkBGzVbnd </latexit><latexit sha1_base64="w2tQQBdYt9qEY6llVg84kcY3UTQ=">AAAEA3icdVNLbxMxEHYTHiW8UjjCYUVSiQOtsrkgDpUqUFCRaFWkhlbKRpHXO9lY9WNle5MUyxcO/BYOXKi48h+48m+wQwTJFiztajTzffOetGBUm07n50atfu36jZubtxq379y9d7+59eC9lqUi0CeSSXWWYg2MCugbahicFQowTxmcpuevgv10CkpTKU7MRQFDjnNBx5Rg41Wj5uMjmEU9kTMssqiQM1BRrmgWcZkBGzVbnd </latexit>

ψ =

⎡

⎣
cos(δ)
sin(δ)
ω

⎤

⎦

<latexit sha1_base64="+cx4k05ktXKQ8sM7W2Ul4nGBWHw="></latexit><latexit sha1_base64="+cx4k05ktXKQ8sM7W2Ul4nGBWHw="></latexit><latexit sha1_base64="+cx4k05ktXKQ8sM7W2Ul4nGBWHw="></latexit>

ψ : R18 → R27
<latexit sha1_base64="wLldAKl3RioWP1D01EaKpbP7Q0Y="></latexit><latexit sha1_base64="wLldAKl3RioWP1D01EaKpbP7Q0Y="></latexit><latexit sha1_base64="wLldAKl3RioWP1D01EaKpbP7Q0Y="></latexit>
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Instability suppression
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NE grid cascade

63

Setup from [Susuki et al, 2012]
t = 1 s – faulted line removed
t = 0.87 s – fault occurs in grid #1

3924 3924 39243924 3924 392439
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Cascade instability occurs without control
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� [rad] �f [Hz]
No control
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Can we suppress cascade instability?
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3924 3924 39243924 3924 392439

Case 1: Each grid controlled separately
<latexit sha1_base64="HDh070062RgE9slPTV/7IxRGNEM="></latexit><latexit sha1_base64="HDh070062RgE9slPTV/7IxRGNEM="></latexit><latexit sha1_base64="HDh070062RgE9slPTV/7IxRGNEM="></latexit><latexit sha1_base64="C372OWz7lr1W3ZH8C8NwNCOM5VM="></latexit><latexit sha1_base64="rcopD+N9/hcYn7bC7APhZkwmOZM="></latexit><latexit sha1_base64="rcopD+N9/hcYn7bC7APhZkwmOZM="></latexit><latexit sha1_base64="wdBUcRadg7XMWGKGnlQOh7I4CsI="></latexit><latexit sha1_base64="HDh070062RgE9slPTV/7IxRGNEM="></latexit><latexit sha1_base64="HDh070062RgE9slPTV/7IxRGNEM="></latexit><latexit sha1_base64="HDh070062RgE9slPTV/7IxRGNEM="></latexit><latexit sha1_base64="HDh070062RgE9slPTV/7IxRGNEM="></latexit><latexit sha1_base64="HDh070062RgE9slPTV/7IxRGNEM="></latexit>

K-MPC
<latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit>

K-MPC
<latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit>

K-MPC
<latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit>

K-MPC
<latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit>

K-MPC
<latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit>

K-MPC
<latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit>

K-MPC
<latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit>
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Koopman MPC suppresses the instability
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� [rad] �f [Hz] u

time [s] time [s] time [s]

#1

#2
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What if only the first grid is controlled?

67

3924 3924 39243924 3924 392439

Case 2: Only the grid where the fault occurred controlled
<latexit sha1_base64="UwPZlyz7yG1yTm6+lOCFONZw+uI="></latexit><latexit sha1_base64="UwPZlyz7yG1yTm6+lOCFONZw+uI="></latexit><latexit sha1_base64="UwPZlyz7yG1yTm6+lOCFONZw+uI="></latexit>

K-MPC
<latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit><latexit sha1_base64="Ehb++kUD+2vY4ryPVviGwGe90j4="></latexit>
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Even one grid control suppresses the instability
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� [rad] �f [Hz]

time [s] time [s]

#1

#2

#3

#4

#5
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#7



0 2 4 6 8 10
0

0.2
0.4
0.6
0.8

0 2 4 6 8 10
0

0.2
0.4
0.6
0.8

0 2 4 6 8 10
0

0.2
0.4
0.6
0.8

0 2 4 6 8 10
0

0.2
0.4
0.6
0.8

0 2 4 6 8 10
0

0.2
0.4
0.6
0.8

0 2 4 6 8 10
0

0.2
0.4
0.6
0.8

0 2 4 6 8 10
0

0.2
0.4
0.6
0.8

0 2 4 6 8 10

0

0.1

0.2

0 2 4 6 8 10

0

0.1

0.2

0 2 4 6 8 10

0

0.1

0.2

0 2 4 6 8 10

0

0.1

0.2

0 2 4 6 8 10

0

0.1

0.2

0 2 4 6 8 10

0

0.1

0.2

 
0 2 4 6 8 10

 

0

0.1

0.2

Even one grid control suppresses the instability
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� [rad] �f [Hz]

time [s] time [s]

#1

#2

#3

#4

#5

#6

#7

Zoomed
<latexit sha1_base64="ciJjj08YcmSqUruIwRBivHpsPXw="></latexit><latexit sha1_base64="ciJjj08YcmSqUruIwRBivHpsPXw="></latexit><latexit sha1_base64="ciJjj08YcmSqUruIwRBivHpsPXw="></latexit>



Control input
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Numerical examples - NE cascade

71

(Matlab + qpOASES, 2GHz i7)
Computation time � 10ms per grid
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PDE control

Joint work with Hassan Arbabi
<latexit sha1_base64="XtRACmm5nZwb0kOGLnTRRu6KF50="></latexit><latexit sha1_base64="XtRACmm5nZwb0kOGLnTRRu6KF50="></latexit><latexit sha1_base64="XtRACmm5nZwb0kOGLnTRRu6KF50="></latexit>
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Burgers’ equation

∂y

∂t
− ν
∂2y

∂x2
+ y
∂y

∂x
= u(t, x)

y(x, 0) = y0(x), periodic boundary
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Burgers’ equation

∂y

∂t
− ν
∂2y

∂x2
+ y
∂y

∂x
= u(t, x)

y(x, 0) = y0(x), periodic boundary

u(t, x) = u1(t)v1(x) + u2(t)v2(x)

Setup from [Peitz, Klus 2017 ] v1(x)

v2(x)
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Burgers’ equation

∂y

∂t
− ν
∂2y

∂x2
+ y
∂y

∂x
= u(t, x)

y(x, 0) = y0(x), periodic boundary

u(t, x) = u1(t)v1(x) + u2(t)v2(x)

Tracking piecewise-constant reference

|u1(t)| ≤ 0.1 , |u2(t)| ≤ 0.1
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Burgers’ equation

∂y

∂t
− ν
∂2y

∂x2
+ y
∂y

∂x
= u(t, x)

y(x, 0) = y0(x), periodic boundary

time

y(t, x)

x

u(t, x) = u1(t)v1(x) + u2(t)v2(x)

|u1(t)| ≤ 0.1 , |u2(t)| ≤ 0.1
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Burgers’ equation

∂y

∂t
− ν
∂2y

∂x2
+ y
∂y

∂x
= u(t, x)

y(x, 0) = y0(x), periodic boundary

u(t, x) = u1(t)v1(x) + u2(t)v2(x)
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time

|u1(t)| ≤ 0.1 , |u2(t)| ≤ 0.1
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Burgers’ equation

∂y

∂t
− ν
∂2y

∂x2
+ y
∂y

∂x
= u(t, x)

y(x, 0) = y0(x), periodic boundary

u(t, x) = u1(t)v1(x) + u2(t)v2(x)
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time

|u1(t)| ≤ 0.1 , |u2(t)| ≤ 0.1
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Korteweg–de Vries equation 
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Similar control setup as for Burgers’
<latexit sha1_base64="1y4lhYGhSdUHDUiNrOP+OZM0Xgs="></latexit><latexit sha1_base64="1y4lhYGhSdUHDUiNrOP+OZM0Xgs="></latexit><latexit sha1_base64="1y4lhYGhSdUHDUiNrOP+OZM0Xgs="></latexit>

t
<latexit sha1_base64="JyCLoRu0loqFk2Tk9e9XZEsFYjI="></latexit><latexit sha1_base64="JyCLoRu0loqFk2Tk9e9XZEsFYjI="></latexit><latexit sha1_base64="JyCLoRu0loqFk2Tk9e9XZEsFYjI="></latexit>

x
<latexit sha1_base64="gIAtz7sYVH6jb6P/05ISfDJGOqw="></latexit><latexit sha1_base64="gIAtz7sYVH6jb6P/05ISfDJGOqw="></latexit><latexit sha1_base64="gIAtz7sYVH6jb6P/05ISfDJGOqw="></latexit>



Korteweg–de Vries equation 
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Similar control setup as for Burgers’
<latexit sha1_base64="1y4lhYGhSdUHDUiNrOP+OZM0Xgs="></latexit><latexit sha1_base64="1y4lhYGhSdUHDUiNrOP+OZM0Xgs="></latexit><latexit sha1_base64="1y4lhYGhSdUHDUiNrOP+OZM0Xgs="></latexit>
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Spatial mean of y(t; x)
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time
<latexit sha1_base64="lhRLoZFl5veIx3+QUxdQEe/sGk0="></latexit><latexit sha1_base64="lhRLoZFl5veIx3+QUxdQEe/sGk0="></latexit><latexit sha1_base64="lhRLoZFl5veIx3+QUxdQEe/sGk0="></latexit>



Cavity flow – problem setup

Milan Korda 82

∂v

∂t
+ v ·∇v = −∇p+

1

Re
∇2v, ∇ · v = 0

<latexit sha1_base64="fsYQV4M6Mz8LvDc2S/PDle8tQMk="></latexit><latexit sha1_base64="ZITcdi4Fx9NornFbyrPlPamPfoc="></latexit><latexit sha1_base64="ZITcdi4Fx9NornFbyrPlPamPfoc="></latexit>

Measurements: Velocity at randomly selected points
<latexit sha1_base64="V8p2Bnrd8bl0J6umIzJVzS0jriU=">AAAD4nicdVNbaxNBFJ42Xmq8tfroy2BS8MGGTV9EpVCUSgUrFZq20A1hdvYkGTqXZeZsTRz2F/ii+OqLv8ZXffTfOBMDJlsdWDh85zvnO7fNCikcJsmvldXGlavXrq/daN68dfvO3fWNe8fOlJZDjxtp7GnGHEihoYcCJZwWFpjKJJxk5y+j/+QCrBNGH+G0gL5iIy2GgjMM0GD9eYowwWzoD4C50oICja56Ro9BGi5wShlSy3 </latexit><latexit sha1_base64="V8p2Bnrd8bl0J6umIzJVzS0jriU=">AAAD4nicdVNbaxNBFJ42Xmq8tfroy2BS8MGGTV9EpVCUSgUrFZq20A1hdvYkGTqXZeZsTRz2F/ii+OqLv8ZXffTfOBMDJlsdWDh85zvnO7fNCikcJsmvldXGlavXrq/daN68dfvO3fWNe8fOlJZDjxtp7GnGHEihoYcCJZwWFpjKJJxk5y+j/+QCrBNGH+G0gL5iIy2GgjMM0GD9eYowwWzoD4C50oICja56Ro9BGi5wShlSy3 </latexit><latexit sha1_base64="V8p2Bnrd8bl0J6umIzJVzS0jriU=">AAAD4nicdVNbaxNBFJ42Xmq8tfroy2BS8MGGTV9EpVCUSgUrFZq20A1hdvYkGTqXZeZsTRz2F/ii+OqLv8ZXffTfOBMDJlsdWDh85zvnO7fNCikcJsmvldXGlavXrq/daN68dfvO3fWNe8fOlJZDjxtp7GnGHEihoYcCJZwWFpjKJJxk5y+j/+QCrBNGH+G0gL5iIy2GgjMM0GD9eYowwWzoD4C50oICja56Ro9BGi5wShlSy3 </latexit>

Control input: Amplitude of top lid velocity
<latexit sha1_base64="uRoZ3xndqR5PY1rjO1BfSWurzmg=">AAAD3HicdVNLaxRBEO5kfcT1kUSPXhqzAQ8mzAZEFALREIlgJELWBDLL0tNTs9ukH0N3zbqxmaMnETx58dd41V/gv7F7XTA70YaB4quv6qvXZKUUDpPk18Ji68rVa9eXbrRv3rp9Z3ll9e47ZyrLoceNNPYkYw6k0NBDgRJOSgtMZRKOs7Pd6D8eg3XC6CM8L6Gv2FCLQnCGARqsPE4RJpgVftdotEZSocsK62f0uQryWOVATU </latexit><latexit sha1_base64="uRoZ3xndqR5PY1rjO1BfSWurzmg=">AAAD3HicdVNLaxRBEO5kfcT1kUSPXhqzAQ8mzAZEFALREIlgJELWBDLL0tNTs9ukH0N3zbqxmaMnETx58dd41V/gv7F7XTA70YaB4quv6qvXZKUUDpPk18Ji68rVa9eXbrRv3rp9Z3ll9e47ZyrLoceNNPYkYw6k0NBDgRJOSgtMZRKOs7Pd6D8eg3XC6CM8L6Gv2FCLQnCGARqsPE4RJpgVftdotEZSocsK62f0uQryWOVATU </latexit><latexit sha1_base64="uRoZ3xndqR5PY1rjO1BfSWurzmg=">AAAD3HicdVNLaxRBEO5kfcT1kUSPXhqzAQ8mzAZEFALREIlgJELWBDLL0tNTs9ukH0N3zbqxmaMnETx58dd41V/gv7F7XTA70YaB4quv6qvXZKUUDpPk18Ji68rVa9eXbrRv3rp9Z3ll9e47ZyrLoceNNPYkYw6k0NBDgRJOSgtMZRKOs7Pd6D8eg3XC6CM8L6Gv2FCLQnCGARqsPE4RJpgVftdotEZSocsK62f0uQryWOVATU </latexit><latexit sha1_base64="C372OWz7lr1W3ZH8C8NwNCOM5VM=">AAADl3icdVJbaxNBFJ4mXmqs2j77stgUfbBh44v4UBClUsFIxcYWsqGcnT1Jhs5lmTkbU4f9Az4J/jr/jTMxYLLVAwMf3/nObc7JSykcpemvrVb71u07d7fvde7vdB48fLS788WZynIcciONvcjBoRQahyRI4kVpEVQu8Ty/ehv953O0Thh9RtcljhVMtZgIDhSo08vd/bSXLi25CforsM9WdrnX+pEVhlcKNXEJzo36aUljD5 YEl1h3ssphCfwKpjgKUINCN/bLPuvkIDBFMjE2PE3Jkl2P8KCcu1Z5UCqgmWv6IvlPX642KnuuciumM9rs56w/9rEwar4pJ1wQN6qsOxt01LoSG+JFpQU3BTZYSQuy0MgAcmqsoJkSPHoKnEAlKeadIFBl0fkBlKXQ06PQw2HsI6R1SNYo0FE3avrH/gTlHMN3Q/IRK0w+rAYNUQ60Wwa9MbJ4F8DRX3HUHg6wEJWqn3eSqHhPIAVv6NaT/q/WQSymjDaxmA8AuGksYLnwMLLGr+FnwzCFz45rn8XdWeWzfJIc1yHG4rpCQh4umVCJ2nezOQ9XhtZns9wsfOa4FSU58Q27WV5JidSt624dTrjfPNibYPii96qXfkrZNnvMnrBnrM9estfshJ2yIeOsYN/Zz/bT9qD9+c+lt7ZWJ7/HNqw9/A1+STeD</latexit><latexit sha1_base64="ZwUXBxWT8+euxhy1Ha9F4eiZjnk=">AAAD0XicdVNbaxNBFJ42Xmqsmvrqy2BT8MGWjSCiUFBLpYKVCo0tdEOYnT2bDJ3LMnM2pg776JMIvvtrfNVf4L9xJgZMtjqwcPjOd853bpuVUjhMkl8rq60rV69dX7vRvrl+6/adzsb6e2cqy6HPjTT2NGMOpNDQR4ESTksLTGUSTrLzveg/mYB1wuhjvChhoNhIi0JwhgEadh6nCFPMCr9nNFojqdBlhfUz+kIFeaxyoKagaE </latexit><latexit sha1_base64="ZwUXBxWT8+euxhy1Ha9F4eiZjnk=">AAAD0XicdVNbaxNBFJ42Xmqsmvrqy2BT8MGWjSCiUFBLpYKVCo0tdEOYnT2bDJ3LMnM2pg776JMIvvtrfNVf4L9xJgZMtjqwcPjOd853bpuVUjhMkl8rq60rV69dX7vRvrl+6/adzsb6e2cqy6HPjTT2NGMOpNDQR4ESTksLTGUSTrLzveg/mYB1wuhjvChhoNhIi0JwhgEadh6nCFPMCr9nNFojqdBlhfUz+kIFeaxyoKagaE </latexit><latexit sha1_base64="4u9Ls5bkngdqFkWzPvFf/oWPQRs=">AAAD3HicdVNLaxRBEO5kfcT1tdGjl8ZswIMJs4KIQiAaIhGMRMiaQGZZenpqdpv0Y+iuWTc2c/Qkgicv/hqv+gv8N3avC2Yn2jBQfPVVffWarJTCYZL8WlpuXbp85erKtfb1Gzdv3e6s3nnnTGU59LmRxh5nzIEUGvooUMJxaYGpTMJRdroT/UcTsE4YfYhnJQwUG2lRCM4wQMPO4xRhilnhd4xGayQVuqywfkafqyCPVQ7UFB </latexit><latexit sha1_base64="uRoZ3xndqR5PY1rjO1BfSWurzmg=">AAAD3HicdVNLaxRBEO5kfcT1kUSPXhqzAQ8mzAZEFALREIlgJELWBDLL0tNTs9ukH0N3zbqxmaMnETx58dd41V/gv7F7XTA70YaB4quv6qvXZKUUDpPk18Ji68rVa9eXbrRv3rp9Z3ll9e47ZyrLoceNNPYkYw6k0NBDgRJOSgtMZRKOs7Pd6D8eg3XC6CM8L6Gv2FCLQnCGARqsPE4RJpgVftdotEZSocsK62f0uQryWOVATU </latexit><latexit sha1_base64="uRoZ3xndqR5PY1rjO1BfSWurzmg=">AAAD3HicdVNLaxRBEO5kfcT1kUSPXhqzAQ8mzAZEFALREIlgJELWBDLL0tNTs9ukH0N3zbqxmaMnETx58dd41V/gv7F7XTA70YaB4quv6qvXZKUUDpPk18Ji68rVa9eXbrRv3rp9Z3ll9e47ZyrLoceNNPYkYw6k0NBDgRJOSgtMZRKOs7Pd6D8eg3XC6CM8L6Gv2FCLQnCGARqsPE4RJpgVftdotEZSocsK62f0uQryWOVATU </latexit><latexit sha1_base64="uRoZ3xndqR5PY1rjO1BfSWurzmg=">AAAD3HicdVNLaxRBEO5kfcT1kUSPXhqzAQ8mzAZEFALREIlgJELWBDLL0tNTs9ukH0N3zbqxmaMnETx58dd41V/gv7F7XTA70YaB4quv6qvXZKUUDpPk18Ji68rVa9eXbrRv3rp9Z3ll9e47ZyrLoceNNPYkYw6k0NBDgRJOSgtMZRKOs7Pd6D8eg3XC6CM8L6Gv2FCLQnCGARqsPE4RJpgVftdotEZSocsK62f0uQryWOVATU </latexit><latexit sha1_base64="uRoZ3xndqR5PY1rjO1BfSWurzmg=">AAAD3HicdVNLaxRBEO5kfcT1kUSPXhqzAQ8mzAZEFALREIlgJELWBDLL0tNTs9ukH0N3zbqxmaMnETx58dd41V/gv7F7XTA70YaB4quv6qvXZKUUDpPk18Ji68rVa9eXbrRv3rp9Z3ll9e47ZyrLoceNNPYkYw6k0NBDgRJOSgtMZRKOs7Pd6D8eg3XC6CM8L6Gv2FCLQnCGARqsPE4RJpgVftdotEZSocsK62f0uQryWOVATU </latexit><latexit sha1_base64="uRoZ3xndqR5PY1rjO1BfSWurzmg=">AAAD3HicdVNLaxRBEO5kfcT1kUSPXhqzAQ8mzAZEFALREIlgJELWBDLL0tNTs9ukH0N3zbqxmaMnETx58dd41V/gv7F7XTA70YaB4quv6qvXZKUUDpPk18Ji68rVa9eXbrRv3rp9Z3ll9e47ZyrLoceNNPYkYw6k0NBDgRJOSgtMZRKOs7Pd6D8eg3XC6CM8L6Gv2FCLQnCGARqsPE4RJpgVftdotEZSocsK62f0uQryWOVATU </latexit>

Training data: 300 two-second-long trajectories
<latexit sha1_base64="Vu6M529hIvqQcV963xS08yVxXZs=">AAAD33icdVNbaxNBFJ42Xmq8pfroy2JS8MGUTX3wAoWiVCpYqdDYQjeUmdmTZOxclpmzaeqw7z5JX33x1/iq7/4bZ2LAZqsDC4fv+879LCukcJimv5aWG1euXru+cqN589btO3dbq/c+OFNaDn1upLGHjDqQQkMfBUo4LCxQxSQcsJNXkT+YgHXC6H08K2Cg6EiLoeAUA3TcepYhTJEN/b6lQgs9SnKKtHqRPEnTBE9N1wE3Ou </latexit><latexit sha1_base64="Vu6M529hIvqQcV963xS08yVxXZs=">AAAD33icdVNbaxNBFJ42Xmq8pfroy2JS8MGUTX3wAoWiVCpYqdDYQjeUmdmTZOxclpmzaeqw7z5JX33x1/iq7/4bZ2LAZqsDC4fv+879LCukcJimv5aWG1euXru+cqN589btO3dbq/c+OFNaDn1upLGHjDqQQkMfBUo4LCxQxSQcsJNXkT+YgHXC6H08K2Cg6EiLoeAUA3TcepYhTJEN/b6lQgs9SnKKtHqRPEnTBE9N1wE3Ou </latexit><latexit sha1_base64="Vu6M529hIvqQcV963xS08yVxXZs=">AAAD33icdVNbaxNBFJ42Xmq8pfroy2JS8MGUTX3wAoWiVCpYqdDYQjeUmdmTZOxclpmzaeqw7z5JX33x1/iq7/4bZ2LAZqsDC4fv+879LCukcJimv5aWG1euXru+cqN589btO3dbq/c+OFNaDn1upLGHjDqQQkMfBUo4LCxQxSQcsJNXkT+YgHXC6H08K2Cg6EiLoeAUA3TcepYhTJEN/b6lQgs9SnKKtHqRPEnTBE9N1wE3Ou </latexit>

u(t)(1− z21 )2
<latexit sha1_base64="iLSCxuo0t2sj2YfebS9aWnEKZO8="></latexit><latexit sha1_base64="iLSCxuo0t2sj2YfebS9aWnEKZO8="></latexit><latexit sha1_base64="iLSCxuo0t2sj2YfebS9aWnEKZO8="></latexit>

Re 13k (limit cycle)! mean flow (unstable fixed point)
<latexit sha1_base64="WzIJQszG00fJarlHbbbECCtnGrw="></latexit><latexit sha1_base64="WzIJQszG00fJarlHbbbECCtnGrw="></latexit><latexit sha1_base64="WzIJQszG00fJarlHbbbECCtnGrw="></latexit>

Control task: Re 13k (limit cycle)! Re 10k (stable fixed point)
<latexit sha1_base64="bI+sDvqVxiRxxilroifAvs4W/as=">AAAD9HicdVPLahRBFK1kfMTxlejSTWEmkICGnrgQhUAwRCIYiZIxgfQQqqtvzxRTj6bqdjKx6H/wB1yJWzd+Tbb6I1aNA2Y6WtBwuefce+6rs1IKh0lyMTffunb9xs2FW+3bd+7eu7+49OCjM5Xl0ONGGnuUMQdSaOihQAlHpQWmMgmH2Wg74oenYJ0w+gDPS+grNtCiEJxhcJ0s7qUIY8wKv200WiMpMjeqX9IPQLvPRnRVCi </latexit><latexit sha1_base64="bI+sDvqVxiRxxilroifAvs4W/as=">AAAD9HicdVPLahRBFK1kfMTxlejSTWEmkICGnrgQhUAwRCIYiZIxgfQQqqtvzxRTj6bqdjKx6H/wB1yJWzd+Tbb6I1aNA2Y6WtBwuefce+6rs1IKh0lyMTffunb9xs2FW+3bd+7eu7+49OCjM5Xl0ONGGnuUMQdSaOihQAlHpQWmMgmH2Wg74oenYJ0w+gDPS+grNtCiEJxhcJ0s7qUIY8wKv200WiMpMjeqX9IPQLvPRnRVCi </latexit><latexit sha1_base64="bI+sDvqVxiRxxilroifAvs4W/as=">AAAD9HicdVPLahRBFK1kfMTxlejSTWEmkICGnrgQhUAwRCIYiZIxgfQQqqtvzxRTj6bqdjKx6H/wB1yJWzd+Tbb6I1aNA2Y6WtBwuefce+6rs1IKh0lyMTffunb9xs2FW+3bd+7eu7+49OCjM5Xl0ONGGnuUMQdSaOihQAlHpQWmMgmH2Wg74oenYJ0w+gDPS+grNtCiEJxhcJ0s7qUIY8wKv200WiMpMjeqX9IPQLvPRnRVCi </latexit>



Control performance
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Control task: Re 13k (limit cycle)! Re 10k (stable fixed point)
<latexit sha1_base64="bI+sDvqVxiRxxilroifAvs4W/as="></latexit><latexit sha1_base64="bI+sDvqVxiRxxilroifAvs4W/as="></latexit><latexit sha1_base64="bI+sDvqVxiRxxilroifAvs4W/as="></latexit>



Comparison for different # of measurements
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Control task: Re 13k (limit cycle)! Re 10k (locally stable fixed point)
<latexit sha1_base64="4ktpDapTQObDprMligQ+ylrr4fs="></latexit><latexit sha1_base64="4ktpDapTQObDprMligQ+ylrr4fs="></latexit><latexit sha1_base64="4ktpDapTQObDprMligQ+ylrr4fs="></latexit>



Comparison for different # of measurements

Milan Korda 85

Control task: Re 13k (limit cycle)! Mean flow (unstabilizable fixed point)
<latexit sha1_base64="ObkSIttbwQwyH7pfUtfi08PoqE8="></latexit><latexit sha1_base64="ObkSIttbwQwyH7pfUtfi08PoqE8="></latexit><latexit sha1_base64="ObkSIttbwQwyH7pfUtfi08PoqE8="></latexit>
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Computation time: 10�4 second per step
<latexit sha1_base64="QSP3qCMqIoNKEAFe40cfwjkudXs="></latexit><latexit sha1_base64="QSP3qCMqIoNKEAFe40cfwjkudXs="></latexit><latexit sha1_base64="QSP3qCMqIoNKEAFe40cfwjkudXs="></latexit>



Summary
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• Embedding method for analysis & control of nonlinear dynamical systems

• Data-driven

• Fast & scalable (only small convex QPs solved online)

 
<latexit sha1_base64="AHRo1tTjFIpH0wuB01mk6iyjWZQ="></latexit><latexit sha1_base64="AHRo1tTjFIpH0wuB01mk6iyjWZQ="></latexit><latexit sha1_base64="AHRo1tTjFIpH0wuB01mk6iyjWZQ="></latexit>

• Accuracy of the predictors for finite N

• Choice of the embedding

• Guarantees on the controllers (stability, optimality)

• Control for other classes of predictors (bilinear)

Open problems

– partly solved [Korda, Mezić 2018]
<latexit sha1_base64="8DEpAGNeTbPBn/pcGWRW7dHbJlg="></latexit><latexit sha1_base64="8DEpAGNeTbPBn/pcGWRW7dHbJlg="></latexit><latexit sha1_base64="8DEpAGNeTbPBn/pcGWRW7dHbJlg="></latexit>

– Some answers? [Kurdila, Bobade, 2018]
<latexit sha1_base64="jGFx4ql1U9goe8K53u/r+ejbrCY="></latexit><latexit sha1_base64="jGFx4ql1U9goe8K53u/r+ejbrCY="></latexit><latexit sha1_base64="jGFx4ql1U9goe8K53u/r+ejbrCY="></latexit>
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Koopman MPC
<latexit sha1_base64="Dz2AqgePdGsZDcdxDPUEGjNclyo=">AAAFqHicdZTfTxNBEMcXpIr1F+ijLxdbEhOFXEmM8YGESCg1WAOECqbXkN29abth9/ayu1eKm3v3H/BV/y7/G3fbIr2zbHLJZL6fmdnZaYeknGkThn+Wlu+tVO4/WH1YffT4ydNna+vPv2qZKQodKrlU5wRr4CyBjmGGw3mqAAvC4Yxc7nn9bARKM5mcmusUegIPEtZnFBvn6h5KmQqcBO2jvYu1WrgVTk7wv9GYGTU0O0cX6y </latexit><latexit sha1_base64="Dz2AqgePdGsZDcdxDPUEGjNclyo=">AAAFqHicdZTfTxNBEMcXpIr1F+ijLxdbEhOFXEmM8YGESCg1WAOECqbXkN29abth9/ayu1eKm3v3H/BV/y7/G3fbIr2zbHLJZL6fmdnZaYeknGkThn+Wlu+tVO4/WH1YffT4ydNna+vPv2qZKQodKrlU5wRr4CyBjmGGw3mqAAvC4Yxc7nn9bARKM5mcmusUegIPEtZnFBvn6h5KmQqcBO2jvYu1WrgVTk7wv9GYGTU0O0cX6y </latexit><latexit sha1_base64="Dz2AqgePdGsZDcdxDPUEGjNclyo=">AAAFqHicdZTfTxNBEMcXpIr1F+ijLxdbEhOFXEmM8YGESCg1WAOECqbXkN29abth9/ayu1eKm3v3H/BV/y7/G3fbIr2zbHLJZL6fmdnZaYeknGkThn+Wlu+tVO4/WH1YffT4ydNna+vPv2qZKQodKrlU5wRr4CyBjmGGw3mqAAvC4Yxc7nn9bARKM5mcmusUegIPEtZnFBvn6h5KmQqcBO2jvYu1WrgVTk7wv9GYGTU0O0cX6y </latexit>

State estimation
<latexit sha1_base64="ipoGGMF9XxsR78JJK1IfMXGADsc="></latexit><latexit sha1_base64="ipoGGMF9XxsR78JJK1IfMXGADsc="></latexit><latexit sha1_base64="ipoGGMF9XxsR78JJK1IfMXGADsc="></latexit>

Learning  
<latexit sha1_base64="lTvWhRnfF8Ja0CbEbAUZPjyBSCI=">AAAFsnicdZTNThsxEMcNJS1Nv6Ace1k1QeqhoAQJVT0goVaEVEBFERSkbIRs7ySx8MfK9oZQa+99i17bR+rb1E5CyS7B0kqj+f9mxuNJhqScGdto/F1YfLRUefxk+Wn12fMXL1+trL7+blSmKZxRxZW+INgAZxLOLLMcLlINWBAO5+Tqc9DPh6ANU/LU3qTQFbgvWY9RbL3rcmXtELCWTPajekxMFKeG1S9Xao3NxvhE943m1K </latexit><latexit sha1_base64="lTvWhRnfF8Ja0CbEbAUZPjyBSCI=">AAAFsnicdZTNThsxEMcNJS1Nv6Ace1k1QeqhoAQJVT0goVaEVEBFERSkbIRs7ySx8MfK9oZQa+99i17bR+rb1E5CyS7B0kqj+f9mxuNJhqScGdto/F1YfLRUefxk+Wn12fMXL1+trL7+blSmKZxRxZW+INgAZxLOLLMcLlINWBAO5+Tqc9DPh6ANU/LU3qTQFbgvWY9RbL3rcmXtELCWTPajekxMFKeG1S9Xao3NxvhE943m1K </latexit><latexit sha1_base64="lTvWhRnfF8Ja0CbEbAUZPjyBSCI=">AAAFsnicdZTNThsxEMcNJS1Nv6Ace1k1QeqhoAQJVT0goVaEVEBFERSkbIRs7ySx8MfK9oZQa+99i17bR+rb1E5CyS7B0kqj+f9mxuNJhqScGdto/F1YfLRUefxk+Wn12fMXL1+trL7+blSmKZxRxZW+INgAZxLOLLMcLlINWBAO5+Tqc9DPh6ANU/LU3qTQFbgvWY9RbL3rcmXtELCWTPajekxMFKeG1S9Xao3NxvhE943m1K </latexit>

Convergence
<latexit sha1_base64="9wRhvRLWmsElPC05KvbIfKmr5ZA=">AAAFqHicdZTfTxNBEMcXpIr1F+ijLxcLiYlCWhJjfCAhEkoNYoBQwfQasrs3bTfsj8vuXilu7t1/wFf9u/xv3G2L9M6yySWT+X5mZmenHZJyZmy9/mdh8d5S5f6D5YfVR4+fPH22svr8q1GZptCmiit9TrABziS0LbMczlMNWBAOZ+RyN+hnQ9CGKXlqr1PoCtyXrMcott7V2VXSq32QFC5WavXN+vhE/xuNqVFD03N0sbr0I0 </latexit><latexit sha1_base64="9wRhvRLWmsElPC05KvbIfKmr5ZA=">AAAFqHicdZTfTxNBEMcXpIr1F+ijLxcLiYlCWhJjfCAhEkoNYoBQwfQasrs3bTfsj8vuXilu7t1/wFf9u/xv3G2L9M6yySWT+X5mZmenHZJyZmy9/mdh8d5S5f6D5YfVR4+fPH22svr8q1GZptCmiit9TrABziS0LbMczlMNWBAOZ+RyN+hnQ9CGKXlqr1PoCtyXrMcott7V2VXSq32QFC5WavXN+vhE/xuNqVFD03N0sbr0I0 </latexit><latexit sha1_base64="9wRhvRLWmsElPC05KvbIfKmr5ZA=">AAAFqHicdZTfTxNBEMcXpIr1F+ijLxcLiYlCWhJjfCAhEkoNYoBQwfQasrs3bTfsj8vuXilu7t1/wFf9u/xv3G2L9M6yySWT+X5mZmenHZJyZmy9/mdh8d5S5f6D5YfVR4+fPH22svr8q1GZptCmiit9TrABziS0LbMczlMNWBAOZ+RyN+hnQ9CGKXlqr1PoCtyXrMcott7V2VXSq32QFC5WavXN+vhE/xuNqVFD03N0sbr0I0 </latexit>

PDE control
<latexit sha1_base64="u1fXv1brF0rG5S4ZklTpxO1Ppmk=">AAAFqHicdZTfTxNBEMcXpIr1F+ijLxdbEhOFtCTG+EBCVAoGMUCoYHoN2d2bthv2x2V3rxQ39+4/4Kv+Xf437rZFemfZ5JLJfD8zs7PTDkk5M7bR+LOweGepcvfe8v3qg4ePHj9ZWX361ahMU2hTxZU+I9gAZxLallkOZ6kGLAiHU3LxIeinQ9CGKXlir1LoCtyXrMcott7VOfy4E1ElrVb8fKXW2GiMT/S/0ZwaNTQ9h+erSz </latexit><latexit sha1_base64="u1fXv1brF0rG5S4ZklTpxO1Ppmk=">AAAFqHicdZTfTxNBEMcXpIr1F+ijLxdbEhOFtCTG+EBCVAoGMUCoYHoN2d2bthv2x2V3rxQ39+4/4Kv+Xf437rZFemfZ5JLJfD8zs7PTDkk5M7bR+LOweGepcvfe8v3qg4ePHj9ZWX361ahMU2hTxZU+I9gAZxLallkOZ6kGLAiHU3LxIeinQ9CGKXlir1LoCtyXrMcott7VOfy4E1ElrVb8fKXW2GiMT/S/0ZwaNTQ9h+erSz </latexit><latexit sha1_base64="u1fXv1brF0rG5S4ZklTpxO1Ppmk=">AAAFqHicdZTfTxNBEMcXpIr1F+ijLxdbEhOFtCTG+EBCVAoGMUCoYHoN2d2bthv2x2V3rxQ39+4/4Kv+Xf437rZFemfZ5JLJfD8zs7PTDkk5M7bR+LOweGepcvfe8v3qg4ePHj9ZWX361ahMU2hTxZU+I9gAZxLallkOZ6kGLAiHU3LxIeinQ9CGKXlir1LoCtyXrMcott7VOfy4E1ElrVb8fKXW2GiMT/S/0ZwaNTQ9h+erSz </latexit>

H. Arbabi, M. Korda, I. Mezić. A data-driven Koopman model predictive control 
framework for nonlinear flows. arXiv, 2018.

M. Korda, Y. Susuki, I. Power grid transient stabilization using Koopman predictive 
control. IFAC CPES & arXiv, 2018.

Power grid
<latexit sha1_base64="n0WGtT7AqEY/fehnx2/14J3N5Fs=">AAAFp3icdZTfTxNBEMcXpIr1F+ijLxdbEmOEXEmM8YGEaCg1iKmEArHXkN29abthf1x290rxcu/+Ab7q/+V/425bpHeUTS6ZzPczMzs77ZCEM2PD8O/S8r2Vyv0Hqw+rjx4/efpsbf35iVGpptChiit9RrABziR0LLMczhINWBAOp+Tik9dPR6ANU/LYXiXQE3ggWZ9RbJ3re1tdgg4GmsXna7VwK5yc4LbRmBk1NDvt8/WVn1 </latexit><latexit sha1_base64="n0WGtT7AqEY/fehnx2/14J3N5Fs=">AAAFp3icdZTfTxNBEMcXpIr1F+ijLxdbEmOEXEmM8YGEaCg1iKmEArHXkN29abthf1x290rxcu/+Ab7q/+V/425bpHeUTS6ZzPczMzs77ZCEM2PD8O/S8r2Vyv0Hqw+rjx4/efpsbf35iVGpptChiit9RrABziR0LLMczhINWBAOp+Tik9dPR6ANU/LYXiXQE3ggWZ9RbJ3re1tdgg4GmsXna7VwK5yc4LbRmBk1NDvt8/WVn1 </latexit><latexit sha1_base64="n0WGtT7AqEY/fehnx2/14J3N5Fs=">AAAFp3icdZTfTxNBEMcXpIr1F+ijLxdbEmOEXEmM8YGEaCg1iKmEArHXkN29abthf1x290rxcu/+Ab7q/+V/425bpHeUTS6ZzPczMzs77ZCEM2PD8O/S8r2Vyv0Hqw+rjx4/efpsbf35iVGpptChiit9RrABziR0LLMczhINWBAOp+Tik9dPR6ANU/LYXiXQE3ggWZ9RbJ3re1tdgg4GmsXna7VwK5yc4LbRmBk1NDvt8/WVn1 </latexit>

Rates
<latexit sha1_base64="xC0xQlC2ilmk4iwJWmc4eOvDNes="></latexit><latexit sha1_base64="xC0xQlC2ilmk4iwJWmc4eOvDNes="></latexit><latexit sha1_base64="xC0xQlC2ilmk4iwJWmc4eOvDNes="></latexit>

A. Kurdila, P. Bobade. Koopman Theory and Linear Approximation Spaces, arxiv
2018. 



Numerical examples

89

Bilinear motor

Lifting: state observable + 100 RBFs
Data: 20 trajectories with 1000 samples each

RK-4 discretization with 0.01 s sampling interval
ẋ1 = �(Ra/La)x1 � (km/La)x2u + ua/La

ẋ2 = �(B/J)x2 + (km/J)x1u � �l/J

Only x2 (= angular velocity) measured
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Bilinear motor

Lifting: state observable + 100 RBFs
Data: 20 trajectories with 1000 samples each

RK-4 discretization with 0.01 s sampling interval
ẋ1 = �(Ra/La)x1 � (km/La)x2u + ua/La

ẋ2 = �(B/J)x2 + (km/J)x1u � �l/J

Only x2 (= angular velocity) measured
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Bilinear motor

Lifting: state observable + 100 RBFs
Data: 20 trajectories with 1000 samples each

RK-4 discretization with 0.01 s sampling interval
ẋ1 = �(Ra/La)x1 � (km/La)x2u + ua/La

ẋ2 = �(B/J)x2 + (km/J)x1u � �l/J

Only x2 (= angular velocity) measured

Prediction Koopman Local linearization at x0
Average RMSE 32.3% 135.5%
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Bilinear motor

Lifting: state observable + 100 RBFs
Data: 20 trajectories with 1000 samples each

RK-4 discretization with 0.01 s sampling interval
ẋ1 = �(Ra/La)x1 � (km/La)x2u + ua/La

ẋ2 = �(B/J)x2 + (km/J)x1u � �l/J

Only x2 (= angular velocity) measured

Tpred = 1 s

Q = 1, R = 0.01

Feedback control
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Bilinear motor

Lifting: state observable + 100 RBFs
Data: 20 trajectories with 1000 samples each

RK-4 discretization with 0.01 s sampling interval
ẋ1 = �(Ra/La)x1 � (km/La)x2u + ua/La

ẋ2 = �(B/J)x2 + (km/J)x1u � �l/J

Only x2 (= angular velocity) measured

Tpred = 1 s

Q = 1, R = 0.01

Feedback control
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Bilinear motor

Lifting: state observable + 100 RBFs
Data: 20 trajectories with 1000 samples each

RK-4 discretization with 0.01 s sampling interval
ẋ1 = �(Ra/La)x1 � (km/La)x2u + ua/La

ẋ2 = �(B/J)x2 + (km/J)x1u � �l/J

time

Only x2 (= angular velocity) measured

x2
Tpred = 1 s

Q = 1, R = 0.01

Feedback control

angular velocity
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Bilinear motor
ẋ1 = �(Ra/La)x1 � (km/La)x2u + ua/La

ẋ2 = �(B/J)x2 + (km/J)x1u � �l/J

time

Lifting: state observable + 100 RBFs
Data: 20 trajectories with 1000 samples each

RK-4 discretization with 0.01 s sampling interval
Only x2 (= angular velocity) measured

uFeedback control
Tpred = 1 s

Q = 1, R = 0.01

control action
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Bilinear motor
ẋ1 = �(Ra/La)x1 � (km/La)x2u + ua/La

ẋ2 = �(B/J)x2 + (km/J)x1u � �l/J Lifting: state observable + 100 RBFs
Data: 20 trajectories with 1000 samples each

RK-4 discretization with 0.01 s sampling interval
Only x2 (= angular velocity) measured

Feedback control Average computation time = 6.83 ms
Tpred = 1 s

Q = 1, R = 0.01

(Matlab + qpOASES, 2GHz i7)


