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Abstract

For continuous-time linear stochastic dynamical systems driven by Wiener processes, we consider the
problem of designing ensemble filters when the observation process is randomly time-sampled. For the
design of ensemble filters, we consider a class of continuous-discrete di↵usion processes with additive
Gaussian noise and several design parameters, which are used to describe the evolution of the individual
particles in the ensemble. These particles are coupled through the empirical covariance, and in some
cases empirical mean as well, and require less computations for implementation than the optimal ones
based on solving Riccati di↵erential equations. For di↵erent choices of parameters, we can recover some
common design techniques from the literature. Our focus in this work is on analyzing the asymptotic
(in time) performance of these filters for su�ciently large number of particles. Using appropriate anal-
ysis tools, we derive di↵erential equations to describe the expectation of empirical mean and sample
covariance of the ensemble filters with respect to the sampling process and noise. The solutions of these
di↵erential equations (describing empirical moments) are shown to converge asymptotically to the mean
and covariance of the optimal filter under certain conditions on the mean sampling rate of the observation
process, and as the number of particles tends to infinity.

Keywords: Sub-optimal filtering; McKean–Vlasov type equation; Ensemble filters; Stochastic analysis;
Random observations.

1. Introduction

The filtering problem relates to finding the hidden state of a stochastic process using some incomplete
and noisy observations. For dynamical systems described by stochastic di↵erential equations, the state
evolves as a continuous random variable and the problem of inferring the state (which is optimal with
respect to certain metric) using the partial noisy observations is formulated as computing the posterior
distribution of the state process conditioned upon the measured observations. This problem has found
relevance in several disciplines across mathematics and engineering, which has led to a variety of ap-
proaches to computing such posteriors, or their estimates. Some of these developments can be traced in
the compilation [6].

Among the existing techniques for filtering, the use of Monte Carlo integration methods for approx-
imating the optimal distribution has gained significant interest in the literature [10, 21, 22]. The basic
idea of this technique is to draw samples from certain distributions of lower complexity and use the
corresponding empirical measure to approximate of the posterior. In the same spirit, [11] introduced the
technique of ensemble Kalman filters to develop filtering methods for large-scale applications related to
geophysical sciences, so that the posterior is approximated from a collection of state estimators. Since
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then, the use of ensemble Kalman filters has had a notable impact in areas where estimation with noisy
data is required in large-scale models [20] because the approximation is obtained by solving several lower-
order equations rather than solving high-dimensional di↵erential equations, which include the nonlinear
ones (Riccati). From a technical viewpoint, the particle filtering algorithms require us to sample from
a steady-state distribution and these samples are then used to construct an empirical approximation.
In ensemble filtering algorithms, however, the question of choosing a distribution (from which to sam-
ple) is addressed by simulating the evolution of individual particles in the ensemble through di↵erential
equations that are coupled through the associated empirical mean and the empirical error covariance.
Several review articles [5, 4] and the books [12] provide an overview of developments in that area. In
most of these works, we do not find much details about the theoretical analysis of the proposed filtering
techniques, and this area of mathematical analysis of the ensemble Kalman filters has gathered attention
only very recently [8, 2, 3].

Over the past decade, ensemble filtering methods have been viewed from the lens of mean-field models
described by stochastic di↵erential equations, and the ensemble particles are simply the approximations
of these mean-field models. Recent review articles which elaborate on this viewpoint are [2, 26]. In fact,
the limiting behavior of these particles is described by a McKean–Vlasov type di↵usion process, which is
also referred to as the mean-field process. In the literature, this mean-field process is chosen in di↵erent
ways, e.g., by adding noise in the prediction term and the correction term of the Kalman–Bucy process
[9], or as a non-di↵usion equation that is optimal in the measure transportation sense [27].

Another important research direction in the area of filtering is to study the problem with constraints
on the information available for computing the optimal distribution. In particular, for implementation
of filters subject to observations transmitted through some communication protocols, it is natural to
stipulate that the observations arrive at some random time instants [23]. It is of interest to compute
the conditional distribution of the state process conditioned upon this discrete observation process [15],
and this results in continuous-discrete filters. In some recent work, [16] considers a continuous-time
stochastic nonlinear system with discrete-time observations and presents an algorithm similar to the
Kalman filter but using variational inference to approximate the conditional distribution using Gaussian
approximation. For certain technical reasons and to better study the e↵ect of mean sampling rate, we
stipulate in our previous works that the sampling process is a Poisson counter. In particular, for a system
class very close to the one studied in this paper, the authors have proposed a continuous-discrete filter
in [29], where they analyze the boundedness of error covariance as a function of the mean sampling rate.

Our primary objective in this article is to develop and analyze ensemble filters for continuous-time
stochastic processes subject to randomly time-sampled observations. In the literature, we find some vari-
ants of continuous-discrete feedback particle filters in di↵erent settings. The paper [1] provides one (and
possibly the first) such example, where the authors use mollifiers in the particle equations to smoothen
the dynamics, but no statements about the limiting process are provided. The paper [31] develops par-
ticle filters for nonlinear systems using the time-discretization procedure as a part of the derivation and
studies convergence as the length of the sampling interval converges to zero. Recent conference papers by
the authors [32, 30] provide a preliminary study of continuous-discrete counterparts of ensemble filters
with randomly sampled observations. The paper [32] provides an adaptation of transport-inspired filter
where the empirical moments exactly coincide with the optimal moments, whereas [30] is based on vanilla
ensemble filters, which provides the first instance of asymptotic convergence but the results are limited
to the scalar case. The thesis [14] merges these results and provides a framework for analyzing filtering
problems with Poisson-sampled observations.

In this paper, we develop generic models for studying continuous-discrete ensemble filters with ran-
domly sampled observations with analytical results about the performance of the proposed filters. For
our purposes, the state process is modeled by linear continuous-time Ornstein–Uhlenbeck process and
the sampling process for the observations is a Poisson counter. We develop ensemble filters which update
their estimate whenever the Poisson counter increments due to the arrival of a new measurement from
the observation process. In contrast to [32] and [30], our objective here is to study di↵erent types of
ensemble filters which can be broadly categorized into four categories. The proposed ensemble filters
have the common structure that each one of them contains a prediction part and a correction part.
However, the four di↵erent mean-field models that we propose to describe these ensemble filters either
contain no noise, or if they do, then the noise could be in the prediction part, the correction part, or in
both of them. The presence of noise is motivated by the fact that it leads to positive definite (and hence
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invertible) error covariance matrix that is important for good performance of the ensemble particles, but
at the same time, it is possible to consider designs which do not necessarily rely on injection of the noise
to make the error covariance positive definite. We will explore these trade-o↵s by proposing di↵erent
ensemble filters in our work.

From the analysis point of view, our goal is to provide a common approach to describe the performance
of the proposed filtering algorithms. As a first result, we provide quantitative estimates on the di↵erence
between the empirical covariance of the ensemble filter and the optimal error covariance of the Kalman
filter. These estimates are presented in a form so that it is easy to understand the e↵ect of noise terms
injected in the filtering algorithms. In essence, the results show that for appropriate sampling rate, if
the number of the particles in the ensemble is large enough then the empirical covariance converges to
the optimal covariance. A similar result is developed for the empirical mean, which is shown to converge
to optimal mean asymptotically in time.

2. Overview and Problem setup

Let us begin with the description of the system class and the formulation of the basic filtering problem.

2.1. System Class

We consider dynamical systems modeled by linear stochastic di↵erential equations of the form

dXt = AXt dt+B d!t (1)

where (Xt)t�0 is an Rn-valued di↵usion process describing the state. Let (⌦,F ,P) denote the underlying
probability space. It is assumed that, for each t � 0, (!t)t�0 is a zero mean Rm-valued standard Wiener
process with the property that E[d!t d!>

t
] = Imdt, for each t � 0. The matrices A 2 Rn⇥n and B 2 Rn⇥m

are taken as constant. The initial condition X0 is assumed to be Gaussian and the process (!t)t�0 does
not depend on the state. In this setting, the solution of (1) is a stochastic process (Xt)t�0 that is adapted
to the filtration generated by the initial condition and the process (!t)t�0, see [18, Theorem 5.2.1].

2.2. Measurement process

Our goal is to study the state estimation problem when the output measurements are available only at
random times. The motivation to work with randomly time-sampled measurements comes from several
applications, such as communication over networks which allow information packets to be sent at some
discrete randomly distributed time instants. Thus, we consider a nondecreasing monotone sequence
(⌧k)k2N taking values in R�0 which denote the time instants at which observations are available for
measurement. We introduce the process Nt defined as, N0 := 0 and

Nt := sup
�
k 2 N

�� ⌧k  t
 

for t > 0, (2)

and it is assumed that (Nt)t�0 is a Poisson process of intensity � > 0 and it is independent of the noise
and the state processes. Recall [24, Theorem 2.3.2] that the Poisson process of intensity � > 0 is a
continuous-time random process

�
Nt

�
t�0

taking values in N⇤ := N [ {0}, with N0 = 0, for every n 2 N⇤

and 0 =: t0 < t1 < · · · < tn < +1, the increments {Ntk �Ntk�1}
n

k=1 are independent, and Ntk �Ntk�1

is distributed as a Poisson-�(tk � tk�1) random variable for each k. The Poisson process is among the
most well studied processes, and standard results (see, e.g., [24, §2.3]) show that it is memoryless and
Markovian.

The discretized and noisy observation process under consideration is defined as

y⌧Nt
= CX⌧Nt

+ ⌫Nt , t � 0, (3)

where C 2 Rp⇥n is a constant matrix, and ⌫k is a sequence of i.i.d. Gaussian noise processes and
⌫0 ⇠ N (0, V ). Equation (3) is motivated by the fact that a continuous observation process dzt =
CXtdt + dvt with a Wiener process (vt)t�0 is formally equivalent to yt = CXt + ⌫t, for any t � 0,
with the identifications yt ⇠

dzt
dt and ⌫t ⇠

dvt
dt , see [15, Chapter 4] for further details. Our goal is to

construct the estimate bXt, which minimizes the mean-square estimation error, using the observations
Yt := {y⌧k | k  Nt}.
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2.3. Optimal filter

The basic problem in filter design is to find an estimate of the state process which minimizes the mean-
square estimation error, and is described by the expectation of the state process (Xt)t�0 conditioned upon
the measurements observed over the interval [0, t], that is, Yt. In particular, with the structure imposed
on the system dynamics in this section, the conditional expectation is Gaussian and the two moments
are simulated through ordinary di↵erential equations with updates at times when a new measurement
arrives. For an arbitrary strictly increasing real-valued sequence (⌧k)k2N⇤ , this procedure is also proposed
in [15, Thm. 7.1]. If we specify a sequence (⌧k)k2N⇤ so that it corresponds to the arrival times of a Poisson
process, we simulate the mean of the conditional distribution as:

ḃXt = A bXtdt, t 2 [⌧Nt , ⌧1+Nt [ (4a)

bX+
t

= bXt + Lopt
t

(yt � C bXt), t = ⌧Nt (4b)

where the injection gain Lopt
t

= PtC>(CPtC> + V )�1, and the error covariance process (Pt)t�0 is
described as

Ṗt = (APt + PtA
> +GG>), t 2 [⌧Nt , ⌧1+Nt [ (5a)

P+
t

= Pt � PtC
>(CPtC

> + V )�1CPt, t = ⌧Nt . (5b)

To make the presentation compact later on, we adopt the formalism of writing the continuous-discrete
equations (4a) and (4b) together in a single di↵erential equation, when the jumps are driven by a Poisson
counter Nt :

d bXt = A bXtdt+ Lopt
t

(yt � C bXt)dNt. (6)

Similarly, using this formalism, equations (5a) and (5b) can be written in a combined form as,

dPt = (APt + PtA
> +BB>)dt� PtC

>(CPtC
> + V )�1CPt dNt. (7)

Remark 2.1. In this paper, we will often consider di↵erential equations driven by dNt, where Nt is a
Poisson counter of given intensity � > 0. Taking (6) as an example of such di↵erential equation, we see
that its solution is precisely given by (4). In particular, for the external processes that get multiplied
by dNt ((L

opt
t

)t�0 and (yt)t�0 in (6)), it su�ces to know their value at t = ⌧Nt to define the solution of
these equations.

In the foregoing discussion, one makes the observation that the optimal conditional distribution, that
is, Law(Xt|Yt) is Gaussian for each realization of (Nt)t�0 despite the fact that the mean and covariance
are discontinuous along each sample path.

From analysis viewpoint, it is important to look at the expectation of the process (Pt)t�0 with respect
to the sampling times (⌧Nt)t�0. In our previous work [29], we showed that the expectation of piecewise
deterministic process Pt, denoted by Pt, is described by the following di↵erential equation:

Ṗt = APt + PtA
> +BB>

� �PtC
>(CPtC

> + V )�1CPt. (8)

Moreover, in [29] and [7], we provide conditions in terms of the bounds on the mean sampling rate � > 0
and the structural assumptions on controllability and observability of the pairs (A,B) and (A,C) that
guarantee boundedness of Pt, and show convergence of Pt towards the steady state. The boundedness
is also important for asymptotic analysis of the first moment of the error process (Xt �

bXt)t�0.

2.4. Ensemble filtering approach

In the previous section, we saw that the implementation of conventional optimal filter, even for linear
systems, is computationally heavy since it requires simulating a Riccati di↵erential equation to compute
the injection gains. For a state process evolving in Rn, this optimal filter involves solving (n2 + n)/2
di↵erential equations for the covariance process (Pt)t�0 and n di↵erential equations for the first moment

of the estimate ( bXt)t�0. This can be quite cumbersome for large values of n especially when we take into
consideration the additional operations involved in computing these processes. For this reason, there has
been extensive research for other methods to implement optimal filter, or its approximation. One such
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technique is based on the use of the ensemble, or feedback particle, filters. The basic idea of the particle
filters is to simulate a collection of particles through stochastic di↵erential equations which are coupled
to each other through joint statistics of the population.

The first step in computing an approximation, via ensemble filtering technique, is to find a process St

with certain properties that allows for good approximation and at the same time, it implicitly describes
the optimal filter. In particular, for a filtering system with the hidden state process (Xt)t�0 and the
observation process (y⌧Nt

)t�0, a stochastic process (St)t�0 satisfying

Law(St | Yt) = Law(Xt | Yt) 8t � 0 (9)

is called an exact filter. Di↵erent processes might play the role of exact filters. It turns out that there are
several ways to construct exact filters that can be approximated by computation-friendly methods and
the resulting approximations provide su�ciently good performance when compared to the exact solution.
For our purposes, such approximations are provided by an ensemble of particles whose limiting behavior
(as the number of particles tend to infinity) converges to the exact filter. The computational advantage of
this approach is that the simulation of particles, in general, is more e�cient and potentially applicable in
nonlinear systems as well (although there are very few instances of formal analysis in nonlinear setting).
As an example of approximating a process using the particles, one can take for instance a result from
[25, Theorem 1.4, p.172] where we consider a process St that satisfies a simple version of McKean–Vlasov
type equation

dSt = d!t +
⇣Z

b(St, S̄)mt(dS̄)
⌘
dt. (10)

In (10), mt(dS̄) is the law of St, !t is a standard Brownian motion, the function b is bounded and
Lipschitz continuous and initial distribution is given. The process St can be considered as a mean-field

process as it can be approximated by an ensemble of M interacting particles Si
t
, i = 1, . . . ,M , with the

dynamics

dSi

t
= d!i

t
+

1

M

MX

j=1

b(Si

t
, Sj

t
)dt, i = 1, . . . ,M,

where !i
t
is an independent copy of the process !t appearing in (10), and the initial condition Si

0 is the
same as S0. In particular, when the number of particles M tends to 1, each Si

t
approaches a process

which is an independent copy of the process St.

The above discussion shows the underlying principle of ensemble filters that relies on approximating
the solution of a McKean–Vlasov di↵erential equation using particles that are driven by stochastic
di↵erential equations coupled together by empirical mean of all the particles in the population. To
design ensemble filters, we also look for di↵erent types McKean–Vlasov type equations which serve as
exact filters, and then the ensemble filters are proposed to approximate these exact filters. For the
setting described above, the basic problem studied in this article is to design ensemble filters for the
continuous-time system (1) with the discrete observation process (3). The main steps involved in doing
so are the following:

• Find the process(es) St such that E(St | Yt) ⇠ E(Xt | Yt).

• Describe the ensemble of particles Si
t
, i = 1, . . . ,M coupled to each other via empirical mean and

empirical variance, such that, each Si
t
represents an independent copy of St when M ! 1.

• Show that the empirical covariance and the empirical mean of the particles is consistent with the
optimal solution to the filtering problem.

3. Mean-Field Model

As we discussed in the previous section, the design of ensemble filters is based on approximating an
exact filter which provides the optimal performance. This exact filter serves as the mean-field process
that we approximate later using a collection of particles. For the filtering problem with continuous state
process and discrete observations, we propose a class of exact filters in this section. Generically, our
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exact filter (St)t�0 is a continuous-discrete process with several parameters Dt,Et,Ft,Gt,Ht,Jt, which
are càdlàg Yt-measurable processes. The equation describing this exact filter is defined as follows:

dSt := AStdt+Dt(St �
bSt)dt+Etd!̄t +

î
FtSt +Gt

bSt +Htyt + Jt⌫̄t
ó
dNt (11a)

bSt := E[St | Yt], (11b)

Qt := E[(St �
bSt)(St �

bSt)
>
| Yt], (11c)

where !̄t is an independent copy of !t, and ⌫̄t := ⌫̄Nt with ⌫̄Nt ⇠ N (0, V ) being an independent
copy of ⌫Nt . Here, bSt denotes the mean of St conditioned upon the observations Yt, and Qt denotes the
corresponding conditional covariance. It is seen that the basic structure of the proposed mean-filed model
comprises of two parts: the prediction term and the correction term. The prediction term corresponds
to the continuous flow and involves integration due to Lebesgue measure dt and the noise process !̄. The
correction term corresponds to the jumps in St because the measurements are only available at discrete
times governed by the Poisson counter Nt. Later in this section, we will see how this generalized model
corresponds to di↵erent design methods for ensemble filtering in the literature for di↵erent values of the
parameters.

For the process St to be an exact filter, we obviously require that bS = bX, where bXt is the optimal
mean obtained from Kalman filter and given in (6). In other words, we want bSt in (11b) and Qt in (11c)
to satisfy the following di↵erential equations:

dbSt = AbStdt+QtC
>(CQtC

> + V )�1(yt � C bSt)dNt, (12a)

dQt = (AQt +QtA
> +BB>)dt�QtC

>(CQtC
> + V )�1CQtdNt. (12b)

In the following proposition, we provide the conditions on the parameters in (11a) so that (St)t�0 is
an exact filter.

Proposition 3.1. Let Dt,Et,Ft,Gt,Ht,Jt be càdlàg Yt-measurable processes. The processes (bSt)t�0

defined in (11b) and (Qt)t�0 defined in (11c) satisfy (12a) and (12b), respectively, if for all t > 0, we
have

BB> = DtQt +QtD
>
t
+EtE

>
t

(13a)

and for jump times ⌧k, k 2 N⇤
, it holds that

H⌧k = Q⌧kC
>(CQ⌧kC

> + V )�1, (13b)

F⌧k +G⌧k = �Q⌧kC
>(CQ⌧kC

> + V )�1C, (13c)

�Q⌧kC
>(CQ⌧kC

> + V )�1CQ⌧k = (I + F⌧k)Q⌧k(I + F⌧k)
>
�Q⌧k + J⌧kV J>

⌧k
. (13d)

Proof. Based on the definition of (bSt)t�0 in (11a), we get the following di↵erential equation for the
evolution of conditional mean:

dbSt = AbStdt+
î
(Ft +Gt)bSt +Htyt

ó
dNt. (14)

Clearly, by choosing the matrices Ft, Gt, and Ht that satisfy (13b) and (13c), we see that the solution
of (14) coincides with the optimal solution given in (12a).

Next, for the error covariance, we consider the process et := St �
bSt, which satisfies the equation

det = (A+Dt)etdt+Etd!̄t + [Ftet + Jt⌫̄t] dNt.

Denote the i-th entry of the vector et by [et]i and the (i, j)-th entry of the matrix ete>t by [ete>t ]ij . Using
Ito’s chain rule (see Proposition A.1 in Appendix), the last equation then yields

d[ete
>
t
]ij = d[et]i[et]j = [et]i[(A+Dt)etdt+Etd!̄t]j + [et]j [(A+Dt)etdt+Etd!t]i

+
1

2

X

k

[Et]ik[Et]jkdt+
h⇥
et + Ftet + Jt⌫̄t

⇤
i

⇥
et + Ftet + Jt⌫̄t

⇤
j
� [et]i[et]j

i
dNt.
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The evolution equation for the conditional covariance (Qt)t�0 given in (11c) is described by the equation:

dQt = dE[ete
>
t
| Yt] = (AQt +QtA

> +DtQt +QtD
>
t
+EtE

>
t
)dt

+ E
h�
et + Ftet + Jt⌫̄t

��
et + Ftet + Jt⌫̄t

�>
� ete

>
t
| Yt

i
dNt

= (AQt +QtA
> +DtQt +QtD

>
t
+EtE

>
t
)dt

+
h
(I + Ft)Qt(I + Ft)

>
�Qt + JtV J>

t

i
dNt.

Using the conditions in (13a) and (13d), it follows that Qt coincides with the solution (12b).

3.1. Special Cases

Proposition 3.1 provides generic conditions under which the conditional mean and conditional variance
obtained from the process of type (11a) resembles the optimal mean and error variance of the Kalman
filter. With this generic result, we can indeed recover a few special cases which closely resemble the
mean-field processes for ensemble filtering in continuous-time systems. In what follows, we use the
notation:

Lt := QtC
>(CQtC

> + V )�1,

so that Lt describes the injection gain for the innovation term used in the Kalman filter.

(MF-1) Vanilla mean-field process (Vanilla) : As the first case of the exact filter (St)t�0 described in
(11), we take Jt 6= 0, Dt = 0, and Gt = 0 so Et = B, Ft = �LtC, Ht = Lt and one can take
Jt = �Lt

dSt := AStdt+Bd!̄t + Lt

⇣
yt � CSt � ⌫̄t

⌘
dNt. (15)

This choice of parameters therefore corresponds to creating a copy of the system dynamics with
same noise statistics and then introducing an innovation term which also contains the correction
of the noise from the observation process. The resulting exact filter (15) is the foundation for
the so-called vanilla ensemble filter as proposed initially in [11] for discrete-time systems.

(MF-2) Mean-field process with Noisy Prediction and Deterministic Correction (NPDC) : Next, we as-
sume that Jt = 0, Dt = 0, so Et = B and

dSt = AStdt+Bd!̄t +
⇣
Ltyt � LtC bSt + Ft(St �

bSt)
⌘
dNt, (16a)

F⌧k satisfies Q⌧kF
>
⌧k

+ F⌧kQ⌧kF
>
⌧k

+ F⌧kQ⌧k = �L⌧kCQ⌧k . (16b)

In contrast to the Vanilla process, the exact filter proposed in (16), denoted NPDC, does not
contain a noise term in the correction due to observations. The noise process (!̄t)t�0 only
appears in the prediction part, which is a copy of the noise term in the system dynamics. In
continuous-time, ensemble filters based on such processes were studied in [3, 2].

(MF-3) Mean-field process with Deterministic Prediction and Noisy Correction (DPNC): In contrast to
the previous case, we consider the process with Dt =

1
2BB>Q�1

t
, Et = 0, Jt 6= 0, Ft = �LtC,

Jt = �Lt

dSt = AStdt+
1

2
BB>Q�1

t
(St �

bSt)dt+ Lt

⇣
yt � CSt � ⌫̄t

⌘
dNt. (17)

The process (17), denoted DPNC, describes an exact filter where the noise term only appears
in the correction, just as in Vanilla process. However, unlike Vanilla case, the prediction
term does not contain the noise term and hence it has been modified by adding the term
1
2BB>Q�1

t
(St �

bSt). This sort of modification, where a noise term of the system dynamics is
compensated by a deterministic term depending on conditional mean and covariance, appeared
in [27] and is also observed in the exact filters that we propose next in (18).
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(MF-4) Deterministic Transport-inspired mean-field process (DeT): Lastly, we consider the case where
Jt = 0 and Et = 0 so one can take Dt =

1
2BB>Q�1

t
and obtain

dSt = AStdt+
1

2
BB>Q�1

t
(St �

bSt)dt+
⇣
Ltyt � LtC bSt + Ft(St �

bSt)
⌘
dNt, (18a)

F⌧k satisfies Q⌧kF
>
⌧k

+ F⌧kQ⌧kF
>
⌧k

+ F⌧kQ⌧k = �L⌧kCQ⌧k . (18b)

The three types of exact filters presented above contain a noise term either in the prediction
part, or in the correction part. In the literature on continuous-time ensemble filters, we find
another technique which basically views the evolution of conditional posterior using the optimal
transport framework. This eventually leads to a deterministic mean-field process as described
in [27]. Our DPNC filter is partly inspired by this technique as we introduce a deterministic term
in the prediction part to compensate for the process noise. On the other hand, DeT process
describes an exact filter where we do not inject any noise in the prediction or correction part.
The only source of randomness in these filters is due to the presence of the noisy observations
(yt), and the randomness of the jump times due to arrival of the observations.

4. Ensemble Filters

In the previous section, we provided a general expression for mean-field processes that can be simu-
lated as an alternative to Kalman filters to obtain the optimal estimate. Realization of such processes
remains a computationally di�cult task and, therefore, we look for simpler numerical procedures to
approximate the solution of these mean-field processes. One possible way is to do so by simulating an
ensemble of particles that are driven by di↵erential equations derived from mean-field processes.

More precisely, we consider a collection of M particles, denoted by Si, i = 1, . . . ,M , and each of these
particles is a stochastic process described by a solution to a stochastic di↵erential equation. For these
particles, we consider the empirical mean bSM

t
and the empirical covariance QM

t
at time t, described by

the following relations:

bSM

t
=

1

M

MX

i=1

Si

t
, (19a)

QM

t
=

1

M

MX

i=1

(Si

t
� bSM

t
)(Si

t
� bSM

t
)>. (19b)

Using these definitions, the system of coupled stochastic di↵erential equations used for simulating sample
paths of the particles is described as follows:

dSi

t
:= ASi

t
dt+DM

t
(Si

t
� bSM

t
)dt+EM

t
d!i

t
+
î
FM

t
Si

t
+GM

t
bSM

t
+HM

t
yt + JM

t
⌫i
t

ó
dNt (20)

where !i
t
are independent copies of !t and ⌫it := ⌫i

Nt
with ⌫i

Nt
⇠ N (0, V ) representing independent copies

of ⌫Nt , for i = 1, · · · ,M . The Poisson process Nt is common for all the equations. The processes DM
t
,

EM
t
, FM

t
, GM

t
, HM

t
, and JM

t
are chosen as a function of the empirical mean bSM

t
and empirical covariance

QM
t
. Keeping the result of Proposition 3.1, we choose them so that the empirical counterparts of the

conditions (13) hold, that is,

BB> = DM

t
QM

t
+QM

t
DM

t

>
+EM

t
EM

t

>
, t � 0, (21a)

and for jump times ⌧k, it holds that

HM

⌧k
= QM

⌧k
C>(CQM

⌧k
C> + V )�1, (21b)

FM

⌧k
+GM

⌧k
= �QM

⌧k
C>(CQM

⌧k
C> + V )�1C, (21c)

�QM

⌧k
C>(CQM

⌧k
C> + V )�1CQM

⌧k
= (I + FM

⌧k
)QM

⌧k
(I + F⌧k)

>
�QM

⌧k
+ JM

⌧k
V JM

⌧k

>
. (21d)

It will be shown in the subsequent sections that the ensemble filters provide an approximation of the
mean field process, and consequently, the empirical mean and empirical covariance approach the optimal
mean and optimal covariance of the posterior distribution obtained from the Kalman filter.
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4.1. Special cases

For the specific mean-field processes considered in Section 3, we now consider the corresponding
ensemble filters. The basic idea of the ensemble filters is that by imposing the structure similar to a
mean-field process, we can obtain an approximation of the exact solution. For simplicity, we introduce
the notation LM

t
to denote the empirical gain at time t:

LM

t
:= QM

t
C>(CQM

t
C> + V )�1. (22)

Also, in the four special cases that we present below, !i
t
are independent copies of !t and ⌫i

t
= ⌫i

Nt
⇠

N (0, V ) represent independent copies ⌫Nt , while the Poisson process Nt is common for all the equations.

(EnF-1) Vanilla Ensemble Filter (Vanilla-EnF): The particle equations are obtained from the process
(15), that is,

dSi

t
= ASi

t
dt+Bd!i

t
+ LM

t

⇣
yt � CSi

t
� ⌫i

t

⌘
dNt. (23)

We see that the di↵erence compared to (15) is that the injection gain LM
t

is now driven by the
empirical covariance of the population and one does not need to compute the error covariance
exactly anymore.

(EnF-2) Ensemble Filter with Noisy Prediction and Deterministic Correction (NPDC-EnF): The particles
equations, in this case, are obtained from the NPDC process in (16):

dSi

t
:= ASi

t
dt+Bd!i

t
+
⇣
LM

t
(yt � C bSM

t
) + FM

t
(St �

bSM

t
)
⌘
dNt, (24a)

FM

⌧k
: QM

⌧k
(FM

⌧k
)> + FM

⌧k
QM

⌧k
(FM

⌧k
)> + FM

⌧k
QM

⌧k
= �LM

⌧k
CQM

⌧k
. (24b)

The coupling in the particles in NPDC-EnF is not only due to the empirical covariance but also
due to the empirical mean.

(EnF-3) Ensemble Filter with Deterministic Prediction and Noisy Correction (DPNC-EnF): This is ob-
tained by using DPNC process as the base for describing the evolution of the particles, where
we once again see the coupling due to empirical moments:

dSi

t
= ASi

t
dt+

1

2
BB>(QM

t
)�1(Si

t
� bSM

t
)dt+ LM

t

⇣
yt � CSi

t
� ⌫i

t

⌘
dNt (25)

(EnF-4) Deterministic Transport-inspired Ensemble Filter (DeT-EnF) Finally, we consider the ensemble
filters obtained from DeT mean-field process. The equation used for simulating the particles
is,

dSi

t
:= ASi

t
dt+

1

2
BB>(QM

t
)�1(Si

t
� bSM

t
)dt+

⇣
LM

t
(yt � C bSM

t
) + FM

t
(Si

t
� bSM

t
)
⌘
dNt,

(26a)

FM

⌧k
: QM

⌧k
(FM

⌧k
)> + FM

⌧k
QM

⌧k
(FM

⌧k
)> + FM

⌧k
QM

⌧k
= �LM

⌧k
CQM

⌧k
. (26b)

Once again, we see the coupling among the particles due to the terms depending on empirical
mean and covariance. One important thing to note in (26), as well as (25), is that the prediction
part contains a term depending on (QM

t
)�1. We recall that QM

t
is defined as a sum of rank

one matrices in (19b). So, we need to simulate a large enough number of particles, at least
greater than n (the dimension of the state), to make sure that QM

t
is invertible.

4.2. Simulation of an academic example

For the purpose of illustration, let us show the simulation results of Vanilla ensemble filters given
by (23). We consider an academic example where the system is described by the equations:

dxt = Axtdt+Bd!t (27a)

y⌧k = Cx⌧k + ⌫k, (27b)
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with A =
h

0 3 1
2 �2 1
�2 1 �3

i
, C =

⇥
1 �1 2
1 0 1

⇤
, B = [ 0.5 0.5 0.5 ]>, and for each k 2 N⇤, ⌫k is normally distributed

with mean (0, 0)> and the constant variance V = [ 0.5 0.1
0.1 0.5 ].

To measure the e↵ectiveness of the ensemble filter, we compare it with the optimal estimator. This is
done by looking at, firstly, the di↵erence between the optimal mean bXt from (4) and the empirical mean
bSM
t

defined in (19a), and secondly, the optimal variance Pt from (5) in comparison with the empirical
variance QM

t
defined in (19b), for di↵erent number of particles M and di↵erent values of mean sampling

rate �. Figure 1 shows the plots of our simulation over 100 sample paths of the sampling process Nt

with intensity � = 5, while choosing the number of particles equal to 10 and 20. Figure 1a shows the
expectation of k bXt�

bSM
t
k and Fig. 1b plots the expectation of optimal and empirical variances. Figure 2

shows similar quantities, but with the intensity of the sampling process Nt increasing to � = 10. The
simulation results reported in Figure 1 and Figure 2 are consistent with the analytical results reported
in the subsequent sections.

0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

0.6

E[kX̂t ! Ŝ10
t k : 6 = 5] for 10-particle system

E[kX̂t ! Ŝ20
t k : 6 = 5] for 20-particle system

(a) The di↵erence of optimal mean and empirical mean is plot-
ted for 10-particles (blue curve) and 20 particles (red curve).

0 1 2 3 4 5
0

0.5

1

1.5

2

2.5

3

3.5
E[trQ10

t : 6 = 5] for 10-particle system
E[trQ20

t : 6 = 5] for 20-particle system
E[trPt : 6 = 5] (optimal error variance)

(b) The plot shows the optimal covariance (green); empirical
covariance for 10-particles (blue) and 20 particles (red).

Figure 1: Comparison of mean and covariance for the optimal and Vanilla-EnF with mean sampling rate � = 5.

0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

E[kX̂t ! Ŝ10
t k : 6 = 10] for 10-particle system

E[kX̂t ! Ŝ20
t k : 6 = 10] for 20-particle system

(a) The di↵erence of optimal mean and empirical mean is plot-
ted for 10-particles (blue curve) and 20 particles (red curve).

0 1 2 3 4 5
0

0.5

1

1.5

2

2.5

3

3.5
E[trQ10

t : 6 = 10] for 10-particle system
E[trQ20

t : 6 = 10] for 20-particle system
E[trPt : 6 = 10] (optimal error variance)

(b) The plot shows the optimal covariance (green); empirical
covariance for 10-particles (blue) and 20 particles (red).

Figure 2: Comparison of mean and covariance for the optimal and Vanilla-EnF with mean sampling rate � = 10.

In the sequel, we will develop a unified approach to analyze the performance of the ensemble filters
proposed in this section. It is useful to point out that some preliminary investigation for Vanilla-EnF
in the scalar case was carried out in our conference paper [30], and we initially proposed the structure of
continuous-discrete DeT-EnF in [32]. In the case of DeT-EnF, we will see that it results in exact optimal
variance, but for the other cases, we develop a more general and common approach for asymptotic
analysis that allows us to better understand the utility of the proposed filters.
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5. Evolution of Empirical Moments

As a first step in studying the performance of the ensemble filters proposed in the previous section,
we study the evolution of the empirical moments defined in (19a)–(19b) for the generalized ensemble
system (20). This is done by deriving the corresponding di↵erential equations. The later sections will
then address the question of asymptotic behavior of these di↵erential equations.

5.1. Empirical Mean

For the first moment, bSM defined in (19a), we simply obtain

dbSM

t
= AbSM

t
dt+

1
p
M

EM

t
de!M

t
+
⇣
(FM

t
+GM

t
)bSM

t
+HM

t
yt +

1
p
M

JM

t
e⌫M
t

⌘
dNt (28)

where e!M
t

= 1p
M

MP
i=1

!i
t
so that E[de!M

t
(de!M

t
)>] = Imdt and for t = ⌧k, e⌫Mt = 1p

M

MP
i=1

⌫i
t
⇠ N (0, V ).

Using the conditions listed in (21b), (21c) and the notation LM
t
, introduced in (22), we get

dbSM

t
= AbSM

t
dt+

1
p
M

EM

t
de!M

t
+
⇣
LM

t
(yt � C bSM

t
) +

1
p
M

JM

t
e⌫M
t

⌘
dNt. (29)

We note that the di↵erent values of EM
t

and JM
t
, that were used in Section 3 and Section 4, allow us

to get more tailored expressions for each of the four cases discussed there. We will revisit this equation
in Section 7 to carry out asymptotic analysis of the first moment for each of the four ensemble filters
introduced in Section 4. For the time being, however, we use (29) to derive the di↵erential equation for
evolution of empirical covariance.

5.2. Empirical Covariance

For working out the di↵erential equation for the evolution of empirical covariance, we consider the
auxiliary process q`

t
:= S`

t
� bSM

t
, for ` = 1, . . . ,M . It is observed that

dq`
t
= (A+DM

t
)q`

t
dt+EM

t
d(!`

t
�

1
p
M
e!M

t
) +

ï
FM

t
q`
t
+ JM

t
(⌫̄`

t
�

1
p
M
e⌫M
t
)

ò
dNt.

We can apply Ito’s chain rule from Proposition A.1 in the Appendix to get

dq`
t
(q`

t
)> =

Å
(A+Dt)q

`

t
(q`

t
)> + q`

t
(q`

t
)>(A+Dt)

> + (1�
1

M
)EM

t
(EM

t
)>
ã
dt

+EM

t
d(!`

t
�

1
p
M
e!M

t
)(q`

t
)> + q`

t

�
EM

t
d(!`

t
�

1
p
M
e!M

t
)
�>

+

ñÅ
q`
t
+ FM

t
q`
t
+ JM

t
(⌫`

t
�

1
p
M
e⌫M
t
)

ãÅ
q`
t
+ FM

t
q`
t
+ JM

t
(⌫`

t
�

1
p
M
e⌫M
t
)

ã>
� q`

t
(q`

t
)>
ô
dNt.

Note that, we can write QM
t

= 1
M

P
M

`=1 q
`
t
(q`

t
)> and use (21a). Furthermore, since

P
M

`=1 q
`
t
= 0, the

terms like
P

`
e!M
t
(q`

t
)> eliminate, so it follows that

dQM

t
=

Å
AQM

t
+QM

t
A> +BB>

�
1

M
EM

t
(EM

t
)>
ã
dt+

1

M

MX

`=1

EM

t
d!`

t
(q`

t
)> +

1

M

MX

`=1

q`
t
(EM

t
d!`

t
)>

+
h
(I + FM

t
)QM

t
(I + FM

t
)> �QM

t

+
1

M

MX

`=1

⇣
(q`

t
+ FM

t
q`
t
)(⌫`

t
�

1
p
M
e⌫M
t
)>(JM

t
)> + JM

t
(⌫`

t
�

1
p
M
e⌫M
t
)(q`

t
+ FM

t
q`
t
)>

+ JM

t
(⌫`

t
�

1
p
M
e⌫M
t
)(⌫`

t
�

1
p
M
e⌫M
t
)>(JM

t
)>
⌘i

dNt.
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In compact form, we can write

dQM

t
=

Å
AQM

t
+QM

t
A> +BB>

�
1

M
EM

t
(EM

t
)>
ã
dt+

1

M
dMt

+
h
(I + FM

t
)QM

t
(I + FM

t
)> �QM

t
+ JM

t

 
1

M

MX

`=1

(⌫`
t
�

1
p
M
e⌫M
t
)(⌫`

t
�

1
p
M
e⌫M
t
)>)

!
(JM

t
)>
i
dNt

where the martingale Mt is defined as

dMt =
MX

`=1

EM

t
d!`

t
(q`

t
)> +

MX

`=1

q`
t
(EM

t
d!`

t
)>

+
MX

`=1

h
(q`

t
+ FM

t
q`
t
)(⌫`

t
�

1
p
M
e⌫M
t
)>(JM

t
)> + JM

t
(⌫`

t
�

1
p
M
e⌫M
t
)(q`

t
+ FM

t
q`
t
)>
i
dNt.

Using (21d), and introducing the notation

V M

t
:=

1

M

MX

`=1

(⌫`
t
�

1
p
M
e⌫M
t
)(⌫`

t
�

1
p
M
e⌫M
t
)>, (30)

we get

dQM

t
=

Å
AQM

t
+QM

t
A> +BB>

�
1

M
EM

t
(EM

t
)>
ã
dt+

1

M
dMt

+
⇥
�LM

t
CQM

t
� JM

t
V (JM

t
)> + JM

t
V M

t
(JM

t
)>
⇤
dNt. (31)

We can thus summarize the foregoing calculations in the form of following result:

Proposition 5.1. Consider the ensemble filters described by (20), with empirical mean bSM
t

and covari-

ance QM
t

described by (19a) and (19b), respectively. If conditions in (21) hold, then bSM
t

satisfies (29)
and QM

t
satisfies (31).

The result in Proposition 5.1 describes the evolution of empirical moments conditioned upon the
sampling process. It is instructive to compare the resulting equations (29) and (31) with their optimal
counterparts given in (6) and (7), respectively. The di↵erential equations for empirical moments can
be seen as a perturbation of the optimal moments, and we expect these perturbations to diminish (in
appropriate sense) as the number of particles M gets large.

5.3. Expectation of Moments with respect to Sampling Process

As a qualitative indicator of the performance of the ensemble filters proposed in the previous section,
we now look at the expectation of empirical moments with respect to the sampling process. This will
allow us to compare expectation of empirical moments with the expectation of optimal moments. It must
also be noted that, in the analysis of ensemble filters for continuous-time systems [9], the di↵erential
equation for the empirical covariance describes a stochastic fluctuation around a deterministic Riccati
equation. However, for our purposes, we will only look at the expectation of the empirical covariance
QM

t
so that the randomness due to noise processes (!`

t
)t�0, (⌫`t )t�0, ` = 1, . . . ,M , and the sampling

process Nt is averaged out and the resulting equation is purely deterministic.

To derive this di↵erential equation, and to make our results more tailored to the class of four ensemble
filters introduced in Section 4, we fix EM

t
and JM

t
as,

EM

t
= 1!B, JM

t
= �1vL

M

t
(32)

where 1! and 1v can either be 1 or 0, depending on whether the noise term is present in the prediction
and correction part, respectively, for the ensemble filter being considered. This choice of EM

t
basically

corresponds to driving the prediction term (resp., correction term) with the same noise statistics that

12



appear in the system dynamics. The choice of JM
t

means that we introduce observation noise in the cor-
rection term and the injection gain gets multiplied by the noise. As seen earlier, these choices correspond
to the particular cases of ensemble filters.

We note that the evolution of bSM
t

and QM
t
, as desribed in (29) and (31), respectively, involves the

martingale Mt and the noise terms. In this paper, we do not carry out the stochastic analysis, but
rather look at their expectations. This expectation is taken with respect to the noise terms, and the
sampling process driven by Poisson counter that describes the correction times. We are thus interested
in calculating Q

M
t

:= E[QM
t

| QM
0 ], and bSM

t
:= E[bSM

t
| bSM

0 ] and we conclude this section by providing
two main results that describe the di↵erential equations governing the evolution of expected empirical
mean and covariance. The primary tool used in the derivation of these results is similar and is described
in detail in Proposition A.3.

Theorem 5.2. Consider the ensemble filters described by (20) under the conditions (21), with empirical

covariance QM
t

described by (31). Using the values in (32), we obtain

dQM
t

dt
= AQ

M

t
+Q

M

t
A> +BB>

�
1!

M
BB>

� �
⇣
L
M

t
CQ

M

t
�

1v

M
L
M

t
V (LM

t
)>
⌘
. (33)

where L
M
t

:= Q
M
t
C>(CQ

M
t
C + V )�1

, and Q
M
0 = QM

0 .

Proof. We recall the equation for QM
t

and note that

E[V M

t
] = E

 
1

M

MX

`=1

(⌫`
t
�

1
p
M
e⌫M
t
)(⌫`

t
�

1
p
M
e⌫M
t
)>
!

= (1�
1

M
)V.

Using this property, we can now compute the expectation of the empirical covariance with respect to
the sampling process Nt, the process noise !`

t
and the observation noise ⌫`

t
. The underlying derivation

is carried out in the proof of Proposition A.3 and its application to (31) yields (33).

Similarly, for the expectation of first moment bSM
t
, we adopt a similar approach and arrive at the

following result:

Theorem 5.3. Consider the ensemble filters described by (20) under the conditions (21), with empirical

mean bSM
t

described by (29). Using the values in (32), we obtain

d bSM
t

dt
= A bSM

t
+ �LM

t
C(E[Xt]� bSM

t
). (34)

The proof of Theorem 5.3 is again carried out using Proposition A.3. This is because the dynamics
of the empirical mean along a sample path is described by (29) which has the same structure as (A.1). In
the following sections, we will analyze the asymptotic behavior of the di↵erential equations (33) and (34)
with respect to time and the number of particles. This allows us to compare the performance of the
proposed ensemble filters with their optimal counterparts in Section 2.

6. Asymptotic Convergence of Expected Covariance

As described in Section 2, the evolution of the expectation of the optimal second moment with respect
to the sampling process is described by the following di↵erential equation:

Ṗt = APt + PtA
> +BB>

� �PtC
>(CPtC

> + V )�1CPt. (35)

Our primary goal in this section is to compare the expected error covariance resulting from the ensemble
filters (33) with the optimal value (35).

The existence of solution for (35) and convergence of the solution of Pt to a fixed point as t ! 1

has been a topic of our previous work [29] and [7]. In those works, we provide conditions on system data
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(A,B,C), the noise statistics, and the mean sampling rate � such that the resulting solution converges
to a fixed point asymptotically. In this article, our focus is on showing that Q

M
t

actually converges to
Pt as the number of particles M gets large, and moreover the di↵erence due to the initial conditions
between the two systems decays exponentially with time.

To formalize this convergence result, we introduce some basic notation and some assumptions. In
what follows, we will denote the n⇥ n positive semidefinite matrices by Sn⇥n, and the positive definite
matrices by Sn⇥n

+ . The eigenvalue of a matrix will be denoted by µ, and the largest and smallest
eigenvalues are denoted by µmax and µmin, respectively.

Assumption 6.1. The pair (A,B) is controllable. The pair (A,C) is observable. The mean sampling
rate � is large enough to satisfy the inequality

� > µmax(A+A>), (36)

where µmax(·) denotes the largest eigenvalue of its matrix argument.

Assumption 6.1 provides three basic assumptions that are used in establishing the existence of steady
state solutions of (35) and the convergence of trajectories towards that steady state. Such results have
been established in [29] and [7].

Assumption 6.2. For a symmetric positive semidefinite matrix Q0 2 Sn⇥n, consider the di↵erential
equation,

dQt

dt
= AQt +QtA

> +BB>
� �

⇣
LtCQt �

1

M
LtV (Lt)

>
⌘
, Q0 = Q0, (37)

where Lt := QtC>(CQtC> + V )�1. It is assumed that the solution Qt satisfying (37) is defined for all
t � 0, and there exists Q0 2 Sn⇥n

+ such that Qt  Q0 holds for every M � 1.

Assumption 6.2 basically requires a uniform upper bound on the solution of expected error covariance
resulting from the ensemble filters. It must be noted that, for equation (37), uniformity with respect to
M does not introduce any restriction because the right-hand side decreases with increase in the value of
M . Due to Assumption 6.2, it also follows that (33) has a unique solution Q

M
t

bounded by some positive
definite matrix Q0.

The main result of this section provides a quantitative estimate on the di↵erence between the solutions
of (33) and (35). To state this result, we need following statements:

Lemma 6.3 ([17, Prop. 3.1]). Consider the matrices Q 2 Sn⇥n

+ , C 2 Rp⇥n
, and V 2 Sp⇥p

+ , and let

LQ := QC>(CQC> + V )�1
. Then, it holds that,

kLQk 
kCk

µmin(V )
kQk =: �Q. (38)

Moreover, for Q1, Q2 2 Sn⇥n

+ , we have

LQ1 � LQ2 = (I � LQ2C)(Q1 �Q2)C
>(CQ1C

> + V )�1,

and

kLQ1 � LQ2k  kI � LQ2Ck
kCk

µmin (V )
kQ1 �Q2k .

Lemma 6.4. Consider the solution Q
M
t

of (33), and suppose that Assumption 6.2 holds, so that Q
M
t



Q0, for all t � 0, and some Q0 2 Sn⇥n

+ . Then, there exists a constant scalar Q0
such that

��I �Q
M

t
C>(CQ

M

t
C> + V )�1C

��  Q0
:= 1 + kQ0k · kC

>V �1Ck, (39)

for t 2 [0,1[.

Theorem 6.5. Consider the solution Pt of the equation (35) with initial condition P0 2 Sn⇥n
and the

process Q
M
t

solving (33) with initial condition Q0 2 Sn⇥n
. Suppose that Assumption 6.1 and Assump-

tion 6.2 hold, so that Q
M
t

 Q0, for all t � 0. If P0 � Q0, then

��Pt �Q
M

t

��  exp(�↵t) (1 + �0t) kP0 �Q0k+
�0
↵2M

(kBB>
k1! + kV̄�k1v) (40)
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where ↵ := � � µmax(A + A>), �0 = �2Q0
exp

Å
�

2
Q0
↵

ã
, and V̄� = �µmax(V )�2Q0

I, with �Q0
and Q0

defined as in (38) and (39), respectively.

The proof of Theorem 6.5 builds on several intermediate developments which appear in the sequel. It
will be shown in Section 6.4 that the proof essentially follows from Proposition 6.7 and Proposition 6.8
which appear in Section 6.2 and Section 6.3, respectively.

6.1. Monotonic Properties

As a first step in the proof of Theorem 6.5, we need to analyze the equation (33) carefully, and
establish some monotonic properties of its solution with respect to initial conditions. For the optimal
filter, the continuity on initial values was shown in [7]. In our case, the dynamics to be analyzed are
di↵erent and to study the convergence in this case, let us rewrite the di↵erential equation (35) as follows,
where we use the notation Lt = PtC>(CPtC> + V )�1:

Ṗt = APt + PtA
> +BB>

� �(LtCPt + PtC
>
L
>
t
) + �LtV L

>
t
+ �LtCPtC

>
L
>

= APt + PtA
> +BB> + �LtV L

>
t
+ �(I � LtC)Pt(I � LtC)> � �Pt

= APt + PtA
> +BB> + �LtV L

>
t
+ �(I � LtC)Pt(I � LtC)> �

�

2
Pt �

�

2
Pt

=

Å
A�

�

2
I

ã
Pt + Pt

Å
A�

�

2
I

ã>
+BB> + �LtV L

>
t
+ �(I � LtC)Pt(I � LtC)>.

Thus, by letting A� :=
�
A�

�

2 I
�
, (35) can now be equivalently expressed as

Ṗt = A�Pt + PtA
>
�
+BB> + �LtV L

>
t
+ �(I � LtC)Pt(I � LtC)>. (41)

Let us denote the flow of (35) at time t � 0, starting with initial condition P0, by �t(P0), with �0(P0) =
P0 and

�t(P0) = E
�

t
P0E

�

t

>
+

Z
t

0
E
�

t�s

h
�(I � LsC)�s(P0)(I � LsC)> + �LsV L

>
s
+BB>

i
E
�
>

t�s
ds (42)

where

E
�

s,t
:= exp

ïÅ
A�

�

2
I

ã
(t� s)

ò

and we let E�
t
:= E

�
0,t. Similarly, the equation (33) can be written as

Q̇
M

t
= A�Q

M

t
+Q

M

t
A>

�
+

Å
1�

1!

M

ã
BB>+�

Å
1 +

1v

M

ã
L
M

t
V (LM

t
)>+�(I�L

M

t
C)QM

t
(I�L

M

t
C)>. (43)

We denote the solution of (43) at time t � 0, starting with initial condition Q0, by 't(Q0). In the
analysis, we also consider the case where 1v = 0 and in that case we denote the solution of (43) by
'!
t
(Q0).

Using Lemma B.2 in Appendix, we can get bounds on the di↵erence of flows �t(P0)� '!
t
(Q0). The

details are similar to ones provided in [7, Proof of Prop. 2]. In particular, as a lower bound, we get

�t(P0)� '!

t
(Q0) � E

�

t
(P0 �Q0)(E

�

t
)> +

1!

M

Z
t

0
E
�

t�s
BB>(E�

t�s
)>ds

+

Z
t

0
E
�

t�s
[�(I � LsC)(�s(P0)� '!

s
(Q0))(I � LsC)>](E�

t�s
)>ds. (44)

Similarly, an upper bound on the di↵erence of two flows is given by

�t(P0)� '!

t
(Q0)  E

�

t
(P0 �Q0)(E

�

t
)> +

1!

M

Z
t

0
E
�

t�s
BB>(E�

t�s
)>ds
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+

Z
t

0
E
�

t�s
[�(I � L

M

s
C)(�s(P0)� '!

s
(Q0))(I � L

M

s
C)>](E�

t�s
)>ds. (45)

The following statement about the monotonicity of flows is, therefore, a direct consequence of the
inequality (44):

Lemma 6.6. If P0 � Q0 then

�t(P0)� '!

t
(Q0) � 0.

Using these developments, we now proceed to the proof of Theorem 6.5 which is carried out in two
steps. In the first case, we compare �t(P0) with '!

t
(Q0), and then in the second step we compare '!

t
(Q0)

with 't(Q0).

6.2. Ensemble Filters with Deterministic Correction: NPDC-EnF and DeT-EnF Cases

In (43), setting 1v = 0 corresponds to the case of NPDC-EnF and DeT-EnF. The following statement
provides a bound on the di↵erence between '!

t
(Q0) and the optimal expected error covariance Pt, and

could therefore be seen as a result of independent interest.

Proposition 6.7. Consider the solution Pt of the equation (35) with initial condition P0 and the process

Q
!
t

= '!
t
(Q0) solving (33) with initial condition Q0 and 1v = 0. Suppose that Assumption 6.1 and

Assumption 6.2 hold, so that Q
!
t
 Q0, for all t � 0, and let ↵ and �0 be defined as in Theorem 6.5. If

P0 � Q0, then

kPt �Q
!

t
k  exp(�↵t) (1 + �0t) kP0 �Q0k+

�0kBB>
k1!

↵2M
.

Proof. Recall that the flows of Pt and Q
!
t
are described by �t(P0) and '!

t
(Q0), as we set 1v = 0. Using

the assumption P0 � Q0 and Lemma 6.6, we immediately have that �t(P0)�'!
t
(Q0) � 0. On the other

hand, inequality (45) can be rewritten as

�t(P0)� '!

t
(Q0)  E

�

t
(P0 �Q0)(E

�

t
)> +

1!

M

Z
t

0
E
�

t�s
BB>(E�

t�s
)>ds

+ �

Z
t

0
E
�

t�s
Ks(�s(P0)� '!

s
(Q0))K

>
s
(E�

t�s
)>ds (46)

where Ks = I � L
!
s
C and L

!
s
:= Q

!
s
C>(CQ

!
s
C> + V )�1. Introducing norm on both sides, the above

inequality results in,

k�t(P0)� '!

t
(Q0)k 

��E�

t

��2 kP0 �Q0k+
1!

M

Z
t

0
kE

�

t�s
k
2
kBB>

kds

+ �

Z
t

0

��E�

t�s

��2 kKsk
2
k�s (P0)� '!

s
(Q0)k ds. (47)

From Lemma 6.4, we have that kKsk  Q0
, for t 2 [0,1[. By taking ↵ = �� µmax(A+ A>) > 0, and

recalling that
��E�

t

��  exp
ÄÄ

µmax(
A+A

>

2 )� �

2

ä
t
ä
, we hence get,

k�t(P0)� '!

t
(Q0)k  exp(�↵t) kP0 �Q0k+

1� exp(�↵t)

↵M
1!kBB>

k

+ �2Q0

Z
t

0
exp(�↵(t� s)) k�s(P0)� '!

s
(Q0)k ds. (48)

Applying Grönwall’s inequality, and more specifically Lemma D.1 from the Appendix, we arrive at the
result stated in Proposition 6.7.
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6.3. Ensemble Filters with Noise Correction: DPNC-EnF and Vanilla-EnF Cases

As the next step in the proof of Theorem 6.5, and as a result of independent interest as well, we now
compare the two cases of (33) which are obtained from two di↵erent values of 1v. Note that 1v ⌘ 1
corresponds to the case of DPNC-EnF(with 1! = 0) and Vanilla-EnF(with 1! = 1).

Proposition 6.8. Consider the solution Q
M
t

= 't(QM
0 ) of the equation (33) with initial condition Q

M
0

and some choice of 1!, 1v. Also, consider the process Q
!
t
= '!

t
(Q0) solving (33) with initial condition

Q0 and 1v = 0, while keeping all the other variables to be same. Suppose that Assumption 6.1 and

Assumption 6.2 hold, so that Q
!
t

 Q
M
t

 Q0, for all t � 0, and let ↵, �0 and V̄� be defined as in

Theorem 6.5. If Q
M
0 � Q0, then

��QM

t
�Q

!

t

��  exp(�↵t) (1 + �0t)
��QM

0 �Q0

��+ �0kV̄�k

↵2M
1v.

Proof. For the processes QM
t

and Q
!
t
, let us denote the corresponding injection gain by L

M
t

and L
!
t
, so

that, LM
t

= Q
M
t
C>(CQ

M
t
C> + V )�1 and L

!
t
= Q

!
t
C>(CQ

!
t
C> + V )�1. Hence, by Lemma B.1 and

(43), it follows that

d

dt
(QM

t
�Q

!

t
) = A�(Q

M

t
�Q

!

t
) + (QM

t
�Q

!

t
)A>

�

+ �(I � L
M

t
C)(QM

t
�Q

!

t
)(I � L

!

t
C)> +

�

M
L
M

t
V (LM

t
)>1v.

Using Lemma B.2, we get

(I � L
M

t
C)(QM

t
�Q

!

t
)(I � L

!

t
C)>  (I � L

!

t
C)(QM

t
�Q

!

t
)(I � L

!

t
C)>.

Moreover, by Lemma 6.3, and V̄� introduced in Theorem 6.5, we get

�LM

t
V (LM

t
)>  �µmax(V )�2Qo

I = V̄�.

Using these two inequalities, it follows that

d

dt
(QM

t
�Q

!

t
)  A�(Q

M

t
�Q

!

t
) + (QM

t
�Q

!

t
)A> + �(I � L

!

t
C)(QM

t
�Q

!

t
)(I � L

!

t
C)> +

�

M
V̄�1v.

Integrating this di↵erential inequality, we get

't(Q
M

0 )� '!

t
(Q0)  E

�

t
(QM

0 �Q0)(E
�

t
)> +

1v

M

Z
t

0
E
�

t�s
V̄�(E

�

t�s
)>ds

+ �

Z
t

0
E
�

t�s
Ks('s(Q

M

0 )� '!

s
(Q0))K

>
s
(E�

t�s
)>ds, (49)

where Ks = I � L
!
s
C. We thus have Q

M
t

�Q
!
t
� 0, for all t � 0. Taking the norm on both sides of the

last inequality, we get

kQ
M

t
�Q

!

t
k 

��E�

t

��2 ��QM

0 �Q0

��+ 1

M

Z
t

0
kE

�

t�s
k
2
kV̄�kds+�

Z
t

0
kE

�

t�s
k
2
kKsk

2
k's(Q

M

0 )�'!

s
(Q0)kds.

By Lemma 6.4, it is possible to find a constant scalar Q0
such that kKsk  Q0

, for t 2 [0,1). Using

the scalar ↵ as before, we know that
��E�

t

��  exp (�0.5↵t), and this yields

kQ
M

t
�Q

!

t
k  exp (�↵t)

��QM

0 �Q0

��+1� exp(�↵t)

aM
kV̄�k+�

2
Q0

Z
t

0
exp(�↵(t�s))

��'s(Q
M

0 )� '!

s
(Q0)

�� ds

Applying Lemma D.1 from the Appendix, we arrive at the result stated in Proposition 6.8.
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6.4. Generic Case

Using the result of Proposition 6.7 and Proposition 6.8, we can now complete the proof of Theorem 6.5.
Proof of Theorem 6.5. Let us consider the processes Pt = �t(P0) and Q

M
t

= 't(Q0) as defined in the

statement of Theorem 6.5. We consider an auxilliary process Q!
t
= '!

t
(Q0) that is obtained by solving

(33) with 1v = 0 while keeping all the other variables, and the initial condition, as in Q
M
t
. The use of

triangle inequality allows us to write

kPt �Q
M

t
k  k�t(P0)� '!

t
(Q0)k+ k'!

t
(Q0)� 't(Q0)k. (50)

In the above inequality, the upper bound on the first term is obtained from Proposition 6.7, that is,

k�t(P0)� '!

t
(Q0)k  exp(�↵t) (1 + �0t) kP0 �Q0k+

�0kBB>
k1!

↵2M
. (51)

For the second term on the right-hand side of (50), due to the same initial condition, Proposition 6.8
yields

k'!

t
(Q0)� 't(Q0)k 

�0kV̄�k

↵2M
1v (52)

for the same choice of ↵ and �0 as in (51). Plugging the bounds from (51) and (52) into (50) leads to
the bound given in (40). ⇤

7. First Moment Asymptotics

After analyzing the convergence of empirical covariance towards the optimal covariance in the previous
section, we now study the convergence of empirical mean in this section. In contrast to the previous
section, where the convergence is achieved as the time increases and the number of particles increases,
the convergence of the empirical mean towards the optimal mean of the Kalman filter is established
asymptotically with respect to time, while the number of particles may be fixed.

Towards this end, let us begin with the processes bXt and bSM
t

defined in (6) and (29); at this stage it
is more convenient to rewrite their dynamics as follows:

d bXt = A bXtdt+ Lopt
t

(CXt + ⌫t � C bXt)dNt, (53)

dbSM

t
= AbSM

t
dt+

1
p
M

EM

t
de!M

t
+
⇣
LM

t
(CXt + ⌫t � C bSM

t
) +

1
p
M

JM

t
e⌫M
t

⌘
dNt. (54)

We let bSM
t

:= E[bSM
t
], and bXt = E[ bXt]. Applying Proposition A.3 to the system of bXt and Pt, we first

observe that
ḃXt = A bXt + �Lopt

t
C(E[Xt]� bXt)

and similarly
ḃSM
t

= A bSM

t
+ �LM

t
C(E[Xt]� bSM

t
).

We now look at the asymptotic behavior of b�M
t

:= bXt �
bSM
t
, which satisfies

ḃ�
M

t
= Ab�M

t
+ �Lopt

t
C(E[Xt]� bXt)� �LM

t
C(E[Xt]� bSM

t
)

= (A� �LM

t
C)b�M

t
+ �(Lopt

t
� L

M

t
)C(E[Xt]� bXt).

Our main result establishes the asymptotic convergence of b�M
t

with respect to time, under the assump-
tions similar to the ones used in the statement of Theorem 6.5.

Proposition 7.1. Suppose that Assumption 6.1 and Assumption 6.2 hold. For any number of particles

M , it holds that

kb�M

t
k ! 0 as t ! 1.
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Proof. We analyze the asymptotic behavior of b�M
t

by calculating the derivative of the following weighted
quadratic function:

b�M

t
7! W(b�M

t
) := b�M

t
(QM

t
)�1b�M

t
.

We observe that

d

dt
(QM

t
)�1 = �(QM

t
)�1

Q̇
M

t
(QM

t
)�1

= �(QM

t
)�1(A� �LM

t
C)� (A� �LM

t
C)>(QM

t
)�1

� �C>(CQ
M

t
C> + V )�1C

� (QM

t
)�1

ÅÅ
1�

1!

M

ã
BB> +

�1v

M
L
M

t
V (LM

t
)>
ã
(QM

t
)�1.

Consequently, this last expression yields

d

dt
(b�M

t
)>(QM

t
)�1b�M

t
= (b�M

t
)>

d

dt
(QM

t
)�1b�M

t
+ (b�M

t
)>(QM

t
)�1 ḃ�

M

t
+ ( ḃ�

M

t
)>(QM

t
)�1b�M

t

= �(b�M

t
)>
h
�C>(CQ

M

t
C> + V )�1C

+ (QM

t
)�1

ÅÅ
1�

1!

M

ã
BB> +

�1v

M
L
M

t
V (LM

t
)>
ã
(QM

t
)�1
i
b�M

t
+ 2(b�M

t
)>(QM

t
)�1ut,

where for brevity, we used the notation ut := �(Lopt
t

� L
M
t
)C(E[Xt]� bXt).

Fix an arbitrary ⌧ > 0. For each t � ⌧ , we can write

Z
t

t�⌧

d

ds
W(b�M

s
)ds 

Z
t

t�⌧

�(b�M

s
)>C>(CQ̄0C

> + V )�1Cb�M

s
ds+ 2

Z
t

t�⌧

(b�M

s
)>(QM

s
)�1usds (55)

In the last display equation, the right-hand side can be seen as a sum of two terms: in the first term,
the integrand is negative definite and is quadratic in b�M

t
; and in the second term, the integrand is linear

in b�M
t
, but contains (Lopt

t
� L

M
t
) and (E[Xt]� bXt), which have nice convergence properties.

To analyze the right-hand side of (55), we observe that for each s 2 [t� ⌧, t], we have

b�s = �(s, t� ⌧)b�t�⌧ +

Z
s

t�⌧

�(s, r)urdr (56)

where �(t, t0) = exp
ÄR

t

t0
(A� �LM

s
C)ds

ä
. The first term on the right-hand side of (55) then satisfies

�

Z
t

t�⌧

(b�M

s
)>C>(CQ0C

> + V )�1Cb�M

s
ds

= �

Z
t

t�⌧

Å
�(s, t� ⌧)b�M

t�⌧
+

Z
s

t�⌧

�(s, r)urdr

ã>
C>(CQ0C

> + V )�1C

Å
�(s, t� ⌧)b�M

t�⌧
+

Z
s

t�⌧

�(s, r)urdr

ã
ds

 �(b�M

t�⌧
)>O(t, t� ⌧)b�M

t�⌧
� 2(b�M

t�⌧
)>
Z

t

t�⌧

�(s, t� ⌧)>C>(CQ0C
> + V )�1C

Z
s

t�⌧

�(s, r)ur dr ds

(57)

where O(t, t�⌧) =
R
t

t�⌧
�(s, t�⌧)C>(CQ0C>+V )�1C�(s, t�⌧)ds, and the last negative-definite term

was dropped in writing the inequality.

For the second term on the right-hand side of (55), using (56), we get,

Z
t

t�⌧

(b�M

s
)>(QM

s
)�1usds  (b�M

t�⌧
)>
Z

t

t�⌧

�(s, t� ⌧)>(QM

s
)�1usds+

Z
t

t�⌧

u>
s
(QM

s
)�1

Z
s

t�⌧

�(s, r)urdrds.

(58)

Before substituting (57) and (58) in (55), we recall some bounds on the variables appearing in these
expressions.
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1. Using the upper and lower bound on Q
M
t
, that is, ⇢I  Q

M
t

 Q0, we get

µmin(Q
�1
0 )kb�M

t
k
2
 (b�M

t
)>Q

�1
0 b�M

t
 (b�M

t
)>(QM

t
)�1b�M

t
 ⇢�1

kb�M

t
k
2.

2. Due to the observability assumption, there exists a positive constant ⌘

0 < ⌘I  O(t, t� ⌧) 8t > ⌧.

Hence, we get,

�(b�M

t�⌧
)>O(t, t� ⌧)b�M

t�⌧
 �⌘(b�M

t�⌧
)>b�M

t�⌧
= �⌘kb�M

t�⌧
k
2
 �⌘⇢(b�M

t�⌧
)>(QM

t�⌧
)�1b�M

t�⌧
.

3. We choose c such that kC>(CQ0C> + V )�1
k  c.

4. Note that the gain L
M
t

is uniformly bounded due to Lemma 6.3 and the boundedness of Q
M
t
.

This, consequently, provides a bound on the flow matrix �(s, t). We introduce the constant acl :=
maxs�0 kA � �LM

s
Ck, so that one possible choice for acl is kAk + �kQ0k · kC>V �1Ck. Then, it

follows that
k�(s, t)k  acl(t� s).

Plugging the expressions (57) and (58) in (55), and using the aforementioned bounds on individual terms,
we get

W(b�t)�W(b�t�⌧ )  �⌘⇢W(b�t�⌧ ) + 2kb�M

t�⌧
k⌧2acl(⌧

2acl + ⇢)ku[t�⌧,t]k1 + 2⇢⌧4aclku[t�⌧,t]k
2
1. (59)

For the second term on the right-hand side of (59), we apply Young’s inequality as follows:

2

Å
kb�M

t�⌧
k ·

…
⌘⇢

2µmaxQ

ã
·

  
2µmaxQ

⌘⇢
· ⌧2acl(⌧

2acl + ⇢)ku[t�⌧,t]k1

!

 kb�M

t�⌧
k
2
·

⌘⇢

2µmaxQ
+

2µmaxQ

⌘⇢
⌧4a2cl(⌧

2acl + ⇢)2ku[t�⌧,t]k
2
1


⌘⇢

2
W(b�t�⌧ ) +

2µmaxQ

⌘⇢
⌧4a2cl(⌧

2acl + ⇢)2ku[t�⌧,t]k
2
1.

Taking b⇢ := 1� ⌘⇢

2 and �(⌧) = 2µmaxQ
⌘⇢

⌧4a2cl(⌧
2acl + ⇢)2 + 2⇢⌧4acl, (59) results in

W(b�t)  b⇢W(b�t�⌧ ) + �(⌧)ku[t�⌧,t]k
2
1. (60)

We next show that kutk converges to zero as t ! 1, which in turn implies that ku[t�⌧,t]k
2
1 converges to

zero, as t ! 1. Towards this end, we observe that1

kutk  �k(I � L
M

t
C)k · kPt �Q

M

t
k · kC>

k · k(CPtC
> + V )�1

k · kCk · kE[Xt]� bXtk

 �Q0
kPt �Q

M

t
k · kCk

2
· kV �1

k · kE[Xt]� bXtk, (61)

where Q0
is obtained from Lemma 6.4. By Theorem 6.5, kPt�Q

M
t
k is bounded. Since d

dt (E[Xt]� bXt) =

(A� �Lopt
t

C)(E[Xt]� bXt), it follows from [7, Theorem 3] that for some t > 0, and t � t

kE[Xt]� bXtk  kE[X
t
]� bX

t
k exp

ÇZ
t

0
A� �LsCds

å

 kE[X
t
]� bX

t
k

⇢
C
⇢
OÄ

1 + ⇢
C
⇢O
ä Ä

1 + ⇢
O
⇢C
ä exp

Ç
�⇣⇢

C
t

1 + ⇢
C
⇢O

å

for some ⇣ > 0 and positive constants ⇢
C
, ⇢C , ⇢O, ⇢O. In particular, this estimate establishes the conver-

gence of kutk to 0, as t grows.

The proof of Proposition 7.1 can now be completed by checking that the inequality (60) results in
W(b�M

t
) converging to zero whenever ku[t�⌧,t]k1 converges to zero.

1Recall that Lopt
t � LM

t = (I � LM
t C)(Pt �QM

t )C>(CPtC> + V )�1 by Lemma 6.3.

20



8. Conclusions

We considered the design of ensemble filters for linear dynamical systems with time-sampled obser-
vations. These classes of filters are described by di↵usion processes which are coupled via empirical
mean and variance. Our primary objective was to analyze the asymptotic behavior of these filters and
compare it with their optimal counterparts. Taking the expectation with respect to Poisson sampling
process leads to a new class of di↵erential equations for the variance, and we provide a rigorous treatment
of its asymptotic behavior.

Several interesting questions arise from the study carried out in this paper. Firstly, it would be
interesting to see if Assumption 6.1 could be removed and the analysis techniques could be adapted to
unify the study of convergence towards a steady state together with developing comparisons with the
optimal solution. We adopted this route in the scalar setting [30] and the advantage of that approach is
that it gives explicit bounds on the mean sampling that characterize the asymptotic performance. The
second direction that could be adopted is to take a step towards nonlinear ensemble filters. The design
methodology proposed here provides a template for such filters in nonlinear setting: the prediction is
based on propagating system dynamics and the gain for the correction is obtained via empirical moments.
However, theoretical analysis in this case is expected to be more challenging and provides an interesting
direction for further research.
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L’université fédérale de l’Oural, 2024.
[15] A.H. Jazwinski. Stochastic processes and filtering theory. Dover Publications, Inc., New York, 2007.
[16] M. Lambert, S. Bonnabel, and F. Bach. The continuous-discrete variational Kalman filter (CD-VKF). In 2022 IEEE

61st Conference on Decision and Control (CDC), pages 6632–6639, 2022.
[17] F. Le Gland, V. Monbet, and V.-D. Tran. Large sample asymptotics for the ensemble Kalman filter. The Oxford

Handbook of Nonlinear Filtering, pages 598–631, 2011.
[18] B. Øksendal. Stochastic di↵erential equations. Springer, 2003.
[19] P. E. Protter. Stochastic Integration and Di↵erential Equations. Springer, 2nd edition, 2005.
[20] S. Reich and C.J. Cotter. Ensemble filter techniques for intermittent data assimilation. In M. Cullen, M.A. Freitag,

S. Kindermann, and R. Scheichl, editors, Large Scale Inverse Problems: Computational Methods and Applications in
the Earth Sciences, pages 91–134. De Gruyter, Berlin, Boston, 2013.

[21] B. Ristic, S. Arulampalam, and N. Gordon. Beyond the Kalman filter: Particle filters for tracking applications.
Artech house, 2003.
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A. Tools for Analysis

Consider the following di↵erential equation for a stochastic process (xt)t�0 evolving in Rn:

dxt = f(xt)dt+ g(xt)d! + h(xt, ⌫t)dNt (A.1)

where Nt is a Poisson process with intensity � > 0, ! is a standard Wiener process, and ⌫t := ⌫Nt for
the sake of brevity with ⌫Nt being a sequence of i.i.d. random variables with probability law ⇠.

To study the evolution of a function of the random process (xt)t�0, we make use of the Ito’s chain
rule. The reader may consult [19, Chapter II, Section 7] for detailed exposition on this topic. Here, the
particular form we adopt is tailored for the di↵erential equations appearing in earlier sections.

Proposition A.1 (Ito’s chain rule). For a twice continuously di↵erentiable function  : Rn
! R, it

holds that

d (xt) =
h
hr (xt), f(xt)i+

1

2
tr
⇣@2 (xt)

@x
g(xt)g(xt)

>
⌘i

dt

+ hr (xt), g(xt)id! +
h
 (xt + h(x, ⌫t))�  (xt)

i
dNt. (A.2)

Ito’s chain rule describes the evolution of the function  evaluated along the solution of the stochastic
di↵erential equation (A.1). However, to describe the evolution of the expectation of  in di↵erential form,
we need to consider the extended generator as defined below:

Definition A.2 (Extended generator). Given a real-valued function  : Rn
! R, the extended generator

of the process
�
xt

�
t�0

described by (A.1) is the linear operator  7! L defined by

Rn
3 z 7! L (z) 2 R

L (z) := lim
"#0

1

"

⇣
E
⇥
 
�
x(t+ ")

� ��x(t) = z
⇤
�  (z)

⌘
.

(A.3)

We obtain the expected value of  by integrating the generator, which can be seen as a generalization
of the classical Dynkin’s formula:

E
⇥
 (x(t))

⇤
= E

⇥
 (x(0))

⇤
+ E

ïZ t

0
L (x(s)) ds

ò
. (A.4)

For our purposes, it is useful to compute an explicit expression of the generator which can then be
analyzed for studying the qualitative behavior of E[ (x)]. Several references in the literature derive
generator equations for stochastic processes with jumps, see for example [13, Theorem 1] for a derivation
in the context of Wiener process driven di↵erential equations with renewal processes. The proof builds
on the simpler case given in [28, Proposition 2.1] g ⌘ 0 and h being independent of the noise at jump
instants ⌫t.
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Proposition A.3. If the sampling process (Nt)t�0 is Poisson with intensity � > 0, then the process�
x(t)

�
t�0

described in (A.1) is Markovian. Moreover, for any function Rn
3 z 7!  (z) 2 R with at most

polynomial growth as kzk ! +1, we have

L (z) = hr (z), f(z)i+
1

2
tr
⇣@2 (z)

@z2
g(z)g(z)>

⌘
+ �

h Z
 
�
z + h(z, ⌫)

�
⇠(d⌫)�  (z)

i
. (A.5)

Proof. The fact that
�
x(t)

�
t�0

is Markovian follows from the observation that the future of x(t) depends

on x(⌧Nt).

Since the system under consideration is well-posed, we have, for " > 0 small,

E
⇥
 
�
x(t+ ")

� ��x(t) = z
⇤
= E

⇥
 
�
x(t+ ")

��
1{Nt+"=Nt} + 1{Nt+"=1+Nt} + 1{Nt+"�Nt�2}

� ��x(t)
⇤
. (A.6)

We now compute the conditional probability distribution of
�
x(t+ ")

�
for small " > 0 given x(t). Since

the sampling process is independent of the state joint, by definition of the sampling (Poisson) process
we have, for " # 0, 8

><

>:

P
�
Nt+" �Nt = 0

��Nt, x(t)
�
= 1� �"+ o("),

P
�
Nt+" �Nt = 1

��Nt, x(t)
�
= �"+ o("),

P
�
Nt+" �Nt � 2

��Nt, x(t)
�
= o(").

Using these expressions, we develop (A.6) further for " # 0 as

E
⇥
 
�
x(t+ ")

� ��x(t) = z
⇤
= E

⇥
 
�
x(t+ ")

��
1{Nt+"=Nt} + 1{Nt+"=1+Nt}

� ��x(t)
⇤
+ o(")

= E
⇥
 
�
x(t+ ")

� ��x(t), Nt+" = Nt

⇤
·
�
1� �"+ o(")

�

+ E
⇥
 
�
x(t+ ")

� ��x(t), Nt+" = 1 +Nt

⇤�
�"
�
+ o("). (A.7)

The two significant terms on the right-hand side of (A.7) are now computed separately. First, for " # 0,
we have

E
⇥
 
�
x(t+ ")

� ��Nt+" = Nt, x(t) = z
⇤
=  (z) + "

⌦
r 
�
z
�
, f
�
z
�↵

+ 0.5"ḡ(z) + o("),

leading to the first term on the right-hand side of (A.7) having the estimate

E
⇥
 
�
x(t+ ")

� ��Nt+" = Nt, x(t) = z
⇤
·
�
1� �"+ o(")

�

=  
�
z
�
+ "

⌦
r 
�
z
�
, f(z)

↵
+ "ḡ(z)� (�") 

�
z
�
+ o("),

where ḡ(z) := 0.5tr
�
(@2 (z)/@z)g(z)g(z)>

�
. Concerning the second term on the right-hand side of (A.7),

we observe that conditional on Nt+" = 1+Nt, the probability distribution of ⌧Nt+" is [24, Theorem 2.3.7]
uniform over [t, t+ "[ by definition of the sampling (Poisson) process, i.e.,

P
�
⌧Nt+" 2 [s, s+ s0[

��Nt+" = 1 +Nt

�
=

1

"
s0

for [s, s + s0[ ⇢ [t, t + "[. Since the sampling process is independent of the state process, the preceding
conditional probability is equal to

P
�
⌧Nt+" 2 [s, s+ s0[

��Nt+" = 1 +Nt, x(t) = z
�
.

We define ✓ 2 [0, 1[ such that ⌧Nt+" = t + ✓", x(t) = z; then ✓ is uniformly distributed on [0, 1[ given
Nt+" = 1 +Nt. We also have, conditioned on the same event,

x(⌧Nt+") = x(t+ ✓") = x(t+ ✓"�) + h(x(t+ ✓"�), ⌫),

and
x(t+ ✓"�) = x(t) + ✓"f̄

�
x(t)

�
+ o("),

where f̄(z) denotes the linear interpolation of the solution of (A.1) over an interval of length " starting
from z. The above expressions then lead to, conditioned on the event Nt+" = 1 + Nt, x(t) = z and for
" # 0,

x(t+ ") = x(t+ ✓") + (1� ✓)"f̄
�
x(t+ ✓"))

�
+ o(")
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= x(t) + ✓"f̄
�
x(t)

�
+ h(x(t) + ✓"f̄
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x(t)

�
, ⌫) + (1� ✓)"f̄

�
x(t+ ✓")

�
+ o(")

= x(t) + ✓"f̄
�
x(t)

�
+ h(x(t), ⌫) + (1� ✓)"f̄

�
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+ ✓"rxh(x(t), ⌫) · f̄(x(t)) + o(").

Therefore, for " # 0,
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Putting everything together, we arrive at

E
⇥
 
�
x(t+ h)

� ��x(t) = z
⇤
=  (z) + "

⇣
hr (z), f(z)i+
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2
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Substituting these expressions in (A.3), we see that for each z 2 Rn, we get the expression (A.5).

B. Properties of Gain Matrix

In this part of the Appendix, we recall some useful properties of the injection gain that are useful
for the analysis. In what follows, let P1 2 Rn⇥n and P2 2 Rn⇥n be positive semi-definite matrices,
and V 2 Rp⇥p be positive definite. For any matrix C 2 Rp⇥n, let L1 := P1C>(CP1C> + V )�1,
L2 := P2C>(CP2C> + V )�1.

Lemma B.1 ([7, Lemmata 3 & 4]). The matrices L1 and L2 satisfy the following properties:

1. (I � L1C)P1C> = L1V

2. (I � L1C)P1 � (I � L2C)P2 = (I � L1C)(P1 � P2)(I � L2C)>

Lemma B.2. The matrices L1 and L2 satisfy the following inequalities

(I � L1C) (P1 � P2) (I � L2C)> � (I � L1C) (P1 � P2) (I � L1C)>

(I � L1C) (P1 � P2) (I � L2C)>  (I � L2C) (P1 � P2) (I � L2C)>

Proof. We keep the same proof that one can find in [7]; the first inequality follows from the chain below
and the second one can be proven similarly.

(I� L1C) (P1 � P2) (I � L2C)> � (I � L1C) (P1 � P2) (I � L1C)>

=(I � L1C) (P1 � P2)C
> (L1 � L2)

>

=((I � L1C)P1 � (I � L1C)P2)C
> (L1 � L2)

>

=(I � L1C)P1C
> (L1 � L2)

>
� (I � L1C)P2C

> (L1 � L2)
>

(a)
� (I � L2C)P2C

> (L1 � L2)
>
� (I � L1C)P2C

> (L1 � L2)
>

=((I � L2C)P2 � (I � L1C)P2)C
> (L1 � L2)

>

=(L1 � L2)CP2C
> (L1 � L2)

>
� 0,

where inequality (a) follows from Lemma B.1 since (I �L1C)P1C>(L1 �L2)> � (I �L2C)P2C>(L1 �

L2)> = L1V (L1 � L2)> � L2V (L1 � L2)> = (L1 � L2)V (L1 � L2)> � 0.
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C. Lower Bound

We denote the error covariance flow associated with the standard Kalman–Bucy error covariance R
⌧

for a continuous time system described by (A,C,B, ⌧, V, 1/M) and with initial error covariance Q as:

Ṙ
⌧

t
= AR

⌧

t
+R

⌧

t
A> + (1� 1/M)BB>

�
1

⌧
R

⌧

t
C>V �1CR

⌧

t
. (C.1)

Proposition C.1. Let Pt be the solution of (35), and Q
M
t

be the solution to (33). For every symmetric

positive definite Q satisfying R
⌧
0 = P0 = Q

M
0 = Q, and ⌧ 

1
�
, it holds that

Pt � R
⌧

t
, Q

M

t
� R

⌧

t
, for all t � 0.

In addition, there is a positive number ⇢, such that

Pt � ⇢I, Q
M

t
� ⇢I, for all t � 0.

Proof. Notice that2,

Ṗt � Ṙ
⌧

t
� APt + PA>

� �PtC
>(CPtC

> + V )�1CPt �AR
⌧

t
�R

⌧

t
A> +

1

⌧
R

⌧

t
C>V �1CR

⌧

t

� APt + PtA
>
� �PtC

>(V )�1CPt �AR
⌧

t
�R

⌧

t
A> +

1

⌧
R

⌧

t
C>V �1CR

⌧

t

� APt + PA>
� �PC>V �1CPt �AR

⌧

t
�R

⌧

t
A> + �R⌧

t
C>V �1CR

⌧

t

=

Å
A�

Pt +R
⌧
t

2
�C>V �1C

ã
(Pt �R

⌧

t
) + (Pt �R

⌧

t
)

Å
A�

Pt +R
⌧
t

2
�C>V �1C

ã>
,

This di↵erential inequality ensures that Pt � R
⌧
t
for all t � 0. A similar reasoning can be used to show

that the empirical variance Q
M
t

� R
⌧
t
, for all cases.

We know that there is a uniform lower bound on R
⌧
t
, and this yields the uniform lower bounds on Pt

and Q
M
t
. Let us define the controllability and observability Gramians associated with R

⌧
t
as

C(t, t� t0) :=

Z
t

t�t0

(1� 1/M)eAs(BB>)eA
>
s ds,

O
⌧ (t, t� t0) :=

Z
t

t�t0

eAs(C>(⌧V )�1C)eA
>
s ds

respectively. If the continuous-time linear system defined by (A,C,B, ⌧, V, 1/M), ⌧ 
1
�

is uniformly
completely controllable and uniformly completely observable, it means that there exists a t0 � 0 such
that for all t � t0, we have

0 < ⇢
C
I  C(t, t� t0)  ⇢CI, (C.2a)

0 < ⇢⌧
O
I  O

⌧ (t, t� t0)  ⇢⌧
O
I, (C.2b)

respectively. These inequalities lead to the following lower bound [15, Lemma 7.2]:

R
⌧

t
�
�
C
�1(t, t� t0) +O

⌧ (t, t� t0)
��1

�

Ç
⇢
C

1 + ⇢
C
⇢⌧
O

å
I.

which consequently provide the lower bound on Pt and Q
M
t
, for each t � 0.

2We use the trivial equality MSM � NSN =
Ä
M+N

2 S
ä
(M � N) + (M � N)

Ä
SM+N

2

ä
, that holds for symmetric and

positive semidefinite matrices M,N and S of appropriate dimension.
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D. Application of Grönwall’s Lemma

Lemma D.1. Let f : R+ ! R+ be a given function, and a > 0 be a positive scalar, and b, c, d be some

non-negative constants. If it holds that

f(t)  exp(�at)b+ (1� exp (�at))c+ d

Z
t

0
exp(�a(t� s))f(s)ds

then, with � := d exp
�
d

a

�
, we have

f(t)  exp (�at)(1 + �t)b+
c�

a
.

Proof. Applying Gronwall’s inequality in the current setting, we get

f(t)  exp (�at)b+ (1� exp (�at))c+ bd exp (�at) exp

Å
d

a

ãZ t

0
exp

Å
�d exp (�a(t� s))

a

ã
ds

+ cd

Z
t

0
(1� exp (�as)) exp (�a(t� s)) exp

Å
�d exp (�a(t� s))

a

ã
(D.1)

Note that exp
Ä
�d exp (�a(t�s))

a

ä
 1 as t � s. We can thus bound the second term in (D.1) as below:

bd exp (�at) exp

Å
d

a

ãZ t

0
exp

Å
�d exp (�a(t� s))

a

ã
ds  bd exp (�at) exp

d

a
=: b exp (�at)�t.

It remains to find the bound on the last term in (D.1) only. For that, we observe that the integrand in
the last term is less than exp (�a(t� s)) exp

�
d

a

�
, and thus, can be bounded from above by

cd exp

Å
d

a

ãZ t

0
exp (�a(t� s))ds 

cd

a
exp

Å
d

a

ã
=

c�

a

Using these bounds on the second and third term, (D.1) yields the desired result.

26


