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Motivation: Stabilization of Saturated linear systems

@ Saturated linear systems:
& = Az + Bsat,— ,+i(u), (z€R", ueR™)
@ (Asymmetric) actuator saturation: (v, ut € R7,)
satp,— ,+)(w) = max{—u", min{ut, u}}
@ Deadzone: dz(u) = u — sat(u)

sat(u) ‘ dz(u)

‘ b ‘ '
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Motivation: Stabilization of Saturated linear systems

@ Saturated linear systems: Local stabilization of the origin:
@ Closed loop dynamics for u = Kx:

& = Az + Bsat,— ,+i(u), (z€R", ueR™)
) ) & = Az + Bsaty,— ,+1(Kz)
@ (Asymmetric) actuator saturation: (v, ut € R7,) ’
@ If A, = A+ BK Hurwitz, then 0 is locally asymp. stable.

sabp,— u+ (u) = max{—u", min{ut, u}}

@ Lyapunov function: V(z) = 27 Pz [AL, P+ PA, < (]
® Deadzone: dz(u) = u — sat(u) @ Estimate of the basin of attraction: (sublevel set)
sat(u) ‘ dz(u) {zeRaTPr<c}, c= AI‘T}?ﬁg) -min{min{u",u"}}
2
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Motivation: Stabilization of Saturated linear systems

@ Saturated linear systems: Local stabilization of the origin:
@ Closed loop dynamics for u = Kx:

& = Az + Bsat,— ,+i(u), (z€R", ueR™)
) ) & = Az + Bsaty,— ,+1(Kz)
@ (Asymmetric) actuator saturation: (v, ut € R7,) ’

¢ (w) (—u~, minfut, u}} @ If A;; = A+ BK Hurwitz, then 0 is locally asymp. stable.
satp,— ,+1(¥) = maxq—u ,minu’,u

@ Lyapunov function: V(z) = 27 Pz [AL, P+ PA, < (]
® Deadzone: dz(u) = u — sat(u) @ Estimate of the basin of attraction: (sublevel set)
sat(u) ‘ dz(u) {zeRaTPr<c}, c= AI‘T}?ﬁg) -min{min{u",u"}}
2

o o
@ Subspace of induced equilibria:
I = {(zc,uec) € R® x R™| 0 = Aze + Bue}

2
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Motivation: Stabilization of Saturated linear systems

@ Saturated linear systems: Local stabilization of the origin:
@ Closed loop dynamics for u = Kx:

& = Az + Bsaty,— ,+1(Kz)

& = Az + Bsat,— ,+i(u), (z€R", ueR™)

@ (Asymmetric) actuator saturation: (v, ut € R7,)

¢ (w) (—u~, minfut, u}} @ If A;; = A+ BK Hurwitz, then 0 is locally asymp. stable.
satp,— ,+1(¥) = maxq—u ,minu’,u

@ Lyapunov function: V(z) = 27 Pz [AL, P+ PA, < (]
® Deadzone: dz(u) = u — sat(u) @ Estimate of the basin of attraction: (sublevel set)
sat(u) ‘ dz(u) {zeRaTPr<c}, c= A")“‘I‘é‘ﬁf) -min{min{u",u"}}
2
u u

@ Subspace of induced equilibria:
T'={(ze,ue) €ER" x R™| 0= Az + Bue}

Z2

@ Stab. of induced equilibria: Z=z—x¢, @ =u — ue
E=i=Alx—xe) + B(sat(,— ,+)(uw) — ue)

= AZ + Bsat[,— 4, ut—u. (@)
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Summary: Stabilizing controller design & Maximization of the basin of attraction

@ Saturated linear systems: [
& = Az + Bsaty, - ,+(u), (z€R", ueR™) I 24

LN

@ (Asymmetric) actuator saturation: (u™,ut € RZ,)

T2
\

@ Subspace of induced equilibria: -
p q ol / SN
I = {(ze,ue) € R x R™| 0 = Aze + Bue} /
Ak
@ Estimate of the basin of attraction: (sublevel set) 5 5 , .
{z e R"| (z — xe)TP(z —ze) < c}; 71
= XT\H;?I%D) ~min{min{u” + ue,u" — uc}} 3
Goal: 2
@ Stabilize z =0 a1
@ Maximize the estimate of the basin of attraction
Idea: 0
@ Stabilize reference points z. -1
@ Pull/Shift z. to the origin ) 0 2 4
@ Use forward invariance of sublevel sets of Lyapunov functions Z1

L. Zaccarian (ANU) Controller design for input saturated linear systems February 23 2/17



Assumptions and definitions

Saturated linear systems:
& = Az + Bsat,— ,+(u), (z€R", u€R™)

@ (Asymmetric) Saturation:

saty, - ,+)(u) = max{—u", min{u", u}}

Saturation limits: »~,ut € RZ,,.

Subspace of induced equilibria:
I = {(ze,ue)| 0 = Aze + Bue}

Average saturation range & average saturation center:
ﬂ:%(u*’—i—u_), uo:%(u+—u_)
@ Assumptions:

» @ =1 € R™ (~ Scaling of B)
> (A, B) is stabilizable
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Assumptions and definitions

Unique representation of equilibrium pairs:

H . €
Saturated linear systems: @ Let { gl ] represent the kernelof [ A B ]
& = Az + Bsat,— ,+(u), (z€R", u€R™)
@ Then: = {(At$,BLS)| § € R}
@ (Asymmetric) Saturation: 2o (8) = A5, we(d) =Bts, seR?

saty, - ,+)(u) = max{—u", min{u", u}}

Saturation limits: »~,ut € RZ,,.

Subspace of induced equilibria:
I = {(ze,ue)| 0 = Aze + Bue}

Average saturation range & average saturation center:

ﬂ:%(u*’—i—u_), uo:%(u+—u_)

@ Assumptions:

» @ =1 € R™ (~ Scaling of B)
> (A, B) is stabilizable
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Assumptions and definitions

Saturated linear systems:

& = Az + Bsat,— ,+(u), (z€R", u€R™)

@ (Asymmetric) Saturation:

saty, - ,+)(u) = max{—u", min{u", u}}

Saturation limits: »~,ut € RZ,,.
Subspace of induced equilibria:
I = {(ze,ue)| 0 = Aze + Bue}

Average saturation range & average saturation center:

o = =(uT

TL:%(U++U_), 2 _u_)

@ Assumptions:

» @ =1 € R™ (~ Scaling of B)
> (A, B) is stabilizable

L. Zaccarian (ANU)

Controller design for input saturated linear systems

Unique representation of equilibrium pairs:

AJ‘

@ Let { BL
@ Then:

] represent the kernelof [ A B ]

I'={(AL+§ BL6)| § € RY}
2o (8) = A5, we(d) =Bts, seR?
Maximal sublevel sets: 8 : R? — R
@ $(8) = min{min{u~ + ue(8),ut — ue(8)}}
= min{min{u~ + B1§,ut — B+5}}
@ 3(0)€f0,1] VéeA:={f|—u" <B+s<ut}
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Symmetric stabilizer & basin of attraction

Assumption (Symmetric Stabilizer)

Consider = Az + Bsaty, - ,+)(u) Proposition (Symmetric Stabilizer)

@ The feedback law
u = k(z,0) = ue(d) + K(z — ze(9))

(A, B) stabilizable, w = 1 and let « € Rx.
Consider the LMI:
max _ logdet(Q)

QW,Y,U locally exponentially stabilizes x.(0)
subjectto U > 0 diagonal, Q = Q" >0 @ Local Lyapunov function:
He| A+a)Q+BW -BU | _, Vs(2) = |o — ze(8)[} = (z — ze(8))T Pz — 2c(6))
W+Y -U
1 Yy L Vs(x(t)) < —2aVs(x(t)) (~ exponential stability)
T >0, k=1,...,m.
[ i @ }

@ Estimate of the basin of attraction:

~ Solution: - Q, W, ¥,U. £s(P) = {z €R"| |z — zc(6)|p < B(9)}

Define:
K=wQ™', P=Q!

Notation: HeM =M +MT Recall:  3(6) = min{min{u~ + uc(5),ut — ue(5)}}
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Optimization-based shifted stabilizer

@ Consider: Induced equilibrium pair
z(6) = AT, wue(8) = B
fors € A= {8 —u™ <wue(d) <ut}
@ Estimate of the basin of attraction (BA) of z.(9):
Es(P)={zeR": |z —=z(6)|lp < B}
@ Union of all the estimates of the BA:

R = U Es(P), R = closure of R
scint(A)
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Optimization-based shifted stabilizer

@ Consider: Induced equilibrium pair
z(6) = AT, wue(8) = B
fors € A= {8 —u™ <wue(d) <ut}
@ Estimate of the basin of attraction (BA) of z.(9):
Es(P)={zeR": |z —=z(6)|lp < B}
@ Union of all the estimates of the BA:

R = U Es(P), R = closure of R
S€int(A)
@ Forz € R consider:

6*(x) € argmin )
SEA ()
subjectto |z — z(8)|p < B(5)

~~ optimal equilibrium pair
(%, ug) = (xe(6%(2)), ue(6*(x))) With = € Esx(4)(P)

@ Corresponding feedback law:
u = k(z,6"(x)) := ue(6*(2)) + K(z — z(6*(z)))
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Optimization-based shifted stabilizer

@ Consider: Induced equilibrium pair
z(6) = AT, wue(8) = B

ford € A= {5 —u~ < ue(d) <ut} Lemma (Optimization problem properties)
@ Estimate of the basin of attraction (BA) of z.(9): 1. Forallz € R, (#) is convex and for all z € R, the
Es(P)={z €R™: |z —z(8)|p < B()} interior of the feasible set is nonempty;

2. The feasible set F : R = A is continuous
F(z) ={6 € Al |z — ze(d)|p < B(9)}

@ Union of all the estimates of the BA:
R= |J &(P), R=closureofR

| dcin(a) 3. 6*(z) € A is unique for all z € R; and
@ Forz € R consider: 4. 6*(-) : int(R) — int(A) is Lipschitz continuous.
8*(z) € argmin 678 5. §*(x) satisfies
seA (ov) N
subject to |z — z.(8)|p < B(5) §*(=) =0, vz € Eo(P),
~» optimal equilibrium pair |z — ze(6%(2))|p = B(6%(2)), V=z€R\E(P)
(%, ug) = (xe(6%(2)), ue(6*(x))) With = € Esx(4)(P) ‘

@ Corresponding feedback law:
u = k(z,6"(x)) := ue(6*(2)) + K(z — z(6*(z)))
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Optimization-based shifted stabilizer

@ Consider: Induced equilibrium pair
z(6) = AT, wue(8) = B

ford € A= {5 —u~ < ue(d) <ut} Lemma (Optimization problem properties)
@ Estimate of the basin of attraction (BA) of z.(9): 1. Forallz € R, (#) is convex and for all z € R, the
Es(P)={z €R™: |z —z(8)|p < B()} interior of the feasible set is nonempty;

2. The feasible set F : R = A is continuous
F(z) ={6 € Al |z — ze(d)|p < B(9)}

@ Union of all the estimates of the BA:
R = U Es(P), R = closure of R

| oeint(a) 3. 6*(z) € A is unique for all z € R; and
@ Forz € R consider: 4. 6*(-) : int(R) — int(A) is Lipschitz continuous.
8*(z) € argmin 678 5. §*(x) satisfies
seA (ov) N
subject to |z — z.(8)|p < B(5) §*(=) =0, vz € Eo(P),
~» optimal equilibrium pair |z — ze(6%(2))|p = B(6%(2)), V=z€R\E(P)
(%, ug) = (xe(6%(2)), ue(6*(x))) With = € Esx(4)(P) ‘

@ Corresponding feedback law:
u = k(z,6"(x)) := ue(6*(2)) + K(z — z(6*(z)))

~ The feedback law u = k(z, §*(z)) is Lipschitz continuous
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Stabilization with scheduled shifted coordinates

Saturated linear systems:
& = Az + Bsat,— ,+(u), w€ [—u,ut]
For « € int(R) consider:
8*(z) = argmin 676
Seint(A) (W)
subjectto |z — ze(d)|p < B(5)
Corresponding feedback law:
u=k(z,6"(x)) := ue(6*(z)) + K(z — z(6*(z)))

Theorem

The control law
@ s Lipschitz continuous for all z € int(R);
@ Jocally preserves performance around the origin;

@ asymptotically stabilizes the origin x = 0 with basin
of attraction containing int(R).
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Stabilization with scheduled shifted coordinates

Saturated linear systems:
& = Az + Bsat,— ,+(u), w€ [—u,ut]
For « € int(R) consider:
8*(z) = argmin 676
Seint(A) (®)
subjectto |z — ze(d)|p < B(5)
Corresponding feedback law:
u = k(z, 0" (2)) := ue (6 (2)) + K(z — (6" (7))

Theorem

The control law
@ s Lipschitz continuous for all z € int(R);
@ Jocally preserves performance around the origin;

@ asymptotically stabilizes the origin x = 0 with basin
of attraction containing int(R).

L. Zaccarian (ANU)

Controller design for input saturated linear systems

Potential Challenge:
@ (&) needs to be solved in real time

Lemma (Recall from the earlier result)
5. 0*(x) satisfies
5*(z) =0,
|z — e (6% (2))|p = B(8* (),

Vz € E(P),
vV x € R\E(P)

@ For dim(d) = 1, é* can be calculated (semi)
explicitly through

@+ AL6* B = B(5*)?
@ For dim(d) > 1 use a sample-and-hold update of §*
~ Next slides

February 23 6/17



Numerical illustration (for dim(d) = 1)

0
3 05 o.: o
2 A 2 4 e
15
& 10 20 30 0 gy
0 8 ~ —x 2
—x . -
B S — 2 e i /2//4
2 0 2 4 % 0 20 s—e2ly 2, 0
xy + T2 2
Linear system: Linear system:
0= 0.6 —-0.5 T+ 1 “ 0.6 —0.8 0.3 1
— 1 03 1.0 3 = Ax + Bu = 0.8 0.6 05 |z+ | 4 |u
1.0 0.3 -1.0 2

Saturation levels: v~ = 1.5, ut = 0.5
Saturation levels: v~ = 1.5, ut = 0.5
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A hybrid systems (or sample-and-hold) solution (for dim(d) > 1)

Augmented state:

< state of the plant

< sample-and-hold version of z
«+ defines induced equilibrium pair
< trigger to update § (7 € [1,7])

o
Il
N e 8
m
(11
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A hybrid systems (or sample-and-hold) solution (for dim(d) > 1)

Augmented state: Computationally cheap : Computationally expensive
x < state of the plant . Blant _ sample X
e=| X |e= < sample-and-hold version of = S AwtBsat(u) and hold
) - «+ defines induced equilibrium pair + -
: § S —
T « trigger to update 6 (7 € [7,7)) | Sonmoler (J e 5 O(?P?n;atnon
i ] i : X
Domain of interest: | k(= 9) | Retraction : T
i ) L, 8,87 00)
2:=E&s(P) x E5(P) x int(A) x [0,7] [ 3
Flow set and jump set: Main idea:

C=E, D =E&s;(P) x Es(P) x A x [1,7],
Flow map and jump map:

@ Update ¢ (i.e., shifted eq z.) at discretely (non-periodic)
@ Update ¢ when solution of optimization problem

ri Az + Bsat(k(z, 5)) becomes available
S ' ,7 0 @ Retraction: Convex combination of § and 6* (x) so that
E= %] =F© = 0 gec i ’

L+ 1 €&+ (P), 67 =7(2,6,6"(x)]

x

+
¢t = §+ =G(§) = w(az,é,xé*(x)) eep
0
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A hybrid systems (or sample-and-hold) solution (for dim(d) > 1)

Augmented state:

< state of the plant

<+ sample-and-hold version of x
«+ defines induced equilibrium pair
< trigger to update § (7 € [1,7])

Ay
Il
N e 8
m
(11

Domain of interest:
=:=E&s(P) x Es(P) x int(A) x [0,7]
Flow set and jump set:
C=E, D =Es(P) x E5(P) x A x [1,7],
Flow map and jump map:

ra Az + Bsat(k(z,d))

. X 0

E= %] =F© = 0 Lgec
L+ 1
—$+ X

_Ixt]_ — T

€= 5+ | =CO= | r@os [ $€P
_T+ 0

L. Zaccarian (ANU)

Controller design for input saturated linear systems

Computationally cheap : Computationally expensive

u Plant = sample s

&=AxtBsat(u) and:hold|

+ \
R s : 4 Optimization

Controller _ . 5*(x)
k(z, §) i | Retraction X

K 8,8 ()

[ 3

Main idea:

@ Update 6 (i.e., shifted eq z.) at discretely (non-periodic)

@ Update ¢ when solution of optimization problem
becomes available

@ Retraction: Convex combination of § and §* (x) so that
RS 56+ (P)7 [6+ = 7T(d7,5, 6*(X))]
Extension:

@ Update ¢ based on suboptimal solution of opt. problem

~ Interplay between continuous time system and iterative
(discrete time) optimization algorithm
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Numerical Example

-4 2 0 2 4

Ty

Example = Az + Bsat[uf’uﬂ (u)
A= [ 0.6 —0.8 ] B [ 1.2045 1.4183 }

0.1259  1.3739

U

Evalution time
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Extensions: Anti-windup controller design

Setting:
@ Plant dynamics
&p = Aptp + Bpsaty,— ,+)(u)
y = Cpap + Dp Sab[,— o+ (u)
@ Linear dynamic output feedback:

Te = Ace + ch
u = Cexc + Dey

L. Zaccarian (ANU)

Controller

u [ sat(u)
(A

Plant

Controller design for input saturated linear systems
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Extensions: Anti-windup controller design

Setting: ) Controller Plant
@ Plant dynamics
&p = Aptp + Bpsaty,— ,+)(u)
y = Cpxp + Dpsaty,— ,+1(u)
—>
) . Controller Plant
@ Linear dynamic output feedback:
Te = Ace + ch + v V1
u = Cecxc+ Dey + v2

@ Static anti-windup gain D :

v | Daw,1(u— sat[u_,u_,_](u))
B Daw,2(’u - Sat[u‘,u+](u))

= Daw (u - sat[u* Jut] (u))

v2

@ Overall static anti-windup closed loop: = = [z} = )]
T=AqgT+ (Bcl,q + Bcl,uDa’w) dz[uf,qu](u)
u=Cgz + (Dcl,q + Dcl,vDaw) dz[u_,u.;.](u)

Controller design for input saturated linear systems

L. Zaccarian (ANU)
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Extensions: Anti-windup controller design

Setting:
@ Plant dynamics
&p = Apxp + Bpsatp,— ,+)(u)
y = Cpxp + Dpsaty,— ,+1(u)
@ Linear dynamic output feedback:
Ze = Acxe + Bey + v1
u = Cexe + Dey + v2
@ Static anti-windup gain D :
{ V1 ] _ { Daw,1(u — Sat[u‘,u+](u)) ] + [ 71 ]

v2 Daw,2(u = satbp,— o, +)(w)) 72
= Daw (u - sat[u*,qu](u)) +n
@ Overall static anti-windup closed loop: = = [z} = )]
= Aqx+ (Bcl,q + Bcl,vDa’w) dz[u*,iﬁr](u) + Bcl,nn
u=Cqyx+ (Dcl,q + Dcl,vDaw) dz[u—,u+](u) + Dcl,nn

Controller Y Sat(u) Plant [»
Controller Plant Y.
vl
> Controller Plant |[L»
vl
771\(‘ 2
e Optimizer Lo
10/17

Controller design for input saturated linear systems
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Anti-windup gain selection

Overall static anti-windup closed loop: = = [z} z]]T
T = ACZ$ + (Bcl,q + Bcl,'uDaw) dZ[u*,u*] ('U«)
u=Cyx+ (Dcl,q + Dcl,'uDaw) dZ[u_’u+](u)
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Anti-windup gain selection

Overall static anti-windup closed loop: = = [z} z]]T
& = Aqx + (Bet,q + Bet,oDaw) dzjy— 4,0+ (1)
u = Cox + (Dei,g + DetwDaw) dzpy— o+ (1)

For a > 0 consider the semidefinite program (SDP)

. " .
Q,I)rfl’lél,x log det(Q) bsubject to

Q=QT >0, U >0 diagonal,
He (Acl +O‘I)Q Bcl,qU+Bcl,vX
Ccl,quy Dcl,qU‘i’Dcl,vX*U
[ T
i @

<0

]20, k=1,...,nq.

Assumption (9)

The linear closed loop is exponentially stable, B, # 0 and
the average saturation range satisfies
i=1iwt+u")=1€R™ o

Proposition

Consider the overall system, define
a>0 and  c¢= min{min{u",u"}}.

Let Assumption (V) be satisfied and assume that (SDP) is

feasible. Then, selecting the static anti-windup gain as
By = KU~
the algebraic loop is well posed and the set
{z eR" : [z|g-1 = VaTQ 1tz < ¢}

is contained in the basin of attraction of the origin.
Moreover, V : R™ — Rx,

Vz)=z'Q 'z
is a Lyapunov function satisfying

(VV(2),2) < —2aV(z) Vze{zeR":|z|g-1 < c},J
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Anti-windup augmentation (Construction of )

Plant controller dynamics:

Tp = Apxp + Bpu
y = Cpxp + Dpu

Induced equilibria for fixed n:

Ap
Cp

Ac
Ce

BP
DP
Bc
D.

Il
Il

Tpe
Ue

Te,
Ye

L. Zaccarian (ANU)

}_
}_

Te = Acl'c + ch+771
u = Cexe + Dey+n2
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Anti-windup augmentation (Construction of )

Plant controller dynamics:
Representation of ‘equilibria’:

Tp = Apxp + Bpu Te = Acxe + Bey+m ML ®) N
=C D =C D _ | ®p(0) | _ z ye(d) = My,
Yy pLp + pU u cXe + cy+772 Te (6) = |: e, (6) = szé e (5) _ Mi*é,
Induced equilibria for fixed n: ¢
q n (5) = m(s) | _ M6
Ap By Tp, | _| O n n2(8) Mnéé
Cp Dy Ue T ye
Ac Be T, _ 0 + —mM
Cc D, Ye - Ue —12
i.e.,
xpe
A, 0 0 B, 0 0 Te, 0
0 Ac B, 0 I 0 ve | _ | O
C, 0 —I D, 0 0 we | | O
0 C. D. —-I 0 I 71 0
72

Kernel of M (i.e., M - M+ = 0):

-
1 _ 1T 1T 1T 1T 1T 1T
Mt = [wa CMET M MET MET, M, ]

Tc ? n o
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Anti-windup augmentation (Construction of )

Plant controller dynamics:
Tp = Apxp + Bpu
y = Cpxp + Dpu

Induced equilibria for fixed n:

Te = Acl'c + ch+771
u = Cexc+ Dcy-+mn2

Ap By Tpe | _ 0
Cp Dp Ue - Ye
Ac Be T, _ 0 + —n1
Cc D, Ye Ue —12
i.e.,
Tpe
A, 0 0 B, 0 0 Te, 0
0 A. B 0 I 0 ve | |0
C, 0 —I D, 0 0 ue |~ |0
0 C. D. —-I 0 I 71 0
72
M
Kernel of M (i.e., M - M+ = 0):
-
L [aflT afdlT agLlT aglT asLT a2,LT
Mt = [wa CMET M MET MET, M, ]

L. Zaccarian (ANU)
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Representation of ‘equilibria’:

o= [ )= g =
o= 3 1= 4]

6-optimization:
6*(z) := argmin |§]?
sea
subject to [z — ze(6)|g-1 < B(9).
where
A={€RI —u” < MEs<ut}
B(8) = min{min{u~™ + ue(8), u™ — uc(6)}}
Static anti-windup controller (state feedback!!):
v1 = Daw,1 (u(®) = saty,— 41 (u(x))) + m (5% ()
v2 = Daw 2(u(x) — satp,— ,+1(u(z))) + n2(6"(2))

February 23 12/17



Anti-windup correction: Main result

Representation of ‘equilibria’:

wo-[ 2B ]-[30] x2S

oo =[ 7 ] =] Mts

d-optimization:

6*(z) := argmin |§]?
sea
subject to |z — ze(d)|g-1 < B(3).
where
A={6eRY —u~ < MIs<ut}
B(8) = min{min{u~™ + ue(8), u™ — uc(6)}}
Static anti-windup controller correction:
v1 = Daw,1 (u(z) = saty,— ,+1(u(z))) + 01 (5" (2))
v2 = Daw 2(u(x) — satp,— ,+1(u(z))) + n2(6"(2))

L. Zaccarian (ANU)

Controller design for input saturated linear systems

Recall

&(Q ) ={zeR" : jz—2e(8)lg-1 < BO)}
Overall closed-loop plant-controller pair:
&= Aqx + (Bet,q + Bet,wDaw) dzpy— o1 (1) + Bei,yn(9)
u = Co + (Det,q + Det,oDaw) Az~ o +7(w) + Der,yn(0)

Theorem

Consider the overall closed-loop plant-controller pair.
Then, the algebraic loop is well posed and the origin
ze = 0 is asymptotically stable with basin of attraction
containing the set

R:= |J &@M

s€int(A)
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Anti-windup controller design (Driverless Segway)

Segway dynamics (inverted pendulum):

_ 192 —mygl cos(¥)

j1+mplr cos(¥9)

2 . .

8= G Gmalr cos(@)z ™I SIN() —vps o+ S ces o T Kt
5 gjzfmblr2 cos(19)192 . _ jo+mplr cos(¥)

U = e tmyireoson? b S0 — S i cos(ony Fu

e s: position; ¥: angle;

Plant state:

xp:[mpl»zzﬂam;ﬁyxpél]—r:[s (V] 19}

L. Zaccarian (ANU) Controller design for input saturated linear systems
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Anti-windup controller design (Driverless Segway)

Segway dynamics (inverted pendulum):

_ 192 —mygl cos(¥)

j1+mplr cos(¥9)

2 . .

8= G Gmalr cos(@)z ™I SIN() —vps o+ S ces o T Kt
5 gjzfmblr2 cos(19)192 . _ jo+mplr cos(¥)

U = e tmyireoson? b S0 — S i cos(ony Fu

e s: position; ¥: angle;

Plant state:

xp:[mpl»zzﬂam;ﬁyxpél]—r:[s (V] 19}

PID controller:
u:kls+k219+k:35'+k419+k5/s+k;6/19

i.e., Te = k5S + k?619
w=xc+ k15 + kot + k3s + kst

L. Zaccarian (ANU) Controller design for input saturated linear systems
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Anti-windup controller design (Driverless Segway)

Segway dynamics (inverted pendulum):

.42 .
5= Mylcm(mzmblrz sin(¥) —vyps +

j1+mplr cos(¥9)
F172 (i cos(9)) zr K

J1j2—(myplr cos(9))

5 gjzfmblr2 cos(19)192 . _ jo+mplr cos(¥)

U = e tmyireoson? b S0 — S i cos(ony Fu
e s: position; 9J: angle;

Plant state:

Tp = [mpl»IPZamp37xp4]T =[s 9 & V]
PID controller:
u:kls+k219+k:35'+k419+k5/s+k;6/19
ie., T = kss + keV
u =z + k1s + k29 + ks + kad
Linearized plant-controller pair:

&p = Apxp + Bpu Te = Acxe + Bey
y:pr u:chc"l‘Dcy

L. Zaccarian (ANU) Controller design for input saturated linear systems

payload
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Anti-windup controller design (Driverless Segway)

Plant state: payload
T ..
Tp = [xpl»zp2’$p37xp4] = [S 9 s 9

Linearized plant-controller pair:

ip = Apzp + Bpu e = Ace + Bey
= Iz, u = Cezxc + Dey
Linearized plant dynamics:
0 0 1 0 0
0 0 0 1 0
A=110 216 —01 o0 | Br=| ss7
0 11.01 0 0 —7.20

Controller selection & anti-windup gain:
Ac=0 Bc=[1 10 0 0]
Ce=1 D, = [ 1.70 1290 1.95 3.83 ]

Saturation limits: v~ = T = 1.
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Anti-windup controller design (Driverless Segway)

0F
Plant state: ® -4f ; | | | ,
T T 0 5 10 15 20 25 30
Tp = [mp1,1p2,$p37$p4] = [s [ 19} 047 : : ; .
. . .. EOQ L
Linearized plant-controller pair: = | | ‘
. . 0 5 10 15 20 25 30
ip = Apzp + Bpu e = Acxc + Bey = 0.02 {\ ‘ ‘ ‘ ‘
y:Imp u:chc“l‘Dcy £ 0 \f\
Linearized plant dynamics: < -0.02} ‘ ‘ | |
0 5 10 15 20 25 30
0 0 1 0 0 & 0.1 ; : : :
0 0 0 1 0 =
= = 2 0
Ap 0 -216 -01 o |* Dr 5.87 = " ‘ ‘ : |
0 11.01 0 0 —7.20 "o 5 10 15 20 2 30

Controller selection & anti-windup gain: = 3W‘_»W
=
Ae=0 Be=[1 10 0 0 ] S ‘ ] ‘ ‘

0 5 10 15 20 25 30
Ce=1 D, = [ 1.70 1290 1.95 3.83 ] 100 . . . .
Saturation limits: u~ = ut = 1. o 80p
o vvrr
0 n
0 5 10 15 20 25 30
Time [s]
L. Zaccarian (ANU) Controller design for input saturated linear systems
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Anti-windup controller design (Driverless Segway)

L. Zaccarian (ANU) Controller design for input saturated linear systems
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Concluding remarks

Setting:
@ Saturated linear systems:

&= Ax + Bsat[u_’uﬂ(u), (x €R™, u €R™, u™,ut € RT)

Summary:

@ Increase the estimate of the basin of attraction of the origin by
stabilizing shifted reference points.

Observation:

@ Estimate of the basin of attraction is unbounded if A is singular

@ (Example: stabilization of the inverted pendulum on a cart; segway)
Related controller design techniques:

@ Reference governors
Extensions:

@ Antiwindup controller designs

» Design an output feedback
@ Discrete-time systems
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