Preprint 0 (2001) 1–10 1

Parallel asynchronous Schwarz and multisplitting methods for a nonlinear diffusion problem

Dedicated to Prof. Claude Brezinski on his 60-th birthday

Pierre Spiteri^a Jean-Claude Miellou^b Didier El Baz^c

a ENSEEIHT-IRIT, LIMA, Institut National Polytechnique de Toulouse, 2, Rue Camichel, F-31071 Toulouse Cedex, France E-mail: Pierre.Spiteri@enseeiht.fr b Département de Mathématiques, U.F.R. Sciences et Techniques, Université de Franche-Comté, 16, Route de Gray, F-25030 Besançon Cedex, France E-mail: miellou@math.univ-fcomte.fr c LAAS du CNRS, 7, avenue du Colonel Roche, F-31077 Toulouse Cedex 4, France E-mail: elbaz@laas.fr

Parallel asynchronous subdomain algorithms with flexible communication for the numerical solution of nonlinear diffusion problems are presented. The discrete maximum principle is considered and the Schwarz alternating method and multisplitting methods are studied. A connection is made with M-functions for a classical nonlinear diffusion problem. Finally, computational experiments carried out on a shared memory multiprocessor are presented and analyzed.

Keywords: parallel iterative algorithms, asynchronous iterations, Schwarz alternating method, multisplitting method, subdomain methods, boundary value problems, AMS Subject classification: Primary 65Y05, 65M55, 68Q22; Secondary 65N22

1. Introduction

Large scale algebraic systems occur typically in the numerical solution of boundary value problems. Due to the large amount of computation required, parallel numerical algorithms seem well adapted to an efficient solution of this class of problems. In particular, subdomain methods are naturally well suited to the parallel numerical solution of boundary value problems. Among subdomain methods, one can consider methods with overlap such as the Schwarz alternating method which has been studied in [10], or methods without overlap (see [9], [14], [15], [18], [23] and [24]). A new class of parallel asynchronous Schwarz alternating methods with flexible communication whereby the current value of the components of the iterate vector can be used at any time and without any fixed rule is presented in this paper. This class of algorithms was first proposed in [20]. We note that the theoretical context considered in this study for nonlinear problems is based on monotone convergence and is different from the one considered in [12], which uses essentially contraction techniques in the particular case of linear systems. Note that the monotone convergence of classical asynchronous iterations for the solution of mildly nonlinear equations has been studied by many authors, in particular reference is made to [1] and [27]. The proposed methods present very good efficiency without making use of any load balancing techniques. The very good performance is due to the non synchronization of the computational tasks and to flexible communication. The concept presented in this paper generalizes classical asynchronous iterations studied in [5] to [9], [11], [13], [16], [17] and [19]. In this paper, we use the discrete maximum principle thanks to the M-function concept as defined by Rheinboldt in [22]. This permits us to show the monotone convergence of parallel asynchronous iterations with flexible communication. Note that the convergence of such parallel schemes of computation has been shown by using direct verification in [20] for various methods in the M-function context for problems of the form A(y) = 0. In this paper, we study general fixed point methods such as for example Newton like methods and establish directly their monotone convergence by using a different approach. Then, we use this result in order to show that the fixed point mapping considered for the solution of the nonlinear diffusion problem is an approximate fixed point mapping, the so-called A-supermapping defined in [20] and we derive a new convergence result for asynchronous iterations with flexible communication. In this context, nonlinear boundary value problems are solved via a combination of the asynchronous algorithms with flexible communication quoted above and the Schwarz alternating method applied to Newton’s iterations. More precisely, we consider the following nonlinear diffusion problem { −Δu + ϕ(u) = f, everywhere in Ω, u = 0, everywhere in ∂Ω,

(1.1)

where Ω is an open domain in R^2 or R^3, ∂Ω is the boundary of Ω, f ∈ L^2(Ω) is a given function and ϕ is a monotone increasing, convex and continuously differentiable nonlinear operator. For a convenient discretization, we show that an M-function and a suitable approximate fixed point mapping can be obtained from the system of equations and that the monotone convergence of asynchronous iterations with flexible communication can be derived. Finally, we present and analyze computational results for parallel synchronous and asynchronous iterations with flexible communication carried out on a shared memory multiprocessor IBM 3090-600 with 6 vector processors for the solution of the following problem { −Δu + e^{bu} = f, everywhere in Ω ⊂ R^2, u = 0, everywhere in ∂Ω,

(1.2)

where b is a given strictly positive real number.

Section 2 deals with preliminaries concerning M-functions and asynchronous iterations with flexible communication; a connection is also made with the Schwarz alternating method. In Section 3, a general class of fixed point methods is proposed and application to the nonlinear diffusion problem (1.1) is considered. Convergence results are presented for asynchronous Schwarz and multisplitting methods with flexible communication which constitute an original contribution of the present work. Section 4 deals with the implementation of parallel algorithms on a shared memory multiprocessor and the analysis of experimental results.

2. Preliminaries 2.1. Definitions and notations

The n-dimensional linear space of column vectors will be denoted by R^n and A will denote a continuous mapping from R^n onto itself. Let A be a surjective Mfunction, then the mapping A is off-diagonally monotone decreasing and inverse monotone increasing (see [21] and [22]). We consider the solution of the following system of equations A(y) = 0. (2.1)

Under the above assumptions, problem (2.1) has a unique solution y^∗ (see [21] and [22]). Let R^n be denoted also by E and consider the following decomposition

of E, E = ∏_α i=1 E_i, where α is a positive integer, E_i = R^{ni} , and ∑_α i=1 n_i = n. Each subspace E_i is endowed with the natural partial ordering (i.e. component by component). Let w ∈ E and consider the following block-decomposition of w w = {w_1, . . . , w_i, . . . , w_α} ∈ ∏_α i=1 E_i, and the corresponding block-decomposition of A A(w) = {A_1(w), . . . , A_i(w), . . . , A_α(w)} ∈ ∏_α i=1 E_i. For all i ∈ {1, . . . , α}, we introduce the following mapping from E_i onto itself y_i → A_i(y_i; w) = A_i(w_1, . . . , w_{i−1}, y_i, w_{i+1}, . . . , w_α). Since A is a continuous, surjective M-function, it follows from Theorem 3.5 in [22] that for all i ∈ {1, . . . , α} and all w ∈ E, the mapping y_i −→ A_i(y_i; w), is a continuous, surjective M-function. Moreover, for all i ∈ {1, . . . , α} and w ∈ E, the system A_i(z_i; w) = 0, (2.2)

has a unique solution ẑ_i. Hence, we can define a fixed point mapping F : E → E, associated with problem (2.1) such that F (w) = ẑ = {ẑ_1, . . . , ẑ_i, . . . , ẑ_α}, (2.3) the mapping F is well defined and monotone increasing on E (i.e. for all x, y ∈ E such that x ≤ y, F (x) ≤ F (y)) (see [19]). In order to solve problem (2.1), we will consider general fixed point iterative methods. The following concept permits one to define a set of starting points for the fixed point iterations. Definition 2.1. A vector y ∈ R^n is an A-supersolution if A(y) ≥ 0.

In the sequel, asynchronous sequences will be studied by using the order interval concept which is defined as follows.

Definition 2.2. Let x_i, y_i ∈ E_i such that x_i ≤ y_i, then the order interval ⟨x_i, y_i⟩_i is defined as {z_i ∈ E_i | x_i ≤ z_i ≤ y_i}.

The definition is similar for ⟨x, y⟩, x, y ∈ E. We introduce now a particular class of fixed point mappings which is very useful in the definition of asynchronous iterations with flexible communication.

Definition 2.3. Let A be an M-function. F^A is an A-supermapping associated with F if for all i ∈ {1, . . . , α} and y ∈ E such that A_i(y) ≥ 0, there exists

F^A_i (y) ∈ E_i, such that F^A_i (y) ≤ y_i, A_i(F^A_i (y); y) ≥ 0 and F^A_i (y) ≠ y_i if F_i(y) ≠ y_i. 2.2. Asynchronous iterations with flexible communication

We consider now the parallel asynchronous fixed point iterations with flexible communication {y^p}_{p∈N} which are defined by using the following concepts.

Definition 2.4. A steering of block-components of the iterate vector is a se- quence {s(p)}, p ∈ N, such that s(p) ∈ {1, . . . , α}, for all p ∈ N, where N denotes the set of natural integers. A sequence of delayed iteration numbers {ρ(p)} of vectors ρ(p) = (ρ_1(p), . . . , ρ_i(p), . . . , ρ_α(p)) ∈ N^α is such that for all p ∈ N and i ∈ {1, . . . , α} we have 0 ≤ ρ_i(p) ≤ p and ρ_i(p) = p if i = s(p). For all p ∈ N and i ∈ {1, . . . , α}, the set K^p_i of iteration numbers lower than p, which are relative to the computation of the i-th block-component is such that K^p_i = {j ∈ N | s(j) = i, 0 ≤ j < p}. Definition 2.5. The general class of asynchronous iterative methods with flexible communication is defined recursively as follows. For all p ∈ N and i ∈ {1, . . . , α}, we have { y^{p+1}_i = F^A_i (ỹ^p) if i = s(p), y^{p+1}_i = y^p_i if i ≠ s(p),

(2.4)

where ỹ^0 = y^0 is an A-supersolution, (2.5) ỹ^p ∈ ⟨y^p, min (y^{ρ(p)}, ỹ^q)⟩ if p ≥ 1, (2.6)

the vector y^{ρ(p)} denotes an element of E with block-components y^{ρi(p)}_i , i ∈ {1, . . . , α} and q = Max{j ∈ K^p_{s(p)}} and s(p), ρ(p) and K^p_{s(p)} are defined according to Definition 2.4.

Remark 2.6. In the particular case where K^p_i = ∅, we have ỹ^p ∈ ⟨y^p, y^{ρ(p)}⟩.

Remark 2.7. Asynchronous iterations with flexible communication defined recursively by (2.4) to (2.6) are general iterative methods whereby iterations are carried out in parallel by up to α processor without any order nor synchronization. The main feature of this class of iterative methods is to allow very flexible communication between the processors. In a typical update of the i-th block-component of the iterate vector at iteration p+1, all the values ỹ^p_j of the block-components of the

iterate vector can be taken anywhere in the order interval ⟨y^p_j , min (y^{ρj (p)}_j , ỹ^q_j )⟩_j , where ỹ^q_j was the value used in the last update of the i-th block-component

and y^{ρj (p)}_j models the nondeterministic behavior of the iterative scheme and are not explicitly labelled by an iteration number. Thus, the values of the blockcomponents of the iterate vector which are used in a computation may come from updates which are still in progress. It is important to note that the values of the components of the same block of the iterate vector which are used in such a typical update, can be relative to different iteration numbers as opposed to the classical case (see [5], [6], [7] and [16]). Practically, one will choose partial update corresponding to the last avaible value of each component.

We recall now an important result (see [20]).

Proposition 2.8. Let A be a continuous surjective M-function, F the fixed point mapping associated with A defined by (2.2) and (2.3), F^A an Asupermapping associated with F, y^0 ∈ E an A-supersolution. Then, the asynchronous iteration {y^p} given by (2.4) to (2.6) is well defined and satisfies y^p ↓ y, p → ∞, (2.7) where y is an A-supersolution of problem (2.1) and (2.7) means that lim_{p→∞} y^p = y and y ≤ · · · ≤ y^{p+1} ≤ y^p ≤ · · · ≤ y^0. We introduce an order relation between A-supermappings.

Definition 2.9. Two A-supermappings F^A and F^B associated with F satisfy the relation F^A ≺ F^B, if for all i ∈ {1, . . . , α} and y ∈ E such that A_i(y) ≥ 0, we have: F^B_i (y) ∈ ⟨F^A_i (y), y_i⟩_i.

We concentrate now on a particular class of A-supermappings. Definition 2.10. F^A is an M-continuous A-supermapping associated with F if there exists an A-supermapping F^B associated with F such that F^A ≺ F^B and y^p ↓ y^∗, p → ∞, implies F^B_i (y^p) ↓ F^B_i (y^∗), p → ∞ for all i ∈ {1, . . . , α}. (2.8) Remark 2.11. The relation (2.8) can be interpreted as a property of continuity at the point y^∗ of the mapping F^B with respect to the partial ordering. We recall now a global convergence result for asynchronous iterations with flexible communication associated with M-continuous A-supermappings (see [20]). Proposition 2.12. Let assumptions of Proposition 2.8 hold and F^A be an Mcontinuous A-supermapping associated with F. Assume that the steering satisfies {p ∈ N | i ∈ s(p)} is infinite, for all i ∈ {1, . . . , α}, (2.9) and assume also that we have lim_{p→∞} ρ_i(p) = +∞, for all i ∈ {1, . . . , α}. (2.10)

Then, the sequence {y^p} defined by (2.4) to (2.6) satisfies y^p ↓ y^∗, where y^∗ is the unique solution of problem (2.1). 2.3. Link with the Schwarz alternating method

We concentrate now on the Schwarz alternating method which is used for the solution of boundary value problems. This method is also well suited to parallel computing and represents an interesting domain of application for the above theoretical study. The mapping A being a surjective M-function, we study the solution of the following nonlinear simultaneous equations A(x) = 0, (2.11) via an asynchronous subdomain method derived from the Schwarz alternating method. We note that the augmentation process of the Schwarz alternating method transforms the nonlinear mapping A into the mapping Ã which is also a surjective M-function (see [20]). Thus the convergence results quoted above can be applied directly in the context of asynchronous Schwarz alternating methods with flexible communication. Reference is made to [3] and [27] for studies in the case of asynchronous Schwarz alternating methods for the solution of nonlinear systems.

3. Application to nonlinear partial differential equations In this Section, we present our original theoretical contribution to the study of the convergence of asynchronous iterations with flexible communication. A general approach for building approximate block iterative methods is proposed. Then, a monotone convergence result which is used for deriving A-supermappings is given. An original application of the general study to the nonlinear diffusion problem is also presented. Finally, a convergence result for asynchronous iterations with flexible communication applied to the discretized nonlinear diffusion problem is derived.

3.1. Results on monotone iterative methods

Let A be a continuous surjective M-function from R^n onto itself. Then, it follows from Theorem 3.3 in [22] that the system of equations A(y) = 0 has a unique solution denoted by y^∗. Moreover, let x be an initial point, we define the vectors s, v, x^0, z^0 ∈ R^n as follows s_i = min(A_i(x), 0), v_i = max(A_i(x), 0), ∀i ∈ {1, ..., n}, x^0 = A^{−1}(s), z^0 = A^{−1}(v). Thus, we have A(x^0) ≤ A(y^∗) ≤ A(z^0), (3.1)

and by the inverse isotonicity of A, we have x^0 ≤ y^∗ ≤ z^0. Moreover, assume that there exists a mapping C : ⟨x^0, z^0⟩ → L(R^n), such that for all x, z ∈ R^n satisfying x^0 ≤ x ≤ z ≤ z^0, we have A(z) − A(x) ≤ C(z). (z − x), (3.2) x ≤ z implies C(x) ≤ C(z), (3.3)

C^{−1}(z) ≥ 0, for all z ∈ ⟨x^0, z^0⟩. (3.4) Remark 3.1. We note that the relation (3.4) implies the inequality (3.2) if we have A(z) − A(x) = C(x + t(z − x)). (z − x), with t ∈]0, 1[. The previous equality is satisfied in particular if A is G-differentiable and C(x) = A^′(x).

Let the mapping ρ^′ from N into N such that 0 ≤ ρ^′(k) ≤ k, k = 0, 1, ... (3.5) Consider the following Newton-like algorithm

z^{k+1} = z^k − C^{−1}(z^{ρ′(k)}). A(z^k), k = 0, 1, . . . (3.6)

We can state the following convergence result from [25].

Proposition 3.2. Assume that the hypotheses (3.2) to (3.5) hold. Then, the sequence {z^k} defined by (3.6) satisfies z^k ↓ y^∗, k → ∞, where y^∗ is the solution of A(y) = 0.

3.2. Example of A-supermapping associated with Newton’s method

We consider the following problem α∑ j=1 A_{ij} x_j + ϕ_i(x_i) = b_i, for all i ∈ {1, . . . , α}, (3.7)

where x_i, b_i ∈ E_i, A = (A_{ij} ) according to the associated block decomposition and A is an M−matrix, (3.8) { ϕ(y) is a diagonal, nonlinear operator with monotone increasing,

convex and continuously differentiable components ϕ_i(y_i).

(3.9)

The problem (3.7) is a problem of type (2.1) which satisfies the assumptions of Section 2. In particular, this problem occurs in the discretization by finite difference of the nonlinear elliptic problem (1.1) modelling a nonlinear diffusion problem.

Remark 3.3. We note that a P_1-finite element discretization of the problem (1.1) does not lead to a monotone diagonal operator; however, the use of an appropriate numerical integration formula leads to a discrete problem belonging to the general framework of this study (i.e. the mapping A = A + ϕ is an M-function).

We now define a fixed point mapping F associated with the decoupled problem (3.7), with components F_i such that ẑ_i = F_i(w), ∀i ∈ {1, . . . , α}, (3.10) where ẑ_i satisfies A_{ii}ẑ_i + ϕ_i(ẑ_i) = b_i − ∑ j≠i Aij wj , which corresponds to

A_i(ẑ_i; w) = 0. In the sequel, we will study A-supermappings associated with

F. A-supermappings can be defined by means of an algorithm; we note in particular that we can perform one or several iterations of the algorithm (3.6), instead of relaxing exactly the components of each block. If w is such that

A_i(w) = ∑ j A_{ij} w_j + ϕ_i(w_i) − b_i ≥ 0, (3.11)

then, we can define an order interval ⟨x^0_i , z^0_i ⟩_i by x^0_i = ẑ_i = F_i(w), z^0_i = w_i. Thus, on the interval ⟨x^0_i , z^0_i ⟩_i, A_i is an M-function satisfying (3.1). Hence, we can introduce the mapping C_i derived from Newton’s method which is defined by for all z_i ∈ ⟨x^0_i , z^0_i ⟩_i^{Ci}−−−→ C_i(z_i), where C_i(z_i). y_i = A_{ii}y_i + ϕ^′_i(z_i). y_i. It follows clearly from assumptions (3.8) and (3.9) that the mapping C_i satisfies (3.2) and (3.3). Moreover by the convexity of the components of ϕ_i, it follows from (3.8) that C_i(z_i) is an M-matrix for all z_i ∈ ⟨x^0_i , z^0_i ⟩_i, thus (3.4) is satisfied. We consider the mapping F^A from E into E, with components F^A_i defined byF^A_i (w) = z^k_i , i ∈ {1, . . . , α}, where for all given value of k, z^k_i is the k-th update generated by the algorithm (3.6) starting from z^0_i = w_i.

Proposition 3.4. Let assumptions (3.8) and (3.9) hold. Then, F^A is an Mcontinuous A-supermapping associated with F.

Proof. If assumptions (3.8) and (3.9) hold and A_i(w) ≥ 0, then according to the above study, the mapping A_i is a continuous surjective M-function which satisfies (3.1) on ⟨x^0_i , z^0_i ⟩_i = ⟨F_i(w), w_i⟩_i and C_i satisfies the assumptions (3.2) to (3.4). Thus, it results from Proposition 3.2 and Definition 2.3 that the mapping F^A is an A-supermapping associated with F. We denote by F^B the A-supermapping associated with F with components F^B_i (w) = z^1_i , which is obtained by considering only the first step of the algorithm (3.6). If A_i(w) ≥ 0, then by Proposition 3.2 and Definition 2.9, we have F^A α F^B. So, F^B(w) = z^1_i = w_i − C^{−1}_i (w). A_i(w), where C(w) is a block diagonal matrix with blocks C_i(w) = A_{ii} +ϕ^′_i(w). It follows from (3.9) that the mapping A(w) given by A(w) = Aw +ϕ(w)−b, is continuous. Moreover we have (A_{ii} + ϕ^′_i(w_i))^{−1} ≤ A^{−1}_{ii} , since A is an M-matrix and ϕ^′ is positive (see [21]). It follows that the spectral radius of C^{−1}(w) is lower than or equal to the spectral radius of the inverse of the block diagonal matrix with blocks A_{ii} which is an M-matrix. Thus the linear application associated with the matrix C^{−1}(w) is Lipschitz continuous and C^{−1}(w) is uniformly Lipschitz continuous. By the continuity of A(w), C(w) and the uniform Lipschitz continuity of C^{−1}(w), the mapping F^B is continuous. Thus, the mapping F^A is an M-continuous Asupermapping associated with F.

We combine now the parallel asynchronous scheme of computation with flexible communication presented in Section 2 with the Newton like method presented in the previous subsection.

Proposition 3.5. Let the assumptions of Proposition 3.4 hold and consider the solution of problem (3.7). Then, asynchronous Newton like iterations with flexible communication starting from an A-supersolution converge to the solution y^∗ of the problem.

Proof. The result follows from Proposition 2.12 combined with Proposition 3.4.

3.3. Link with multisplitting methods We consider now the solution of the following problem:

Ax^∗ + ϕ(x^∗) = 0, (3.12)

where A ∈ L(R^n) is an M-matrix, ϕ : R^n → R^n is a continuous diagonal maximal monotone operator. Let the following regular splittings of matrix A A = M^l − N^l, l = 1, ..., m, (3.13) where (M^l)^{−1} ≥ 0 and N^l ≥ 0. Let F^l : R^n → R^n, l = 1, ..., m be the fixed point mappings associated with problem (3.12) and defined by: F^l(x) = y such that M^ly = N^lx − ϕ(x). (3.14) A formal multisplitting associated with problem (3.12) is defined by the collection of fixed point problems (see [4]) x^∗ − F^l(x^∗) = 0, l = 1, ..., m. (3.15) Let now E = (R^n)^m and consider the following block-decomposition of E E = m∏ l=1 E_l, where E_l = R^n. Each subspace E_l is endowed with the natural (or componentwise) partial ordering associated with the cone K_l = R^n_+ of vectors with nonnegative components in R^n. Let X ∈ E. We have the following block-decomposition of X X = {X_1, . . . , X_l, . . . , X_m} ∈ m∏ l=1 E_l. Definition 3.6. The extended fixed point mapping T : E → E associated with the formal multisplitting is given as follows

T (X) = Y, such that Y_l = F^l(Z_l) with Z_l = m∑ k=1 W_{lk}X_k, l = 1, ..., m, where W_{lk} are nonnegative diagonal weighting matrices satisfying for all l ∈ {1, . . . , m} m∑ k=1 W_{lk} = I, I being is the identity matrix in L(E_l).

We note that for a particular choice of the weighting matrices W_{lk}, we can obtain the Schwarz method (see [4]). This last point establish a link between the Schwarz method and multisplitting methods. Let the following block-decomposition of the mapping T T (X) = {T_1(X), . . . , T_l(X), . . . , T_m(X)} ∈ m∏ l=1 E_l. The extended fixed point mapping T is associated with the following extended nonlinear problem a(X^∗) = 0, (3.16) where the mapping a : E → E is given by a(X) = A^eX + ϕ^e(X), the function ϕ^e : E → E being the extended monotone perturbation operator and for all l ∈ {1, . . . , m} A^e_l X = M^lX_l − N^l m∑ k=1 W_{lk}X_k. (3.17)

In the sequel a_l(X_1, . . . , X_{l−1}, Y_l, X_{l+1}, . . . , X_m) will also be denoted by a_l(Y_l ; X).

Proposition 3.7. Let the above assumptions hold. The mapping a is a continuous surjective M-function.

Proof. We recall that an M-function is off-diagonally antitone and inverse isotone (see [21] and [22]). It follows from (3.17) and the definition of matrices W_{lk} that the off-diagonal entries of the matrix A^e are nonpositive since A is an M-matrix. Let U = {u, ..., u} be the vector of E with block-components equal to the eigenvector u associated with the greatest eigenvalue of the Jacobi matrix D^{−1}(D − A), where D denotes the diagonal part of matrix A and consider the Jacobi matrix J derived from the extended system (3.16). For all l ∈ {1, . . . , m}, we have

J_lu = (D^e)^{−1}_l D^e_l u − (D^e)^{−1}_l M^lu + (D^e)^{−1}_l N^l m∑ k=1 W_{lk}u = (D^e)^{−1}_l (D^e_l − M^l + N^l)u = D^{−1}(D − A)u = ρ(D^{−1}(D − A))u.

It follows from [16] that the Jacobi matrix J is contracting relative to a weighted maximum norm and the result follows from Proposition 2.4.17 in [21]. The continuity and surjectivity of a follows from the continuity and maximal monotonicity of ϕ. It follows from Proposition 3.7 that we are in the theoretical framework of the study developped in this Section. Thus, the monotone convergence of asynchronous iterations with flexible communication can be derived. It follows from Proposition 1 that { For all l ∈ {1, . . . , m} and all X ∈ E, the mapping: Y_l → a_l(Y_l, X),

is a continuous surjective M-function of E_l onto E_l,

(see theorem 3.5 of [22]). Moreover it follows from Proposition 1 that { for all l ∈ {1, . . . , m} and X ∈ E, the problem: a_l(Y_l ; X) = 0,

has a unique solution Y_l.

It follows also from the above assumptions that T is isotone on E (see [19]).

The reader is refered to [27] and [2] for studies related to multisplitting methods combined with classical asynchronous iterations without any flexible communication.

4. Computational experiences and results

In this Section, we present and analyze computational results for parallel asynchronous and synchronous Newton’s methods applied to the discrete solution of the nonlinear diffusion problem (1.2), where Ω is the unit square. The computational experiments were carried out on a shared memory machine IBM 3090 with six vector processors. The parallelization uses macrotasking facilities of parallel Fortran. The vectorisation is performed automatically. The solution of linear systems is obtained via a band Gauss algorithm which preserves the monotonicity. The linearizing matrix being an M-matrix, all its principal submatrices are also M-matrices and all the principal minors are non zero. Then, it is not necessary to perform row and column permutations since each pivot considered at each step is nonzero. Experimental results for parallel algorithms are given in Table 1 for a problem with 25000 discretization points. In particular, Table 1 displays the speedup and efficiency of parallel algorithms. We recall that the speedup corresponds to the ratio sequential time over parallel time and the efficiency is the ratio speedup over number of processors. The speedup and efficiency are computed according to an equivalent decomposition in the sequential and parallel cases. Indeed, the sequential time and average rate of convergence vary as a function of the number of subdomains. We report that a limitation of the synchronous parallel algorithms designed for the application studied in this paper, is that one can not implement all possible decomposition strategies. In particular, one can not implement a synchronous method with α subdomains and α processors. An alternative solution would be to implement a different iterative scheme, such as the Jacobi method; however the convergence rate would be slower. We point out that asynchronous algorithms with flexible communication are faster than synchronous algorithms. For medium granularity, the number of relaxations of synchronous and asynchronous parallel algorithms is close to the number of relaxations of sequential algorithms. For a low granularity, the number of relaxations of synchronous and asynchronous algorithms is greater than the number of relaxations of sequential algorithms. Moreover we note that the efficiency of synchronous algorithms decreases faster than the efficiency of asynchronous algorithms when the granularity decreases.

Acknowledgements

The authors wish to thank the referees for their helpful comments. Part of this study has been made possible by a support of CINES and IBM France, Montpellier. We thank especially Georges Urbach, Michèle Battle, and Jean-Loïc Delhaye.

References

[1] Z.Z. Bai, The monotone convergence rate of the parallel nonlinear AOR method, Computers Math. Appl., 31-7 (1996), 21 - 31.

[2] Z.Z. Bai, Asynchronous multisplitting AOR methods for a class of systems of weakly nonlinear equations, Appl. Math. Comp., 98(1999), 49 - 59.

Table 1 Experimental results

processors subdomains mode relaxations. time speedup efficiency

2 4 sync. 80 30.42 1.81 0.91 2 4 async. 78 27.60 2.0 1.0 3 6 sync. 138 18.96 2.61 0.87 3 6 async. 133 16.64 2.98 0.99 4 8 sync. 224 15.86 3.14 0.78 4 8 async. 209 12.89 3.87 0.97 5 10 sync. 340 13.75 3.93 0.78 5 10 async. 343 12.07 4.47 0.89 6 12 sync. 492 14.70 3.88 0.65 6 12 async. 506 11.81 4.83 0.81

[3] Z. Z. Bai, D.R. Wang, Improved comparison theorem for the nonlinear multisplitting relaxation method, Computers Math. Appl., 31-8 (1996), 23 - 30.

[4] J. Bahi, J.C. Miellou, K. Rhofir, Asynchronous multisplitting methods for nonlinear fixed point problems, Numerical Algorithms, 15 (1997), 315 - 345.

[5] G. Baudet, Asynchronous iterative methods for multiprocessors, Journal Assoc. Comput.

Mach., 25 (1978), 226-244.

[6] D. Bertsekas, J. Tsitsiklis, Parallel and Distributed Computation, Numerical Methods, Prentice Hall Englewood Cliffs N.J., 1989.

[7] D. Chazan, W. Miranker, Chaotic relaxation, Linear Algebra Appl., 2 (1969), 199-222. [8] D. El Baz, M-functions and parallel asynchronous algorithms, SIAM Journal on Numerical Analysis, 27 (1990), 136-140.

[9] M. El Tarazi, Algorithmes mixtes asynchrones. Etude de convergence monotone, Numerische Mathematik, 44 (1984), 363-369.

[10] D. Evans, D.R. Wang, An asynchronous parallel algorithm for solving a class of nonlinear simultaneous equation, Parallel Computing, 17 (1991), 165-180.

[11] A. Frommer, On asynchronous iteration in partially ordered spaces, Numer. Funct. Anal.

and Optimiz., 12 (1991), 315-325.

[12] A. Frommer, D. Szyld, Asynchronous iterations with flexible communication for linear systems, Calculateurs Parallèles, Réseaux et Systèmes Répartis, 10 (1998), 421-429.

[13] A. Frommer, D. Szyld, On asynchronous iterations, Journal of Computational and Applied Mathematics, 123 (2000), 201-216.

[14] L. Giraud, P. Spiteri, Résolution parallèle de problèmes aux limites non linéaires, M2AN, 25 (1991), 579-606.

[15] L. Giraud, P. Spiteri, Implementations of parallel solutions for nonlinear boundary value problems, Parallel Computing’91, in Advances in Parallel Computing 4, eds. D.J. Evans, G.R. Joubert, and H. Liddel, Elsevier Science B.V., North Holland, Amsterdam, 1992, 203-211.

[16] J.-C. Miellou, Algorithmes de relaxation chaotique à retards, RAIRO Analyse numérique, 1 (1975), 55-82.

[17] J.-C. Miellou, Itérations chaotiques à retards, étude de la convergence dans le cas d’espaces partiellement ordonnés, CRAS Paris, 280 (1975), 233-236.

[18] J.-C. Miellou, P. Spiteri, Un critère de convergence pour des méthodes générales de point fixe, M2AN, 19 (1985), 645-669.

[19] J.-C. Miellou, Asynchronous iterations and order intervals, In Parallel Algorithms and Architectures, eds. M. Cosnard et al., North Holland, (1986), 85-96.

[20] J.-C. Miellou, D. El Baz, P. Spiteri, A new class of iterative algorithms with order intervals, Mathematics of Computation, 67 (1998), 237-255.

[21] J. Ortega, W. Rheinboldt, Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, New York, 1970.

[22] W. Rheinboldt, On M-functions and their application to nonlinear Gauss-Seidel iterations and to network flows, J. Math. Anal. and Appl., 32 (1970), 274–307.

[23] P. Spiteri, Simulation d’exécutions parallèles pour la résolution d’inéquations variationnelles stationaires, Revue E.D.F. Informatique et Mathématique Appliquées, Série C, 1 (1983), 149-158.

[24] P. Spiteri, Parallel asynchronous algorithms for solving boundary value problems, Parallel Algorithms and Architectures, eds. M. Cosnard et al., North-Holland, (1986) 73-84.

[25] P. Spiteri,J.-C. Miellou, D. El Baz, Asynchronous Schwarz alternating methods with flexible communication for the obstacle problem, Réseaux et systèmes répartis, calculateurs parallèles, 13 (2001) 47-66 [26] D. Szyld, Different models of parallel asynchronous iterations with overlapping block, Computational and Applied Mathematics, 17 (1998), 101-115.

[27] D.R. Wang, Z.Z. Bai, D.J. Evans, On the monotone convergence of multisplitting method for a class of system of weakly nonlinear equations, Intern. J. Computer Math., 60(1996), 229 - 242.