Flow Control with (Min,+) Algebra
Journées Nationales GdR GPL - Session AFSEC

Euriell Le Corronc, Bertrand Cottenceau, Laurent Hardouin

Université d’Angers - LISA - France
http://www.istia.univ-angers.fr/LISA/

9 juin 2011

(GLUNGEER

E. Le Corronc, B. Cottenceau, L. Hardouin Flow Control with (Min,+) Algebra 9 juin 2011 1 /26



Motivations

@ Arrival curve computation
— delay and backlog constraints

@ Window flow control
— difference between data stream and acknowledgments
stream
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(Min,+) algebra and Network Calculus (Min,+) algebra
N Calculus modelling
Performance characteristics

1

Theory of (min,+) linear systems

o Discrete Event Dynamic Systems (DEDS) characterized by
delay and synchronization phenomena

1F. Baccelli et al.: Synchronization and Linearity. Wiley and sons, 1992.
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\ k Calculus modelling
Performance characteristics

1

Theory of (min,+) linear systems

o Discrete Event Dynamic Systems (DEDS) characterized by
delay and synchronization phenomena

o Application areas: communication networks 2 3,

manufacturing systems, transportation systems #

1F. Baccelli et al.: Synchronization and Linearity. Wiley and sons, 1992.
2¢cs Chang: Performance guarantees. Springer, 2000.

3JY Le Boudec and P. Thiran: Network Calculus. Springer, 2001.

“B. Heidergott et al.: Max plus at work. Princeton University ‘Press, 2006.
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(Min,+) algebra and Network Calculus (Min,+) algebra
N ©

alculus modelling
B mance characteris

Idempotent semiring

Set D endowed with two inner operations ?

@ @ — associative, commutative, idempotent (a @ a = a)
neutral element ¢

@ ® — associative, distributes over the sum
neutral element e

? when ® is commutative, D is said commutative
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Idempotent semiring

Set D endowed with two inner operations ?

@ @ — associative, commutative, idempotent (a @ a = a)
neutral element ¢

@ ® — associative, distributes over the sum
neutral element e

? when ® is commutative, D is said commutative

Order relation

a=adb <& axb
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(Min,+) algebra and Network Calculus (Min,+) algebra
\

Calculus modelling

Example: idempotent semiring R in

Rpmin = (RU {—00, 400}, min, +)
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(Min,+) algebra and Network Calculus

Example: idempotent semiring R in

Rpmin = (RU {—00, 400}, min, +)

Remark: order relation in R,in

min(5,3)=3 & 5®#3=3 & 3>=5 & 3<5
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Network Calculus modelling
Performance characteristics

Commutative idempotent semiring: {F
Set @ Fg endowed with

? non-decreasing functions f : R + Ry, where f(t) = 0 for t <0
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Network Calculus modelling
Performance characteristics

Commutative idempotent semiring: {Fo, @, *}
Set @ Fg endowed with

@ @ — pointwise minimum

@ * — inf-convolution

f.geFo (fxg)(t @ {f(r)eg(t—t)} = mln {f(T)+g(T t)}

7>0

? non-decreasing functions f : R + Ry, where f(t) = 0 for t <0
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Network Calculus modelling
Performance characteristics

Commutative idempotent semiring: {Fo, @, *}
Set @ Fg endowed with

@ @ — pointwise minimum

@ x — inf-convolution
f.geFo (fxg)(t @ {f(r)eg(t—t)} = mln {f(T)+g(T t)}
7>0

is a commutative idempotent semiring

? non-decreasing functions f : R + Ry, where f(t) = 0 for t <0
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(Min,+) algebra and Network Calculus (Min,+) alg
Network Calculus modelling
Performance characteristics

Other operations in {Fp, ®, x}

@ deconvolution

(flg)(t) = N\ {f(7) — g(r = )} = max {f(r) — g(r — 1)}

7>0
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(Min,+) algebra and Network Calculus (Min,+) algebra
Network Calculus modelling
Performance characteristics

Other operations in {Fo, ®, *}

@ deconvolution
(fhe)(t) = N\ {f(r) — (7 — t)} = max {f(r) —g(r — 1)}
7>0 -

Residuation theory: x = f ¢g is the greatest solution to x * g < f
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Other operations in {Fo, ®, *}

@ deconvolution

(flg)(t) = N\ {f(7) — g(r = )} = max {f(r) — g(r — 1)}

7>0

Residuation theory: x = f ¢g is the greatest solution to x * g < f

@ subadditive closure

)2 ( t)—mm fr(t) with fO(t)=e

>0
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Network Calculus modelling
Performance characteristics

Other operations in {Fo, ®, *}

@ deconvolution

(flg)(t) = N\ {f(7) — g(r = )} = max {f(r) — g(r — 1)}

7>0

Residuation theory: x = f ¢g is the greatest solution to x * g < f

@ subadditive closure

)2 ( t)—mm fr(t) with fO(t)=e

>0

Fixed point theory: * is the lowest solution to x = f x x @ e
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Network Calculus modelling

Performance characteristics
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Network Calculus modelling

Performance characteristics

U —> — Y

[S]
Network elements

@ Input and output flows u and y

Vt,u(t) > y(t) & u=xy
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Network Calculus modelling
Performance characteristics

U= u — — U

[S]
Network elements

@ Input and output flows u and y

Vt,u(t) > y(t) & u=xy

@ Arrival curve o*

u<au & Uu=au & u=aou
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(Min,+) algebra and Network Calculus (Min,+)

Network Calculus modelling
Performance characteristics

:*—>57B—>
U=« u [ B8 @] Y

Network elements

@ Input and output flows u and y

Vt,u(t) > y(t) & u=xy

@ Arrival curve o*

u<au & Uu=au & u=aou

@ Service curve [ B, B] ([ maximum service, minimum service )

Bu Xy < Bu & ye[ﬁu,ﬁu]
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(Min,+) algebra and Network Calculus

Performance characteristics

Delay d(k) (waiting time of the k" paquet) ° ©

Vk, d(k)

®A Bouillard et al.: Computation of a (min,+)... ValueTools'08.
®Max Plus: Second order theory... CDC'91.
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\ k
Performance characteristics

Vk,d(k) < Amax < Dmax

f(t)

®A Bouillard et al.: Computation of a (min,+)... ValueTools'08.
®Max Plus: Second order theory... CDC'91.
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S
~eo
<

>t ‘ >t >t

®A Bouillard et al.: Computation of a (min,+)... ValueTools'08.
®Max Plus: Second order theory... CDC'91.
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,+) algebra
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Performance characteristics

f(t) - f(t) . flt) o3
(0%
v E u?‘y
> t ‘ >t >t
I
where

Amax = A”go{(u%y)(_A) < 0}

®A Bouillard et al.: Computation of a (min,+)... ValueTools'08.
®Max Plus: Second order theory... CDC'91.

E. Le Corronc, B. Cottenceau, L. Hardouin Flow Control with (Min,+) Algebra 9 juin 2011 11 / 26



,+) algebra

k Calculus modelling
Performance characteristics

sy

Amax

where

Amax = AmeO{(u%y)(_A) < 0}

®A Bouillard et al.: Computation of a (min,+)... ValueTools'08.
®Max Plus: Second order theory... CDC'91.
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Performance characteristics

Dinax

where

Amax = jnf {(ufy)(-A) <0} and  Dinax = glzfo{(a*f‘ﬁ)(—D) <0}

®A Bouillard et al.: Computation of a (min,+)... ValueTools'08.
®Max Plus: Second order theory... CDC'91.
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Amax
Dhinax

where

Amax = jnf {(ufy)(-A) <0} and  Dinax = glzfo{(a*f‘ﬁ)(—D) <0}

®A Bouillard et al.: Computation of a (min,+)... ValueTools'08.
®Max Plus: Second order theory... CDC'91.
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,+) algebra
k Calculus modelling

f(t) a*dB
udy
) -
]I]m.x
t

where

Mmax = (ufy)(0) and  Brmax = (a*#B)(0)

A Bouillard et al.: Computation of a (min,+)... ValueTools'08.
8Max Plus: Second order theory... CDC'91.
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Performance characteristics

f(t) o*§B
ugy
YBmax
VT imax ] Binax
Tnax
t

where

Mmax = (ufy)(0) and  Brmax = (a*#B)(0)

A Bouillard et al.: Computation of a (min,+)... ValueTools'08.
8Max Plus: Second order theory... CDC'91.
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Outlines

© Flow control
@ Arrival curve computation
o Window flow control
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Arrival curve computation
Flow control

flow control

@ Minimum service 3 known

isy]

A\
+
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Arrival curve computation
Flow control

Win flow control

@ Minimum service 3 known

@ Fixed worst end-to-end delay 7 or backlog v

f(t)

isy

\/
~
~
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Arrival curve computation
Flow control

Win low control

@ Minimum service 3 known
o Fixed worst end-to-end delay 7 or backlog v

@ Upper bounds Dpyax = 7 and Bhax = v

Bmax

Dmux
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Arrival curve computation
Window flow control

Flow control

Minimum service 3 known
Fixed worst end-to-end delay 7 or backlog v
Upper bounds Dyax = 7 and Bpax = v

Computation of the minimal constraint &* s.t.

&*$B=0_, and &*¢3 =1,

f(t) f(t)  ayp

S T
Bunas 3

Bmax

Dmux
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Arrival curve computation

Flow control Wind

Proposition 1 (time performance)

° CA. Maia et al.: Optimal closed-loop control... Automatic Control, 2003:
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Flow control
Wir flow control
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Arrival curve computation
Win flow control

Flow control

Proposition 1 (time performance)

& = \{o* | o = 6,8} = (5_B)*

v

Sketch of proof

e B =6, & o =0_.8

N

° CA. Maia et al.: Optimal closed-loop control... Automatic Control, 2003:
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Arrival curve computation
Win flow control

Flow control

Proposition 1 (time performance)

& = N{o* | & = 6_,B} = (5, B)"

Sketch of proof
e B =6, & a=0_.8
*

* 3= a} (see lemma 1in )

-
0 a* = N\{x*| x=x"x"=

N

° CA. Maia et al.: Optimal closed-loop control... Automatic Control, 2003:
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Arrival curve computation
Window flow control

Flow control

Proposition 1 (time performance)

& = \{o* | & = 6_,B) = (5_B)*

v

Sketch of proof

e B =6, & o
X

Proposition 2 (data performance)

& = /\{0‘* | o = 'VVB} = (71/3)*

° CA. Maia et al.: Optimal closed-loop control... Automatic Control, 2003:
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Arrival curve computation

Flow control 5
Window flow control

Window Flow Control

@ Communication network S

Y

>

Y

v u 6@ > 1Y
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Arrival curve computation

Flow control 5
Window flow control

Window Flow Control

o Communication network S
o Window size w — v,

@ Limit the amount of data

v u 6@ > 1Y

Y

>

Y
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Arrival curve computation

Flow control 5
Window flow control

@ Data stream S; and acknowledgments stream S, 10

5]

B

1R Agrawal et al.: Performance bounds... Transactions on Networking, 1999.
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Arrival curve computation
Window flow control

Flow control

@ Data stream S; and acknowledgments stream S, 10

o Interval of service [ 8, 3]

1R Agrawal et al.: Performance bounds... Transactions on Networking, 1999.
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Arrival curve computation
Window flow control

Flow control

@ Data stream S; and acknowledgments stream S, 10
o Interval of service [ 8, 3]

o Computation of the minimal window size vy, s.t.

closed-loop behavior (51 and S;) = open-loop behavior (S7)

v w,l

élagl]
B

wl[é27ﬁ2]
! E

1R Agrawal et al.: Performance bounds... Transactions on Networking, 1999.
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Arrival curve computation

Flow control 5
Window flow control

Interval of service [ maximum service , minimum service |
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Arrival curve computation

Flow control 5
Window flow control

Interval of service [ maximum service , minimum service |

@ Open-loop system (S1)
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Arrival curve computation

Flow control 5
Window flow control

Interval of service [ maximum service , minimum service |

@ Open-loop system (S1)

[é1751]

o Closed-loop system (S; and S5)

[ B,(wB,8,)" s Br(vwBaPr)" ]
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Arrival curve computation

Flow control 5
Window flow control

Proposition 3

Yo = Pl | B (wB,8,) <8, and Bi(1wBaB1)* < Bi}
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Arrival curve computation

Flow control 5
Window flow control

Proposition 3

Yw = @{’Yw | B,(wB,8,)" < B, and Bi(vwB2B1)" < B}
= (é]}(éﬁ‘(éQﬁ]_)) A (Bl§31¢(3231))
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Arrival curve computation
Window flow control

Flow control

Proposition 3

= @{’leﬁl(vwézﬁyﬁé and  B1(vwBaB1)" < B1}
= (B,%8,4(8,8,)) A (B1}B1#(B251))

Sketch of proof (lower bound of the interval) !

Because of properties of deconvolution § and subadditive closure x

B, (wB,8,)" < B,

1B Cottenceau et al.. Model reference control... Automatica, 2001.
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Flow control

Proposition 3

= @{’leﬁl(vwézﬁyﬁé and  B1(vwBaB1)" < B1}
= (B,%8,4(8,8,)) A (B1}B1#(B251))

Sketch of proof (lower bound of the interval) !

Because of properties of deconvolution § and subadditive closure x

BiwB,8,)" <8, & (wByB,)" < 8,38,
& wh,08, < 8,36,
& yw < B,86,4(8,8,)

1B Cottenceau et al.. Model reference control... Automatica, 2001.
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Arrival curve computation
Window flow control

Flow control

Proposition 3

Yo = Pl | B (wB,8,) <8, and Bi(1wBaB1)* < Bi}
= (§1§§1%(§2§1)) A (BIX{BI%(B2BI))

Sketch of proof (lower bound of the interval) !

Because of properties of deconvolution § and subadditive closure x

BiwB,8,)" <8, & (wByB,)" < 8,38,
& wh,08, < 8,36,
& w = B 88,7(8,8,)

1B Cottenceau et al.. Model reference control... Automatica, 2001.
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Flow control
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Conclusions

What have we done?

Traffic regulation and performance guarantee: flow control

@ Optimal arrival curve &*

— respect of delay or backlog constraints
e Optimal window size 7y,

— window flow control
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Thank you for your attention ...

Questions ?
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Arrival curve
Bibliography

Appendixes

Sketch of proof

Why u = au < u = a*u?

@ isotony of the inf-convolution (a = b < ac = bc)

usau = aux (@u) = (Pu) = (Pu) =
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@ isotony of the inf-convolution (a = b < ac = bc)

usau = aux (@u) = (Pu) = (Pu) =

@ order relation of Fy (a = b< a=ad b)

uzu@(au)EB(azu)@...:@a"u
n>0
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Arrival curve

Rpeiles Bibliography

Sketch of proof

Why u = au < u=ao*
@ isotony of the inf-convolution (a = b < ac = bc)
usau = aux (@u) = (Pu) = (Pu) =

@ order relation of Fy (a = b< a=ad b)
and subadditive closure (2" = 5, 2)

u=u@(au)€9(a2u)®...=@a"u=a*u
n>0
So
u=oau < u=ca‘u
and

a (and a*) is an arrival curve for u iff u = a*u
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