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Motivations

Uncertain (max,+)-linear systems

@ Input/output behavior h unknown

@ Framed by an interval
[ fastest behavior , slowest behavior | — [ h, h]

o Uncertainty (time and event) over the output y € [ hu , hu]
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@ Input/output behavior h unknown

@ Framed by an interval
[ fastest behavior , slowest behavior | — [ h, h]

o Uncertainty (time and event) over the output y € [ hu , hu]

Control synthesis problem

Decrease the uncertainty at the output of the system

@ Upstream controller p

o Fixed point of isotone mapping

N
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( +) 4 Introduction

Linear modelling

1

Theory of (max,+)-linear systems

@ Discrete Event Dynamic Systems (DEDS) characterized by
delay and synchronization phenomena

1F. Baccelli and al.: Synchronisation and Linearity. Wiley and sons, 1992.
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( +) 4 Introduction

Linear modelling

Theory of (max,+)-linear systems !

@ Discrete Event Dynamic Systems (DEDS) characterized by
delay and synchronization phenomena

@ Application areas: manufacturing systems, computing
networks 2, transportation systems 3

Idempotent semiring

Set D endowed with two inner operations

@ @ — associative, commutative, idempotent (a @ a = a)
neutral element e

@ ® — associative, distributes over the sum
neutral element e

1. Baccelli and al.: Synchronisation and Linearity. Wiley and sons, 1992.
2J.Y Le Boudec and P. Thiran: Network Calculus. Springer, 2001.
3B. Heidergott and al.: Max plus at work. Princeton University Press, 2006.
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Uncertain (ma linear systems

First example: B[y, d]

Set of formal series with two commutative variables v and 4,
Boolean coefficients in B, exponents in Z
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Second example: M2X[, d]
o Quotient of B[y, 8] by (y @ d~1)*

* — Kleene star
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Introduction
Linear modelling

DEDS linear modelling on M2X[~, ]

o "8t — the n'" event occurs at earliest at time t
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Uncertain (max,+)-linear systems

Introduction
Linear modelling

DEDS linear modelling on M2X[~, ]

o "8t — the n'" event occurs at earliest at time t
Input/output relation

y = hu = CA*Bu

where h is the transfer function of the system

h is periodic and causal
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u, y and h are known

u and y — trajectories event / time
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Introduction
Linear modelling

Uncertain system
@ u exact

ehel[h, h]
oyc[hu, hu]

u, y and h are known

u and y — trajectories event / time

[ fastest , slowest | — [h, h]
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Introduction
Linear modelling

Uncertain system
@ u exact

ehel[h, h]
oyc[hu, hu]

u, y and h are known

u and y — trajectories event / time

[ fastest , slowest | — [h, h]

J 0

Maximal uncertainty

@ event domain: A,

@ time domain: Ag
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Uncertain (max,+)-linear systems

Introduction
Linear modelling

Computation of this uncertainty

Maximal uncertainty over y for all u: hyh

Residuation theory: a}b is the optimal solution to inequality a® x < b
§ — left quotient

*Max Plus: Second order theory. CDC'91.
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Uncertain controlled system
Control synthesis problem Reduction of the uncertainty

Application

Influence of a controller over an uncertain system

@ Upstream controller p (u = pv)
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Uncertain controlled system
Control synthesis problem Reduction of the uncertainty

Application

Influence of a controller over an uncertain system

@ Upstream controller p (u = pv)

e Exact (max,+)-linear system (filter)

@ Possible decreasing of the uncertainty

A’Y(bvﬁ) 2 A’y(hpazp)
As(h,h) > As(hp,hp)

V— D >

_>y
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@ Maximal uncertainty no greater than fixed values
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Control synthesis problem

@ Maximal uncertainty no greater than fixed values
A, (hp, hp) < 1o
As(hp, hp) < To
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@ Maximal uncertainty no greater than fixed values

Ay (hp,hp) <y < (hp)X(hp) = 708"
As(hp,hp) <19 < (hp)x(hp) = 76 ™
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Control synthesis problem

controlled system

of
Application

the uncertainty

@ Maximal uncertainty no greater than fixed values

Ay (hp,hp) <y < (hp)X(hp) = 708"
As(hp,hp) <19 < (hp)x(hp) = 76 ™

& (hp)§(hp) = 7°6~™ @ 400

Ay (hp, Tp)
-

I_I (hp) & (hp)

>

As(Bp. Top)

—70

vo

,,’06—7(, =) ,_,,:/U 50

E. Le Corronc, B. Cottenceau, L. Hardouin Control of uncertain (max,+)-linear systems... September 1, 2010

12 /21



U controlled system
Control synthesis problem of the uncertainty
Application

@ Maximal uncertainty no greater than fixed values

Ay (hp,hp) <y < (hp)X(hp) = 708"
As(hp,hp) <19 < (hp)x(hp) = 76 ™

& (hp)§(hp) = 7°6~™ @ 400

o Greatest controller p (just in time criterion)

0

b l.l(ﬁmw))

Ay (hp, Tp)
-

»

>
vo
As(Bp. Top)
,,’06—7(, =) ,,,,:/U 50
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Knaster-Tarski theorem

Let f be an isotone mapping defined over D
o Fr ={x €D | f(x) = x} is the set of fixed points of f
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Uncertain controlled system
Control synthesis problem Reduction of the uncertainty
Application

Knaster-Tarski theorem

Let f be an isotone mapping defined over D
o Fr ={x €D | f(x) = x} is the set of fixed points of f

°y= lim f"(val) is the greatest fixed point of f lower than val

Algorithm
Let xo = val (val € D),

do xp+1 = f(xn),

until xp41 = Xy for m € N.
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Uncertain controlled system
Control synthesis problem Reduction of the uncertainty

Application

Knaster-Tarski theorem

Let f be an isotone mapping defined over D
o Fr ={x €D | f(x) = x} is the set of fixed points of f

°y= nILn;o f"(val) is the greatest fixed point of f lower than val

Algorithm
Let xo = val (val € D),

do xp+1 = f(xn),

until xp41 = Xy for m € N.

If f admits a fixed point x € Fr
— convergence toward the greatest fixed point y = x,, < val
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Uncertain controlled system
Control synthesis problem Reduction of the uncertainty

Application

Proposition 1. Reduction of the uncertainty

Optimal controller p

~

p:
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Optimal controller p
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Uncertain contro
Control synthesis problem Reduction of the uncertainty

Application

Proposition 1. Reduction of the uncertainty

Optimal controller p

b= @{P | (hp)}(hp) = 7% @ 4°8°, p causal

@ — max operator
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Uncertain controlled system
Control synthesis problem Reduction of the uncertainty

Application

Proposition 1. Reduction of the uncertainty

Optimal controller p
p= @{P | (hp)X(hp) = +°6~™ @ ~*06°, p causal, p < val}

is the greatest fixed point of
p=pAhy(y"hp) A h}(6™hp) A Preaus(p) A val

@ — max operator A — min operator
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Uncertain controlled system
Control synthesis problem Reduction of the uncertainty

Application

Proposition 1. Reduction of the uncertainty

Optimal controller p
p= EP{r | (hp)x(hp) = 1°67™ & ~"8°, p causal, p < val}

is the greatest fixed point of
p=pAhy(y"hp) A h}(6™hp) A Preaus(p) A val

@ — max operator A — min operator
v

Sketch of proof

A
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Uncertain contro
Control synthesis problem Reduction of the uncertainty
Application

Proposition 2. Removal of the uncertainty (19 = 79 = 0)

Optimal controller p < val

p=EP{r | (hp)x(hp) = 7°6°, p causal, p < val}
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Control synthesis problem Reduction of the uncertainty
Application

Proposition 2. Removal of the uncertainty (19 = 79 = 0)

Optimal controller p < val

p=EP{r | (hp)x(hp) = 7°6°, p causal, p < val}

is the greatest fixed point of

p = p A h§(hp) A Preaus(p) A val
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Uncertain controlled system
Control synthesis problem Reduc of the uncertainty
Application

Uncertain Single Input Single Output system

2,5]
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Control synthesis problem
Application

Uncertain Single Input Single Output system

@ Time variations
o Fastest behavior: minimum delays

@ Slowest behavior: maximum delays

1) [éé] 1)
u OgﬂgO a@) ;
H O\.H/ xeu
v ( 7 o Y
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Control synthesis problem
Application

Uncertain Single Input Single Output system

@ Time variations
o Fastest behavior: minimum delays

@ Slowest behavior: maximum delays

1) [éé] 1)
u OgﬂgO a@) ;
H O\.H/ :r|3:|
v ( 7 o Y

Maximal uncertainty

System alone
A(hF)=4 and As(h,h)=5
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Control synthesis problem
Application

Uncertain Single Input Single Output system

@ Time variations
o Fastest behavior: minimum delays

@ Slowest behavior: maximum delays

[&,5]
P n@ Ly
oﬂoﬁ)o 2

S
O?GHQ T v

v—| P H

Maximal uncertainty

Controlled system
Ay (hp,hp) =0 and  As(hp, hp) =0
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What have we done?

o Uncertain (max,+)-linear systems h € [h, h|]

@ Computation of an optimal controller
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Conclusions

What have we done?

o Uncertain (max,+)-linear systems h € [h, h|]

@ Computation of an optimal controller

b= @{P | (hp)X(hp) = +%67™ @ ~"6°, p causal, p < val}

@ Decreasing of the uncertainty at the output of the controlled
system
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Thank you for your attention ...

Questions ?
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