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Nonlinear

zk+1 = Azk
<latexit sha1_base64="NqedJGLqzzxK+q9xEefWMewiSzI="></latexit><latexit sha1_base64="NqedJGLqzzxK+q9xEefWMewiSzI="></latexit><latexit sha1_base64="NqedJGLqzzxK+q9xEefWMewiSzI="></latexit>

A
<latexit sha1_base64="WdbtykEbEbkycp0vZwiXYRUOOu8="></latexit><latexit sha1_base64="WdbtykEbEbkycp0vZwiXYRUOOu8="></latexit><latexit sha1_base64="WdbtykEbEbkycp0vZwiXYRUOOu8="></latexit>

Linear dynamics
<latexit sha1_base64="wlov9ZXQkzYjYTo7KhSfbU3Edso="></latexit><latexit sha1_base64="wlov9ZXQkzYjYTo7KhSfbU3Edso="></latexit><latexit sha1_base64="wlov9ZXQkzYjYTo7KhSfbU3Edso="></latexit>

Nonlinear embedding
<latexit sha1_base64="QAY0yMOMfN8hfI29eJYlS0V1xDY="></latexit><latexit sha1_base64="QAY0yMOMfN8hfI29eJYlS0V1xDY="></latexit><latexit sha1_base64="QAY0yMOMfN8hfI29eJYlS0V1xDY="></latexit>

z = φ(x)
<latexit sha1_base64="Gs1/fFP/UTvkhV6MSOLGKSHm+U0="></latexit><latexit sha1_base64="gPim2dqcPGRBAeNNkrgD5AcbfqY="></latexit><latexit sha1_base64="gPim2dqcPGRBAeNNkrgD5AcbfqY="></latexit>
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xk+1
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Nonlinear

zk+1 = Azk
<latexit sha1_base64="NqedJGLqzzxK+q9xEefWMewiSzI="></latexit><latexit sha1_base64="NqedJGLqzzxK+q9xEefWMewiSzI="></latexit><latexit sha1_base64="NqedJGLqzzxK+q9xEefWMewiSzI="></latexit>

A
<latexit sha1_base64="WdbtykEbEbkycp0vZwiXYRUOOu8="></latexit><latexit sha1_base64="WdbtykEbEbkycp0vZwiXYRUOOu8="></latexit><latexit sha1_base64="WdbtykEbEbkycp0vZwiXYRUOOu8="></latexit>

Linear dynamics
<latexit sha1_base64="wlov9ZXQkzYjYTo7KhSfbU3Edso="></latexit><latexit sha1_base64="wlov9ZXQkzYjYTo7KhSfbU3Edso="></latexit><latexit sha1_base64="wlov9ZXQkzYjYTo7KhSfbU3Edso="></latexit>

C
<latexit sha1_base64="kLSm8AHsK9jAbxIZyKlwgZhP1qI="></latexit><latexit sha1_base64="kLSm8AHsK9jAbxIZyKlwgZhP1qI="></latexit><latexit sha1_base64="kLSm8AHsK9jAbxIZyKlwgZhP1qI="></latexit>

Linear projection
<latexit sha1_base64="poIiXX9sxZMy4N86l8TuAjg2JnQ="></latexit><latexit sha1_base64="poIiXX9sxZMy4N86l8TuAjg2JnQ="></latexit><latexit sha1_base64="poIiXX9sxZMy4N86l8TuAjg2JnQ="></latexit>

⇠ = vector of observables
<latexit sha1_base64="YPFRrywbkBpVdNXAv/mKN1DD7/8="></latexit><latexit sha1_base64="YPFRrywbkBpVdNXAv/mKN1DD7/8="></latexit><latexit sha1_base64="YPFRrywbkBpVdNXAv/mKN1DD7/8="></latexit>

Nonlinear embedding
<latexit sha1_base64="QAY0yMOMfN8hfI29eJYlS0V1xDY="></latexit><latexit sha1_base64="QAY0yMOMfN8hfI29eJYlS0V1xDY="></latexit><latexit sha1_base64="QAY0yMOMfN8hfI29eJYlS0V1xDY="></latexit>

z = φ(x)
<latexit sha1_base64="Gs1/fFP/UTvkhV6MSOLGKSHm+U0="></latexit><latexit sha1_base64="gPim2dqcPGRBAeNNkrgD5AcbfqY="></latexit><latexit sha1_base64="gPim2dqcPGRBAeNNkrgD5AcbfqY="></latexit>

⇠(xk) ⇡ Czk
<latexit sha1_base64="5GbLZVARCQphV19MHPc0UYXJWMs="></latexit><latexit sha1_base64="5GbLZVARCQphV19MHPc0UYXJWMs="></latexit><latexit sha1_base64="5GbLZVARCQphV19MHPc0UYXJWMs="></latexit>

(e.g. ⇠(x) = x )
<latexit sha1_base64="QK4Y7mbH5GRNRqg90qVECQyNbsM="></latexit><latexit sha1_base64="QK4Y7mbH5GRNRqg90qVECQyNbsM="></latexit><latexit sha1_base64="QK4Y7mbH5GRNRqg90qVECQyNbsM="></latexit>
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z0 = φ(x0)
<latexit sha1_base64="og0kdRRL58UJokO0XpsoPXhuiVc="></latexit><latexit sha1_base64="og0kdRRL58UJokO0XpsoPXhuiVc="></latexit><latexit sha1_base64="og0kdRRL58UJokO0XpsoPXhuiVc="></latexit>

ŷk = Czk
<latexit sha1_base64="STlUNn0NvZ4bqGpRbLk341hjiII="></latexit><latexit sha1_base64="I06FX5kQQ4iMUpSKCE11P5Ezr5E="></latexit><latexit sha1_base64="I06FX5kQQ4iMUpSKCE11P5Ezr5E="></latexit>

zk+1 = Azk
<latexit sha1_base64="ruCCK3E8VAHcRB3BC7VesHJRMoI="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit>

ŷk ≈ ξ(xk)
<latexit sha1_base64="p0PzNFC/EddANSAZX4xpDlQYGL8="></latexit><latexit sha1_base64="p0PzNFC/EddANSAZX4xpDlQYGL8="></latexit><latexit sha1_base64="p0PzNFC/EddANSAZX4xpDlQYGL8="></latexit>
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ŷk = Czk
<latexit sha1_base64="STlUNn0NvZ4bqGpRbLk341hjiII="></latexit><latexit sha1_base64="I06FX5kQQ4iMUpSKCE11P5Ezr5E="></latexit><latexit sha1_base64="I06FX5kQQ4iMUpSKCE11P5Ezr5E="></latexit>

zk+1 = Azk
<latexit sha1_base64="ruCCK3E8VAHcRB3BC7VesHJRMoI="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit>

Nonlinear feedback control & estimation using linear techniques
<latexit sha1_base64="QP6dz74izR0K4QtN50cxZW9N9Uo="></latexit><latexit sha1_base64="QP6dz74izR0K4QtN50cxZW9N9Uo="></latexit><latexit sha1_base64="QP6dz74izR0K4QtN50cxZW9N9Uo="></latexit><latexit sha1_base64="K3eYmt3/0QgsnxPLp/qGBFEtb5Q="></latexit><latexit sha1_base64="CppwBhtG1MWhcXEE69z7U/7OCF8="></latexit><latexit sha1_base64="CppwBhtG1MWhcXEE69z7U/7OCF8="></latexit><latexit sha1_base64="ySac9KTb4Eywy29S+p8Kha2kn3c="></latexit><latexit sha1_base64="QP6dz74izR0K4QtN50cxZW9N9Uo="></latexit><latexit sha1_base64="QP6dz74izR0K4QtN50cxZW9N9Uo="></latexit><latexit sha1_base64="QP6dz74izR0K4QtN50cxZW9N9Uo="></latexit><latexit sha1_base64="QP6dz74izR0K4QtN50cxZW9N9Uo="></latexit><latexit sha1_base64="QP6dz74izR0K4QtN50cxZW9N9Uo="></latexit>

) Model predictive control
<latexit sha1_base64="pptjEgq4iR9Np//AVMdqYHF0xqg="></latexit><latexit sha1_base64="pptjEgq4iR9Np//AVMdqYHF0xqg="></latexit><latexit sha1_base64="pptjEgq4iR9Np//AVMdqYHF0xqg="></latexit>

[Korda & Mezic, 2018]
<latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit><latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit><latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit><latexit sha1_base64="K3eYmt3/0QgsnxPLp/qGBFEtb5Q="></latexit><latexit sha1_base64="Ih1ylQd5o4h1plBlxCpc9kQc8kY="></latexit><latexit sha1_base64="Ih1ylQd5o4h1plBlxCpc9kQc8kY="></latexit><latexit sha1_base64="+tw61mtY6EzYLrepcVKW3cfrK/o="></latexit><latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit><latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit><latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit><latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit><latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit><latexit sha1_base64="K3eYmt3/0QgsnxPLp/qGBFEtb5Q="></latexit><latexit sha1_base64="Ih1ylQd5o4h1plBlxCpc9kQc8kY="></latexit><latexit sha1_base64="Ih1ylQd5o4h1plBlxCpc9kQc8kY="></latexit><latexit sha1_base64="+tw61mtY6EzYLrepcVKW3cfrK/o="></latexit><latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit><latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit><latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit><latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit><latexit sha1_base64="GP/dvDN80p0R3aT7ipnSh7WSAOE="></latexit>

[Surana & Banaszuk, 2016]
<latexit sha1_base64="tCYGEoj2XO/U6Lng3Sy9VXNVYhU="></latexit><latexit sha1_base64="tCYGEoj2XO/U6Lng3Sy9VXNVYhU="></latexit><latexit sha1_base64="tCYGEoj2XO/U6Lng3Sy9VXNVYhU="></latexit>

Mature & well understood
<latexit sha1_base64="puJEBqE3ef/QzYgFBlm2mu22rqQ="></latexit><latexit sha1_base64="puJEBqE3ef/QzYgFBlm2mu22rqQ="></latexit><latexit sha1_base64="puJEBqE3ef/QzYgFBlm2mu22rqQ="></latexit>

Fast computation (linear algebra / convex optimization)
<latexit sha1_base64="jUF1N2k1Kma3oVkPcplnIsJPids="></latexit><latexit sha1_base64="jUF1N2k1Kma3oVkPcplnIsJPids="></latexit><latexit sha1_base64="jUF1N2k1Kma3oVkPcplnIsJPids="></latexit>

Rapid deployment in applications
<latexit sha1_base64="WdqzuWdj9hmRQZEvMwoqOB6xPSU="></latexit><latexit sha1_base64="WdqzuWdj9hmRQZEvMwoqOB6xPSU="></latexit><latexit sha1_base64="WdqzuWdj9hmRQZEvMwoqOB6xPSU="></latexit>

z0 = φ(x0)
<latexit sha1_base64="og0kdRRL58UJokO0XpsoPXhuiVc="></latexit><latexit sha1_base64="og0kdRRL58UJokO0XpsoPXhuiVc="></latexit><latexit sha1_base64="og0kdRRL58UJokO0XpsoPXhuiVc="></latexit>

ŷk ≈ ξ(xk)
<latexit sha1_base64="p0PzNFC/EddANSAZX4xpDlQYGL8="></latexit><latexit sha1_base64="p0PzNFC/EddANSAZX4xpDlQYGL8="></latexit><latexit sha1_base64="p0PzNFC/EddANSAZX4xpDlQYGL8="></latexit>

) State estimation
<latexit sha1_base64="g4MGgnAAgB0wx8SSYMTSYXuG4RI="></latexit><latexit sha1_base64="g4MGgnAAgB0wx8SSYMTSYXuG4RI="></latexit><latexit sha1_base64="g4MGgnAAgB0wx8SSYMTSYXuG4RI="></latexit>
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tracking error
<latexit sha1_base64="FyKB+KLYm+N1L6ZdjShsoq8VyLE="></latexit><latexit sha1_base64="FyKB+KLYm+N1L6ZdjShsoq8VyLE="></latexit><latexit sha1_base64="FyKB+KLYm+N1L6ZdjShsoq8VyLE="></latexit>

t = 0 s
<latexit sha1_base64="9IYnyxXE/mh81VZE7vv4hIf+zXE="></latexit><latexit sha1_base64="9IYnyxXE/mh81VZE7vv4hIf+zXE="></latexit><latexit sha1_base64="9IYnyxXE/mh81VZE7vv4hIf+zXE="></latexit>

tracking error
<latexit sha1_base64="FyKB+KLYm+N1L6ZdjShsoq8VyLE="></latexit><latexit sha1_base64="FyKB+KLYm+N1L6ZdjShsoq8VyLE="></latexit><latexit sha1_base64="FyKB+KLYm+N1L6ZdjShsoq8VyLE="></latexit>

t = 10 s
<latexit sha1_base64="zz9WxAmN64nUfw95mwfXxWY66EY="></latexit><latexit sha1_base64="zz9WxAmN64nUfw95mwfXxWY66EY="></latexit><latexit sha1_base64="zz9WxAmN64nUfw95mwfXxWY66EY="></latexit>

tracking error
<latexit sha1_base64="FyKB+KLYm+N1L6ZdjShsoq8VyLE="></latexit><latexit sha1_base64="FyKB+KLYm+N1L6ZdjShsoq8VyLE="></latexit><latexit sha1_base64="FyKB+KLYm+N1L6ZdjShsoq8VyLE="></latexit>

t = 20 s
<latexit sha1_base64="TzYNZ6jb9O4eI5PQQyZCpo6CSRY="></latexit><latexit sha1_base64="TzYNZ6jb9O4eI5PQQyZCpo6CSRY="></latexit><latexit sha1_base64="TzYNZ6jb9O4eI5PQQyZCpo6CSRY="></latexit>

time [s]
<latexit sha1_base64="hneHMAW8LNgP8dDeN21msqGryBQ="></latexit><latexit sha1_base64="hneHMAW8LNgP8dDeN21msqGryBQ="></latexit><latexit sha1_base64="hneHMAW8LNgP8dDeN21msqGryBQ="></latexit>

tf
<latexit sha1_base64="gJQPuMcWwLYEFKkfYeZGQqn30wA="></latexit><latexit sha1_base64="gJQPuMcWwLYEFKkfYeZGQqn30wA="></latexit><latexit sha1_base64="gJQPuMcWwLYEFKkfYeZGQqn30wA="></latexit> time [s]

<latexit sha1_base64="hneHMAW8LNgP8dDeN21msqGryBQ="></latexit><latexit sha1_base64="hneHMAW8LNgP8dDeN21msqGryBQ="></latexit><latexit sha1_base64="hneHMAW8LNgP8dDeN21msqGryBQ="></latexit>

tf
<latexit sha1_base64="gJQPuMcWwLYEFKkfYeZGQqn30wA="></latexit><latexit sha1_base64="gJQPuMcWwLYEFKkfYeZGQqn30wA="></latexit><latexit sha1_base64="gJQPuMcWwLYEFKkfYeZGQqn30wA="></latexit>

Powergrid
<latexit sha1_base64="QzftXmx6Xysi0tA0doQwQWILpkg="></latexit><latexit sha1_base64="QzftXmx6Xysi0tA0doQwQWILpkg="></latexit><latexit sha1_base64="QzftXmx6Xysi0tA0doQwQWILpkg="></latexit>
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x [µm]
<latexit sha1_base64="P9tgjtAr16u3yiqCKcTxwqsdXKw="></latexit><latexit sha1_base64="P9tgjtAr16u3yiqCKcTxwqsdXKw="></latexit><latexit sha1_base64="P9tgjtAr16u3yiqCKcTxwqsdXKw="></latexit>

x [mm]
<latexit sha1_base64="XV+i/rKBUvd0/Cz0YeeOQzqDocA="></latexit><latexit sha1_base64="XV+i/rKBUvd0/Cz0YeeOQzqDocA="></latexit><latexit sha1_base64="XV+i/rKBUvd0/Cz0YeeOQzqDocA="></latexit>

No control
<latexit sha1_base64="y74XQaDS3P/9jYennGWjf1HODg4="></latexit><latexit sha1_base64="y74XQaDS3P/9jYennGWjf1HODg4="></latexit><latexit sha1_base64="y74XQaDS3P/9jYennGWjf1HODg4="></latexit>

Koopman MPC
<latexit sha1_base64="Uu+GqA5cWcWrxbzjS2xBUYeMGfU="></latexit><latexit sha1_base64="Uu+GqA5cWcWrxbzjS2xBUYeMGfU="></latexit><latexit sha1_base64="Uu+GqA5cWcWrxbzjS2xBUYeMGfU="></latexit>

High-precision positioning
<latexit sha1_base64="rnJpWowSw6UP6JGacHYrdPFR2rk=">AAAFuXicdZTfb9MwEMe9scIoP7bBG7xEtJN4YFM6CSEkJk2gdUVjaEwrm9RUk+1cWzM7jmyn67Ai8chfwiv8O/w32G3HmqyzFOl038/d5XzJkZQzbcLw78LinaXK3XvL96sPHj56vLK69uSrlpmi0KaSS3VKsAbOEmgbZjicpgqwIBxOyPkHr58MQWkmk2NzmUJX4H7Ceoxi41xnq89arD/YcCGUeSZIpWZeYUn/bLUWbobjE9 </latexit><latexit sha1_base64="rnJpWowSw6UP6JGacHYrdPFR2rk=">AAAFuXicdZTfb9MwEMe9scIoP7bBG7xEtJN4YFM6CSEkJk2gdUVjaEwrm9RUk+1cWzM7jmyn67Ai8chfwiv8O/w32G3HmqyzFOl038/d5XzJkZQzbcLw78LinaXK3XvL96sPHj56vLK69uSrlpmi0KaSS3VKsAbOEmgbZjicpgqwIBxOyPkHr58MQWkmk2NzmUJX4H7Ceoxi41xnq89arD/YcCGUeSZIpWZeYUn/bLUWbobjE9 </latexit><latexit sha1_base64="rnJpWowSw6UP6JGacHYrdPFR2rk=">AAAFuXicdZTfb9MwEMe9scIoP7bBG7xEtJN4YFM6CSEkJk2gdUVjaEwrm9RUk+1cWzM7jmyn67Ai8chfwiv8O/w32G3HmqyzFOl038/d5XzJkZQzbcLw78LinaXK3XvL96sPHj56vLK69uSrlpmi0KaSS3VKsAbOEmgbZjicpgqwIBxOyPkHr58MQWkmk2NzmUJX4H7Ceoxi41xnq89arD/YcCGUeSZIpWZeYUn/bLUWbobjE9 </latexit>

�
f
[H

z]
<latexit sha1_base64="+vfuIHalYves16qhBSEln7M0hT0="></latexit><latexit sha1_base64="+vfuIHalYves16qhBSEln7M0hT0="></latexit><latexit sha1_base64="+vfuIHalYves16qhBSEln7M0hT0="></latexit>�
f
[H

z]
<latexit sha1_base64="+vfuIHalYves16qhBSEln7M0hT0="></latexit><latexit sha1_base64="+vfuIHalYves16qhBSEln7M0hT0="></latexit><latexit sha1_base64="+vfuIHalYves16qhBSEln7M0hT0="></latexit>

Kortweg-de Vries
<latexit sha1_base64="wPOiGvez0eP3EgE2ekfwutsVXQs="></latexit><latexit sha1_base64="wPOiGvez0eP3EgE2ekfwutsVXQs="></latexit><latexit sha1_base64="wPOiGvez0eP3EgE2ekfwutsVXQs="></latexit>

t
<latexit sha1_base64="3eBSkl4G0mSAzmQ3KbGXi/bsAxE="></latexit><latexit sha1_base64="3eBSkl4G0mSAzmQ3KbGXi/bsAxE="></latexit><latexit sha1_base64="3eBSkl4G0mSAzmQ3KbGXi/bsAxE="></latexit>

x
<latexit sha1_base64="TmYfNVvDEANzlcOdBnaOtNPt140="></latexit><latexit sha1_base64="TmYfNVvDEANzlcOdBnaOtNPt140="></latexit><latexit sha1_base64="TmYfNVvDEANzlcOdBnaOtNPt140="></latexit>

y
(t
,x
)

<latexit sha1_base64="qdzmKEmFWyTGeD317V16wgF3JNk="></latexit><latexit sha1_base64="qdzmKEmFWyTGeD317V16wgF3JNk="></latexit><latexit sha1_base64="qdzmKEmFWyTGeD317V16wgF3JNk="></latexit>

Fluid dynamics
<latexit sha1_base64="MlUdlXVavsTR9KAwnEaNvpP065U=">AAAFq3icdZTNbhMxEMfd0kAJH23hyGVFUokDjTaVEOJQqQI1DSpFpWpoRTZUtneSWLXXK9ubplh75xG4wlvxNthJSrPb1NJKo/n/ZsbjSYaknGkThn+Xlu+tVO4/WH1YffT4ydO19Y1nX7XMFIUOlVyqM4I1cJZAxzDD4SxVgAXhcEouPnj9dARKM5mcmKsUegIPEtZnFBvn+t7iGYuD+CrBglF9vl4LG+HkBLeN5syoodk5Ot </latexit><latexit sha1_base64="MlUdlXVavsTR9KAwnEaNvpP065U=">AAAFq3icdZTNbhMxEMfd0kAJH23hyGVFUokDjTaVEOJQqQI1DSpFpWpoRTZUtneSWLXXK9ubplh75xG4wlvxNthJSrPb1NJKo/n/ZsbjSYaknGkThn+Xlu+tVO4/WH1YffT4ydO19Y1nX7XMFIUOlVyqM4I1cJZAxzDD4SxVgAXhcEouPnj9dARKM5mcmKsUegIPEtZnFBvn+t7iGYuD+CrBglF9vl4LG+HkBLeN5syoodk5Ot </latexit><latexit sha1_base64="MlUdlXVavsTR9KAwnEaNvpP065U=">AAAFq3icdZTNbhMxEMfd0kAJH23hyGVFUokDjTaVEOJQqQI1DSpFpWpoRTZUtneSWLXXK9ubplh75xG4wlvxNthJSrPb1NJKo/n/ZsbjSYaknGkThn+Xlu+tVO4/WH1YffT4ydO19Y1nX7XMFIUOlVyqM4I1cJZAxzDD4SxVgAXhcEouPnj9dARKM5mcmKsUegIPEtZnFBvn+t7iGYuD+CrBglF9vl4LG+HkBLeN5syoodk5Ot </latexit>

t [s]
<latexit sha1_base64="GFOkNkHSW2kJso1BlL5QbsbN9ps="></latexit><latexit sha1_base64="GFOkNkHSW2kJso1BlL5QbsbN9ps="></latexit><latexit sha1_base64="GFOkNkHSW2kJso1BlL5QbsbN9ps="></latexit>

Cavity flow control
<latexit sha1_base64="hwmd+MbuX5Xhn9GYlTQ47ptS4/U="></latexit><latexit sha1_base64="hwmd+MbuX5Xhn9GYlTQ47ptS4/U="></latexit><latexit sha1_base64="hwmd+MbuX5Xhn9GYlTQ47ptS4/U="></latexit>

[Korda et al. 2017]
<latexit sha1_base64="/hKSDqkDe+SgIlNNpDGL3WD3bvw=">AAAFtnicdZTfb9MwEMe9scIovzZ44IGXiHaIB6jSSWjaw6QJtK5oDI1pZZOaarKda2vNjiPb6TqsvPN/8Ap/EP8NdtuxJussRTrd93N3OV9yJOVMmzD8u7R8b6Vy/8Hqw+qjx0+ePltbf/5dy0xR6FDJpTojWANnCXQMMxzOUgVYEA6n5OKT109HoDSTyYm5SqEn8CBhfUaxca7ztZcRM0H3QKoYB2ACzBvBZtjc6p2v1cJGOD </latexit><latexit sha1_base64="/hKSDqkDe+SgIlNNpDGL3WD3bvw=">AAAFtnicdZTfb9MwEMe9scIovzZ44IGXiHaIB6jSSWjaw6QJtK5oDI1pZZOaarKda2vNjiPb6TqsvPN/8Ap/EP8NdtuxJussRTrd93N3OV9yJOVMmzD8u7R8b6Vy/8Hqw+qjx0+ePltbf/5dy0xR6FDJpTojWANnCXQMMxzOUgVYEA6n5OKT109HoDSTyYm5SqEn8CBhfUaxca7ztZcRM0H3QKoYB2ACzBvBZtjc6p2v1cJGOD </latexit><latexit sha1_base64="/hKSDqkDe+SgIlNNpDGL3WD3bvw=">AAAFtnicdZTfb9MwEMe9scIovzZ44IGXiHaIB6jSSWjaw6QJtK5oDI1pZZOaarKda2vNjiPb6TqsvPN/8Ap/EP8NdtuxJussRTrd93N3OV9yJOVMmzD8u7R8b6Vy/8Hqw+qjx0+ePltbf/5dy0xR6FDJpTojWANnCXQMMxzOUgVYEA6n5OKT109HoDSTyYm5SqEn8CBhfUaxca7ztZcRM0H3QKoYB2ACzBvBZtjc6p2v1cJGOD </latexit>

[Arbabi et al. 2018]
<latexit sha1_base64="0MH4o9/JOqwzG0OUfoF4U5IXq+o=">AAAFt3icdZTfb9MwEMe9scIovzZ4QeIloh3iAaZ0EuKHNGmA1g2NoTGtbFJTDdu5ttbsONhO12GFZ/4QXuH/4b/BbjvWZJ2lSKf7fu4u50uOpJxpE4Z/5+avLVSu31i8Wb11+87de0vL979omSkKLSq5VEcEa+AsgZZhhsNRqgALwuGQnLz3+uEAlGYyOTBnKXQE7iWsyyg2znW89DBiJmi/VQQTFoAJMF8N1sLGq87xUi1cDU </latexit><latexit sha1_base64="0MH4o9/JOqwzG0OUfoF4U5IXq+o=">AAAFt3icdZTfb9MwEMe9scIovzZ4QeIloh3iAaZ0EuKHNGmA1g2NoTGtbFJTDdu5ttbsONhO12GFZ/4QXuH/4b/BbjvWZJ2lSKf7fu4u50uOpJxpE4Z/5+avLVSu31i8Wb11+87de0vL979omSkKLSq5VEcEa+AsgZZhhsNRqgALwuGQnLz3+uEAlGYyOTBnKXQE7iWsyyg2znW89DBiJmi/VQQTFoAJMF8N1sLGq87xUi1cDU </latexit><latexit sha1_base64="0MH4o9/JOqwzG0OUfoF4U5IXq+o=">AAAFt3icdZTfb9MwEMe9scIovzZ4QeIloh3iAaZ0EuKHNGmA1g2NoTGtbFJTDdu5ttbsONhO12GFZ/4QXuH/4b/BbjvWZJ2lSKf7fu4u50uOpJxpE4Z/5+avLVSu31i8Wb11+87de0vL979omSkKLSq5VEcEa+AsgZZhhsNRqgALwuGQnLz3+uEAlGYyOTBnKXQE7iWsyyg2znW89DBiJmi/VQQTFoAJMF8N1sLGq87xUi1cDU </latexit>

[Kamenar et al. 2018]
<latexit sha1_base64="hq2ayixv06Jenv8TNB+hDgU6iAk="></latexit><latexit sha1_base64="hq2ayixv06Jenv8TNB+hDgU6iAk="></latexit><latexit sha1_base64="hq2ayixv06Jenv8TNB+hDgU6iAk="></latexit>
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ŷk = Czk
<latexit sha1_base64="STlUNn0NvZ4bqGpRbLk341hjiII="></latexit><latexit sha1_base64="I06FX5kQQ4iMUpSKCE11P5Ezr5E="></latexit><latexit sha1_base64="I06FX5kQQ4iMUpSKCE11P5Ezr5E="></latexit>

zk+1 = Azk
<latexit sha1_base64="ruCCK3E8VAHcRB3BC7VesHJRMoI="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit>

z0 = φ(x0)
<latexit sha1_base64="og0kdRRL58UJokO0XpsoPXhuiVc="></latexit><latexit sha1_base64="og0kdRRL58UJokO0XpsoPXhuiVc="></latexit><latexit sha1_base64="og0kdRRL58UJokO0XpsoPXhuiVc="></latexit>

ŷk = ξ(xk)
<latexit sha1_base64="AnKfp6nK499O9r3bndgF9dzAVT4="></latexit><latexit sha1_base64="AnKfp6nK499O9r3bndgF9dzAVT4="></latexit><latexit sha1_base64="AnKfp6nK499O9r3bndgF9dzAVT4="></latexit>

When can we predict exactly?
<latexit sha1_base64="TfKhhwdOzWAdNvUDtf3QNhtXxUM="></latexit><latexit sha1_base64="TfKhhwdOzWAdNvUDtf3QNhtXxUM="></latexit><latexit sha1_base64="TfKhhwdOzWAdNvUDtf3QNhtXxUM="></latexit>
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ŷk = Czk
<latexit sha1_base64="STlUNn0NvZ4bqGpRbLk341hjiII="></latexit><latexit sha1_base64="I06FX5kQQ4iMUpSKCE11P5Ezr5E="></latexit><latexit sha1_base64="I06FX5kQQ4iMUpSKCE11P5Ezr5E="></latexit>

zk+1 = Azk
<latexit sha1_base64="ruCCK3E8VAHcRB3BC7VesHJRMoI="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit>

&
<latexit sha1_base64="iptNX7e4GXT118DGYko+6UnrhVg="></latexit><latexit sha1_base64="iptNX7e4GXT118DGYko+6UnrhVg="></latexit><latexit sha1_base64="iptNX7e4GXT118DGYko+6UnrhVg="></latexit>

⇠ 2 span{�1, . . . ,�N}
<latexit sha1_base64="etliNh3o/0d3T86oHQAzk65rZnM="></latexit><latexit sha1_base64="etliNh3o/0d3T86oHQAzk65rZnM="></latexit><latexit sha1_base64="etliNh3o/0d3T86oHQAzk65rZnM="></latexit>

()
<latexit sha1_base64="cLcXM3402z89omLi3DG5RlU/2aU="></latexit><latexit sha1_base64="cLcXM3402z89omLi3DG5RlU/2aU="></latexit><latexit sha1_base64="cLcXM3402z89omLi3DG5RlU/2aU="></latexit>

()
<latexit sha1_base64="cLcXM3402z89omLi3DG5RlU/2aU="></latexit><latexit sha1_base64="cLcXM3402z89omLi3DG5RlU/2aU="></latexit><latexit sha1_base64="cLcXM3402z89omLi3DG5RlU/2aU="></latexit>

Span of �i ’s is rich enough
<latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit><latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit><latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit><latexit sha1_base64="K3eYmt3/0QgsnxPLp/qGBFEtb5Q="></latexit><latexit sha1_base64="5AflXXU9T4vE9UCm6G/fykuBofE="></latexit><latexit sha1_base64="5AflXXU9T4vE9UCm6G/fykuBofE="></latexit><latexit sha1_base64="2m/E12ok3b1Ddw1JgKy+Rc3AzRM="></latexit><latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit><latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit><latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit><latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit><latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit><latexit sha1_base64="K3eYmt3/0QgsnxPLp/qGBFEtb5Q="></latexit><latexit sha1_base64="5AflXXU9T4vE9UCm6G/fykuBofE="></latexit><latexit sha1_base64="5AflXXU9T4vE9UCm6G/fykuBofE="></latexit><latexit sha1_base64="2m/E12ok3b1Ddw1JgKy+Rc3AzRM="></latexit><latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit><latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit><latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit><latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit><latexit sha1_base64="trxbooBEEK9xKBYpJ8eA6R4jhns="></latexit>

z0 = φ(x0)
<latexit sha1_base64="og0kdRRL58UJokO0XpsoPXhuiVc="></latexit><latexit sha1_base64="og0kdRRL58UJokO0XpsoPXhuiVc="></latexit><latexit sha1_base64="og0kdRRL58UJokO0XpsoPXhuiVc="></latexit>

ŷk = ξ(xk)
<latexit sha1_base64="AnKfp6nK499O9r3bndgF9dzAVT4="></latexit><latexit sha1_base64="AnKfp6nK499O9r3bndgF9dzAVT4="></latexit><latexit sha1_base64="AnKfp6nK499O9r3bndgF9dzAVT4="></latexit>

span{�1, . . . ,�N} is Koopman invariant
<latexit sha1_base64="Hm20m2VBJYjN4Ts1c/Ak37yR+Pg=">AAAF13icdZTfTxNBEMcPpIr1F+ijLxdbEh+AtCRGfSAhGkoNQpBQIfYasrs3bTfsj8vuXiluLvHJ8Oo/4F/jq77737jbFukdZZNL5ub7mZmdnbvFCaPa1Gp/5+bvLJTu3lu8X37w8NHjJ0vLTz9rmSoCLSKZVCcYaWBUQMtQw+AkUYA4ZnCMz957/XgASlMpjsxFAh2OeoJ2KUHGuU6X3lQjrqxOkMgiGyV9elpfjVgsjV4dve </latexit><latexit sha1_base64="Hm20m2VBJYjN4Ts1c/Ak37yR+Pg=">AAAF13icdZTfTxNBEMcPpIr1F+ijLxdbEh+AtCRGfSAhGkoNQpBQIfYasrs3bTfsj8vuXiluLvHJ8Oo/4F/jq77737jbFukdZZNL5ub7mZmdnbvFCaPa1Gp/5+bvLJTu3lu8X37w8NHjJ0vLTz9rmSoCLSKZVCcYaWBUQMtQw+AkUYA4ZnCMz957/XgASlMpjsxFAh2OeoJ2KUHGuU6X3lQjrqxOkMgiGyV9elpfjVgsjV4dve </latexit><latexit sha1_base64="Hm20m2VBJYjN4Ts1c/Ak37yR+Pg=">AAAF13icdZTfTxNBEMcPpIr1F+ijLxdbEh+AtCRGfSAhGkoNQpBQIfYasrs3bTfsj8vuXiluLvHJ8Oo/4F/jq77737jbFukdZZNL5ub7mZmdnbvFCaPa1Gp/5+bvLJTu3lu8X37w8NHjJ0vLTz9rmSoCLSKZVCcYaWBUQMtQw+AkUYA4ZnCMz957/XgASlMpjsxFAh2OeoJ2KUHGuU6X3lQjrqxOkMgiGyV9elpfjVgsjV4dve </latexit>

(or linear combinations thereof)
<latexit sha1_base64="bVqYMg9xuhMZTioKF0zZgDYKKmE="></latexit><latexit sha1_base64="bVqYMg9xuhMZTioKF0zZgDYKKmE="></latexit><latexit sha1_base64="bVqYMg9xuhMZTioKF0zZgDYKKmE="></latexit>

if
<latexit sha1_base64="VyHSTd0yj5E3K5PhxaPKJC/mHpk="></latexit><latexit sha1_base64="VyHSTd0yj5E3K5PhxaPKJC/mHpk="></latexit><latexit sha1_base64="VyHSTd0yj5E3K5PhxaPKJC/mHpk="></latexit>

�i ’s are (generalized) Koopman eigenfunctions
<latexit sha1_base64="lmAfOBihBCuBlQSfKs1s1AZxlyA="></latexit><latexit sha1_base64="lmAfOBihBCuBlQSfKs1s1AZxlyA="></latexit><latexit sha1_base64="lmAfOBihBCuBlQSfKs1s1AZxlyA="></latexit>
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ẋ = f (x)
<latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit><latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit><latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit>

�(St(x)) = e�t�(x)
<latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit><latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit><latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit>

Eigenfunction
<latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit><latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit><latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit>
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St(x0)
<latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit><latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit><latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit>

x0
<latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit><latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit><latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit>

ẋ = f (x)
<latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit><latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit><latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit>

�(St(x)) = e�t�(x)
<latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit><latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit><latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit>

Eigenfunction
<latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit><latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit><latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit>

Non-recurrent surface �
<latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit>

Key observation: Non-recurrent surface) uncountably many eigenfunctions
<latexit sha1_base64="zvSV48c2oVWmIq0O4YuSPEeyL5s="></latexit><latexit sha1_base64="zvSV48c2oVWmIq0O4YuSPEeyL5s="></latexit><latexit sha1_base64="zvSV48c2oVWmIq0O4YuSPEeyL5s="></latexit>
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g = arbitrary continuous function
<latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit><latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit><latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit>

� = arbitrary complex number
<latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit><latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit><latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit>

St(x0)
<latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit><latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit><latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit>

x0
<latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit><latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit><latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit>

��,g(St(x0)) = e�tg(x0)
<latexit sha1_base64="5tZsVFoDQZEPW/kf+1C6/4mq9Sw="></latexit><latexit sha1_base64="5tZsVFoDQZEPW/kf+1C6/4mq9Sw="></latexit><latexit sha1_base64="5tZsVFoDQZEPW/kf+1C6/4mq9Sw="></latexit>

��,g = g on �
<latexit sha1_base64="SfMRCQfpceiCV6GkOQIsO6xhk8g="></latexit><latexit sha1_base64="SfMRCQfpceiCV6GkOQIsO6xhk8g="></latexit><latexit sha1_base64="SfMRCQfpceiCV6GkOQIsO6xhk8g="></latexit>

ẋ = f (x)
<latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit><latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit><latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit>

�(St(x)) = e�t�(x)
<latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit><latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit><latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit>

Eigenfunction
<latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit><latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit><latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit>

x0 2 �
<latexit sha1_base64="S88JO+eonrH1YnaabAgITHzkJIA="></latexit><latexit sha1_base64="S88JO+eonrH1YnaabAgITHzkJIA="></latexit><latexit sha1_base64="S88JO+eonrH1YnaabAgITHzkJIA="></latexit>

Non-recurrent surface �
<latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit>

Key observation: Non-recurrent surface) uncountably many eigenfunctions
<latexit sha1_base64="zvSV48c2oVWmIq0O4YuSPEeyL5s="></latexit><latexit sha1_base64="zvSV48c2oVWmIq0O4YuSPEeyL5s="></latexit><latexit sha1_base64="zvSV48c2oVWmIq0O4YuSPEeyL5s="></latexit>
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g = arbitrary continuous function
<latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit><latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit><latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit>

� = arbitrary complex number
<latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit><latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit><latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit>

St(x0)
<latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit><latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit><latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit>

x0
<latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit><latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit><latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit>

Lemma: � non-recurrent & g continuous) ��,g is a continuous eigenfunction
<latexit sha1_base64="sUYxeNXsyAyxJgW/fg9gpmK1t60="></latexit><latexit sha1_base64="sUYxeNXsyAyxJgW/fg9gpmK1t60="></latexit><latexit sha1_base64="sUYxeNXsyAyxJgW/fg9gpmK1t60="></latexit>

ẋ = f (x)
<latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit><latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit><latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit>

�(St(x)) = e�t�(x)
<latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit><latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit><latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit>

Eigenfunction
<latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit><latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit><latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit>

Non-recurrent surface �
<latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit>

Key observation: Non-recurrent surface) uncountably many eigenfunctions
<latexit sha1_base64="zvSV48c2oVWmIq0O4YuSPEeyL5s="></latexit><latexit sha1_base64="zvSV48c2oVWmIq0O4YuSPEeyL5s="></latexit><latexit sha1_base64="zvSV48c2oVWmIq0O4YuSPEeyL5s="></latexit>

��,g(St(x0)) = e�tg(x0)
<latexit sha1_base64="5tZsVFoDQZEPW/kf+1C6/4mq9Sw="></latexit><latexit sha1_base64="5tZsVFoDQZEPW/kf+1C6/4mq9Sw="></latexit><latexit sha1_base64="5tZsVFoDQZEPW/kf+1C6/4mq9Sw="></latexit>

��,g = g on �
<latexit sha1_base64="SfMRCQfpceiCV6GkOQIsO6xhk8g="></latexit><latexit sha1_base64="SfMRCQfpceiCV6GkOQIsO6xhk8g="></latexit><latexit sha1_base64="SfMRCQfpceiCV6GkOQIsO6xhk8g="></latexit>

x0 2 �
<latexit sha1_base64="S88JO+eonrH1YnaabAgITHzkJIA="></latexit><latexit sha1_base64="S88JO+eonrH1YnaabAgITHzkJIA="></latexit><latexit sha1_base64="S88JO+eonrH1YnaabAgITHzkJIA="></latexit>
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g = arbitrary continuous function
<latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit><latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit><latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit>

� = arbitrary complex number
<latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit><latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit><latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit>

St(x0)
<latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit><latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit><latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit>

x0
<latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit><latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit><latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit>

ẋ = f (x)
<latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit><latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit><latexit sha1_base64="RAypJdZwqyGaW2wTXOvVqzXKdfY="></latexit>

�(St(x)) = e�t�(x)
<latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit><latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit><latexit sha1_base64="26TvMutBRvjwy0rH/AvLhOnc4r8="></latexit>

Eigenfunction
<latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit><latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit><latexit sha1_base64="V9rQO5Uy3SfzXRUtuux5iG3aJR8="></latexit>

cf. Open eigenfunctions [Mezic 2017]
<latexit sha1_base64="RlLwAdk7Gn9oMkx3Os39biV+D2M="></latexit><latexit sha1_base64="RlLwAdk7Gn9oMkx3Os39biV+D2M="></latexit><latexit sha1_base64="RlLwAdk7Gn9oMkx3Os39biV+D2M="></latexit>

Non-recurrent surface �
<latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit>

Key observation: Non-recurrent surface) uncountably many eigenfunctions
<latexit sha1_base64="zvSV48c2oVWmIq0O4YuSPEeyL5s="></latexit><latexit sha1_base64="zvSV48c2oVWmIq0O4YuSPEeyL5s="></latexit><latexit sha1_base64="zvSV48c2oVWmIq0O4YuSPEeyL5s="></latexit>

��,g(St(x0)) = e�tg(x0)
<latexit sha1_base64="5tZsVFoDQZEPW/kf+1C6/4mq9Sw="></latexit><latexit sha1_base64="5tZsVFoDQZEPW/kf+1C6/4mq9Sw="></latexit><latexit sha1_base64="5tZsVFoDQZEPW/kf+1C6/4mq9Sw="></latexit>

��,g = g on �
<latexit sha1_base64="SfMRCQfpceiCV6GkOQIsO6xhk8g="></latexit><latexit sha1_base64="SfMRCQfpceiCV6GkOQIsO6xhk8g="></latexit><latexit sha1_base64="SfMRCQfpceiCV6GkOQIsO6xhk8g="></latexit>

x0 2 �
<latexit sha1_base64="S88JO+eonrH1YnaabAgITHzkJIA="></latexit><latexit sha1_base64="S88JO+eonrH1YnaabAgITHzkJIA="></latexit><latexit sha1_base64="S88JO+eonrH1YnaabAgITHzkJIA="></latexit>
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Key question: how rich is the class of eigenfunctions obtained in this way?
<latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit><latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit><latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit>
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�⇤,G = all eigenfunctions associated to (�, g) 2 (⇤, G)
<latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit><latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit><latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit>

Key question: how rich is the class of eigenfunctions obtained in this way?
<latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit><latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit><latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit>

⇤ = subset of complex numbers
<latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit><latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit><latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit>

G = subset of continuous functions
<latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit><latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit><latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit>
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�⇤,G = all eigenfunctions associated to (�, g) 2 (⇤, G)
<latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit><latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit><latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit>

Key question: how rich is the class of eigenfunctions obtained in this way?
<latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit><latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit><latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit>

⇤ = subset of complex numbers
<latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit><latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit><latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit>

G = subset of continuous functions
<latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit><latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit><latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit>

Theorem: � non-recurrent, ⇤0 = ⇤̄0 & 9� 2 ⇤0 with Re(�) 6= 0
<latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit><latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit><latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit><latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit>

G = {gi}1i=1 with span{G} dense in C(�)
<latexit sha1_base64="YtDviQ8DTahN4KU1R/pUvRnAbuw="></latexit><latexit sha1_base64="YtDviQ8DTahN4KU1R/pUvRnAbuw="></latexit><latexit sha1_base64="YtDviQ8DTahN4KU1R/pUvRnAbuw="></latexit>

) span{�⇤,G} dense in C(XT )
<latexit sha1_base64="uSryBXtzrf/UdzWrEXSpNBKPd9Y="></latexit><latexit sha1_base64="uSryBXtzrf/UdzWrEXSpNBKPd9Y="></latexit><latexit sha1_base64="uSryBXtzrf/UdzWrEXSpNBKPd9Y="></latexit>

⇤ � lattice(⇤0)
<latexit sha1_base64="/LEb+uuTSv8/3sy8JiI6Sy0KN0U="></latexit><latexit sha1_base64="/LEb+uuTSv8/3sy8JiI6Sy0KN0U="></latexit><latexit sha1_base64="/LEb+uuTSv8/3sy8JiI6Sy0KN0U="></latexit>
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�⇤,G = all eigenfunctions associated to (�, g) 2 (⇤, G)
<latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit><latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit><latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit>

Key question: how rich is the class of eigenfunctions obtained in this way?
<latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit><latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit><latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit>

for some coefficients c1, . . . , cN
<latexit sha1_base64="8lBOlEM4BFOtt08NnAK5dxjLK/4="></latexit><latexit sha1_base64="8lBOlEM4BFOtt08NnAK5dxjLK/4="></latexit><latexit sha1_base64="8lBOlEM4BFOtt08NnAK5dxjLK/4="></latexit>

For every continuous function ⇠ and every ✏ > 0 there exists �1, . . . ,�N 2 �⇤,G such that
<latexit sha1_base64="4Ykg35B3twrkhAYHCmRCr77LfG4="></latexit><latexit sha1_base64="4Ykg35B3twrkhAYHCmRCr77LfG4="></latexit><latexit sha1_base64="4Ykg35B3twrkhAYHCmRCr77LfG4="></latexit>

sup
x

∣∣∣ξ(x)−
N∑

i=1

ciφi(x)
∣∣∣ < ϵ

<latexit sha1_base64="MBwTJqx9p3W5378LOMW2bB2Pcr8="></latexit><latexit sha1_base64="V22RTJVFlSRoToJnRyLdKmQMV4I="></latexit><latexit sha1_base64="V22RTJVFlSRoToJnRyLdKmQMV4I="></latexit>

⇤ = subset of complex numbers
<latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit><latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit><latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit>

G = subset of continuous functions
<latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit><latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit><latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit>

Theorem: � non-recurrent, ⇤0 = ⇤̄0 & 9� 2 ⇤0 with Re(�) 6= 0
<latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit><latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit><latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit><latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit>

G = {gi}1i=1 with span{G} dense in C(�)
<latexit sha1_base64="YtDviQ8DTahN4KU1R/pUvRnAbuw="></latexit><latexit sha1_base64="YtDviQ8DTahN4KU1R/pUvRnAbuw="></latexit><latexit sha1_base64="YtDviQ8DTahN4KU1R/pUvRnAbuw="></latexit>

) span{�⇤,G} dense in C(XT )
<latexit sha1_base64="uSryBXtzrf/UdzWrEXSpNBKPd9Y="></latexit><latexit sha1_base64="uSryBXtzrf/UdzWrEXSpNBKPd9Y="></latexit><latexit sha1_base64="uSryBXtzrf/UdzWrEXSpNBKPd9Y="></latexit>

⇤ � lattice(⇤0)
<latexit sha1_base64="/LEb+uuTSv8/3sy8JiI6Sy0KN0U="></latexit><latexit sha1_base64="/LEb+uuTSv8/3sy8JiI6Sy0KN0U="></latexit><latexit sha1_base64="/LEb+uuTSv8/3sy8JiI6Sy0KN0U="></latexit>
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�⇤,G = all eigenfunctions associated to (�, g) 2 (⇤, G)
<latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit><latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit><latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit>

Key question: how rich is the class of eigenfunctions obtained in this way?
<latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit><latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit><latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit>

⇤ = subset of complex numbers
<latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit><latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit><latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit>

G = subset of continuous functions
<latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit><latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit><latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit>

Theorem: � non-recurrent, ⇤0 = ⇤̄0 & 9� 2 ⇤0 with Re(�) 6= 0
<latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit><latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit><latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit><latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit>

Thanks Corbi!
<latexit sha1_base64="WkCaRi+ONWsyNx3WrZAY6H8vFl0="></latexit><latexit sha1_base64="WkCaRi+ONWsyNx3WrZAY6H8vFl0="></latexit><latexit sha1_base64="WkCaRi+ONWsyNx3WrZAY6H8vFl0="></latexit>

G = {gi}1i=1 with span{G} dense in C(�)
<latexit sha1_base64="YtDviQ8DTahN4KU1R/pUvRnAbuw="></latexit><latexit sha1_base64="YtDviQ8DTahN4KU1R/pUvRnAbuw="></latexit><latexit sha1_base64="YtDviQ8DTahN4KU1R/pUvRnAbuw="></latexit>

) span{�⇤,G} dense in C(XT )
<latexit sha1_base64="uSryBXtzrf/UdzWrEXSpNBKPd9Y="></latexit><latexit sha1_base64="uSryBXtzrf/UdzWrEXSpNBKPd9Y="></latexit><latexit sha1_base64="uSryBXtzrf/UdzWrEXSpNBKPd9Y="></latexit>

Proof: Apply Stone-Weirstrass to span{�⇤,G}
<latexit sha1_base64="VRBe3dmJlP0ZYbGyO2Rp8MwnTjY="></latexit><latexit sha1_base64="VRBe3dmJlP0ZYbGyO2Rp8MwnTjY="></latexit><latexit sha1_base64="VRBe3dmJlP0ZYbGyO2Rp8MwnTjY="></latexit>

⇤ � lattice(⇤0)
<latexit sha1_base64="/LEb+uuTSv8/3sy8JiI6Sy0KN0U="></latexit><latexit sha1_base64="/LEb+uuTSv8/3sy8JiI6Sy0KN0U="></latexit><latexit sha1_base64="/LEb+uuTSv8/3sy8JiI6Sy0KN0U="></latexit>



Richness

Milan Korda 20

�⇤,G = all eigenfunctions associated to (�, g) 2 (⇤, G)
<latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit><latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit><latexit sha1_base64="eE6mZcrGjCfZS+PldmQgj60mIEg="></latexit>

Key question: how rich is the class of eigenfunctions obtained in this way?
<latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit><latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit><latexit sha1_base64="WPp/4UaI5PcFFnpZ2ncfefjekio="></latexit>

⇤ = subset of complex numbers
<latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit><latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit><latexit sha1_base64="N9NqLBWmki2lodNQD+c0OLy1o2c="></latexit>

G = subset of continuous functions
<latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit><latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit><latexit sha1_base64="Sr1EqKNTMO8GAr7cG6P79WY9It4="></latexit>

Theorem: � non-recurrent, ⇤0 = ⇤̄0 & 9� 2 ⇤0 with Re(�) 6= 0
<latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit><latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit><latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit><latexit sha1_base64="QoqHNjL7PPHOmIbq5/iX2OkPPBM="></latexit>

Thanks Corbi!
<latexit sha1_base64="WkCaRi+ONWsyNx3WrZAY6H8vFl0="></latexit><latexit sha1_base64="WkCaRi+ONWsyNx3WrZAY6H8vFl0="></latexit><latexit sha1_base64="WkCaRi+ONWsyNx3WrZAY6H8vFl0="></latexit>

G = {gi}1i=1 with span{G} dense in C(�)
<latexit sha1_base64="YtDviQ8DTahN4KU1R/pUvRnAbuw="></latexit><latexit sha1_base64="YtDviQ8DTahN4KU1R/pUvRnAbuw="></latexit><latexit sha1_base64="YtDviQ8DTahN4KU1R/pUvRnAbuw="></latexit>

) span{�⇤,G} dense in C(XT )
<latexit sha1_base64="uSryBXtzrf/UdzWrEXSpNBKPd9Y="></latexit><latexit sha1_base64="uSryBXtzrf/UdzWrEXSpNBKPd9Y="></latexit><latexit sha1_base64="uSryBXtzrf/UdzWrEXSpNBKPd9Y="></latexit>

Proof: Apply Stone-Weirstrass to span{�⇤,G}
<latexit sha1_base64="VRBe3dmJlP0ZYbGyO2Rp8MwnTjY="></latexit><latexit sha1_base64="VRBe3dmJlP0ZYbGyO2Rp8MwnTjY="></latexit><latexit sha1_base64="VRBe3dmJlP0ZYbGyO2Rp8MwnTjY="></latexit>

St(x0)
<latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit><latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit><latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit>

x0
<latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit><latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit><latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit>

⇤ � lattice(⇤0)
<latexit sha1_base64="/LEb+uuTSv8/3sy8JiI6Sy0KN0U="></latexit><latexit sha1_base64="/LEb+uuTSv8/3sy8JiI6Sy0KN0U="></latexit><latexit sha1_base64="/LEb+uuTSv8/3sy8JiI6Sy0KN0U="></latexit>



#
Singularities don’t matter!
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<latexit sha1_base64="Pa8qNCKw27cFnR62h+u1qBFs+R8="></latexit>

in C
<latexit sha1_base64="0Du4xIjEi0eebFxrQ9aWnBzmpno="></latexit><latexit sha1_base64="0Du4xIjEi0eebFxrQ9aWnBzmpno="></latexit><latexit sha1_base64="0Du4xIjEi0eebFxrQ9aWnBzmpno="></latexit>



But they do in higher regularity spaces
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<latexit sha1_base64="6EWI8Qg+X9HFVE2EP6OGGEKBDjE="></latexit>

<latexit sha1_base64="Pa8qNCKw27cFnR62h+u1qBFs+R8="></latexit>

[Mezić 2017]
<latexit sha1_base64="fZyGe4bxVE2WT/FNeU4HkEqaymU="></latexit><latexit sha1_base64="fZyGe4bxVE2WT/FNeU4HkEqaymU="></latexit><latexit sha1_base64="fZyGe4bxVE2WT/FNeU4HkEqaymU="></latexit>

M. Kvalheim’s poster: regular eigenfunctions) principal eigenvalues
<latexit sha1_base64="Po3rHwS3qADB2rSA+LRo4bleJdA="></latexit><latexit sha1_base64="Po3rHwS3qADB2rSA+LRo4bleJdA="></latexit><latexit sha1_base64="Po3rHwS3qADB2rSA+LRo4bleJdA="></latexit>



Example

Milan Korda 23

� = {�1, 1}
<latexit sha1_base64="YRCSUy6f/PlQA5TWTCR754s6+Q8="></latexit><latexit sha1_base64="YRCSUy6f/PlQA5TWTCR754s6+Q8="></latexit><latexit sha1_base64="YRCSUy6f/PlQA5TWTCR754s6+Q8="></latexit>

g(�1)
<latexit sha1_base64="dXnv9DeQvjJVFQd+VD1/fCl8kTQ="></latexit><latexit sha1_base64="dXnv9DeQvjJVFQd+VD1/fCl8kTQ="></latexit><latexit sha1_base64="dXnv9DeQvjJVFQd+VD1/fCl8kTQ="></latexit>

ẋ = ax , a < 0
<latexit sha1_base64="9wJf1VroP/OTcVyzA1aybHA6AzU="></latexit><latexit sha1_base64="9wJf1VroP/OTcVyzA1aybHA6AzU="></latexit><latexit sha1_base64="9wJf1VroP/OTcVyzA1aybHA6AzU="></latexit>

Observations:
<latexit sha1_base64="1+SRQJzYv4TCIQL3veSwDXyA4jQ="></latexit><latexit sha1_base64="1+SRQJzYv4TCIQL3veSwDXyA4jQ="></latexit><latexit sha1_base64="1+SRQJzYv4TCIQL3veSwDXyA4jQ="></latexit>

-1
<latexit sha1_base64="XwoqplyMkVqGFJmhnaowDZBvqJY="></latexit><latexit sha1_base64="XwoqplyMkVqGFJmhnaowDZBvqJY="></latexit><latexit sha1_base64="XwoqplyMkVqGFJmhnaowDZBvqJY="></latexit>

+1
<latexit sha1_base64="UvHG3qsXcM0Ag834kLhLhEbvfA4="></latexit><latexit sha1_base64="UvHG3qsXcM0Ag834kLhLhEbvfA4="></latexit><latexit sha1_base64="UvHG3qsXcM0Ag834kLhLhEbvfA4="></latexit>

φλ,g(x) =

⎧
⎪⎨

⎪⎩

g(−1)|x |
λ
a x < 0

g(+1)|x |
λ
a x > 0

<latexit sha1_base64="uIep/wopwVMINfbXs92fA6ywUJg="></latexit><latexit sha1_base64="lLteYs9bG86+mrfHHAKzi2d2N60="></latexit><latexit sha1_base64="lLteYs9bG86+mrfHHAKzi2d2N60="></latexit>

g(+1)
<latexit sha1_base64="RtW4KZ3MerfdqdTAXW/VgTCzsx4="></latexit><latexit sha1_base64="RtW4KZ3MerfdqdTAXW/VgTCzsx4="></latexit><latexit sha1_base64="RtW4KZ3MerfdqdTAXW/VgTCzsx4="></latexit>

Analytic if � = k · a, k 2 N and g(�1) = (�1)kg(+1)
<latexit sha1_base64="6c3KnCFriSI1jZEuUitz0GMFvfE="></latexit><latexit sha1_base64="6c3KnCFriSI1jZEuUitz0GMFvfE="></latexit><latexit sha1_base64="6c3KnCFriSI1jZEuUitz0GMFvfE="></latexit>

span{|x |
k�
a : k 2 N} dense in C([0, 1]) if � < 0

<latexit sha1_base64="cLPIfhK++KZBXncSFdpg5RuCVRU="></latexit><latexit sha1_base64="cLPIfhK++KZBXncSFdpg5RuCVRU="></latexit><latexit sha1_base64="cLPIfhK++KZBXncSFdpg5RuCVRU="></latexit>

Continuous on [�1, 1] if � < 0 (and on [�1, 1] \ {0} for any �)
<latexit sha1_base64="6E7z+ESE50d3sDEdCF1bOX0I2hc="></latexit><latexit sha1_base64="6E7z+ESE50d3sDEdCF1bOX0I2hc="></latexit><latexit sha1_base64="6E7z+ESE50d3sDEdCF1bOX0I2hc="></latexit>



Example
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� = {�1, 1}
<latexit sha1_base64="YRCSUy6f/PlQA5TWTCR754s6+Q8="></latexit><latexit sha1_base64="YRCSUy6f/PlQA5TWTCR754s6+Q8="></latexit><latexit sha1_base64="YRCSUy6f/PlQA5TWTCR754s6+Q8="></latexit>

g(�1)
<latexit sha1_base64="dXnv9DeQvjJVFQd+VD1/fCl8kTQ="></latexit><latexit sha1_base64="dXnv9DeQvjJVFQd+VD1/fCl8kTQ="></latexit><latexit sha1_base64="dXnv9DeQvjJVFQd+VD1/fCl8kTQ="></latexit>

ẋ = ax , a < 0
<latexit sha1_base64="9wJf1VroP/OTcVyzA1aybHA6AzU="></latexit><latexit sha1_base64="9wJf1VroP/OTcVyzA1aybHA6AzU="></latexit><latexit sha1_base64="9wJf1VroP/OTcVyzA1aybHA6AzU="></latexit>

-1
<latexit sha1_base64="XwoqplyMkVqGFJmhnaowDZBvqJY="></latexit><latexit sha1_base64="XwoqplyMkVqGFJmhnaowDZBvqJY="></latexit><latexit sha1_base64="XwoqplyMkVqGFJmhnaowDZBvqJY="></latexit>

+1
<latexit sha1_base64="UvHG3qsXcM0Ag834kLhLhEbvfA4="></latexit><latexit sha1_base64="UvHG3qsXcM0Ag834kLhLhEbvfA4="></latexit><latexit sha1_base64="UvHG3qsXcM0Ag834kLhLhEbvfA4="></latexit>

φλ,g(x) =

⎧
⎪⎨

⎪⎩

g(−1)|x |
λ
a x < 0

g(+1)|x |
λ
a x > 0

<latexit sha1_base64="uIep/wopwVMINfbXs92fA6ywUJg="></latexit><latexit sha1_base64="lLteYs9bG86+mrfHHAKzi2d2N60="></latexit><latexit sha1_base64="lLteYs9bG86+mrfHHAKzi2d2N60="></latexit>

g(+1)
<latexit sha1_base64="RtW4KZ3MerfdqdTAXW/VgTCzsx4="></latexit><latexit sha1_base64="RtW4KZ3MerfdqdTAXW/VgTCzsx4="></latexit><latexit sha1_base64="RtW4KZ3MerfdqdTAXW/VgTCzsx4="></latexit>

⇠ = x ) � = a and g(+1) = 1, g(�1) = �1
<latexit sha1_base64="I1PCK54cJp6tkiBxhCfTVxDcEHs="></latexit><latexit sha1_base64="I1PCK54cJp6tkiBxhCfTVxDcEHs="></latexit><latexit sha1_base64="I1PCK54cJp6tkiBxhCfTVxDcEHs="></latexit>

⇠ = |x | ) � = a and g(+1) = 1, g(�1) = +1
<latexit sha1_base64="Y0MB7cT0dVmLrq0abmaO+ovQT8Y="></latexit><latexit sha1_base64="Y0MB7cT0dVmLrq0abmaO+ovQT8Y="></latexit><latexit sha1_base64="Y0MB7cT0dVmLrq0abmaO+ovQT8Y="></latexit>

Optimal choice of � and g depends on ⇠
<latexit sha1_base64="pQjFNIu5iN3TKHtm4OiD0VvDodU="></latexit><latexit sha1_base64="pQjFNIu5iN3TKHtm4OiD0VvDodU="></latexit><latexit sha1_base64="pQjFNIu5iN3TKHtm4OiD0VvDodU="></latexit>

⇠ = max(0, x) ) � = a and g(+1) = 1, g(�1) = 0
<latexit sha1_base64="bxI+0HhWXSpk9x68dQz7i/vyewU="></latexit><latexit sha1_base64="bxI+0HhWXSpk9x68dQz7i/vyewU="></latexit><latexit sha1_base64="bxI+0HhWXSpk9x68dQz7i/vyewU="></latexit>
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� = {�1, 1}
<latexit sha1_base64="YRCSUy6f/PlQA5TWTCR754s6+Q8="></latexit><latexit sha1_base64="YRCSUy6f/PlQA5TWTCR754s6+Q8="></latexit><latexit sha1_base64="YRCSUy6f/PlQA5TWTCR754s6+Q8="></latexit>

g(�1)
<latexit sha1_base64="dXnv9DeQvjJVFQd+VD1/fCl8kTQ="></latexit><latexit sha1_base64="dXnv9DeQvjJVFQd+VD1/fCl8kTQ="></latexit><latexit sha1_base64="dXnv9DeQvjJVFQd+VD1/fCl8kTQ="></latexit>

ẋ = ax , a < 0
<latexit sha1_base64="9wJf1VroP/OTcVyzA1aybHA6AzU="></latexit><latexit sha1_base64="9wJf1VroP/OTcVyzA1aybHA6AzU="></latexit><latexit sha1_base64="9wJf1VroP/OTcVyzA1aybHA6AzU="></latexit>

-1
<latexit sha1_base64="XwoqplyMkVqGFJmhnaowDZBvqJY="></latexit><latexit sha1_base64="XwoqplyMkVqGFJmhnaowDZBvqJY="></latexit><latexit sha1_base64="XwoqplyMkVqGFJmhnaowDZBvqJY="></latexit>

+1
<latexit sha1_base64="UvHG3qsXcM0Ag834kLhLhEbvfA4="></latexit><latexit sha1_base64="UvHG3qsXcM0Ag834kLhLhEbvfA4="></latexit><latexit sha1_base64="UvHG3qsXcM0Ag834kLhLhEbvfA4="></latexit>

φλ,g(x) =

⎧
⎪⎨

⎪⎩

g(−1)|x |
λ
a x < 0

g(+1)|x |
λ
a x > 0

<latexit sha1_base64="uIep/wopwVMINfbXs92fA6ywUJg="></latexit><latexit sha1_base64="lLteYs9bG86+mrfHHAKzi2d2N60="></latexit><latexit sha1_base64="lLteYs9bG86+mrfHHAKzi2d2N60="></latexit>

g(+1)
<latexit sha1_base64="RtW4KZ3MerfdqdTAXW/VgTCzsx4="></latexit><latexit sha1_base64="RtW4KZ3MerfdqdTAXW/VgTCzsx4="></latexit><latexit sha1_base64="RtW4KZ3MerfdqdTAXW/VgTCzsx4="></latexit>

⇠ = x ) � = a and g(+1) = 1, g(�1) = �1
<latexit sha1_base64="I1PCK54cJp6tkiBxhCfTVxDcEHs="></latexit><latexit sha1_base64="I1PCK54cJp6tkiBxhCfTVxDcEHs="></latexit><latexit sha1_base64="I1PCK54cJp6tkiBxhCfTVxDcEHs="></latexit>

⇠ = |x | ) � = a and g(+1) = 1, g(�1) = +1
<latexit sha1_base64="Y0MB7cT0dVmLrq0abmaO+ovQT8Y="></latexit><latexit sha1_base64="Y0MB7cT0dVmLrq0abmaO+ovQT8Y="></latexit><latexit sha1_base64="Y0MB7cT0dVmLrq0abmaO+ovQT8Y="></latexit>

Optimal choice of � and g depends on ⇠
<latexit sha1_base64="pQjFNIu5iN3TKHtm4OiD0VvDodU="></latexit><latexit sha1_base64="pQjFNIu5iN3TKHtm4OiD0VvDodU="></latexit><latexit sha1_base64="pQjFNIu5iN3TKHtm4OiD0VvDodU="></latexit>

⇠ = max(0, x) ) � = a and g(+1) = 1, g(�1) = 0
<latexit sha1_base64="bxI+0HhWXSpk9x68dQz7i/vyewU="></latexit><latexit sha1_base64="bxI+0HhWXSpk9x68dQz7i/vyewU="></latexit><latexit sha1_base64="bxI+0HhWXSpk9x68dQz7i/vyewU="></latexit>

⇠ = |x |b ) � = ba and g(+1) = 1, g(�1) = +1
<latexit sha1_base64="8tomcVy8E/WLJfeli7sRFPGXqVw="></latexit><latexit sha1_base64="8tomcVy8E/WLJfeli7sRFPGXqVw="></latexit><latexit sha1_base64="8tomcVy8E/WLJfeli7sRFPGXqVw="></latexit>
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� = {�1, 1}
<latexit sha1_base64="YRCSUy6f/PlQA5TWTCR754s6+Q8="></latexit><latexit sha1_base64="YRCSUy6f/PlQA5TWTCR754s6+Q8="></latexit><latexit sha1_base64="YRCSUy6f/PlQA5TWTCR754s6+Q8="></latexit>

g(�1)
<latexit sha1_base64="dXnv9DeQvjJVFQd+VD1/fCl8kTQ="></latexit><latexit sha1_base64="dXnv9DeQvjJVFQd+VD1/fCl8kTQ="></latexit><latexit sha1_base64="dXnv9DeQvjJVFQd+VD1/fCl8kTQ="></latexit>

ẋ = ax , a < 0
<latexit sha1_base64="9wJf1VroP/OTcVyzA1aybHA6AzU="></latexit><latexit sha1_base64="9wJf1VroP/OTcVyzA1aybHA6AzU="></latexit><latexit sha1_base64="9wJf1VroP/OTcVyzA1aybHA6AzU="></latexit>

-1
<latexit sha1_base64="XwoqplyMkVqGFJmhnaowDZBvqJY="></latexit><latexit sha1_base64="XwoqplyMkVqGFJmhnaowDZBvqJY="></latexit><latexit sha1_base64="XwoqplyMkVqGFJmhnaowDZBvqJY="></latexit>

+1
<latexit sha1_base64="UvHG3qsXcM0Ag834kLhLhEbvfA4="></latexit><latexit sha1_base64="UvHG3qsXcM0Ag834kLhLhEbvfA4="></latexit><latexit sha1_base64="UvHG3qsXcM0Ag834kLhLhEbvfA4="></latexit>

φλ,g(x) =

⎧
⎪⎨

⎪⎩

g(−1)|x |
λ
a x < 0

g(+1)|x |
λ
a x > 0

<latexit sha1_base64="uIep/wopwVMINfbXs92fA6ywUJg="></latexit><latexit sha1_base64="lLteYs9bG86+mrfHHAKzi2d2N60="></latexit><latexit sha1_base64="lLteYs9bG86+mrfHHAKzi2d2N60="></latexit>

g(+1)
<latexit sha1_base64="RtW4KZ3MerfdqdTAXW/VgTCzsx4="></latexit><latexit sha1_base64="RtW4KZ3MerfdqdTAXW/VgTCzsx4="></latexit><latexit sha1_base64="RtW4KZ3MerfdqdTAXW/VgTCzsx4="></latexit>

⇠ = x ) � = a and g(+1) = 1, g(�1) = �1
<latexit sha1_base64="I1PCK54cJp6tkiBxhCfTVxDcEHs="></latexit><latexit sha1_base64="I1PCK54cJp6tkiBxhCfTVxDcEHs="></latexit><latexit sha1_base64="I1PCK54cJp6tkiBxhCfTVxDcEHs="></latexit>

⇠ = |x | ) � = a and g(+1) = 1, g(�1) = +1
<latexit sha1_base64="Y0MB7cT0dVmLrq0abmaO+ovQT8Y="></latexit><latexit sha1_base64="Y0MB7cT0dVmLrq0abmaO+ovQT8Y="></latexit><latexit sha1_base64="Y0MB7cT0dVmLrq0abmaO+ovQT8Y="></latexit>

Optimal choice of � and g depends on ⇠
<latexit sha1_base64="pQjFNIu5iN3TKHtm4OiD0VvDodU="></latexit><latexit sha1_base64="pQjFNIu5iN3TKHtm4OiD0VvDodU="></latexit><latexit sha1_base64="pQjFNIu5iN3TKHtm4OiD0VvDodU="></latexit>

⇠ = max(0, x) ) � = a and g(+1) = 1, g(�1) = 0
<latexit sha1_base64="bxI+0HhWXSpk9x68dQz7i/vyewU="></latexit><latexit sha1_base64="bxI+0HhWXSpk9x68dQz7i/vyewU="></latexit><latexit sha1_base64="bxI+0HhWXSpk9x68dQz7i/vyewU="></latexit>

⇠ = |x |b ) � = ba and g(+1) = 1, g(�1) = +1
<latexit sha1_base64="8tomcVy8E/WLJfeli7sRFPGXqVw="></latexit><latexit sha1_base64="8tomcVy8E/WLJfeli7sRFPGXqVw="></latexit><latexit sha1_base64="8tomcVy8E/WLJfeli7sRFPGXqVw="></latexit>

But span{�k�,g : k 2 N, g 2 C(�)} dense in C([�1, 1]) for any � < 0
<latexit sha1_base64="tSjF/fm4ZA2fWmgm5BzDKXqvxF4="></latexit><latexit sha1_base64="tSjF/fm4ZA2fWmgm5BzDKXqvxF4="></latexit><latexit sha1_base64="tSjF/fm4ZA2fWmgm5BzDKXqvxF4="></latexit>
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x1
0

<latexit sha1_base64="y6szL2XwM1cr12e2yGMJXBiFV5U="></latexit><latexit sha1_base64="y6szL2XwM1cr12e2yGMJXBiFV5U="></latexit><latexit sha1_base64="y6szL2XwM1cr12e2yGMJXBiFV5U="></latexit>

x2
0

<latexit sha1_base64="s0XYC9D0GMpgLFyB7ZYHorsTrck="></latexit><latexit sha1_base64="s0XYC9D0GMpgLFyB7ZYHorsTrck="></latexit><latexit sha1_base64="s0XYC9D0GMpgLFyB7ZYHorsTrck="></latexit> x3
0

<latexit sha1_base64="q+5RvRuxCQM5UWOJINqDv+cvog4="></latexit><latexit sha1_base64="q+5RvRuxCQM5UWOJINqDv+cvog4="></latexit><latexit sha1_base64="q+5RvRuxCQM5UWOJINqDv+cvog4="></latexit>

x4
0

<latexit sha1_base64="rOvvRGELQXh9cRPkunblJFIGPro="></latexit><latexit sha1_base64="rOvvRGELQXh9cRPkunblJFIGPro="></latexit><latexit sha1_base64="rOvvRGELQXh9cRPkunblJFIGPro="></latexit>

x1
1

<latexit sha1_base64="MiMqm/6DOOc5tLqogdryUUzq+nc="></latexit><latexit sha1_base64="LMgslCVriYX/JSJAaFISuqjWK0A="></latexit><latexit sha1_base64="LMgslCVriYX/JSJAaFISuqjWK0A="></latexit>

x1
2

<latexit sha1_base64="yk9L/YHWJTAHfyhLgkcS+78uoUA="></latexit><latexit sha1_base64="L/10tZlbrxHNtHSSlj+mvwun2C4="></latexit><latexit sha1_base64="L/10tZlbrxHNtHSSlj+mvwun2C4="></latexit>

x1
3

<latexit sha1_base64="seOlXqFAEMqLKRIWbziZ3IyJPTI="></latexit><latexit sha1_base64="vLjUuMkaXX8ffdgMVxYiuzwS0Q4="></latexit><latexit sha1_base64="vLjUuMkaXX8ffdgMVxYiuzwS0Q4="></latexit>

x2
1

<latexit sha1_base64="A3+tekcsShktxmVPpgsEm1dyVt0="></latexit><latexit sha1_base64="ETtfEAS9BLMH+0b5St+oTBlEBaI="></latexit><latexit sha1_base64="ETtfEAS9BLMH+0b5St+oTBlEBaI="></latexit>

x2
2

<latexit sha1_base64="2scxz0NxBwD5MCs6kNBOx/E2NA8="></latexit><latexit sha1_base64="/6wXib8+xAIx9qQ01QkwNxX1ULM="></latexit><latexit sha1_base64="/6wXib8+xAIx9qQ01QkwNxX1ULM="></latexit>

x2
3

<latexit sha1_base64="e0twk8AaD9kXH3oTIyI9GtbkeLA="></latexit><latexit sha1_base64="Sr+rxS8pXOswXhkPjkO80wD+sc8="></latexit><latexit sha1_base64="Sr+rxS8pXOswXhkPjkO80wD+sc8="></latexit>

x3
1

<latexit sha1_base64="T2l/wqmRurda6pMX1Pn0byGW8CA="></latexit><latexit sha1_base64="/pe70QeYl1f0ItY08IEfGGFvhFc="></latexit><latexit sha1_base64="/pe70QeYl1f0ItY08IEfGGFvhFc="></latexit>

x3
2

<latexit sha1_base64="DVwQBKCvrq5oMjfvMqHrPmiXSes="></latexit><latexit sha1_base64="zJNAMSBq1rGfOT9IBosv1j6I4AA="></latexit><latexit sha1_base64="zJNAMSBq1rGfOT9IBosv1j6I4AA="></latexit>

x3
3

<latexit sha1_base64="9eFkhzdMnVZckEzqODyfAfEtpvc="></latexit><latexit sha1_base64="uJvZdqINz0eqL/Vze6bL2cfzo0o="></latexit><latexit sha1_base64="uJvZdqINz0eqL/Vze6bL2cfzo0o="></latexit>

x4
1

<latexit sha1_base64="xbyuXoLWcfpnG9egjgyJXJszqAo="></latexit><latexit sha1_base64="E9yGvRYsjCerYdl6zxLA6/7zdzY="></latexit><latexit sha1_base64="E9yGvRYsjCerYdl6zxLA6/7zdzY="></latexit>

x4
2

<latexit sha1_base64="uGEe/vnyvCSmUcPcjgfao6ld1Vw="></latexit><latexit sha1_base64="3eXposutyW7MDikWkH0l1Fs7NGs="></latexit><latexit sha1_base64="3eXposutyW7MDikWkH0l1Fs7NGs="></latexit>

x4
3

<latexit sha1_base64="Whosx3joA729RoiLls6I28Ku4hc="></latexit><latexit sha1_base64="1LNApriKbKjpJog5SEI3EJSbxc0="></latexit><latexit sha1_base64="1LNApriKbKjpJog5SEI3EJSbxc0="></latexit>

g = arbitrary continuous function
<latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit><latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit><latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit>

� = arbitrary complex number
<latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit><latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit><latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit>

��,g(x
j
k) := e

�kTsg(x j0)
<latexit sha1_base64="rz+ydINnf9OILrvEGoUDyBcwQzk="></latexit><latexit sha1_base64="rz+ydINnf9OILrvEGoUDyBcwQzk="></latexit><latexit sha1_base64="rz+ydINnf9OILrvEGoUDyBcwQzk="></latexit>

eigenfunction ��,g defined on data
<latexit sha1_base64="T27PHM5ScjEFLWJfQ8uJHY2PURs="></latexit><latexit sha1_base64="T27PHM5ScjEFLWJfQ8uJHY2PURs="></latexit><latexit sha1_base64="T27PHM5ScjEFLWJfQ8uJHY2PURs="></latexit>
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x1
0

<latexit sha1_base64="y6szL2XwM1cr12e2yGMJXBiFV5U="></latexit><latexit sha1_base64="y6szL2XwM1cr12e2yGMJXBiFV5U="></latexit><latexit sha1_base64="y6szL2XwM1cr12e2yGMJXBiFV5U="></latexit>

x2
0

<latexit sha1_base64="s0XYC9D0GMpgLFyB7ZYHorsTrck="></latexit><latexit sha1_base64="s0XYC9D0GMpgLFyB7ZYHorsTrck="></latexit><latexit sha1_base64="s0XYC9D0GMpgLFyB7ZYHorsTrck="></latexit> x3
0

<latexit sha1_base64="q+5RvRuxCQM5UWOJINqDv+cvog4="></latexit><latexit sha1_base64="q+5RvRuxCQM5UWOJINqDv+cvog4="></latexit><latexit sha1_base64="q+5RvRuxCQM5UWOJINqDv+cvog4="></latexit>

x4
0

<latexit sha1_base64="rOvvRGELQXh9cRPkunblJFIGPro="></latexit><latexit sha1_base64="rOvvRGELQXh9cRPkunblJFIGPro="></latexit><latexit sha1_base64="rOvvRGELQXh9cRPkunblJFIGPro="></latexit>

x1
1

<latexit sha1_base64="MiMqm/6DOOc5tLqogdryUUzq+nc="></latexit><latexit sha1_base64="LMgslCVriYX/JSJAaFISuqjWK0A="></latexit><latexit sha1_base64="LMgslCVriYX/JSJAaFISuqjWK0A="></latexit>

x1
2

<latexit sha1_base64="yk9L/YHWJTAHfyhLgkcS+78uoUA="></latexit><latexit sha1_base64="L/10tZlbrxHNtHSSlj+mvwun2C4="></latexit><latexit sha1_base64="L/10tZlbrxHNtHSSlj+mvwun2C4="></latexit>

x1
3

<latexit sha1_base64="seOlXqFAEMqLKRIWbziZ3IyJPTI="></latexit><latexit sha1_base64="vLjUuMkaXX8ffdgMVxYiuzwS0Q4="></latexit><latexit sha1_base64="vLjUuMkaXX8ffdgMVxYiuzwS0Q4="></latexit>

x2
1

<latexit sha1_base64="A3+tekcsShktxmVPpgsEm1dyVt0="></latexit><latexit sha1_base64="ETtfEAS9BLMH+0b5St+oTBlEBaI="></latexit><latexit sha1_base64="ETtfEAS9BLMH+0b5St+oTBlEBaI="></latexit>

x2
2

<latexit sha1_base64="2scxz0NxBwD5MCs6kNBOx/E2NA8="></latexit><latexit sha1_base64="/6wXib8+xAIx9qQ01QkwNxX1ULM="></latexit><latexit sha1_base64="/6wXib8+xAIx9qQ01QkwNxX1ULM="></latexit>

x2
3

<latexit sha1_base64="e0twk8AaD9kXH3oTIyI9GtbkeLA="></latexit><latexit sha1_base64="Sr+rxS8pXOswXhkPjkO80wD+sc8="></latexit><latexit sha1_base64="Sr+rxS8pXOswXhkPjkO80wD+sc8="></latexit>

x3
1

<latexit sha1_base64="T2l/wqmRurda6pMX1Pn0byGW8CA="></latexit><latexit sha1_base64="/pe70QeYl1f0ItY08IEfGGFvhFc="></latexit><latexit sha1_base64="/pe70QeYl1f0ItY08IEfGGFvhFc="></latexit>

x3
2

<latexit sha1_base64="DVwQBKCvrq5oMjfvMqHrPmiXSes="></latexit><latexit sha1_base64="zJNAMSBq1rGfOT9IBosv1j6I4AA="></latexit><latexit sha1_base64="zJNAMSBq1rGfOT9IBosv1j6I4AA="></latexit>

x3
3

<latexit sha1_base64="9eFkhzdMnVZckEzqODyfAfEtpvc="></latexit><latexit sha1_base64="uJvZdqINz0eqL/Vze6bL2cfzo0o="></latexit><latexit sha1_base64="uJvZdqINz0eqL/Vze6bL2cfzo0o="></latexit>

x4
1

<latexit sha1_base64="xbyuXoLWcfpnG9egjgyJXJszqAo="></latexit><latexit sha1_base64="E9yGvRYsjCerYdl6zxLA6/7zdzY="></latexit><latexit sha1_base64="E9yGvRYsjCerYdl6zxLA6/7zdzY="></latexit>

x4
2

<latexit sha1_base64="uGEe/vnyvCSmUcPcjgfao6ld1Vw="></latexit><latexit sha1_base64="3eXposutyW7MDikWkH0l1Fs7NGs="></latexit><latexit sha1_base64="3eXposutyW7MDikWkH0l1Fs7NGs="></latexit>

x4
3

<latexit sha1_base64="Whosx3joA729RoiLls6I28Ku4hc="></latexit><latexit sha1_base64="1LNApriKbKjpJog5SEI3EJSbxc0="></latexit><latexit sha1_base64="1LNApriKbKjpJog5SEI3EJSbxc0="></latexit>

g = arbitrary continuous function
<latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit><latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit><latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit>

� = arbitrary complex number
<latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit><latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit><latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit>

��,g(x
j
k) := e

�kTsg(x j0)
<latexit sha1_base64="rz+ydINnf9OILrvEGoUDyBcwQzk="></latexit><latexit sha1_base64="rz+ydINnf9OILrvEGoUDyBcwQzk="></latexit><latexit sha1_base64="rz+ydINnf9OILrvEGoUDyBcwQzk="></latexit>

eigenfunction ��,g defined on data
<latexit sha1_base64="T27PHM5ScjEFLWJfQ8uJHY2PURs="></latexit><latexit sha1_base64="T27PHM5ScjEFLWJfQ8uJHY2PURs="></latexit><latexit sha1_base64="T27PHM5ScjEFLWJfQ8uJHY2PURs="></latexit>

Non-recurrent surface �
<latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit>

) 9 non-recurrent surface � passing through initial conditions
<latexit sha1_base64="PRlDnq/TJ42jh3GRbkc9h3TKmZ4="></latexit><latexit sha1_base64="PRlDnq/TJ42jh3GRbkc9h3TKmZ4="></latexit><latexit sha1_base64="PRlDnq/TJ42jh3GRbkc9h3TKmZ4="></latexit>

Lemma: Flow rectifiable & initial conditions on distinct trajectories
<latexit sha1_base64="uT9t5M/NODq6OAklAsvlslmltvM="></latexit><latexit sha1_base64="uT9t5M/NODq6OAklAsvlslmltvM="></latexit><latexit sha1_base64="uT9t5M/NODq6OAklAsvlslmltvM="></latexit>
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x1
0

<latexit sha1_base64="y6szL2XwM1cr12e2yGMJXBiFV5U="></latexit><latexit sha1_base64="y6szL2XwM1cr12e2yGMJXBiFV5U="></latexit><latexit sha1_base64="y6szL2XwM1cr12e2yGMJXBiFV5U="></latexit>

x2
0

<latexit sha1_base64="s0XYC9D0GMpgLFyB7ZYHorsTrck="></latexit><latexit sha1_base64="s0XYC9D0GMpgLFyB7ZYHorsTrck="></latexit><latexit sha1_base64="s0XYC9D0GMpgLFyB7ZYHorsTrck="></latexit> x3
0

<latexit sha1_base64="q+5RvRuxCQM5UWOJINqDv+cvog4="></latexit><latexit sha1_base64="q+5RvRuxCQM5UWOJINqDv+cvog4="></latexit><latexit sha1_base64="q+5RvRuxCQM5UWOJINqDv+cvog4="></latexit>

x4
0

<latexit sha1_base64="rOvvRGELQXh9cRPkunblJFIGPro="></latexit><latexit sha1_base64="rOvvRGELQXh9cRPkunblJFIGPro="></latexit><latexit sha1_base64="rOvvRGELQXh9cRPkunblJFIGPro="></latexit>

x1
1

<latexit sha1_base64="MiMqm/6DOOc5tLqogdryUUzq+nc="></latexit><latexit sha1_base64="LMgslCVriYX/JSJAaFISuqjWK0A="></latexit><latexit sha1_base64="LMgslCVriYX/JSJAaFISuqjWK0A="></latexit>

x1
2

<latexit sha1_base64="yk9L/YHWJTAHfyhLgkcS+78uoUA="></latexit><latexit sha1_base64="L/10tZlbrxHNtHSSlj+mvwun2C4="></latexit><latexit sha1_base64="L/10tZlbrxHNtHSSlj+mvwun2C4="></latexit>

x1
3

<latexit sha1_base64="seOlXqFAEMqLKRIWbziZ3IyJPTI="></latexit><latexit sha1_base64="vLjUuMkaXX8ffdgMVxYiuzwS0Q4="></latexit><latexit sha1_base64="vLjUuMkaXX8ffdgMVxYiuzwS0Q4="></latexit>

x2
1

<latexit sha1_base64="A3+tekcsShktxmVPpgsEm1dyVt0="></latexit><latexit sha1_base64="ETtfEAS9BLMH+0b5St+oTBlEBaI="></latexit><latexit sha1_base64="ETtfEAS9BLMH+0b5St+oTBlEBaI="></latexit>

x2
2

<latexit sha1_base64="2scxz0NxBwD5MCs6kNBOx/E2NA8="></latexit><latexit sha1_base64="/6wXib8+xAIx9qQ01QkwNxX1ULM="></latexit><latexit sha1_base64="/6wXib8+xAIx9qQ01QkwNxX1ULM="></latexit>

x2
3

<latexit sha1_base64="e0twk8AaD9kXH3oTIyI9GtbkeLA="></latexit><latexit sha1_base64="Sr+rxS8pXOswXhkPjkO80wD+sc8="></latexit><latexit sha1_base64="Sr+rxS8pXOswXhkPjkO80wD+sc8="></latexit>

x3
1

<latexit sha1_base64="T2l/wqmRurda6pMX1Pn0byGW8CA="></latexit><latexit sha1_base64="/pe70QeYl1f0ItY08IEfGGFvhFc="></latexit><latexit sha1_base64="/pe70QeYl1f0ItY08IEfGGFvhFc="></latexit>

x3
2

<latexit sha1_base64="DVwQBKCvrq5oMjfvMqHrPmiXSes="></latexit><latexit sha1_base64="zJNAMSBq1rGfOT9IBosv1j6I4AA="></latexit><latexit sha1_base64="zJNAMSBq1rGfOT9IBosv1j6I4AA="></latexit>

x3
3

<latexit sha1_base64="9eFkhzdMnVZckEzqODyfAfEtpvc="></latexit><latexit sha1_base64="uJvZdqINz0eqL/Vze6bL2cfzo0o="></latexit><latexit sha1_base64="uJvZdqINz0eqL/Vze6bL2cfzo0o="></latexit>

x4
1

<latexit sha1_base64="xbyuXoLWcfpnG9egjgyJXJszqAo="></latexit><latexit sha1_base64="E9yGvRYsjCerYdl6zxLA6/7zdzY="></latexit><latexit sha1_base64="E9yGvRYsjCerYdl6zxLA6/7zdzY="></latexit>

x4
2

<latexit sha1_base64="uGEe/vnyvCSmUcPcjgfao6ld1Vw="></latexit><latexit sha1_base64="3eXposutyW7MDikWkH0l1Fs7NGs="></latexit><latexit sha1_base64="3eXposutyW7MDikWkH0l1Fs7NGs="></latexit>

x4
3

<latexit sha1_base64="Whosx3joA729RoiLls6I28Ku4hc="></latexit><latexit sha1_base64="1LNApriKbKjpJog5SEI3EJSbxc0="></latexit><latexit sha1_base64="1LNApriKbKjpJog5SEI3EJSbxc0="></latexit>

g = arbitrary continuous function
<latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit><latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit><latexit sha1_base64="g9JI8J3VO57La61nxbGaJennEBc="></latexit>

� = arbitrary complex number
<latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit><latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit><latexit sha1_base64="qN5QyAhv8TkdUdYYW4vZpXum2iY="></latexit>

��,g(x
j
k) := e

�kTsg(x j0)
<latexit sha1_base64="rz+ydINnf9OILrvEGoUDyBcwQzk="></latexit><latexit sha1_base64="rz+ydINnf9OILrvEGoUDyBcwQzk="></latexit><latexit sha1_base64="rz+ydINnf9OILrvEGoUDyBcwQzk="></latexit>

eigenfunction ��,g defined on data
<latexit sha1_base64="T27PHM5ScjEFLWJfQ8uJHY2PURs="></latexit><latexit sha1_base64="T27PHM5ScjEFLWJfQ8uJHY2PURs="></latexit><latexit sha1_base64="T27PHM5ScjEFLWJfQ8uJHY2PURs="></latexit>

Non-recurrent surface �
<latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit>

) 9 non-recurrent surface � passing through initial conditions
<latexit sha1_base64="PRlDnq/TJ42jh3GRbkc9h3TKmZ4="></latexit><latexit sha1_base64="PRlDnq/TJ42jh3GRbkc9h3TKmZ4="></latexit><latexit sha1_base64="PRlDnq/TJ42jh3GRbkc9h3TKmZ4="></latexit>

) {��,g(x jk)}j,k samples of a continuous eigenfunction) can interpolate
<latexit sha1_base64="h+ihQLZ+lBZSWJVY19nxHCuhkpc="></latexit><latexit sha1_base64="h+ihQLZ+lBZSWJVY19nxHCuhkpc="></latexit><latexit sha1_base64="h+ihQLZ+lBZSWJVY19nxHCuhkpc="></latexit>

Lemma: Flow rectifiable & initial conditions on distinct trajectories
<latexit sha1_base64="uT9t5M/NODq6OAklAsvlslmltvM="></latexit><latexit sha1_base64="uT9t5M/NODq6OAklAsvlslmltvM="></latexit><latexit sha1_base64="uT9t5M/NODq6OAklAsvlslmltvM="></latexit>
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Given trajectory data (x jk)j,k
<latexit sha1_base64="U4wpQ1z2dygfkgsoH2Y/RzDK+UE="></latexit><latexit sha1_base64="U4wpQ1z2dygfkgsoH2Y/RzDK+UE="></latexit><latexit sha1_base64="U4wpQ1z2dygfkgsoH2Y/RzDK+UE="></latexit>

Choose �1, . . . ,�N� complex numbers
<latexit sha1_base64="AQjrl2/m/D6b5npzLIOu6FD2Q/k="></latexit><latexit sha1_base64="AQjrl2/m/D6b5npzLIOu6FD2Q/k="></latexit><latexit sha1_base64="AQjrl2/m/D6b5npzLIOu6FD2Q/k="></latexit>

Choose g1, . . . , gNg continuous functions
<latexit sha1_base64="MHO+gtaVKawzc4uPVBpvsHlBrNs="></latexit><latexit sha1_base64="MHO+gtaVKawzc4uPVBpvsHlBrNs="></latexit><latexit sha1_base64="MHO+gtaVKawzc4uPVBpvsHlBrNs="></latexit>

Set ��,g(x jk) := e�kTsg(x
j
0) for each � and g

<latexit sha1_base64="uAuyj0z9HvUujC4RzWmfGcMGmsY="></latexit><latexit sha1_base64="uAuyj0z9HvUujC4RzWmfGcMGmsY="></latexit><latexit sha1_base64="uAuyj0z9HvUujC4RzWmfGcMGmsY="></latexit>

Eigenfunction construction
<latexit sha1_base64="HN13cu14kPPD7YpdIgmv+h/VbBw="></latexit><latexit sha1_base64="HN13cu14kPPD7YpdIgmv+h/VbBw="></latexit><latexit sha1_base64="HN13cu14kPPD7YpdIgmv+h/VbBw="></latexit>

Interpolate ��,g(x jk) to get �̂�,g
<latexit sha1_base64="l1Opm2tmGCx2BHvgicjOmaFbvX0="></latexit><latexit sha1_base64="l1Opm2tmGCx2BHvgicjOmaFbvX0="></latexit><latexit sha1_base64="l1Opm2tmGCx2BHvgicjOmaFbvX0="></latexit>

Construct N := N�Ng eigenfunctions by
<latexit sha1_base64="+ArOp7Jml20CcXcmSndYRWbZ2p4="></latexit><latexit sha1_base64="+ArOp7Jml20CcXcmSndYRWbZ2p4="></latexit><latexit sha1_base64="+ArOp7Jml20CcXcmSndYRWbZ2p4="></latexit>

Output �̂ = [�̂1, . . . , �̂N ]
<latexit sha1_base64="14v0VFEirJvHeaOV0HTNb66QsZE="></latexit><latexit sha1_base64="14v0VFEirJvHeaOV0HTNb66QsZE="></latexit><latexit sha1_base64="14v0VFEirJvHeaOV0HTNb66QsZE="></latexit>
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Given trajectory data (x jk)j,k
<latexit sha1_base64="U4wpQ1z2dygfkgsoH2Y/RzDK+UE="></latexit><latexit sha1_base64="U4wpQ1z2dygfkgsoH2Y/RzDK+UE="></latexit><latexit sha1_base64="U4wpQ1z2dygfkgsoH2Y/RzDK+UE="></latexit>

Choose �1, . . . ,�N� complex numbers
<latexit sha1_base64="AQjrl2/m/D6b5npzLIOu6FD2Q/k="></latexit><latexit sha1_base64="AQjrl2/m/D6b5npzLIOu6FD2Q/k="></latexit><latexit sha1_base64="AQjrl2/m/D6b5npzLIOu6FD2Q/k="></latexit>

Choose g1, . . . , gNg continuous functions
<latexit sha1_base64="MHO+gtaVKawzc4uPVBpvsHlBrNs="></latexit><latexit sha1_base64="MHO+gtaVKawzc4uPVBpvsHlBrNs="></latexit><latexit sha1_base64="MHO+gtaVKawzc4uPVBpvsHlBrNs="></latexit>

Set ��,g(x jk) := e�kTsg(x
j
0) for each � and g

<latexit sha1_base64="uAuyj0z9HvUujC4RzWmfGcMGmsY="></latexit><latexit sha1_base64="uAuyj0z9HvUujC4RzWmfGcMGmsY="></latexit><latexit sha1_base64="uAuyj0z9HvUujC4RzWmfGcMGmsY="></latexit>

Set A = diag(�1, . . . ,�N)
<latexit sha1_base64="82knTfi4z2A1KPOukAfkYybr6kA="></latexit><latexit sha1_base64="82knTfi4z2A1KPOukAfkYybr6kA="></latexit><latexit sha1_base64="82knTfi4z2A1KPOukAfkYybr6kA="></latexit>

Eigenfunction construction
<latexit sha1_base64="HN13cu14kPPD7YpdIgmv+h/VbBw="></latexit><latexit sha1_base64="HN13cu14kPPD7YpdIgmv+h/VbBw="></latexit><latexit sha1_base64="HN13cu14kPPD7YpdIgmv+h/VbBw="></latexit>

Predictor matrices
<latexit sha1_base64="QNUj2nmQFPJXTkyX5n5US9zXmgQ="></latexit><latexit sha1_base64="QNUj2nmQFPJXTkyX5n5US9zXmgQ="></latexit><latexit sha1_base64="QNUj2nmQFPJXTkyX5n5US9zXmgQ="></latexit>

ŷk = Czk
<latexit sha1_base64="STlUNn0NvZ4bqGpRbLk341hjiII="></latexit><latexit sha1_base64="I06FX5kQQ4iMUpSKCE11P5Ezr5E="></latexit><latexit sha1_base64="I06FX5kQQ4iMUpSKCE11P5Ezr5E="></latexit>

zk+1 = Azk
<latexit sha1_base64="ruCCK3E8VAHcRB3BC7VesHJRMoI="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit><latexit sha1_base64="JmtV0KIVaaM5VzojsN8sWXHwcWQ="></latexit>

z0 = φ̂(x0)
<latexit sha1_base64="xVs9XTnFjjypvmv+YszQPMyqJrU="></latexit><latexit sha1_base64="xVs9XTnFjjypvmv+YszQPMyqJrU="></latexit><latexit sha1_base64="xVs9XTnFjjypvmv+YszQPMyqJrU="></latexit>

Interpolate ��,g(x jk) to get �̂�,g
<latexit sha1_base64="l1Opm2tmGCx2BHvgicjOmaFbvX0="></latexit><latexit sha1_base64="l1Opm2tmGCx2BHvgicjOmaFbvX0="></latexit><latexit sha1_base64="l1Opm2tmGCx2BHvgicjOmaFbvX0="></latexit>

Construct N := N�Ng eigenfunctions by
<latexit sha1_base64="+ArOp7Jml20CcXcmSndYRWbZ2p4="></latexit><latexit sha1_base64="+ArOp7Jml20CcXcmSndYRWbZ2p4="></latexit><latexit sha1_base64="+ArOp7Jml20CcXcmSndYRWbZ2p4="></latexit>

Output �̂ = [�̂1, . . . , �̂N ]
<latexit sha1_base64="14v0VFEirJvHeaOV0HTNb66QsZE="></latexit><latexit sha1_base64="14v0VFEirJvHeaOV0HTNb66QsZE="></latexit><latexit sha1_base64="14v0VFEirJvHeaOV0HTNb66QsZE="></latexit>

Get C by minimizing
PM
i=1 k⇠(x̄i)� C�̂(x̄i)k2

<latexit sha1_base64="IfgmUPQnx5qL26kZapUZ1hv/4zk="></latexit><latexit sha1_base64="IfgmUPQnx5qL26kZapUZ1hv/4zk="></latexit><latexit sha1_base64="IfgmUPQnx5qL26kZapUZ1hv/4zk="></latexit>

(Linear least-squares)
<latexit sha1_base64="/Q46oLBuui1hmKxyFne8gGFClfU="></latexit><latexit sha1_base64="/Q46oLBuui1hmKxyFne8gGFClfU="></latexit><latexit sha1_base64="/Q46oLBuui1hmKxyFne8gGFClfU="></latexit>
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St(x0)
<latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit><latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit><latexit sha1_base64="+sDbIrwQcYDVB+NSG42G0U7pbR4="></latexit>

x0
<latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit><latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit><latexit sha1_base64="J6Qtxvjjk0lg1OYF5OSoRLUaHKs="></latexit> Non-recurrent surface �

<latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit><latexit sha1_base64="9yqtyNXLG1JBpgASUPOD5uEIDMY="></latexit>

<latexit sha1_base64="uKVHG9wGTQGuuL4mDO5do1m3zh0="></latexit>

<latexit sha1_base64="JI96jsDS48sQM3sOMEiOHdlx0uU="></latexit>

g 2 C(�)
<latexit sha1_base64="aaRz6gK11quDbezS+STvdEZxBv4="></latexit><latexit sha1_base64="aaRz6gK11quDbezS+STvdEZxBv4="></latexit><latexit sha1_base64="aaRz6gK11quDbezS+STvdEZxBv4="></latexit>

��,g(St(x0)) = e�tg(x0)
<latexit sha1_base64="zL90PmrN+3yHo2p5ipj9e4lMcnU="></latexit><latexit sha1_base64="zL90PmrN+3yHo2p5ipj9e4lMcnU="></latexit><latexit sha1_base64="zL90PmrN+3yHo2p5ipj9e4lMcnU="></latexit>

maybe can choose g using convex optimization
<latexit sha1_base64="yG1+udHuEVMv1ziwiFdeqOXWw1Y="></latexit><latexit sha1_base64="yG1+udHuEVMv1ziwiFdeqOXWw1Y="></latexit><latexit sha1_base64="yG1+udHuEVMv1ziwiFdeqOXWw1Y="></latexit>
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<latexit sha1_base64="iv4/98OHqQUmNDo5lmZlcly0Gm4="></latexit>

<latexit sha1_base64="yrlwyvGJ+qE54QN3Ktj7GQydjFg="></latexit>

��,g(St(x0)) = e�tg(x0)
<latexit sha1_base64="zL90PmrN+3yHo2p5ipj9e4lMcnU="></latexit><latexit sha1_base64="zL90PmrN+3yHo2p5ipj9e4lMcnU="></latexit><latexit sha1_base64="zL90PmrN+3yHo2p5ipj9e4lMcnU="></latexit>
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<latexit sha1_base64="iv4/98OHqQUmNDo5lmZlcly0Gm4="></latexit>

<latexit sha1_base64="yrlwyvGJ+qE54QN3Ktj7GQydjFg="></latexit>

<latexit sha1_base64="9Sd7ZmGyagfDjVSeUQ9kQsgROWE="></latexit>

��,g(St(x0)) = e�tg(x0)
<latexit sha1_base64="zL90PmrN+3yHo2p5ipj9e4lMcnU="></latexit><latexit sha1_base64="zL90PmrN+3yHo2p5ipj9e4lMcnU="></latexit><latexit sha1_base64="zL90PmrN+3yHo2p5ipj9e4lMcnU="></latexit>

Given ⇠ we want to find g1, . . . , gN� such that
<latexit sha1_base64="UZ/TGTLQUP1NFthzbaF0byrg3CM=">AAAF/HicdZTNbhMxEMe30EAJXy0cuVgklTi01aYSQhwqVaB+oNKqrVpaqRtFtneSWPXHyvYmKdaKl+AVOCGu8CwcuMJr4E3SNrtNLa00mv9vZjyeZEjCmbFh+Hvmzt3Zyr37cw+qDx89fvJ0fuHZJ6NSTeGYKq70KcEGOJNwbJnlcJpowIJwOCHn73P9pAfaMCWP7EUCTYE7krUZxda7WvMHW6wHEtUjYqIBq6M+oD6WFlmF2k </latexit><latexit sha1_base64="UZ/TGTLQUP1NFthzbaF0byrg3CM=">AAAF/HicdZTNbhMxEMe30EAJXy0cuVgklTi01aYSQhwqVaB+oNKqrVpaqRtFtneSWPXHyvYmKdaKl+AVOCGu8CwcuMJr4E3SNrtNLa00mv9vZjyeZEjCmbFh+Hvmzt3Zyr37cw+qDx89fvJ0fuHZJ6NSTeGYKq70KcEGOJNwbJnlcJpowIJwOCHn73P9pAfaMCWP7EUCTYE7krUZxda7WvMHW6wHEtUjYqIBq6M+oD6WFlmF2k </latexit><latexit sha1_base64="UZ/TGTLQUP1NFthzbaF0byrg3CM=">AAAF/HicdZTNbhMxEMe30EAJXy0cuVgklTi01aYSQhwqVaB+oNKqrVpaqRtFtneSWPXHyvYmKdaKl+AVOCGu8CwcuMJr4E3SNrtNLa00mv9vZjyeZEjCmbFh+Hvmzt3Zyr37cw+qDx89fvJ0fuHZJ6NSTeGYKq70KcEGOJNwbJnlcJpowIJwOCHn73P9pAfaMCWP7EUCTYE7krUZxda7WvMHW6wHEtUjYqIBq6M+oD6WFlmF2k </latexit>

∥ξ − Projspan{Lλ1g1,...,LλNλ gNλ}ξ∥ is minimized
<latexit sha1_base64="r14BU+MQFsPOaXLMRIgqcI3LcbE="></latexit><latexit sha1_base64="gbdDO4p3/MWd7ctHZlrGLv7joVM="></latexit><latexit sha1_base64="gbdDO4p3/MWd7ctHZlrGLv7joVM="></latexit>
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<latexit sha1_base64="iv4/98OHqQUmNDo5lmZlcly0Gm4="></latexit>

<latexit sha1_base64="yrlwyvGJ+qE54QN3Ktj7GQydjFg="></latexit>

<latexit sha1_base64="37mA9jaj2R2PBmCDxiKj0G5n0Ns=">AAAGKnicdZTbThsxEIY3lLQ0PUHpXW+sEqReAEqQqkqVkGgrDhWlooiTxEbI9k4SCx9WtjeEWtun6GP0aXqHesuD1E5SyC7BUqSR/29mPDPZISlnxjYaV5WpB9PVh49mHteePH32/MXs3MsjozJN4ZAqrvQJwQY4k3BomeVwkmrAgnA4Juefg37cA22Ykgf2MoWWwB3J2oxi66/OZn/GFvqWtN1HaS5A5x9QqhXBhF8iqewSIp </latexit>

<latexit sha1_base64="9Sd7ZmGyagfDjVSeUQ9kQsgROWE="></latexit>

��,g(St(x0)) = e�tg(x0)
<latexit sha1_base64="zL90PmrN+3yHo2p5ipj9e4lMcnU="></latexit><latexit sha1_base64="zL90PmrN+3yHo2p5ipj9e4lMcnU="></latexit><latexit sha1_base64="zL90PmrN+3yHo2p5ipj9e4lMcnU="></latexit>

Given ⇠ we want to find g1, . . . , gN� such that
<latexit sha1_base64="UZ/TGTLQUP1NFthzbaF0byrg3CM=">AAAF/HicdZTNbhMxEMe30EAJXy0cuVgklTi01aYSQhwqVaB+oNKqrVpaqRtFtneSWPXHyvYmKdaKl+AVOCGu8CwcuMJr4E3SNrtNLa00mv9vZjyeZEjCmbFh+Hvmzt3Zyr37cw+qDx89fvJ0fuHZJ6NSTeGYKq70KcEGOJNwbJnlcJpowIJwOCHn73P9pAfaMCWP7EUCTYE7krUZxda7WvMHW6wHEtUjYqIBq6M+oD6WFlmF2k </latexit><latexit sha1_base64="UZ/TGTLQUP1NFthzbaF0byrg3CM=">AAAF/HicdZTNbhMxEMe30EAJXy0cuVgklTi01aYSQhwqVaB+oNKqrVpaqRtFtneSWPXHyvYmKdaKl+AVOCGu8CwcuMJr4E3SNrtNLa00mv9vZjyeZEjCmbFh+Hvmzt3Zyr37cw+qDx89fvJ0fuHZJ6NSTeGYKq70KcEGOJNwbJnlcJpowIJwOCHn73P9pAfaMCWP7EUCTYE7krUZxda7WvMHW6wHEtUjYqIBq6M+oD6WFlmF2k </latexit><latexit sha1_base64="UZ/TGTLQUP1NFthzbaF0byrg3CM=">AAAF/HicdZTNbhMxEMe30EAJXy0cuVgklTi01aYSQhwqVaB+oNKqrVpaqRtFtneSWPXHyvYmKdaKl+AVOCGu8CwcuMJr4E3SNrtNLa00mv9vZjyeZEjCmbFh+Hvmzt3Zyr37cw+qDx89fvJ0fuHZJ6NSTeGYKq70KcEGOJNwbJnlcJpowIJwOCHn73P9pAfaMCWP7EUCTYE7krUZxda7WvMHW6wHEtUjYqIBq6M+oD6WFlmF2k </latexit>

∥ξ − Projspan{Lλ1g1,...,LλNλ gNλ}ξ∥ is minimized
<latexit sha1_base64="r14BU+MQFsPOaXLMRIgqcI3LcbE="></latexit><latexit sha1_base64="gbdDO4p3/MWd7ctHZlrGLv7joVM="></latexit><latexit sha1_base64="gbdDO4p3/MWd7ctHZlrGLv7joVM="></latexit>



<latexit sha1_base64="fQpGLKAGFUqNmb50hNjaKKvt0Zo="></latexit>

Convex reformulation
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<latexit sha1_base64="VAoVW5Lpb3aMv2gm3u/z39f3740="></latexit>

<latexit sha1_base64="VAoVW5Lpb3aMv2gm3u/z39f3740="></latexit>

⇠ scalar & substitution g̃i = cigi
<latexit sha1_base64="a9tkWfIlDvmg61yB+yOF0WcNt1Y="></latexit><latexit sha1_base64="a9tkWfIlDvmg61yB+yOF0WcNt1Y="></latexit><latexit sha1_base64="a9tkWfIlDvmg61yB+yOF0WcNt1Y="></latexit>

minimize
gi∈C(Γ)

∥ξ − Projspan{Lλ1g1,...,LλNλ gNλ}ξ∥
<latexit sha1_base64="P/Fyq+Gj3e7NPjQ0wYNXoxXwHGs="></latexit><latexit sha1_base64="VPxNQQn6x/5op9DvcGIzf/qFbWo="></latexit><latexit sha1_base64="VPxNQQn6x/5op9DvcGIzf/qFbWo="></latexit>

minimize
gi∈C(Γ), ci∈CNξ

∥∥∥ξ −
Nλ∑

i=1

ciLλigi
∥∥∥

<latexit sha1_base64="8vJshfacBuDZs454tJgJE3zN5yk="></latexit><latexit sha1_base64="hU01dUNAagRa7SEdmqpk9SIIKvQ="></latexit><latexit sha1_base64="hU01dUNAagRa7SEdmqpk9SIIKvQ="></latexit>

minimize
g̃i∈C(Γ)

∥∥∥ξ −
Nλ∑

i=1

Lλi g̃i
∥∥∥

<latexit sha1_base64="aZ/kMSsFxGEodhxxGminl5P7pg0="></latexit><latexit sha1_base64="qm2FmBS7p7QVc+scxZSKmJCT7ug="></latexit><latexit sha1_base64="qm2FmBS7p7QVc+scxZSKmJCT7ug="></latexit>
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minimize
g1,...,gNλ

∥∥∥ξ −
Nλ∑

i=1

Lλigi
∥∥∥ + regularizer (g1, . . . , gNλ)

<latexit sha1_base64="Rj94L7NTd3rDLpYzIJNqF4EA2xU="></latexit><latexit sha1_base64="NorKQJMm89PW8ZVx0Mdy0sh+jh8="></latexit><latexit sha1_base64="NorKQJMm89PW8ZVx0Mdy0sh+jh8="></latexit>

regularizer =
∑

i

Lipschitz(Lλigi)
<latexit sha1_base64="cGa3iDfSgMr0P+MT3CKLQpc25vI="></latexit><latexit sha1_base64="D0EjPyTTYj2YjmnKh92a9OFJnz4="></latexit><latexit sha1_base64="D0EjPyTTYj2YjmnKh92a9OFJnz4="></latexit>

regularizer =
∑

i

∫
∥∇Lλigi∥2

<latexit sha1_base64="6pIfdaZMIfazt1kAQwMA0Hy/RyM="></latexit><latexit sha1_base64="QujusLYGTtuqfTPQ83+R+Z6tS5I="></latexit><latexit sha1_base64="QujusLYGTtuqfTPQ83+R+Z6tS5I="></latexit>

Examples
<latexit sha1_base64="6lJP/Ze9sKGAULJEBCRkS5dgnHs="></latexit><latexit sha1_base64="npfn4gMV7r820wgaJTiy9ifmyRc="></latexit><latexit sha1_base64="npfn4gMV7r820wgaJTiy9ifmyRc="></latexit>



<latexit sha1_base64="sW6wmIRglB44iPZ7cgAxphqMZxM="></latexit>

Data-driven construction
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x1
0

<latexit sha1_base64="y6szL2XwM1cr12e2yGMJXBiFV5U="></latexit><latexit sha1_base64="y6szL2XwM1cr12e2yGMJXBiFV5U="></latexit><latexit sha1_base64="y6szL2XwM1cr12e2yGMJXBiFV5U="></latexit>

x2
0

<latexit sha1_base64="s0XYC9D0GMpgLFyB7ZYHorsTrck="></latexit><latexit sha1_base64="s0XYC9D0GMpgLFyB7ZYHorsTrck="></latexit><latexit sha1_base64="s0XYC9D0GMpgLFyB7ZYHorsTrck="></latexit> x3
0

<latexit sha1_base64="q+5RvRuxCQM5UWOJINqDv+cvog4="></latexit><latexit sha1_base64="q+5RvRuxCQM5UWOJINqDv+cvog4="></latexit><latexit sha1_base64="q+5RvRuxCQM5UWOJINqDv+cvog4="></latexit>

x4
0

<latexit sha1_base64="rOvvRGELQXh9cRPkunblJFIGPro="></latexit><latexit sha1_base64="rOvvRGELQXh9cRPkunblJFIGPro="></latexit><latexit sha1_base64="rOvvRGELQXh9cRPkunblJFIGPro="></latexit>

x1
1

<latexit sha1_base64="MiMqm/6DOOc5tLqogdryUUzq+nc="></latexit><latexit sha1_base64="LMgslCVriYX/JSJAaFISuqjWK0A="></latexit><latexit sha1_base64="LMgslCVriYX/JSJAaFISuqjWK0A="></latexit>

x1
2

<latexit sha1_base64="yk9L/YHWJTAHfyhLgkcS+78uoUA="></latexit><latexit sha1_base64="L/10tZlbrxHNtHSSlj+mvwun2C4="></latexit><latexit sha1_base64="L/10tZlbrxHNtHSSlj+mvwun2C4="></latexit>

x1
3

<latexit sha1_base64="seOlXqFAEMqLKRIWbziZ3IyJPTI="></latexit><latexit sha1_base64="vLjUuMkaXX8ffdgMVxYiuzwS0Q4="></latexit><latexit sha1_base64="vLjUuMkaXX8ffdgMVxYiuzwS0Q4="></latexit>

x2
1

<latexit sha1_base64="A3+tekcsShktxmVPpgsEm1dyVt0="></latexit><latexit sha1_base64="ETtfEAS9BLMH+0b5St+oTBlEBaI="></latexit><latexit sha1_base64="ETtfEAS9BLMH+0b5St+oTBlEBaI="></latexit>

x2
2

<latexit sha1_base64="2scxz0NxBwD5MCs6kNBOx/E2NA8="></latexit><latexit sha1_base64="/6wXib8+xAIx9qQ01QkwNxX1ULM="></latexit><latexit sha1_base64="/6wXib8+xAIx9qQ01QkwNxX1ULM="></latexit>

x2
3

<latexit sha1_base64="e0twk8AaD9kXH3oTIyI9GtbkeLA="></latexit><latexit sha1_base64="Sr+rxS8pXOswXhkPjkO80wD+sc8="></latexit><latexit sha1_base64="Sr+rxS8pXOswXhkPjkO80wD+sc8="></latexit>

x3
1

<latexit sha1_base64="T2l/wqmRurda6pMX1Pn0byGW8CA="></latexit><latexit sha1_base64="/pe70QeYl1f0ItY08IEfGGFvhFc="></latexit><latexit sha1_base64="/pe70QeYl1f0ItY08IEfGGFvhFc="></latexit>

x3
2

<latexit sha1_base64="DVwQBKCvrq5oMjfvMqHrPmiXSes="></latexit><latexit sha1_base64="zJNAMSBq1rGfOT9IBosv1j6I4AA="></latexit><latexit sha1_base64="zJNAMSBq1rGfOT9IBosv1j6I4AA="></latexit>

x3
3

<latexit sha1_base64="9eFkhzdMnVZckEzqODyfAfEtpvc="></latexit><latexit sha1_base64="uJvZdqINz0eqL/Vze6bL2cfzo0o="></latexit><latexit sha1_base64="uJvZdqINz0eqL/Vze6bL2cfzo0o="></latexit>

x4
1

<latexit sha1_base64="xbyuXoLWcfpnG9egjgyJXJszqAo="></latexit><latexit sha1_base64="E9yGvRYsjCerYdl6zxLA6/7zdzY="></latexit><latexit sha1_base64="E9yGvRYsjCerYdl6zxLA6/7zdzY="></latexit>

x4
2

<latexit sha1_base64="uGEe/vnyvCSmUcPcjgfao6ld1Vw="></latexit><latexit sha1_base64="3eXposutyW7MDikWkH0l1Fs7NGs="></latexit><latexit sha1_base64="3eXposutyW7MDikWkH0l1Fs7NGs="></latexit>

x4
3

<latexit sha1_base64="Whosx3joA729RoiLls6I28Ku4hc="></latexit><latexit sha1_base64="1LNApriKbKjpJog5SEI3EJSbxc0="></latexit><latexit sha1_base64="1LNApriKbKjpJog5SEI3EJSbxc0="></latexit>

<latexit sha1_base64="1rZIjyUpWjZkEJlImCw9oFYJvYw="></latexit>

<latexit sha1_base64="3zmE53igmsAkgH2n8N4sInCAAPY="></latexit>

l2 norm squared + quadratic regularization) least-squares
<latexit sha1_base64="8rzRvk9nD5M/UzgAmee3lSzBjjY="></latexit><latexit sha1_base64="8rzRvk9nD5M/UzgAmee3lSzBjjY="></latexit><latexit sha1_base64="8rzRvk9nD5M/UzgAmee3lSzBjjY="></latexit>
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Adding control



Adding control
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z0 = φ̂(x0)
<latexit sha1_base64="xVs9XTnFjjypvmv+YszQPMyqJrU="></latexit><latexit sha1_base64="xVs9XTnFjjypvmv+YszQPMyqJrU="></latexit><latexit sha1_base64="xVs9XTnFjjypvmv+YszQPMyqJrU="></latexit>

zk+1 = Azk + Buk
<latexit sha1_base64="xLrgdWpkjSHJEjAMiiou4XEGhiw="></latexit><latexit sha1_base64="4HgQjrNORCM/ZvDU62k1bmeUYkI="></latexit><latexit sha1_base64="4HgQjrNORCM/ZvDU62k1bmeUYkI="></latexit>

ŷk = Czk
<latexit sha1_base64="XCydsqgBWV+lc7H3gKsKPBjXncs="></latexit><latexit sha1_base64="0JCMMDl1NrVchhMV89e0PtoWuDg="></latexit><latexit sha1_base64="0JCMMDl1NrVchhMV89e0PtoWuDg="></latexit>

Minimize multi-step prediction error
<latexit sha1_base64="8qWF4oN22w3FjxwCirEMJ6fffvw="></latexit><latexit sha1_base64="8qWF4oN22w3FjxwCirEMJ6fffvw="></latexit><latexit sha1_base64="8qWF4oN22w3FjxwCirEMJ6fffvw="></latexit>

minimize
B∈RN×m

#traj∑

j=1

trajLen∑

k=1

∥ξ(x jk)− ŷk(x
j
0)∥22,

<latexit sha1_base64="RoMkDJhovAr0EmVvcJHPkKwZhUY="></latexit><latexit sha1_base64="ndL2oAdRsSKtdql8nNOF/oncnFE="></latexit><latexit sha1_base64="ndL2oAdRsSKtdql8nNOF/oncnFE="></latexit>

ŷk(x
j
0) = CA

kz j0 +
k−1∑

i=0

CAk−i−1Buji
<latexit sha1_base64="elHiN6fBhUib3xXq/0ZslsX+Pa8="></latexit><latexit sha1_base64="b+buIeKtN3wy1sG25tKmAL4ggcU="></latexit><latexit sha1_base64="b+buIeKtN3wy1sG25tKmAL4ggcU="></latexit>

ŷk is linear in B
<latexit sha1_base64="eEw3NawmItV2g1j33M7Kqcqf1gI="></latexit><latexit sha1_base64="eEw3NawmItV2g1j33M7Kqcqf1gI="></latexit><latexit sha1_base64="eEw3NawmItV2g1j33M7Kqcqf1gI="></latexit>

A, C, �̂ known
<latexit sha1_base64="0NZrgAHJ2n0zyZWX/gV/Ho75Pho="></latexit><latexit sha1_base64="0NZrgAHJ2n0zyZWX/gV/Ho75Pho="></latexit><latexit sha1_base64="0NZrgAHJ2n0zyZWX/gV/Ho75Pho="></latexit>
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z0 = φ̂(x0)
<latexit sha1_base64="xVs9XTnFjjypvmv+YszQPMyqJrU="></latexit><latexit sha1_base64="xVs9XTnFjjypvmv+YszQPMyqJrU="></latexit><latexit sha1_base64="xVs9XTnFjjypvmv+YszQPMyqJrU="></latexit>

zk+1 = Azk + Buk
<latexit sha1_base64="xLrgdWpkjSHJEjAMiiou4XEGhiw="></latexit><latexit sha1_base64="4HgQjrNORCM/ZvDU62k1bmeUYkI="></latexit><latexit sha1_base64="4HgQjrNORCM/ZvDU62k1bmeUYkI="></latexit>

ŷk = Czk
<latexit sha1_base64="XCydsqgBWV+lc7H3gKsKPBjXncs="></latexit><latexit sha1_base64="0JCMMDl1NrVchhMV89e0PtoWuDg="></latexit><latexit sha1_base64="0JCMMDl1NrVchhMV89e0PtoWuDg="></latexit>

Minimize multi-step prediction error
<latexit sha1_base64="8qWF4oN22w3FjxwCirEMJ6fffvw="></latexit><latexit sha1_base64="8qWF4oN22w3FjxwCirEMJ6fffvw="></latexit><latexit sha1_base64="8qWF4oN22w3FjxwCirEMJ6fffvw="></latexit>

minimize
B∈RN×m

#traj∑

j=1

trajLen∑

k=1

∥ξ(x jk)− ŷk(x
j
0)∥22,

<latexit sha1_base64="RoMkDJhovAr0EmVvcJHPkKwZhUY="></latexit><latexit sha1_base64="ndL2oAdRsSKtdql8nNOF/oncnFE="></latexit><latexit sha1_base64="ndL2oAdRsSKtdql8nNOF/oncnFE="></latexit>

ŷk(x
j
0) = CA

kz j0 +
k−1∑

i=0

CAk−i−1Buji
<latexit sha1_base64="elHiN6fBhUib3xXq/0ZslsX+Pa8="></latexit><latexit sha1_base64="b+buIeKtN3wy1sG25tKmAL4ggcU="></latexit><latexit sha1_base64="b+buIeKtN3wy1sG25tKmAL4ggcU="></latexit>

ŷk is linear in B
<latexit sha1_base64="eEw3NawmItV2g1j33M7Kqcqf1gI="></latexit><latexit sha1_base64="eEw3NawmItV2g1j33M7Kqcqf1gI="></latexit><latexit sha1_base64="eEw3NawmItV2g1j33M7Kqcqf1gI="></latexit>

A and C known
<latexit sha1_base64="hmLm8TMYBXxHzmcYJkIXkqQXz3s="></latexit><latexit sha1_base64="hmLm8TMYBXxHzmcYJkIXkqQXz3s="></latexit><latexit sha1_base64="hmLm8TMYBXxHzmcYJkIXkqQXz3s="></latexit>

&
<latexit sha1_base64="iptNX7e4GXT118DGYko+6UnrhVg="></latexit><latexit sha1_base64="iptNX7e4GXT118DGYko+6UnrhVg="></latexit><latexit sha1_base64="iptNX7e4GXT118DGYko+6UnrhVg="></latexit>

b = vec(B)
<latexit sha1_base64="tPN96HQRBcyaL0UrEAeFKt9GC7o="></latexit><latexit sha1_base64="B18h/v+Ke8oCrK59ttBfFru3yxM="></latexit><latexit sha1_base64="B18h/v+Ke8oCrK59ttBfFru3yxM="></latexit>

Linear least-squares problem
<latexit sha1_base64="SUhCmQ4aY3s/Xi6aQtV9KFI7Z3E="></latexit><latexit sha1_base64="SUhCmQ4aY3s/Xi6aQtV9KFI7Z3E="></latexit><latexit sha1_base64="SUhCmQ4aY3s/Xi6aQtV9KFI7Z3E="></latexit>

minimize
b∈RNm

∥Θb − θ∥2
<latexit sha1_base64="OGTGegoeVVTBJuLThhssepD8gJs="></latexit><latexit sha1_base64="OGTGegoeVVTBJuLThhssepD8gJs="></latexit><latexit sha1_base64="OGTGegoeVVTBJuLThhssepD8gJs="></latexit>

)
<latexit sha1_base64="p06CLv+BOS8KkmvGkPjmT1AlGPg="></latexit><latexit sha1_base64="p06CLv+BOS8KkmvGkPjmT1AlGPg="></latexit><latexit sha1_base64="p06CLv+BOS8KkmvGkPjmT1AlGPg="></latexit>

where
<latexit sha1_base64="NZkZ1fs+/7yrJC5WO7zKpkoutL8="></latexit><latexit sha1_base64="NZkZ1fs+/7yrJC5WO7zKpkoutL8="></latexit><latexit sha1_base64="NZkZ1fs+/7yrJC5WO7zKpkoutL8="></latexit>

B = vec−1(Θ†θ)
<latexit sha1_base64="6+CDWiGR56J1GzcjXycgB4dPKmA="></latexit><latexit sha1_base64="6+CDWiGR56J1GzcjXycgB4dPKmA="></latexit><latexit sha1_base64="6+CDWiGR56J1GzcjXycgB4dPKmA="></latexit>

)
<latexit sha1_base64="p06CLv+BOS8KkmvGkPjmT1AlGPg="></latexit><latexit sha1_base64="p06CLv+BOS8KkmvGkPjmT1AlGPg="></latexit><latexit sha1_base64="p06CLv+BOS8KkmvGkPjmT1AlGPg="></latexit>

A, C, �̂ known
<latexit sha1_base64="0NZrgAHJ2n0zyZWX/gV/Ho75Pho="></latexit><latexit sha1_base64="0NZrgAHJ2n0zyZWX/gV/Ho75Pho="></latexit><latexit sha1_base64="0NZrgAHJ2n0zyZWX/gV/Ho75Pho="></latexit>
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Nonlinear MPC

x+ = f (x, u)κ(x) = {u⋆0, u⋆1, . . . , u⋆Np−1}

x

parameter

minimize
ui ,xi

∑Np−1
i=0 lx(xi) + u

⊤
i Rui + r

⊤ui

subject to xi+1 = f (xi , ui), i = 0, . . . , Np − 1
cx(xi) + Cuui ≤ b, i = 0, . . . , Np − 1

<latexit sha1_base64="M99c+C9fB/slVG6K8wDWOBj6nvw="></latexit><latexit sha1_base64="u1Cage55wNGzHtCi2KgaGfcH5hY="></latexit><latexit sha1_base64="u1Cage55wNGzHtCi2KgaGfcH5hY="></latexit>

x0 = x
<latexit sha1_base64="1DJzlQ7ewBEulWnRAP7/WAQoyzg="></latexit><latexit sha1_base64="P95tKtl10eACxAyoSYiu3PLR6QA="></latexit><latexit sha1_base64="P95tKtl10eACxAyoSYiu3PLR6QA="></latexit>
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x+ = f (x, u)κ(x) = {u⋆0, u⋆1, . . . , u⋆Np−1}

x

Koopman MPC

Can handle nonlinear constraints and costs in a linear fashion

parameter
<latexit sha1_base64="iOIaTzRXVoMxPVYgyG5utbRnxDs="></latexit><latexit sha1_base64="iOIaTzRXVoMxPVYgyG5utbRnxDs="></latexit><latexit sha1_base64="iOIaTzRXVoMxPVYgyG5utbRnxDs="></latexit>

minimize
ui ,zi ,ŷi

∑Np−1
i=0 ŷ

⊤
i Qŷi + u

⊤
i Rui + q

⊤ŷi + r⊤ui

subject to zi+1 = Azi + Bui , i = 0, . . . , Np − 1
ŷi = Czi i = 0, . . . , Np − 1
Ezi + Fui ≤ b, i = 0, . . . , Np − 1

<latexit sha1_base64="AcbUYw7LxQt42wgomNXh/+AEdB4="></latexit><latexit sha1_base64="krpJnYI6SF9hKCDDM87O91t57Ug="></latexit><latexit sha1_base64="krpJnYI6SF9hKCDDM87O91t57Ug="></latexit>

z0 = φ̂(x)
<latexit sha1_base64="sFvb+jYtY5wPrKnxl0BLuGtqf1s="></latexit><latexit sha1_base64="sFvb+jYtY5wPrKnxl0BLuGtqf1s="></latexit><latexit sha1_base64="sFvb+jYtY5wPrKnxl0BLuGtqf1s="></latexit>
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x+ = f (x, u)

x

Dense-form Koopman MPC

parameter

κ(x) =

⎡

⎢⎣
u⋆0
...

u⋆Np−1

⎤

⎥⎦

Computation cost independent of the size of the lift!

Convex QP!
<latexit sha1_base64="Bf7U8nmr/fZcwJMjoSX6PoOIR4U="></latexit><latexit sha1_base64="Bf7U8nmr/fZcwJMjoSX6PoOIR4U="></latexit><latexit sha1_base64="Bf7U8nmr/fZcwJMjoSX6PoOIR4U="></latexit>

z0 = φ̂(x)
<latexit sha1_base64="ZZp29+kxZC+DqC1uBaIrbkYi1ls="></latexit><latexit sha1_base64="ZZp29+kxZC+DqC1uBaIrbkYi1ls="></latexit><latexit sha1_base64="ZZp29+kxZC+DqC1uBaIrbkYi1ls="></latexit>

minimize
u∈RmNp

u⊤Hu⊤ + h⊤u+ z⊤0 Gu

subject to Lu+Mz0 ≤ c
<latexit sha1_base64="btEn77dIDkL3WA3TkgXAhPRkuv4="></latexit><latexit sha1_base64="HGar6IDXtFe+56hG5SDXaFSbG64="></latexit><latexit sha1_base64="HGar6IDXtFe+56hG5SDXaFSbG64="></latexit>
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• Solve ⇒
<latexit sha1_base64="uEzXsjXoczztFItp2cr0eXQ+Rzc="></latexit><latexit sha1_base64="uEzXsjXoczztFItp2cr0eXQ+Rzc="></latexit><latexit sha1_base64="uEzXsjXoczztFItp2cr0eXQ+Rzc="></latexit>

u⋆ =

⎡

⎢⎣
u⋆0
...

u⋆Np−1

⎤

⎥⎦

<latexit sha1_base64="rYy0y/+C58ieXm9qgFEuJyq1SR0="></latexit><latexit sha1_base64="j4i7eai16brKYSI11M95nJxeJFc="></latexit><latexit sha1_base64="j4i7eai16brKYSI11M95nJxeJFc="></latexit>

• Apply u?0 to the system
<latexit sha1_base64="WFlTfjVQD674diVovsiKs2ugVT8="></latexit><latexit sha1_base64="WFlTfjVQD674diVovsiKs2ugVT8="></latexit><latexit sha1_base64="WFlTfjVQD674diVovsiKs2ugVT8="></latexit>

Main benefits

minimize
u∈RmNp

u⊤Hu⊤ + h⊤u+ z⊤0 Gu

subject to Lu+Mz0 ≤ c
<latexit sha1_base64="btEn77dIDkL3WA3TkgXAhPRkuv4="></latexit><latexit sha1_base64="HGar6IDXtFe+56hG5SDXaFSbG64="></latexit><latexit sha1_base64="HGar6IDXtFe+56hG5SDXaFSbG64="></latexit>

Nonlinear constraints and costs handled in a linear fashion
<latexit sha1_base64="vwQrLS1wk+cEyh0gUn1Xlhp+mss="></latexit><latexit sha1_base64="vwQrLS1wk+cEyh0gUn1Xlhp+mss="></latexit><latexit sha1_base64="vwQrLS1wk+cEyh0gUn1Xlhp+mss="></latexit>

Fast & simple: only small convex quadratic program solved online
<latexit sha1_base64="i9fD0Tv7ZnBLs9xN47MvowM28/A="></latexit><latexit sha1_base64="i9fD0Tv7ZnBLs9xN47MvowM28/A="></latexit><latexit sha1_base64="i9fD0Tv7ZnBLs9xN47MvowM28/A="></latexit>

Data-driven: No model required
<latexit sha1_base64="Av2bscf1MeFjO/MPEaaFmf7Al3I="></latexit><latexit sha1_base64="Av2bscf1MeFjO/MPEaaFmf7Al3I="></latexit><latexit sha1_base64="Av2bscf1MeFjO/MPEaaFmf7Al3I="></latexit>

• Set z0 = �̂(xcurrent)
<latexit sha1_base64="XjDJxvfaWqwB8lKCnezns2D5Mnc="></latexit><latexit sha1_base64="XjDJxvfaWqwB8lKCnezns2D5Mnc="></latexit><latexit sha1_base64="XjDJxvfaWqwB8lKCnezns2D5Mnc="></latexit>

At each step of closed-loop operation
<latexit sha1_base64="ZR7I4VcqXfCH6Ltk+u8b1qBvx0E=">AAADzHicdVJbaxNBFJ4mXmq8tNVHXxaTgA8mbIogPhSqUqlgtUJjC9lQZmdPkqFzWWbOxtRhX33xxb/iq/4S/40zccFkqwcWvv3Od25zTpoLbjGOf200mteu37i5eat1+87de1vbO/c/Wl0YBkOmhTZnKbUguIIhchRwlhugMhVwml68Cv7TORjLtTrByxzGkk4Vn3BG0VPn290XGAFls8gi5JGeRExoC1lPaO1/czCVrh3346 VFV8GgAm1S2fH5TuNbkmlWSFDIBLV2NIhzHDtqkDMBZSspLOSUXdApjDxUVIIdu+U8ZdT1TBZNtPGfwmjJrkY4Kq29lKlXSoozW/cF8p++VK5Vdkymhk9nuN7PyWDsQmFQbF2OsECmZV621uigtTnUxItCcaYzqLECF2hoLQMVU204ziRnwZPBhBYCQ94JUCwMWHdE85yr6Z7voRf68GktoNGSqqAb1f1jdwhiDv65afQOCojeVoP6KEuVXQa91CJ77cHeX3HQ9o4g44Usn7SioHiDVHBW060m/V+tbigmtdKhmPOAMl1bwHLhfmQFn/zL+mEylxyULgm7M9Il6SQ6KH2MgVWFoKm/eATJS9dJ5sxfGRiXzFK9cIllhudo+WfoJGkhBGCnLDulv+FB/WKvguFu/3k//rDb3n9aHfMmeUgekcdkQJ6RfXJIjsmQMPKVfCc/yM/m+2bRdM3yj7SxUcU8IGvW/PIbdthIwQ==</latexit><latexit sha1_base64="ZR7I4VcqXfCH6Ltk+u8b1qBvx0E=">AAADzHicdVJbaxNBFJ4mXmq8tNVHXxaTgA8mbIogPhSqUqlgtUJjC9lQZmdPkqFzWWbOxtRhX33xxb/iq/4S/40zccFkqwcWvv3Od25zTpoLbjGOf200mteu37i5eat1+87de1vbO/c/Wl0YBkOmhTZnKbUguIIhchRwlhugMhVwml68Cv7TORjLtTrByxzGkk4Vn3BG0VPn290XGAFls8gi5JGeRExoC1lPaO1/czCVrh3346 VFV8GgAm1S2fH5TuNbkmlWSFDIBLV2NIhzHDtqkDMBZSspLOSUXdApjDxUVIIdu+U8ZdT1TBZNtPGfwmjJrkY4Kq29lKlXSoozW/cF8p++VK5Vdkymhk9nuN7PyWDsQmFQbF2OsECmZV621uigtTnUxItCcaYzqLECF2hoLQMVU204ziRnwZPBhBYCQ94JUCwMWHdE85yr6Z7voRf68GktoNGSqqAb1f1jdwhiDv65afQOCojeVoP6KEuVXQa91CJ77cHeX3HQ9o4g44Usn7SioHiDVHBW060m/V+tbigmtdKhmPOAMl1bwHLhfmQFn/zL+mEylxyULgm7M9Il6SQ6KH2MgVWFoKm/eATJS9dJ5sxfGRiXzFK9cIllhudo+WfoJGkhBGCnLDulv+FB/WKvguFu/3k//rDb3n9aHfMmeUgekcdkQJ6RfXJIjsmQMPKVfCc/yM/m+2bRdM3yj7SxUcU8IGvW/PIbdthIwQ==</latexit><latexit sha1_base64="ZR7I4VcqXfCH6Ltk+u8b1qBvx0E=">AAADzHicdVJbaxNBFJ4mXmq8tNVHXxaTgA8mbIogPhSqUqlgtUJjC9lQZmdPkqFzWWbOxtRhX33xxb/iq/4S/40zccFkqwcWvv3Od25zTpoLbjGOf200mteu37i5eat1+87de1vbO/c/Wl0YBkOmhTZnKbUguIIhchRwlhugMhVwml68Cv7TORjLtTrByxzGkk4Vn3BG0VPn290XGAFls8gi5JGeRExoC1lPaO1/czCVrh3346 VFV8GgAm1S2fH5TuNbkmlWSFDIBLV2NIhzHDtqkDMBZSspLOSUXdApjDxUVIIdu+U8ZdT1TBZNtPGfwmjJrkY4Kq29lKlXSoozW/cF8p++VK5Vdkymhk9nuN7PyWDsQmFQbF2OsECmZV621uigtTnUxItCcaYzqLECF2hoLQMVU204ziRnwZPBhBYCQ94JUCwMWHdE85yr6Z7voRf68GktoNGSqqAb1f1jdwhiDv65afQOCojeVoP6KEuVXQa91CJ77cHeX3HQ9o4g44Usn7SioHiDVHBW060m/V+tbigmtdKhmPOAMl1bwHLhfmQFn/zL+mEylxyULgm7M9Il6SQ6KH2MgVWFoKm/eATJS9dJ5sxfGRiXzFK9cIllhudo+WfoJGkhBGCnLDulv+FB/WKvguFu/3k//rDb3n9aHfMmeUgekcdkQJ6RfXJIjsmQMPKVfCc/yM/m+2bRdM3yj7SxUcU8IGvW/PIbdthIwQ==</latexit>
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Dynamics

Boundary functions: Thin plate spline RBFs
<latexit sha1_base64="DvJnAARHxafBjw46bSR13yOuWXU="></latexit><latexit sha1_base64="DvJnAARHxafBjw46bSR13yOuWXU="></latexit><latexit sha1_base64="DvJnAARHxafBjw46bSR13yOuWXU="></latexit>

ẋ1 = x2
<latexit sha1_base64="gt0t4kuQzdANuxtEgMvWOlYl6Ew="></latexit><latexit sha1_base64="zZNRgkwbPoGpOU7XReowyOMxuyE="></latexit><latexit sha1_base64="zZNRgkwbPoGpOU7XReowyOMxuyE="></latexit>

ẋ2 = −0.5x2 − x1(4x21 − 1) + 0.5u
<latexit sha1_base64="tRyCfqhx59QciHiah9tgLVD5OtQ="></latexit><latexit sha1_base64="loGss+yCmth8nJFeu88Am/8zRts="></latexit><latexit sha1_base64="loGss+yCmth8nJFeu88Am/8zRts="></latexit>

Data: 100 trajectories, 8 second long
<latexit sha1_base64="rZ/xQEalTbFyPzzQW2qTPDUFrWY="></latexit><latexit sha1_base64="rZ/xQEalTbFyPzzQW2qTPDUFrWY="></latexit><latexit sha1_base64="rZ/xQEalTbFyPzzQW2qTPDUFrWY="></latexit>

Eigenvalues: Lattice from DMD eigenvalues
<latexit sha1_base64="GkDAB4Kh386J0SZe5p/rq8YDr2g="></latexit><latexit sha1_base64="GkDAB4Kh386J0SZe5p/rq8YDr2g="></latexit><latexit sha1_base64="GkDAB4Kh386J0SZe5p/rq8YDr2g="></latexit>
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(N�, Ng) = (10, 20)
<latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit><latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit><latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit>

Spatial distribution of one-second prediction error (with control)
<latexit sha1_base64="zE9SNMjKqkkoM2JnE0PAmAFFum0="></latexit><latexit sha1_base64="zE9SNMjKqkkoM2JnE0PAmAFFum0="></latexit><latexit sha1_base64="zE9SNMjKqkkoM2JnE0PAmAFFum0="></latexit>

10%
<latexit sha1_base64="OM3LgWyxzRFiOoh2fhSpJedAUBk="></latexit><latexit sha1_base64="OM3LgWyxzRFiOoh2fhSpJedAUBk="></latexit><latexit sha1_base64="OM3LgWyxzRFiOoh2fhSpJedAUBk="></latexit>

100%
<latexit sha1_base64="SXze5ad5sS/evnKOnt9XRlC9mvE="></latexit><latexit sha1_base64="SXze5ad5sS/evnKOnt9XRlC9mvE="></latexit><latexit sha1_base64="SXze5ad5sS/evnKOnt9XRlC9mvE="></latexit>

Mean error: 7.1%
<latexit sha1_base64="AqNpEprljrk8FRVx4QtoeToLaNI="></latexit><latexit sha1_base64="AqNpEprljrk8FRVx4QtoeToLaNI="></latexit><latexit sha1_base64="AqNpEprljrk8FRVx4QtoeToLaNI="></latexit>

Standard dev: 6.8%
<latexit sha1_base64="P/mTmGV8UJ9c5Y/RjOJzoJJqfoU="></latexit><latexit sha1_base64="P/mTmGV8UJ9c5Y/RjOJzoJJqfoU="></latexit><latexit sha1_base64="P/mTmGV8UJ9c5Y/RjOJzoJJqfoU="></latexit>

Data: 100 trajectories
<latexit sha1_base64="w7Ek1NI58eC9hnkWmu2wCv+cRaU="></latexit><latexit sha1_base64="w7Ek1NI58eC9hnkWmu2wCv+cRaU="></latexit><latexit sha1_base64="w7Ek1NI58eC9hnkWmu2wCv+cRaU="></latexit>
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10%
<latexit sha1_base64="OM3LgWyxzRFiOoh2fhSpJedAUBk="></latexit><latexit sha1_base64="OM3LgWyxzRFiOoh2fhSpJedAUBk="></latexit><latexit sha1_base64="OM3LgWyxzRFiOoh2fhSpJedAUBk="></latexit>

100%
<latexit sha1_base64="SXze5ad5sS/evnKOnt9XRlC9mvE="></latexit><latexit sha1_base64="SXze5ad5sS/evnKOnt9XRlC9mvE="></latexit><latexit sha1_base64="SXze5ad5sS/evnKOnt9XRlC9mvE="></latexit>

Spatial distribution of one-second prediction error (with control)
<latexit sha1_base64="zE9SNMjKqkkoM2JnE0PAmAFFum0="></latexit><latexit sha1_base64="zE9SNMjKqkkoM2JnE0PAmAFFum0="></latexit><latexit sha1_base64="zE9SNMjKqkkoM2JnE0PAmAFFum0="></latexit>

Standard dev: 12.2%
<latexit sha1_base64="eRjnb39jXbLL9YHNjBTs5DHwGqg="></latexit><latexit sha1_base64="eRjnb39jXbLL9YHNjBTs5DHwGqg="></latexit><latexit sha1_base64="eRjnb39jXbLL9YHNjBTs5DHwGqg="></latexit>

Mean error: 6.8%
<latexit sha1_base64="LaxGl3jnJ4rSrvfOnHtNCY+nk+A="></latexit><latexit sha1_base64="LaxGl3jnJ4rSrvfOnHtNCY+nk+A="></latexit><latexit sha1_base64="LaxGl3jnJ4rSrvfOnHtNCY+nk+A="></latexit>

(N�, Ng) = (10, 20)
<latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit><latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit><latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit>

Data: 50 trajectories
<latexit sha1_base64="ZjrBAYcyn/66mGVu4xNjed2GC34="></latexit><latexit sha1_base64="ZjrBAYcyn/66mGVu4xNjed2GC34="></latexit><latexit sha1_base64="ZjrBAYcyn/66mGVu4xNjed2GC34="></latexit>
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(N�, Ng) = (10, 20)
<latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit><latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit><latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit>
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(N⇤, NG) (10, 30) (10, 20) (6, 20) (10, 10) (10, 5) (10, 3)

Mean error [uncontrolled] 6.9% 8.9% 17.4% 19.9% 38.8% 56.2%
Mean error [controlled] 4.6% 6.7% 15.8% 15.7% 35.6% 53.5%

<latexit sha1_base64="4Cse2BR0YvBwItt7PTr0BVr+qVo="></latexit><latexit sha1_base64="4Cse2BR0YvBwItt7PTr0BVr+qVo="></latexit><latexit sha1_base64="4Cse2BR0YvBwItt7PTr0BVr+qVo="></latexit>

EDMD error (200 RBF basis functions) = 25.1%
<latexit sha1_base64="ZFp0TYOcl0j33H7gSlDymcVynWo="></latexit><latexit sha1_base64="ZFp0TYOcl0j33H7gSlDymcVynWo="></latexit><latexit sha1_base64="ZFp0TYOcl0j33H7gSlDymcVynWo="></latexit>
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Feedback control – Koopman MPC
<latexit sha1_base64="sJLvJFesINIgXEvCsg7ohUzgYKA="></latexit><latexit sha1_base64="sJLvJFesINIgXEvCsg7ohUzgYKA="></latexit><latexit sha1_base64="sJLvJFesINIgXEvCsg7ohUzgYKA="></latexit>

Phase space
<latexit sha1_base64="NOqPDDDLOU9kdFNVxPDBbq9+8H4="></latexit><latexit sha1_base64="NOqPDDDLOU9kdFNVxPDBbq9+8H4="></latexit><latexit sha1_base64="NOqPDDDLOU9kdFNVxPDBbq9+8H4="></latexit>
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Dynamics
ẋ1 = 2x2

ẋ2 = −0.8x1 + 2x2 − 10x21 x2 + u

Data: 100 trajectories, 3 second long
<latexit sha1_base64="Gc2itZY9o1eEVAifktoIawBo2+o="></latexit><latexit sha1_base64="Gc2itZY9o1eEVAifktoIawBo2+o="></latexit><latexit sha1_base64="Gc2itZY9o1eEVAifktoIawBo2+o="></latexit>

Boundary functions: Thin plate spline RBFs
<latexit sha1_base64="DvJnAARHxafBjw46bSR13yOuWXU="></latexit><latexit sha1_base64="DvJnAARHxafBjw46bSR13yOuWXU="></latexit><latexit sha1_base64="DvJnAARHxafBjw46bSR13yOuWXU="></latexit>

Eigenvalues: Lattice from DMD eigenvalues
<latexit sha1_base64="GkDAB4Kh386J0SZe5p/rq8YDr2g="></latexit><latexit sha1_base64="GkDAB4Kh386J0SZe5p/rq8YDr2g="></latexit><latexit sha1_base64="GkDAB4Kh386J0SZe5p/rq8YDr2g="></latexit>
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10%
<latexit sha1_base64="OM3LgWyxzRFiOoh2fhSpJedAUBk="></latexit><latexit sha1_base64="OM3LgWyxzRFiOoh2fhSpJedAUBk="></latexit><latexit sha1_base64="OM3LgWyxzRFiOoh2fhSpJedAUBk="></latexit>

100%
<latexit sha1_base64="SXze5ad5sS/evnKOnt9XRlC9mvE="></latexit><latexit sha1_base64="SXze5ad5sS/evnKOnt9XRlC9mvE="></latexit><latexit sha1_base64="SXze5ad5sS/evnKOnt9XRlC9mvE="></latexit>

Mean error: 7.7%
<latexit sha1_base64="CqLpoQCEoBm1PHyRuQNe/J/weVQ="></latexit><latexit sha1_base64="CqLpoQCEoBm1PHyRuQNe/J/weVQ="></latexit><latexit sha1_base64="CqLpoQCEoBm1PHyRuQNe/J/weVQ="></latexit>

Standard dev: 8.6%
<latexit sha1_base64="Hec8yp3mb86iBD9Ged111Pl2AZE="></latexit><latexit sha1_base64="Hec8yp3mb86iBD9Ged111Pl2AZE="></latexit><latexit sha1_base64="Hec8yp3mb86iBD9Ged111Pl2AZE="></latexit>

Spatial distribution of one-second prediction error (with control)
<latexit sha1_base64="zE9SNMjKqkkoM2JnE0PAmAFFum0="></latexit><latexit sha1_base64="zE9SNMjKqkkoM2JnE0PAmAFFum0="></latexit><latexit sha1_base64="zE9SNMjKqkkoM2JnE0PAmAFFum0="></latexit>

(N�, Ng) = (10, 20)
<latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit><latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit><latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit>
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10%
<latexit sha1_base64="OM3LgWyxzRFiOoh2fhSpJedAUBk="></latexit><latexit sha1_base64="OM3LgWyxzRFiOoh2fhSpJedAUBk="></latexit><latexit sha1_base64="OM3LgWyxzRFiOoh2fhSpJedAUBk="></latexit>

100%
<latexit sha1_base64="SXze5ad5sS/evnKOnt9XRlC9mvE="></latexit><latexit sha1_base64="SXze5ad5sS/evnKOnt9XRlC9mvE="></latexit><latexit sha1_base64="SXze5ad5sS/evnKOnt9XRlC9mvE="></latexit>

Spatial distribution of one-second prediction error (with control)
<latexit sha1_base64="zE9SNMjKqkkoM2JnE0PAmAFFum0="></latexit><latexit sha1_base64="zE9SNMjKqkkoM2JnE0PAmAFFum0="></latexit><latexit sha1_base64="zE9SNMjKqkkoM2JnE0PAmAFFum0="></latexit>

(N�, Ng) = (10, 20)
<latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit><latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit><latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit>

Mean error: 12.6%
<latexit sha1_base64="Sj/GaRHJWuCWf7XeMnuF0l4oDkc="></latexit><latexit sha1_base64="Sj/GaRHJWuCWf7XeMnuF0l4oDkc="></latexit><latexit sha1_base64="Sj/GaRHJWuCWf7XeMnuF0l4oDkc="></latexit>

Standard dev: 4.6%
<latexit sha1_base64="pqSQsFZVUPM4zx2auGnLne5Tx48="></latexit><latexit sha1_base64="pqSQsFZVUPM4zx2auGnLne5Tx48="></latexit><latexit sha1_base64="pqSQsFZVUPM4zx2auGnLne5Tx48="></latexit>
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(N�, Ng) = (10, 20)
<latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit><latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit><latexit sha1_base64="srDMla9kkzGFl/p9uIOQg6Yw0Gk="></latexit>
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Mean prediction error for different number of eigenfunctions
<latexit sha1_base64="gAEPTMnrFcnrcOtoLGWMQqx4Ue4="></latexit><latexit sha1_base64="gAEPTMnrFcnrcOtoLGWMQqx4Ue4="></latexit><latexit sha1_base64="gAEPTMnrFcnrcOtoLGWMQqx4Ue4="></latexit>

(N�, Ng) (10, 20) (6, 20) (10, 10) (10, 5) (10, 3)
Mean error [uncontrolled] 10.4% 18.5% 14.0% 26.4% 33.4%
Mean error [controlled] 12.6% 18.3% 16.0% 26.5% 34.2%

<latexit sha1_base64="tbcfoAqmhCgzSAXROQB1w6qyQaE="></latexit><latexit sha1_base64="tbcfoAqmhCgzSAXROQB1w6qyQaE="></latexit><latexit sha1_base64="tbcfoAqmhCgzSAXROQB1w6qyQaE="></latexit>
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<latexit sha1_base64="sk3mWaSLJwb1ri5GPbdAnrkTsQ8="></latexit>

<latexit sha1_base64="r7FnWdr8J5hKyD9xIJhvtYef82I="></latexit>

<latexit sha1_base64="j8rgHzbQT4TH6PCdCET2ICIFdss="></latexit>

<latexit sha1_base64="fvzP7XcqjSz6YMsOb8cGPSsFlyw="></latexit>

<latexit sha1_base64="XWSzPdRUrR2lYb/Z87gGVYxzG28="></latexit>
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<latexit sha1_base64="sk3mWaSLJwb1ri5GPbdAnrkTsQ8="></latexit>

<latexit sha1_base64="r7FnWdr8J5hKyD9xIJhvtYef82I="></latexit>

<latexit sha1_base64="A9vco3F5GVGiPfthfpPSdiwTYto="></latexit>

<latexit sha1_base64="j8rgHzbQT4TH6PCdCET2ICIFdss="></latexit>

<latexit sha1_base64="fvzP7XcqjSz6YMsOb8cGPSsFlyw="></latexit>

<latexit sha1_base64="XWSzPdRUrR2lYb/Z87gGVYxzG28="></latexit>

Not optimized
<latexit sha1_base64="1vWxWGkWSbZdgEBa8YlS9QDVpRg="></latexit><latexit sha1_base64="1vWxWGkWSbZdgEBa8YlS9QDVpRg="></latexit><latexit sha1_base64="1vWxWGkWSbZdgEBa8YlS9QDVpRg="></latexit>

Optimized
<latexit sha1_base64="rsM/EPjgtKhngT+TtOXX9ob85N0="></latexit><latexit sha1_base64="rsM/EPjgtKhngT+TtOXX9ob85N0="></latexit><latexit sha1_base64="rsM/EPjgtKhngT+TtOXX9ob85N0="></latexit>Duffing

<latexit sha1_base64="Bu1n0yfPhWVTvn6yJSo/Fxo+NwM="></latexit><latexit sha1_base64="Bu1n0yfPhWVTvn6yJSo/Fxo+NwM="></latexit><latexit sha1_base64="Bu1n0yfPhWVTvn6yJSo/Fxo+NwM="></latexit>
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<latexit sha1_base64="sk3mWaSLJwb1ri5GPbdAnrkTsQ8="></latexit>

<latexit sha1_base64="r7FnWdr8J5hKyD9xIJhvtYef82I="></latexit>

<latexit sha1_base64="A9vco3F5GVGiPfthfpPSdiwTYto="></latexit>

<latexit sha1_base64="j8rgHzbQT4TH6PCdCET2ICIFdss="></latexit>

<latexit sha1_base64="fvzP7XcqjSz6YMsOb8cGPSsFlyw="></latexit>

<latexit sha1_base64="XWSzPdRUrR2lYb/Z87gGVYxzG28="></latexit>

Not optimized
<latexit sha1_base64="1vWxWGkWSbZdgEBa8YlS9QDVpRg="></latexit><latexit sha1_base64="1vWxWGkWSbZdgEBa8YlS9QDVpRg="></latexit><latexit sha1_base64="1vWxWGkWSbZdgEBa8YlS9QDVpRg="></latexit>

Optimized
<latexit sha1_base64="rsM/EPjgtKhngT+TtOXX9ob85N0="></latexit><latexit sha1_base64="rsM/EPjgtKhngT+TtOXX9ob85N0="></latexit><latexit sha1_base64="rsM/EPjgtKhngT+TtOXX9ob85N0="></latexit>

Not optimized
<latexit sha1_base64="1vWxWGkWSbZdgEBa8YlS9QDVpRg="></latexit><latexit sha1_base64="1vWxWGkWSbZdgEBa8YlS9QDVpRg="></latexit><latexit sha1_base64="1vWxWGkWSbZdgEBa8YlS9QDVpRg="></latexit>

Optimized
<latexit sha1_base64="rsM/EPjgtKhngT+TtOXX9ob85N0="></latexit><latexit sha1_base64="rsM/EPjgtKhngT+TtOXX9ob85N0="></latexit><latexit sha1_base64="rsM/EPjgtKhngT+TtOXX9ob85N0="></latexit>Van der Pol

<latexit sha1_base64="IbDXNrHtMZ5XCkY/H4eT/q83sJA="></latexit><latexit sha1_base64="IbDXNrHtMZ5XCkY/H4eT/q83sJA="></latexit><latexit sha1_base64="IbDXNrHtMZ5XCkY/H4eT/q83sJA="></latexit>

Duffing
<latexit sha1_base64="Bu1n0yfPhWVTvn6yJSo/Fxo+NwM="></latexit><latexit sha1_base64="Bu1n0yfPhWVTvn6yJSo/Fxo+NwM="></latexit><latexit sha1_base64="Bu1n0yfPhWVTvn6yJSo/Fxo+NwM="></latexit>

N 300 200 120 100 50 30 30 20

Mean error [controlled] 11.6% 12.6% 18.3% 16.0% 26.5% 34.2% 7.6% 13.6%
<latexit sha1_base64="cpEBLiLDHhbEVYqwiWQRD0inWZY="></latexit><latexit sha1_base64="cpEBLiLDHhbEVYqwiWQRD0inWZY="></latexit><latexit sha1_base64="cpEBLiLDHhbEVYqwiWQRD0inWZY="></latexit>
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Open problems



Open problem 1:

Milan Korda 64

Optimal choice of g jointly for all components of ⇠
<latexit sha1_base64="pEme/W+M/cvOTBqApJwLgvSZx2Q="></latexit><latexit sha1_base64="pEme/W+M/cvOTBqApJwLgvSZx2Q="></latexit><latexit sha1_base64="pEme/W+M/cvOTBqApJwLgvSZx2Q="></latexit>

maximize
x∈Rn

x⊤A⊤

(
∑

i

Bixx
⊤B⊤i

)−1
Ax

<latexit sha1_base64="6yIQuOKJeps5eH5aW64G6+4jJ9s="></latexit><latexit sha1_base64="oMbEMAJb5K85loV0ZwljZHTc0Ng="></latexit><latexit sha1_base64="oMbEMAJb5K85loV0ZwljZHTc0Ng="></latexit>

Remarks:
<latexit sha1_base64="MeGEv6wMHA+v/1nEmnDh/3titPg="></latexit><latexit sha1_base64="MeGEv6wMHA+v/1nEmnDh/3titPg="></latexit><latexit sha1_base64="MeGEv6wMHA+v/1nEmnDh/3titPg="></latexit>

Homogenous of degree zero
<latexit sha1_base64="vGMidkW6Ln16dMQNSOK22bDHQ+c="></latexit><latexit sha1_base64="vGMidkW6Ln16dMQNSOK22bDHQ+c="></latexit><latexit sha1_base64="vGMidkW6Ln16dMQNSOK22bDHQ+c="></latexit>

Similar to (generalized) eigenvalue problem
<latexit sha1_base64="iXd/0pz5UxVvbclMSkTMZykKjq4="></latexit><latexit sha1_base64="iXd/0pz5UxVvbclMSkTMZykKjq4="></latexit><latexit sha1_base64="iXd/0pz5UxVvbclMSkTMZykKjq4="></latexit>



Open problem 2:
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��,g(St(x0)) = e�tg(x0)
<latexit sha1_base64="anfvpWiREkyxurYT4Qyb1UmUJFs="></latexit><latexit sha1_base64="anfvpWiREkyxurYT4Qyb1UmUJFs="></latexit><latexit sha1_base64="anfvpWiREkyxurYT4Qyb1UmUJFs="></latexit>

Optimal choice of eigenvalues
<latexit sha1_base64="Pt2eCF9UG2cqJHUGmLR0NHYjzUY="></latexit><latexit sha1_base64="Pt2eCF9UG2cqJHUGmLR0NHYjzUY="></latexit><latexit sha1_base64="Pt2eCF9UG2cqJHUGmLR0NHYjzUY="></latexit>

Remarks:
<latexit sha1_base64="MeGEv6wMHA+v/1nEmnDh/3titPg="></latexit><latexit sha1_base64="MeGEv6wMHA+v/1nEmnDh/3titPg="></latexit><latexit sha1_base64="MeGEv6wMHA+v/1nEmnDh/3titPg="></latexit>

Log-linear in �
<latexit sha1_base64="/2MyOhRN8ayywSnlbn5RtWrECe4="></latexit><latexit sha1_base64="/2MyOhRN8ayywSnlbn5RtWrECe4="></latexit><latexit sha1_base64="/2MyOhRN8ayywSnlbn5RtWrECe4="></latexit>

Geometric programming?
<latexit sha1_base64="AVXd6KVxNCeUr/iGelSTaa2FYtg="></latexit><latexit sha1_base64="AVXd6KVxNCeUr/iGelSTaa2FYtg="></latexit><latexit sha1_base64="AVXd6KVxNCeUr/iGelSTaa2FYtg="></latexit>

Low-dimensional
<latexit sha1_base64="v3Ebyh9AeW+KzZ556qMM2+HJQHU="></latexit><latexit sha1_base64="v3Ebyh9AeW+KzZ556qMM2+HJQHU="></latexit><latexit sha1_base64="v3Ebyh9AeW+KzZ556qMM2+HJQHU="></latexit>



Conclusion
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• Data-driven construction of Koopman eigenfunctions
<latexit sha1_base64="kgcB7AGvLTI196g6CfdXeH3DVfU="></latexit><latexit sha1_base64="kgcB7AGvLTI196g6CfdXeH3DVfU="></latexit><latexit sha1_base64="kgcB7AGvLTI196g6CfdXeH3DVfU="></latexit>

Future work

Only linear algebra and/or convex optimization needed
<latexit sha1_base64="JNeU2oAPjl179p3v5l8T/ZBtCPE="></latexit><latexit sha1_base64="JNeU2oAPjl179p3v5l8T/ZBtCPE="></latexit><latexit sha1_base64="JNeU2oAPjl179p3v5l8T/ZBtCPE="></latexit>

Readily applicable to control and estimation
<latexit sha1_base64="URsyiQl28kuLI9kiKa6ZhHOKrL0="></latexit><latexit sha1_base64="URsyiQl28kuLI9kiKa6ZhHOKrL0="></latexit><latexit sha1_base64="URsyiQl28kuLI9kiKa6ZhHOKrL0="></latexit>

• Generalized eigenfunctions – Jordan blocks
<latexit sha1_base64="NKxSKHivQBuAsnvy3gcKi0gAj/c="></latexit><latexit sha1_base64="NKxSKHivQBuAsnvy3gcKi0gAj/c="></latexit><latexit sha1_base64="NKxSKHivQBuAsnvy3gcKi0gAj/c="></latexit>

[
φ1(x(t))
φ2(x(t))

]
:= exp

(
t

[
λ 1
0 λ

]) [
g1(x0)
g2(x0)

]

<latexit sha1_base64="Ea/1BBrQVGtKkqYBI/YmnZplw8Y="></latexit><latexit sha1_base64="JkbosnLIoDFns/Ht5FGMrOyIcSE="></latexit><latexit sha1_base64="JkbosnLIoDFns/Ht5FGMrOyIcSE="></latexit>

)
<latexit sha1_base64="lCuLeuvA0gbQVLh07SHujd5XI28="></latexit><latexit sha1_base64="lCuLeuvA0gbQVLh07SHujd5XI28="></latexit><latexit sha1_base64="lCuLeuvA0gbQVLh07SHujd5XI28="></latexit>

span{�1,�2} is invariant!
<latexit sha1_base64="YUH7ubfjbO6JV6zWHo/wlK++SR8="></latexit><latexit sha1_base64="YUH7ubfjbO6JV6zWHo/wlK++SR8="></latexit><latexit sha1_base64="YUH7ubfjbO6JV6zWHo/wlK++SR8="></latexit>

• High dimensional interpolation / approximation
<latexit sha1_base64="qMpy7mopmyStKK6Fl6LP94+m3aM="></latexit><latexit sha1_base64="qMpy7mopmyStKK6Fl6LP94+m3aM="></latexit><latexit sha1_base64="qMpy7mopmyStKK6Fl6LP94+m3aM="></latexit>

• Exploit algebraic structure (products of eigenfunctions)
<latexit sha1_base64="u63/6ikdkjAjohKO7tRPA8XdRyQ="></latexit><latexit sha1_base64="u63/6ikdkjAjohKO7tRPA8XdRyQ="></latexit><latexit sha1_base64="u63/6ikdkjAjohKO7tRPA8XdRyQ="></latexit>

�1, . . . ,�N eigenfunctions ) �p11 · . . . · �
pN
N also an eigenfunction

<latexit sha1_base64="AHo1ChHSXosYkVXRFMDYnfIYcWQ="></latexit><latexit sha1_base64="AHo1ChHSXosYkVXRFMDYnfIYcWQ="></latexit><latexit sha1_base64="AHo1ChHSXosYkVXRFMDYnfIYcWQ="></latexit>

Seems very robust
<latexit sha1_base64="8tBhrVaNjrZ4ORbkKFsTkDdkTZs="></latexit><latexit sha1_base64="8tBhrVaNjrZ4ORbkKFsTkDdkTZs="></latexit><latexit sha1_base64="8tBhrVaNjrZ4ORbkKFsTkDdkTZs="></latexit>
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ẋ = A1x
<latexit sha1_base64="xGRMQ1VtgzfoqgHgckyzNT15m1o="></latexit><latexit sha1_base64="xGRMQ1VtgzfoqgHgckyzNT15m1o="></latexit><latexit sha1_base64="xGRMQ1VtgzfoqgHgckyzNT15m1o="></latexit>

ẋ = A1x
<latexit sha1_base64="xGRMQ1VtgzfoqgHgckyzNT15m1o="></latexit><latexit sha1_base64="xGRMQ1VtgzfoqgHgckyzNT15m1o="></latexit><latexit sha1_base64="xGRMQ1VtgzfoqgHgckyzNT15m1o="></latexit>

ẋ = A2x
<latexit sha1_base64="yJYQN4I/rS9J1kaBDDs3fUPnBwk="></latexit><latexit sha1_base64="yJYQN4I/rS9J1kaBDDs3fUPnBwk="></latexit><latexit sha1_base64="yJYQN4I/rS9J1kaBDDs3fUPnBwk="></latexit>

ẋ = A2x
<latexit sha1_base64="yJYQN4I/rS9J1kaBDDs3fUPnBwk="></latexit><latexit sha1_base64="yJYQN4I/rS9J1kaBDDs3fUPnBwk="></latexit><latexit sha1_base64="yJYQN4I/rS9J1kaBDDs3fUPnBwk="></latexit>
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Mean error = 5.8%
<latexit sha1_base64="W1JV4RVylKqkg+uJaNdOtX6/LdI="></latexit><latexit sha1_base64="W1JV4RVylKqkg+uJaNdOtX6/LdI="></latexit><latexit sha1_base64="W1JV4RVylKqkg+uJaNdOtX6/LdI="></latexit>

Standard dev. = 3.4%
<latexit sha1_base64="ROU44qRj/Aiy+ZeU3YRtKr4+AzM="></latexit><latexit sha1_base64="ROU44qRj/Aiy+ZeU3YRtKr4+AzM="></latexit><latexit sha1_base64="ROU44qRj/Aiy+ZeU3YRtKr4+AzM="></latexit>
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Mean error = 5.8%
<latexit sha1_base64="W1JV4RVylKqkg+uJaNdOtX6/LdI="></latexit><latexit sha1_base64="W1JV4RVylKqkg+uJaNdOtX6/LdI="></latexit><latexit sha1_base64="W1JV4RVylKqkg+uJaNdOtX6/LdI="></latexit>

Standard dev. = 3.4%
<latexit sha1_base64="ROU44qRj/Aiy+ZeU3YRtKr4+AzM="></latexit><latexit sha1_base64="ROU44qRj/Aiy+ZeU3YRtKr4+AzM="></latexit><latexit sha1_base64="ROU44qRj/Aiy+ZeU3YRtKr4+AzM="></latexit>
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Mean error = 5.8%
<latexit sha1_base64="W1JV4RVylKqkg+uJaNdOtX6/LdI="></latexit><latexit sha1_base64="W1JV4RVylKqkg+uJaNdOtX6/LdI="></latexit><latexit sha1_base64="W1JV4RVylKqkg+uJaNdOtX6/LdI="></latexit>

Standard dev. = 3.4%
<latexit sha1_base64="ROU44qRj/Aiy+ZeU3YRtKr4+AzM="></latexit><latexit sha1_base64="ROU44qRj/Aiy+ZeU3YRtKr4+AzM="></latexit><latexit sha1_base64="ROU44qRj/Aiy+ZeU3YRtKr4+AzM="></latexit>


