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in convex regions instead of assigning polynomial roots directly, see [12] and referencestherein. The approach may prove conservative, but has the merit of being tractable. Thisis the approach we pursue in this paper.The choice of the uncertainty model is crucial in the design procedure. It is now admit-ted that interval uncertainty is more suitable for robust stability analysis (based on thetheorem of Kharitonov and its variations [3]) than for robust design. The assumptionthat each plant parameter is constrained to an uncertainty range that is independent ofall other parameters usually proves overly conservative. For this reason, ellipsoidal para-metric uncertainty [4, 10] may be viewed as an interesting alternative uncertainty model.This type of uncertainty arises naturally in the context of parameter estimation for pro-cess identi�cation. The identi�ed parameters are known to belong, with a speci�ed levelof con�dence, to an ellipsoid characterized in terms of a covariance matrix. In contrastto the interval uncertainty, the ellipsoidal uncertainty accounts for dependencies betweenindividual uncertain parameters.Robust stability analysis conditions for ellipsoidally uncertain systems were proposed in[4, 10] and more recently in [6]. Robust design was studied in [2] where it was shownthat the design problem is convex provided the closed-loop polynomial coe�cients areplaced in a given stability ellipsoid. The stability ellipsoid is obtained heuristically bycombining a sensitivity technique with the critical direction method described in [10]. Theconvex design problem is then tackled with a cutting-plane algorithm requiring analyticcalculation of sub-gradients.Another, totally di�erent approach to robust stabilization was pursued in [14] that appliesto systems with ellipsoidal uncertainty. In this reference, stricly positive real functions andthe Youla-Ku�cera parametrization of all stabilizing controllers are used to show that therobust design problem boils down to an in�nite-dimensional convex optimization problemover the space of stable rational fractions. There is no e�cient method to solve in�nite-dimensional problems (in spite of the convexity) so one must resort to a series of �nite-dimensional approximations of increasing size when trying to solve the problem practically.Proceeding this way, one has generally no control on the controller order. Controllers ofhigh order may be obtained, for which a low-order robustly stabilizing approximationmust be found. Interestingly, the duality theory can be applied to measure the amount ofconservatism inherent to the �nite-dimensional approximation, as shown recently in [9].The �rst contribution of the present paper is in showing that the convex design problemstudied in [2] is actually an optimization problem over linear matrix inequalities (LMIs,see [5]) that can be solved readily with o�-the-shelf software. The second contribution ofour paper is in showing that the ellipsoidal inner approximation of the stability domainin the polynomial coe�cient space recently proposed in [11] can be used in robust design.The resulting design algorithm can thus be viewed as an LMI-based counterpart to thelinear-programming-based design algorithm proposed in [12], where polytopes were usedto model the uncertainty and characteristic polynomial coe�cient placement. Contrary tothe in�nite-dimensional approach of [14] based on rational fractions and the Youla-Ku�ceraparametrization, we �x the order of the controller from the outset and we work in spacesof �xed-degree polynomials. The price one has to pay is in the convex approximationof the non-convex stability region. In [14] the approximation concerns the �nite-degree2



parametrization of the in�nite-dimensional space of stable rational fractions.2 Problem DescriptionWe consider a strictly proper SISO plantp(s) = pN 0 + pN 1s+ � � �+ pNn�1sn�1pD0 + pD1s+ � � �+ pDn�1sn�1 + sn = pN (s)pD(s)of order n and a proper controllerc(s) = cN0 + cN 1s+ � � � + cNm�1sm�1 + cNmsmcD0 + cD1s+ � � � + cDm�1sm�1 + sm = cN (s)cD(s)of order m, arranged in the standard negative feedback con�guration shown in �gure 1.Assuming that there is no pole-zero cancellation, the stability of the closed-loop system
+−

c(s) p(s)Figure 1: Feedback con�guration.is determined by the location of the roots of the characteristic polynomialq(s) = pN (s)cN(s) + pD(s)cD(s) = q0 + q1s+ � � �+ qd�1sd�1 + sd (1)where d = n + m is the closed-loop system order [13]. In the sequel, we will say thatpolynomial q(s) is D-stable when the roots of q(s) belong to some given region D of thecomplex plane. Typical choices for D is the left half-plane (continuous-time systems), theunit disk (discrete-time systems) or a sector thereof.The coe�cients of the plant p(s), the controller c(s) and the characteristic polynomialq(s) are stored in the plant vector p, the control vector c and the characteristic vector q,respectivelyp = � pN 0 pN 1 � � � pNn�1 pD0 pD1 � � � pDn�1 �0 2 R2nc = � cN 0 cN 1 � � � cNm�1 cNm cD0 cD1 � � � cDm�1 �0 2 R2m+1q = � q0 q1 � � � qd�1 �0 2 Rd:With these notations, equating coe�cients of the powers in s in polynomial equality (1)yields the linear system of equationsq = S(c)p+ cD (2)3



where S(c) = 2666666666664 cN 0 cD0cN 1 . . . cD1 . . .... cN 0 ... cD0cNm�1 cN 1 cDm�1 cD1cNm ... 1 .... . . cNm�1 . . . cDm�1cNm 1 3777777777775 2 Rd�(2m+1)cD = � 0 0 � � � 0 cD0 cD1 � � � cDm�1 �0 2 Rd:It is assumed that the plant parameters are not known exactly: we are given a nominalparameter vector �p and the actual parameter vector p belongs to the ellipsoidEp = fp : (p � �p)0P (p� �p) � 1g (3)where P = P 0 � 0 is a given positive de�nite matrix. Plant vector p varies within ellipsoidEp to account for all admissible parameter variations in plant p(s). Clearly, when p(s)varies, the roots of characteristic polynomial q(s) also vary, see equation (1). The problemwe aim to solve can then be formulated as follows.Robust Control Problem: Find a controller vector c such that controller c(s) robustlyD-stabilizes plant p(s) subject to ellipsoidal uncertainty p 2 Ep.3 Ellipsoidal Approximation of the Stability RegionAs pointed out in the introduction, the set of coe�cients qi such that polynomial q(s)is D-stable is a non-convex set in general. In view of equation (2), there is a lineardependence between characteristic vector q and controller vector c. Therefore, the setof controller parameters ensuring closed-loop D-stability is also a non-convex set, thusmaking our robust control problem very intricate in general. This observation led variousresearchers to develop su�cient D-stability conditions that are convex in the set of poly-nomial coe�cients [1]. In this section, we will quickly recall a su�cient stability conditionthat we recently proposed in [11] and that approximates the stability region in the set ofpolynomial coe�cients by an ellipsoid.First we need the following instrumentalLemma 1 The roots of polynomial q(s) belong to region D if and only ifH(q) = dXi=0 dXj=0 qiqjHij � 0 (4)where Hij = H 0ij 2 Rd�d are given constant matrices depending on region D only.4



In the literature, the above lemma is known as the Hermite stability criterion, see [11] fordetails.Inequality (4) is a quadratic matrix inequality describing a region S = fq : H(q) � 0gwhich is non-convex when d � 3. In the sequel we describe a systematic method to �nd avector �q 2 Rd and a positive de�nite symmetric matrix Q 2 Rd�d such that the ellipsoidEq = fq : (q � �q)0Q(q � �q) � 1g (5)is a convex inner approximation of non-convex stability region S, i.e. such that theinclusion Eq � S holds. Naturally, we will aim at enlarging the volume of Eq as much aspossible.At this point we need to de�ne the constant matrix H 2 Rd(d+1)�d(d+1) built from thematrices Hij of lemma 1 and the vector q̂ = [q0 1]0 2 Rd+1 such that quadratic matrixinequality (4) can be written equivalently asH(q) = (Id 
 q̂0)H(Id 
 q̂) � 0where Id is the identity matrix of dimension d and 
 is the standard Kronecker product.Lemma 2 Solve the convex LMI problemmax traceQ11s:t: �H � Id 
 � Q11 Q12Q012 Q22 � + 26664 0 S 021 � � � S 0d1S21 0 S 0d2... . . . ...Sd1 Sd2 � � � 0 37775� > 0; Q11 � 0; Q22 = 1; Sij = �S 0ij (6)for decision variables � 2 R, Q11 2 Rd�d, Q12 2 Rd, Q22 2 R and Sij 2 R(d+1)�(d+1). Let�q = �Q�111Q12Q = �Q11=(Q22 �Q012Q�111Q12):Then the ellipsoid Eq de�ned in (5) is a convex inner approximation of non-convex stabilityregion S.Proof: We give only a sketch of the proof, see [11] for details. For any vector q, LMI (6)implies that�(Id 
 q̂0)H(Id 
 q̂)= �H(q) � (Id 
 q̂0)0BBB@Id 
 � Q11 Q12Q012 Q22 �+ 26664 0 S 021 � � � S 0d1S21 0 S 0d2... . . . ...Sd1 Sd2 � � � 0 377751CCCA (Id 
 q̂)= (Q22 �Q012Q�111Q12)(Id 
 (1 � (q � �q)0Q(q � �q)))5



Since both � and Q22 �Q012Q�111Q12 are positive scalars, the above inequality means thatH(q) � 0 as soon as 1� (q � �q)0Q(q � �q) � 0, which is precisely the inclusion Eq � S. 2Matrices Sij in the above LMI problem play the role of additional degrees of freedom.They are similar to the multipliers traditionally used in robust control. Note also thatmaximizing the trace of Q11 in problem (6) amounts to minimizing the trace of Q. Pro-ceeding this way, we indirectly maximize the volume of ellipsoid Eq, while using thedegrees of freedom provided by matrices Sij. The interested reader is referred to [11] formore information.4 Robust DesignNow we show that the problem of �nding controller vector c such that characteristicvector q belongs to stability ellipsoid Eq for all admissible plant uncertainty p 2 Ep is aconvex LMI feasibility problem.First, observe that p 2 Ep if and only if� p� �p1 �0 � �P 00 1 � � p� �p1 � � 0or equivalently � p1 �0 � I2n ��p0 1 �0 � �P 00 1 � � I2n ��p0 1 � � p1 � � 0: (7)Similarly, q 2 Eq if and only if� q � �q1 �0 � �Q 00 1 � � q � �q1 � � 0:Recalling equation (2), the above inequality can be written as� p1 �0 � S(c) cD � �q0 1 �0 � �Q 00 1 � � S(c) cD � �q0 1 � � p1 � � 0: (8)The design problem then amounts to �nding a condition such that quadratic inequality(8) holds whenever quadratic inequality (7) holds. This problem is frequently encounteredin robust control. It is traditionally approached with the so-called S-procedure [5]. TheS-procedure states that inequality (8) is satis�ed for all vectors p satisfying inequality (7)if and only if there exists a positive scalar t such that� S(c) cD � �q0 1 �0 � �Q 00 1 � � S(c) cD � �q0 1 � � t � I2n ��p0 1 �0 � �P 00 1 � � I2n ��p0 1 � :Invoking a standard Schur complement argument [5], the above matrix inequality can beexpressed equivalently as an LMI in the controller vector c and the scalar parameter t.We have shown the main result of this paper.6



Theorem 1 Solve the convex LMI problem24 Q�1 S(c) cD � �qS(c)0 tP �tP �p(cD � �q)0 �(tP �p)0 1 + t(�p0P �p� 1) 35 � 0 (9)for decision variables t 2 R and c 2 R2m+1. Then the vector c is such that controller c(s)robustly D-stabilizes plant p(s) subject to ellipsoidal uncertainty p 2 Ep.In [2] it was shown that the robust control problem with ellipsoidal uncertainty canbe expressed as a convex min-max optimization problem. The design was then carriedout with a cutting plane algorithm which requires analytic calculation of sub-gradients.Here we show that this convex problem is actually an LMI problem that can be solvedwith widely spread semi-de�nite programming software. Note also that, contrary to theapproach developed in [2], we do not require computing a nominally stabilizing controller.Of course, depending on the problem being considered, LMI problem (9) is not necessarilyalways solvable. Infeasibility of the LMI problem can either stems from the conservative-ness of the ellipsoidal approximation of the stability region proposed in lemma 2, or fromthe actual inexistence of a robustly stabilizing controller of given order. Using our method,it is not possible to recognize these situations.Finally, let us point out that, similarly to [2], we can try to robustify the design in thesense that the controller must be stabilizing for all plant parameters p in ellipsoid rEp,where scaling factor r � 1 is maximized. Invoking theorem 1, the resulting optimizationproblem is then a quasi-convex generalized eigenvalue LMI problem [5].5 Numerical ExampleWe consider the two mixing tanks arranged in cascade with recycle stream shown in �gure2 and described in [7]. The controller must be designed to maintain the temperature Tbof the second tank at a desired set point by manipulating the power P delivered by theheater located in the �rst tank. The only available measurement is temperature Tb. Theidenti�cation of the nominal plant model is carried out using a standard least-squaresmethod [7]. A second-order (n = 2) discrete-time modelp(z) = pN 0 + pN 1zpD0 + pD1z + z2is obtained with nominal plant vector�p = � 0:0038 0:0028 0:2087 �1:1871 �0 :An ellipsoidal uncertainty model is readily available as a by-product of the least-squaresidenti�cation technique [7]. The positive de�nite matrix P characterizing the uncertainty7
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TbFigure 2: Two-tank system.ellipsoid Ep de�ned in (3) is given byP = 105 2664 2:4179 0:0568 0:0069 00:0568 2:4121 0:0045 0:00620:0069 0:0045 0:0015 0:00140 0:0062 0:0014 0:0015 3775 :Now suppose that we are seeking a �rst-order (m = 1) controllerc(z) = cN0 + cN1zcD0 + zrobustly D-stabilizing plant p(s) for all admissible models p 2 Ep. Since we are dealingwith a discrete-time system, the stability region D is the unit disk here.Solving the LMI optimization problem of lemma 2 with the user-friendly interface Lmi-tool 2.0 for Matlab [8], we obtain the following inner ellipsoidal approximation of thestability region of a third-order (d = m+ n = 3) discrete-time polynomial:Q = 24 2:3378 0 0:53970 2:1368 00:5397 0 1:7552 35 ; �q = 24 00:12350 35 :Solving the LMI feasibility problem (9) of theorem 1, we obtain the controllerc(z) = 0:3377 + 166:0z0:6212 + zrobustly stabilizing plant p(s). The robust root-locus of closed-loop characteristic poly-nomial q(s) obtained by describing randomly the uncertainty ellipsoid Ep is representedin �gure 3. We can check that indeed all characteristic polynomial roots stay in the unitdisk D for all admissible uncertainty. 8
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Figure 3: Root-locus of the uncertain closed-loop system.6 ConclusionWe have shown that the problem of robust characteristic polynomial placement in a givenstability ellipsoid for a SISO plant a�ected by uncertainty located in a given ellipsoid isa convex LMI problem that can be solved easily. Moreover, the stability ellipsoid usedfor characteristic polynomial placement can be computed via convex LMI optimization,as previously shown in [11].This work can be extended readily to SIMO or MISO systems using the same formalismas in [4], but its extension to MIMO systems seems to be more di�cult. Indeed, up toour knowledge, there exists no matrix version of lemma 1, i.e. a stability criterion for amatrix polynomial that can be expressed as a matrix inequality quadratic in the matrixcoe�cients. The derivation of such a criterion is one of our current research topics.One can also think about removing some conservatism in the choice of the ellipsoidalstability region. The stability ellipsoid Eq computed in lemma 2 is given as input datain our main theorem 1 because otherwise the matrix inequality (9) in not simultaneously9



convex in both controller vector c and stability ellipsoid parameters Q and �q. Actually,the problem of simultaneously �nding a controller c(s) satisfying matrix inequality (9)and a stability ellipsoid Eq satisfying matrix inequality (6) is bilinear in the problemunknowns. A lot of work has been dedicated recently to the study of LMI relaxations ofbilinear matrix inequalities. Application of these techniques to our design problem couldhelp to further improve the robustness of the control law.References[1] J. Ackermann \Robust Control. Systems with Uncertain Physical Parameters",Springer Verlag, Berlin, 1993.[2] R. K. Ballamudi and O. D. Crisalle \Robust Pole-Placement for Ellipsoidally Un-certain Systems", Proceedings of the IEEE Conference on Decision and Control, pp.4360{4367, New Orleans, Louisiana, 1995.[3] S. P. Bhattacharyya, H. Chapellat and L. H. Keel, \Robust Control: The ParametricApproach", Prentice Hall, Upper Saddle River, New Jersey, 1995.[4] R. M. Biernacki, H. Hwang and S. P. Bhattacharyya \Robust Stability with Struc-tured Real Parameter Perturbations", IEEE Transactions on Automatic Control,Vol. 32, No. 6, pp. 495{506, 1987.[5] S. Boyd, L. El Ghaoui, E. Feron and V. Balakrishnan \Linear Matrix Inequalities inSystem and Control Theory", SIAM Studies in Applied Mathematics, Philadelphia,Pennsylvania, 1994.[6] R. D. Braatz and O. D. Crisalle \Robustness Analysis for Systems with EllipsoidalUncertainty", International Journal of Robust and Nonlinear Control, Vol. 8, pp.1113{1117, 1998.[7] O. D. Crisalle, H. M. Mahon and D. Bonvin \Study of Robust Control Designs usingthe Critical Direction Method for Ellipsoidal Uncertainties", Proceedings of the IEEESouthcon94 Conference, pp. 173{180, Orlando, Florida, 1994.[8] L. El Ghaoui and J. L. Commeau \Lmitool Package: An Interface to Solve LMIProblems", E-Letters on Systems, Control and Signal Processing, Issue 125, January1999.[9] A. Ghulchak and A. Rantzer \Robust Controller Design via Linear Programming",Proceedings of IEEE Conference on Decision and Control, Phoenix, Arizona, 1999.[10] L. Guzzella, O. D. Crisalle, F. J. Kraus and D. Bonvin \Necessary and Su�cientConditions for the Robust Stabilizing Control of Linear Plants with Ellipsoidal Para-metric Uncertainties", Proceedings of the IEEE Conference on Decision and Control,pp. 2948{2953, Brighton, England, 1991.10



[11] D. Henrion, D. Peaucelle, D. Arzelier and M. �Sebek \Ellipsoidal Approximationof the Stability Domain of a Polynomial", Research Report, No. 2000413, LAAS-CNRS, Toulouse, France, 2000. Submitted for publication. A preprint is available atwww.laas.fr/�henrion/Papers/stability.ps.gz.[12] F. J. Kraus and V. Ku�cera \Robust Assignment of Polynomial Matrix Polytopes",Proceedings of the European Control Conference, Brussels, Belgium, 1997.[13] V. Ku�cera \Discrete Linear Control: The Polynomial Approach", John Wiley andSons, Chichester, 1979.[14] A. Rantzer and A. Megretski \A Convex Parameterization of Robustly StabilizingControllers", IEEE Transactions on Automatic Control, Vol. 39, No. 9, pp. 1802{1808, 1994.

11


