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Abstract: Kazantzis-Kravaris-Luenberger (KKL) observers consist in finding a smooth map-
ping T that transforms the system dynamics into a linear filter of the output in a space of
larger dimension. Indeed, an observer is then obtained by running the filter and left-inverting
the transformation to recover an estimate of the state, if the mapping is injective. In this paper,
we are interested in adapting this framework to systems with non-unique backward solutions,
a situation which can typically occur in nonsmooth systems. In this setting, the mapping T'
naturally becomes set-valued which is out of the scope of the current theory and calls for
more general concepts of injectivity and regularity. We prove that upper semi continuity, local
boundedness and set-valued injectivity of this map are sufficient conditions for designing a
converging KKL observer. We show that the former two are satisfied for Carathéodory ODE’s
and Filippov differential inclusions. We also provide examples for which set-valued injectivity
is satisfied and discuss its link with distinguishability. Finally, we illustrate the numerical

implementation of this methodology on an harmonic oscillator subject to friction.
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1. INTRODUCTION

State estimation for nonlinear dynamical systems is a
fundamental problem that arises in a wide range of con-
trol and signal-processing applications. Over the years,
numerous techniques have been developed to reconstruct
unmeasured states from available outputs, including non-
linear extensions of the Kalman filter, high-gain observers,
sliding-mode observers, and set-membership approaches,
see (Bernard et al., 2022) for an overview. Among these,
the Kazantzis-Kravaris-Luenberger (KKL) observer has
emerged as a conceptually appealing framework with a
systematic design methodology. Originally proposed in Lu-
enberger (1964) for linear systems and further developed
for nonlinear systems (Andrieu and Praly, 2006), the KKL
approach embeds the system into a higher-dimensional
space where the dynamics take the form of a linear filter
of the output. The papers (Andrieu and Praly, 2006) and
(Brivadis et al., 2023) established that this transformation
exists under regularity conditions on the system, and is
injective under a mild backward-distinguishability property
for almost any choice of the filter matrices of dimension
2n+1, where n is the system dimension. Several numerical
methods to compute the transformation — or more impor-
tantly its inverse — have been proposed in the literature
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(Ramos et al., 2020; Buisson-Fenet et al., 2023; Niazi et al.,
2023; Tang, 2024).

On the other hand, hybrid and nonsmooth dynamical
systems introduce significant challenges for observer de-
sign due to the presence of discontinuities, switching phe-
nomena, and, in many cases, the lack of unique solution
trajectories; see, for instance, (Alessandri and Coletta,
2001; Balluchi et al., 2013; Shim and Tanwani, 2014),
which address some of these issues. Even when restricting
attention to systems whose discontinuities arise solely in
the vector field — so that trajectories remain continuous,
as in the setting of this paper — the existing literature
offers only a limited set of tools capable of handling non-
smooth continuous-time dynamics and, in particular, dif-
ferential inclusions. A substantial body of work addresses
special cases, such as Lur’e-type systems with multivalued
feedback, using dissipativity-based LMI techniques (Oso-
rio and Moreno, 2006), monotonicity assumptions (Doris
et al., 2008; Brogliato and Heemels, 2009), or measure
differential inclusions coupled with local and high-gain
techniques (Tanwani et al., 2014). Observers based on
sliding-mode techniques have also been considered for
triangular canonical forms with bounded set-valued non-
linearities (Davila et al., 2005), though they inherently
suffer from chattering and noise amplification. From an
application standpoint, such structural assumptions often
fail: for instance, in systems with dry friction, the trian-



gular form breaks down when friction parameters must
be estimated, and the required monotonicity conditions
are violated when static friction exceeds kinetic friction.
Consequently, to the best of our knowledge, the current
literature lacks a general observer design methodology ap-
plicable to nonsmooth systems that may admit nonunique
solutions. Recent efforts based on the KKL framework
aim to bridge this gap and have been extended to hybrid
settings (Tran et al., 2024); however, these approaches still
critically rely on uniqueness of solutions to ensure the well-
posedness of the observer dynamics.

The goal of this paper is to demonstrate the applicability
of the KKL approach to a broad class of dynamical systems
characterized by “not-so-regular” vector fields—that is,
systems whose solutions need not be unique backwards
in time. Such models are common in practice, for instance
in the motion of oscillators subject to Coulomb friction or
in mechanical systems with unilateral constraints. A key
difficulty in extending the classical KKL methodology to
this setting lies in the absence of backward uniqueness:
because solution trajectories cannot, in general, be traced
uniquely backward in time, the standard interpretation of
the injectivity requirement for the KKL transformation
becomes nontrivial and requires a more careful formula-
tion.

In what follows, Section 2 provides motivating examples
illustrating how nonuniqueness of backward solutions leads
naturally to set-valued KKL transformations and why the
classical single-valued framework is insufficient in such
cases. On this basis, Section 3 establishes that the KKL ob-
server remains asymptotically convergent when the trans-
formation is upper semicontinuous, locally bounded, and
injective in an appropriate set-valued sense. Section 4
then shows that the first two properties hold for both
Carathéodory ODEs and Filippov systems, while injec-
tivity is linked to a suitable backward-distinguishability
condition. Finally, Section 5 discusses numerical imple-
mentation aspects and illustrates the proposed observer
on an oscillator subject to dry friction.

Notation: We write R>og = Rxq U {+00}, AC(R;R") the
set of absolutely continuous function from R to R™. For a
set S C R™, we denote as d(-,S) the distance to S.

2. PROBLEM SETTING

To formalize the problem studied in this paper, we first
outline representative scenarios where a dynamical sys-
tems may exhibit nonunique backward solutions. We then
recall the main ideas underlying the KKL observer con-
struction and discuss how the lack of backward uniqueness
complicates the definition and analysis of the associated
state transformation.

2.1 Class of systems

Our primary objective is to address KKL-based observer
design for systems where the solutions are not necessarily
unique from a given initial condition. Such situations arise
for dynamical systems modeled by ordinary differential
equations that do not possess sufficient regularity. Without
specifying a particular model class for its dynamics, we
describe our dynamical system as a mapping which, to

each initial conditions zg in a subset @ C R" of interest
associates a set of maximal solutions initialized at x,
namely
®:0CR" = AC(R;R™) 1
20— P(z0) C{p:R = R"|¢(0) =x0}. (1)
For simplicity, we assume that for every admissible zy €
O, any trajectory is defined over the entire real line.
For our purposes, the set of backward trajectories is
particularly relevant and we denote it by ®py(xg) :=
{QS\(—oo,o}» ¢ € <I>(x0)}. Note that neither backward nor

forward uniqueness is assumed.

Two particular cases where we observe non-unique solu-
tions are:

e ODEs with non-Lipschitz vector field: For dynamical

systems of the form

&= f(z);
with initial condition x(0) = xo € R", if the vector
field f : R™ — R™ is not locally Lipschitz continuous,
the solutions may not be defined uniquely. Examples
include the system & = \/m which exhibits non unique
solutions at 0.

e Secondly, non-uniqueness of solutions may arise in dy-
namical systems with discontinuous right-hand side.
One way to express such dynamical systems is the fol-
lowing differential equation:

z = fo (x) (2)
with state z € R", and where o, commonly called
the switching signal, takes values in a finite index set.
Depending on the system under consideration, ¢ may
be time-dependent or state-dependent. Our focus in this
manuscript is on systems with state-dependent switch-
ing signals. In particular, we consider a collection of
closed sets X, i € {1,..., M}, so that, for every x € X},
we have o(x) = 4. The sets X; have non-empty and
non-overlapping interior and they only intersect with
each other at the boundary. The vector field on the
right-hand side of (2) therefore becomes discontinuous
on the boundary of the sets &;. Studying solutions of
systems with state-dependent discontinuities requires us
to regularize the system, and here, we work with Fil-
ippov regularization. Using the active index set Z(x) =
{i e {1,...,M}|i € X;}, this regularization leads to the
following differential inclusion (under certain regularity
assumptions):

fi (Z‘),

+e 70 ={ [ i e 7o, ®
As a specific example, we consider the scalar dynamical
system & = f;(x), ¢ € {1,2} with fi(z) = -1 forx >0
and fy(z) = 1 for z < 0. With Filippov regularization,
the system is described as

x € int X,L
otherwise.

& € —Sign(x), z(0) =z € R 4)
where Sign(0) = [—1, 1]. The system has unique forward
complete solutions, as we note that, for each t > 0, we

have (with the convention that sign(0) = 0)

(t) = xo — sign(zo)t, t € [0,|zol],
0, t Z ‘I0|
However, with initial condition g = 0, we cannot

uniquely define the solution backward in time. In par-



ticular, we note that for any ¢; € (—oc,0], t — ¢’ (t) for
6 € {1,—1,0} defined on R<q as

#0={ 0 )

are all solutions. It follows that ®p,(0) := {¢ , t; €
(—00,0], 0 € {1,—1,0}} is set-valued.

tztla
t<ty,

For the observer design problem, we associate an observa-
tion equation with this dynamical system which provides
partial measurement of the state:

y = h(z) (6)
where h : R® — R™ is assumed to be continuously
differentiable. For a given initial condition x(, we associate
to each possible solution ¢ € ®(zg), its corresponding
output trajectory defined as h o ¢.

2.2 KKL observer design

For a “regular” dynamical system described by an ordinary
differential equations (ODE)

i = f(x) (7)
with locally Lipschitz f : R” — R™ and output (6), an
observer can be designed by looking for a state transfor-
mation R"® 3 z — z = T'(x) € R+, with n, > n, such that
z(t) = T'(z(t)) follows dynamics of the form

2= Az+ By (8)
along the system solutions of interest, with matrices A €
R™=*"= Hurwitz and B € R"=*"s to be chosen. By
choosing A to be Hurwitz, any solution ¢ — z(t) to (8)
converges to t — T(z(t)), and if the transformation T is
injective, an estimate Z(t) of z(¢) may be asymptotically
recovered via a left-inverse of T, denoted T, leading to an
observer of the form

2 = Az + By, T=T"(2). (9)
In fact, under appropriate backward-completeness as-

sumptions, it can be shown that a possible choice of the
mapping T is defined as

0
T(z) = / oxp (= As) B(h(X (s 2)))ds

(10)

where X (s;x) denotes the (unique) solution of the sys-
tem at time s starting with initial condition z, that is,
X (0;2) = 2. This mapping T can be shown to be well-
posed and injective under mild regularity assumptions on
the system data, as well as backward distinguishability,
namely the fact that initial conditions can be distinguished
from the knowledge of their backward outputs. The goal of
this paper is to demonstrate the possible extension of this
methodology to nonsmooth systems with possibly non-
unique backward solutions.

3. KKL DESIGN WITH NONUNIQUE SOLUTIONS

In this section, we present the main theoretical devel-
opments of the paper. We first construct the set-valued
transformation 7" that generalizes the classical KKL map-
ping to systems with possibly nonunique trajectories. We
then derive sufficient conditions —expressed in terms of
regularity and structural properties of T — that ensure the
asymptotic reconstruction of the system state.

8.1 Set-valued transformation

A natural generalization of (10) is to consider a set-valued
map T defined on a subset O as

T:0CR" = R"™

T(x) = { / OOO B (0(9)ds, 6 € i () |

(11)

provided the solutions are backward complete and the
corresponding output does not grow faster than a given
exponential as defined in assumption 1. Observe that this
set-valued extension is not necessary for systems that only
exhibit forward non-uniqueness

Assumption 1. There exist O C R", p > 0 and ¢ €
L1 (R<p) such that for any z € O, any backward solution
¢ € Ppy (), we have Vs € R<q, |e”*h(o(s))] < 9(s).

Remark 1. (Backward saturation). If the solutions to be
estimated with the observer remain in forward time in
a bounded set X, it is possible to modify the system
dynamics and solutions outside of X without changing
the estimation problem. Thus, one can always satisfy
Assumption 1 by saturating the system solutions and
dynamics outside of X. But this should be done with
care to preserve the required regularity and observability
properties, see (Andrieu and Praly, 2006; Brivadis et al.,
2023) for a lengthier discussion.

Although T no longer is a single-valued transformation
that maps the system dynamics into the observer dynam-
ics (8), we can still show that solutions to (8) converge to
the image by T of the system solutions in the following
sense.

Theorem 1. Suppose that Assumption 1 holds. Consider a
pair (A, B) € R"=*"= x R"=*™ guch that A+ pl is Hurwitz
for some p > 0, and the map T defined in (11). Then, for
any system solution ¢ — x(¢) initialized in O, there exists
a C! selection t — z(t) € T(x(t)) solution to (8) (fed with
the corresponding output ¢t — y(t) = h(z(t))), such that
any other solution ¢t — 2(t) to (8) verifies

Tim [12(8) — +(1)] = 0,
that is,
lim d(2(t), T(x(t)) = lim  inf

t—o00 t—o0 zeT (z(t))

12() — 2] = 0.

Proof. Pick a system solution ¢ +— x(¢) initialized in
O and consider its output ¢ — y(t) = h(x(t)). Under
Assumption 1, the map T is well-defined and one can
define z : R — R™ as
0
2(t) = / e A By(t + s)ds.
By definition, we have z(t) € T(x(t)) for all ¢. Besides, for
any t, and any h # 0,
0
z(t+h)= / e Y By(t 4+ h + s)ds
h
= / e AN By (t + s)ds

h
=l / e~ By(t + s)ds



Fig. 1. Graph of T defined in (12): set-valuedness does not
hinder injectivity.

so that
1 Ah _ I Ah h
L(atrh)—2(t)) = z(t)+%/0 =4 By(t+s)ds

which indeed tends to Az(t) + By(t) as h tends to 0. It
follows that z is C! and solution to (8). Since A is Hurwitz,
any other solution to (8) converges to z, hence the result.

It follows that running (8) from any initial condition
provides an estimate Z that asymptotically approaches
the image of the system solution by T. Despite its set-
valuedness, T" may very well be injective (in a sense to
be defined), admit a left inverse, and thus allow for the
asymptotic reconstruction of the system solution.

Ezample 1. Consider the dynamics (4) with output h(z) =
z. Pick a one-dimensional pair (4, B) = (A, 1) with A <
From the expression of the backward solutions (5), t
map T defined in (11) writes as

0
he

T(x) = / e (z — sign(x)s) ds = —; + sign(z)

o A2
for x # 0, and
0 _
T(0) = {)\26 M ge{-1,1,0}, tie (—oo,O]}
leading to
LS o
A A2
T(x) = 11 (12)

The graph of T is given in Figure 1. We can see that this
set-valued map is injective on R in the sense that any
point z in the image R of T" determines a unique x such
that z € T'(x).

3.2 Sufficient conditions for observer convergence

We have seen in Theorem 1 that running (8) from any ini-
tial condition provides an estimate Z that asymptotically
approaches the image of the system solution by 7. We next
provide sufficient injectivity and regularity conditions, see
(Aubin and Frankowska, 2009) on the map T to guaran-
tee the existence of a left-inverse providing a converging
estimate in the x-coordinates.

Definition 1. (Def 5.4.9 in Aubin and Frankowska (2009)).
A set-valued map T is said to be injective on X if

Vag, 2y € X2 2, # 1y = T(x,) NT () =0. (13)
Lemma 1. Let X C R™ be compact and T': X = R™ an
injective, upper semicontinuous and locally bounded map.
Then, there exists T* : R™ — R™ uniformly continuous
such that

T (z)=x VYxelX, VzeT(x). (14)

Proof. First, notice that the injectivity property on X’
allows us to define a single-valued map 7* : T(X) — R”
as

T*(z) = “unique x € X such that z € T'(z)”.

We then prove that there exists a concave K-map p such
that

|za — zp| < p(Ar(2a,2p)), V(zq,xp) € X x X, (15)

where
Ar(zq,2p) = min |24 — 2.
zq € T(4)
2y € T(xb)
For that, define for s € R>,
po(s) = sup |2 — x| (16)

(Tg,xp) € X X X
Ap(zg,xp) < s

and observe that pg is non-decreasing and by injectivity,
p0(0) = 0. Then, let us show that pg is continuous at
0. For that, define the set-valued map F' : X x X =
R™ the following way : F(xq,2p) = {24 — 2b,24 €
T(x4),2p € T(xp)}. F is upper semicontinuous thanks to
upper semicontinuity of 7. Let g : v,z € Graph(F) —
—|z| € R. Then, the map Ap : X x X — R writes as

Ar(v) = — sup g(v,2)
z€F(v)

(17)

and is thus upper semicontinuous (as a real-valued func-
tion) using (Aubin and Frankowska, 2009, Theorem 1.4.16)
(F and g being upper semicontinuous and F' having com-
pact values by upper semicontinuity and local bounded-
ness). We then proceed as in (Bernard, 2019, Lemma A.9)
to show that py defined in (16) is upper semicontinuous
at 0, and thus continuous since it is only defined on non-
negative values. Indeed, let us fix a sequence (sj) € (R>o)N
converging to 0. We can extract from this sequence sy 1)
such that sy ) is decreasing. By monotony and positivity
of pg we know that leI&po(s¢(k)) exists in R. By definition

of the sup in pg, we can find sequences (z¥) € AN,
(zF) € AN such that

Ar(xh,2p) < sy (18)

1
po(Sy(k)) — z < |28 — 2F| < po(sym))- (19)

With & being compact, we can extract a converging
subsequence from (z¥), (zF) and denote their respective
limits by z},z;. From (18), we get klim Ar(zk o) =
—o00

0. Upper semicontinuity and positivity of Ar then give
klim Ar(xk 2F) = Ar(xf,z;) = 0. Local boundedness
— 00

and upper semicontinuity of T ensure that T'(z}), T (x})
are compact. By injectivity of T, we get that Ap(x},z}) =
0 = 2} = 2} and using (19) it follows klim po(Syk)) =

— 00



0. We conclude that pg is continuous at 0. Proceeding as in
the proof of (Bernard, 2019, Lemma A.6), we know there
exists a regularization of py into a concave class C-map p
so that (15) holds. Then, from (15), and by definition of
T*, we get that

T"(2a) =T (20)| < p(lza=2]),  V(2a;2) € T(X)xT(X),
namely T* is uniformly continuous on T'(X). Finally, using
McShane extension theorem (McShane, 1934, Theorem 2)

to each component of 7*, we obtain a uniformly continuous
extension of T* on R™=, such that

|T*(z0) — T*(2p)] < ep(|za — 2b])s  V(za,2p) € R™ X IE&"Z),
20

for some ¢ > 0.

From the combination of Theorem 1 and Lemma 1, we
obtain the following convergence result for observer (9).

Theorem 2. Let X C O C R" be compact. Suppose that
Assumption 1 holds and that T defined in (11) is injective,
upper semicontinuous and locally bounded on X'. Consider
T* given by Theorem 1. Then, for any system solution
t — z(t) defined on R and remaining in X for all forward
times,any solution Z to the observer (8) fed with the
corresponding system output ¢ — y(t) verifies

Jim [|T*(2(t)) — x(t)]| = 0.

Proof. Direct consequence of Theorem 1 combined with (14)

and (20).

Note that those conditions are satisfied in Example 1. We
next study another example.

Ezample 2. Consider the differential equation & = /||
with output h(z) = z. For negative initial conditions xg,
solutions in backward-time are unique, given by

o(t) = — 3 (2ol + 1)

while for nonnegative initial conditions xq, solutions in
backward-time are nonunique given by

1
E(Z\/|x0|+t)2, —2¢/]xo] <t <0
0 —t1 <t+2y/]z0] <0

1
—Z(t—i—tl +2¢/|zo|)?, t < —t1 — 24/ |0l

for any ¢1 € [0, +00) parametrizing the time period where
the solution stays at 0. Then, it can be checked that, for
(A,B) = (A1) with A < 0, the map T defined in (11)

x(t) =

writes as
i,ffvm ifx <0
() 203 A A2
T(x) =
w(z,ett) x|z — .
{2)\3—)\— A27t1€R20 lfoO

where ) (u,us) 1= e2*VI“l(1 +43) — 1 with the conven-
tion that e~* = 0, leading to

0,1
f-z,\(x)#—% ifx <0
T(x) =
( ) ’YA(Z'70) 7)\(37?1) :
H)\(x)‘Fw,/’i)\(‘r)‘f’W 1f$20,

(21)

20 0
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(b) A =
(1,1)

’ diag(—0.2,—1), B =
() A=—-02, B=1

Fig. 2. Graph of T for & = \/m with different dimensions
for the pair (A, B).
where k) (z) == —% — @ The graph of this set-valued
map T is shown in Figure 2 for two choices of the pair
(A,B). T is indeed upper semicontinuous and locally
bounded. However, one sees that for (A, B) of dimension
1, T is not injective since values of z are in the image
of several distinct points . On the other hand, it seems
that picking (A, B) of dimension 2 allows to spread the

set-valuedness in a way that makes 7" injective.

4. REGULARITY AND INJECTIVITY OF T

As shown in the previous section, Theorem 2 provides
sufficient conditions on the mapping T for the KKL ob-
server to be asymptotically convergent. In this section,
we are interested in translating them into appropriate
conditions on the system. We first show that continuity
of solutions implies local boundedness and upper semicon-
tinuity. Thereafter, we discuss the link between backward
distinguishability and injectivity.

4.1 Local boundedness and upper semicontinuity of T

Firstly, for the regularity of T, we require the following
assumption on the system dynamics which describes the
continuity of solutions with respect to initial conditions
over compact intervals.

Assumption 2. For every converging sequence zp — ,
and every compact interval Ix C (—o0,0], and the cor-
responding sequence of solutions ¢y : Ix — R™ with
or(0) = i, it holds that ¢ converges uniformly to a
solution ¢ : Ix — R", with ¢(0) = z.

Proposition 1. Suppose that Assumption 1 and Assump-
tion 2 hold, then T defined in (11) is locally bounded and
upper semicontinuous.

Before providing the proof of Proposition 1, we note that
the property listed in Assumption 2 is often called the
sequential compactness of trajectories. Let us provide some
system classes where the convergence property stated in
Assumption 2 naturally holds.

o Carathéodory ODFEs: Consider the case of ordinary dif-
ferential equations of the form & = f(¢,x), where
f R xR* — R"™ satisfies Carathéodory conditions:
i) f(t,-) is continuous for almost all ¢ € R; ii) the
function f(-,z) is measurable for each z, and iii) For
every compact set K C R", and every interval I C R,



there exists an integrable function ¥k : I — R such
that |f(t,z)| < ¥k (t). Then, it follows from (Filippov,
1988, Theorem 5, Page 9) that Assumption 2 holds for
differential equations where the right-hand side satis-
fies Carathéodory conditions. In particular, among the
examples given earlier, the trajectories of the system
i = \/|z] satisfies Assumption 2.

e Filippov Differential Inclusions: Let us consider the
case where the state trajectories are defined by the
differential inclusion of the form

z € F(t,x), x€OCR"

where F : RxR"™ = R” is nonempty, convex- and closed-
valued, and upper semicontinuous in x. In that case,
Assumption 2 holds due to (Filippov, 1988, Theorem 3,
Page 79). As an example, we see that & € —Sign(x)
satisfies the aforementioned conditions, and thus, As-
sumption 2 holds in that case.

Proof. [Proof of Proposition 1] To prove local bounded-
ness, take x € O and a neighborhood & C O of x. For
any T € U, and ¢ € Py (), with p and ¢ defined in
Assumption 1, we have
0
</

H [ Ooo e~ Bh(¢(s))ds
< 00.

ef(Aﬂ’I)SBH P(s)ds

To show upper semicontinuity, let us pick a sequence of ini-
tial conditions xj that converges to . Using the backward
completeness stated in Assumption 1, T'(x) is nonempty
and we choose a sequence z, € T'(x)) such that z, — z,
for some z € R™. For each zj, there is ¢p € Py (zk)
such that, z, = fi)oo e~ 45 Bh(pr(s))ds. From Assump-
tion 2, it follows that there exists ¢ € ®py(x) such that
or(s) = ¢(s) for each s € (—o0,0]. The same assumption
allows us to dominate the integrand e~4*Bh(¢y(-)) by
an integrable function, and invoke dominated convergence
theorem. Thus, we get

0
lim z, =z =
k—o0

— 00

e Bh(¢(s))ds € T(x)

which proves the desired claim.

4.2 Discussion regarding injectivity

In the classical KKL setting, backward distinguishability of
the system is essential to prove injectivity of the mapping
T. The formulation of this property can be adapted to our
setting where backward trajectories need not be unique.

Definition 2. (Backward Distinguishable). The dynamical
system is backward distinguishable on X if for all
(Za,xp) € X x X such that z, # zp, for all ¢, € Ppy(z4)
and all ¢y, € Ppy(x3), there exists t < 0 such that

ho¢q(t) # ho ¢p(t).

Observe that if there exists z, # xp, da € Ppw(Ta),
op € Puw(zp) such that h o ¢, = h o ¢p, then, from
the definition of T' in (11), we get T(zq) N T(xp) # O
and T is not injective on X. In other words, backward-
distinguishability is necessary for injectivity. Whether it is
sufficient remains an open question for future research.
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Fig. 3. Asymptotic convergence of the KKL observer for
system (22).

5. NUMERICAL OBSERVER IMPLEMENTATION

In (Buisson-Fenet et al., 2023, section 4.1), a systematic
supervised numerical methodology is exposed to imple-
ment the KKL observer (9) in the context of smooth
systems. It consists in learning a numerical approximation
for the mapping 7', and more importantly its inverse T™*. It
only requires the ability to compute solutions of the system
in backward and forward time. The backward integration
step being optional, one can ignore it in order to adapt
this method in our context where backward solutions may
be nonunique. A numerical solver in forward time is still
needed as shown in the following example.

Ezxample 3. Consider an oscillator subject to friction

, y=z1.  (22)

1 = T2

By = —w?xy — psign(zy)
One can check that this system is forward unique and
nonsmooth, we consequently decide to simulate it using an
implicit scheme. On the other hand, it is backward unique
everywhere but on [~ £5, £5]x0. Direct derivation of T, T™*
is more tedious than in the previous examples, which
motivates the use of the numerical method. We choose
p=w?=1 A = diag(—5,-1,-2), B = [1,1,1]". For
a uniform array of 10° initial conditions (zg, z9) obtained
from sampling the square [—10, 10]?, we integrate the (z, 2)
cascade dynamics (22)-(8) and drop the pair of points
associated to the transient of z, i.e. (z(t), z(t)) such that
t < 5s. We store the remaining pairs of points (z;, z;) as
a lookup table. Because the transient of z was dropped,
we know from Theorem 2 that d(z;,T(x;)) is close to zero.
Moreover, system (22) being a piecewise linear Filippov
system, it verifies Assumptions 1 and 2. One can check that
it is backward distinguishable, which leads us to conjecture
that T is injective. Then, by Lemma 1 we get the existence
of a left inverse T* and by Theorem 2, we have z; = T*(z;).
Therefore, the previously constructed dataset gives an
approximation of T* and can be used as look-up table
(or to fit a numerical model of T*, e.g. through neural
netwoks). One can then implement the KKL observer
by running (8) with an arbitrary initial condition z
and applying the learned T™*. The performance of the
corresponding observer (9)(with the dataset used as look-
up table) can be seen in Figure 3.



Remark 2. (PDE-based methods). In the classical KKL
setting with smooth systems, the transformation T is
known to satisfy a PDE which can be leveraged in an
unsupervised learning approach through an autoencoder
with z as a latent space. The knowledge of this PDE is
also used in Physics Informed Neural Network (Niazi et al.,
2023). In this paper, considering non-Lipschitz systems
and a set-valued map T, it remains unclear whether this
PDE is still relevant in a certain sense, and consequently
adapting the related numerical technique requires more
work.

6. CONCLUSION

In this paper, we show that the KKL methodology for
designing observers extends naturally to nonsmooth sys-
tems. Indeed, we provide a set of theoretical conditions
under which one can design an asymptotic observer and
show that those conditions are verified on some illustrative
examples. Such extension does not introduce additional
numerical difficulties: the resulting observer can be imple-
mented with the same computational structure as in the
smooth case, enabling us to demonstrate its effectiveness
on a physically relevant system exhibiting nonunique back-
ward trajectories. This work motivates further research
aimed at characterizing classes of such systems for which
injectivity of the KKL transformation can be guaranteed
through suitable backward-distinguishability conditions.
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