
Optimal Control of State Constrained Systems via
Measure Relaxations and Polynomial Optimization

Saroj Prasad Chhatoi Aneel Tanwani Didier Henrion

Abstract—We address the optimal control problem for a class
of dynamical systems with constrained state trajectories. These
systems are modeled by a differential inclusion with a drift term
and a normal cone mapping associated with the constraint set.
The optimal control problem is considered in continuous-time
and discrete-time, where the latter provides a computational
advantage over the former. In both cases, the nonlinear problem
is reformulated as an infinite-dimensional linear program over
occupation measures. We show that this does not introduce any
relaxation gap, that is, the optimal value remains the same
for the reformulated linear program. Using appropriate tools
from functional analysis and optimal transport, we also show
the convergence of the optimal value of the discrete problem
to the optimal value of the continuous problem. We propose
finite-dimensional convex optimization algorithms based on the
moment-sum-of-squares hierarchy to provide numerical approx-
imations of the proposed infinite-dimensional linear programs.

Index Terms—Nonsmooth systems; Optimal control; Measure
relaxations; Young measure; Occupation measure; Moment sum-
of-squares approximation.

I. INTRODUCTION

Optimal control of nonlinear systems has remained a prob-
lem of interest for the control community over several decades.
Developments on the theoretical side as well as numerical
methods for efficiently solving such problems continue to
attract attention of researchers from different community. In
this article, we consider the optimal control problem for a
class of nonsmooth systems, and propose numerically tractable
algorithms for our approach. In particular, the systems that
we consider are described by a differential inclusion where
the right-hand side comprises a drift term and a normal cone
mapping associated to a time-varying constraint set; see [1] for
an overview of such models and their relevance in various ap-
plications that include robotics, mechanics, electrical circuits,
market equilibrium, and power systems with switching.

Let us recall that the optimal control of nonlinear systems
with well-posedness properties is a well-studied problem [2],
[3]. In contrast, optimal control for nonsmooth dynamical
systems with set-valued right-hand side is more complicated
and has been an area of active research over the last two
decades because of its theoretical and practical relevance [4].

Among the existing work on optimal control problems for
the class of nonsmooth systems (which are closely related
to the ones studied here), we note that the authors in [5]
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consider an evolution variational inequality with a closed
convex constraint set. By deriving the first-order optimality
conditions for the regularized problem, and taking the limit as
the regularization parameter tends to zero, the corresponding
optimality conditions for the original nonsmooth system are
obtained. Pontryagin Maximum Principle based optimality
conditions for discrete approximations of such systems are
derived in [6] and sophisticated tools from variational analysis
are used to derive the limit equation. In [7], the authors use
exact penalization-based techniques to extend the optimality
conditions to more general problems with weaker assumptions
on the system data. In a more recent article, [8] uses distance to
the constraint set as the penalization which allows the authors
to obtain uniform, w.r.t. control estimates and they show strong
convergence of the approximating trajectories in W 1,2 metric.

Direct approach based on discretizing the problem and solv-
ing the resulting static optimization have several fundamental
issues. In [9], the authors pointed out that the error in gradients
of the simulation results are independent of the step sizes,
which means that optimization problems based on such dis-
cretization schemes often fail. The authors propose an optimal
control strategy that approximates the discontinuous system
with a smooth right-hand side and use the Euler integrator,
ensuring that the gradients approach the true values under suf-
ficiently small step sizes relative to the smoothing parameter.
Finite-element-based discretization along with time-freezing
methods have been recently proposed in software packages
[10]. Further in [11], the authors extend the finite element with
switch detection method to address optimal control problems
with nonsmooth differential equations by transforming them
into dynamic complementarity systems. For a class of linear
complementarity systems (closely related to the formalism
adopted in our present work), but where the right-hand side
of the differential equation is a Lipschitz continuous map, the
paper [12] presents first-order optimality conditions and some
numerical results.

On the other hand, global methods for nonlinear control
based on occupation measures have gained popularity in the
last decade because of their powerful modeling capabilities
and the availability of efficient algorithms and semidefinite
programming (SDP) solvers [13]. These methods reformu-
late a finite-dimensional nonlinear optimal control problem
into a primal/dual pair of infinite-dimensional linear prob-
lems. The primal problem is expressed in the cone of non-
negative Borel measures and the dual problem is expressed
in the cone of non-negative continuous functions [14], [15].
The infinite-dimensional linear problems admit a sequence
of finite dimensional relaxations using the moment-sums-of-
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inf
x(·),u(·)

∫
L(x(t), u(t)dt,

s.t. ẋ ∈ −NS(t)(x) + f(x, u),

u(t) ∈ U

Continuous Optimal Control Problem

inf
N−1∑
k=0

τL(xk, uk)

s.t. xk+1 = PSk+1
◦ (τf(xk, uk) + xk),

uk ∈ U

Discretized Optimal Control Problem

inf
x(·), ω

∫
L(x(t), u)dω(u|t)dt

s.t. ẋ(t) =

∫ (
−

∫
NS

ζdη(ζ|x(t)) + f(x(t), u)
)
dω(u|t),

η(·|x, t) ∈ P(NS(t)(x)), ∀t ∈ [0, T ],

ω(·|t) ∈ P(U), ∀t ∈ [0, T ]

Young Measure Relaxation

inf
µ,µT

∫
L(x, u)dµ(t, x, ζ, u)

s.t. µT − µ0 = ∂tµ+ ∂x · [(−ζ + f(x, u))µ],

µ ≥ 0; µT ≥ 0

Occupation Measure Relaxation

No gap (Section II-B)

No gap (Section II-D)

J∗τ [µ0] =
N−1∑
k=0

τ inf
µ

∫
L(x, u)dµτ

k(x, u)

s.t. µ̃τ
k =

[
PSk
◦ (f(·, ·) + idx)

]
#
µτ
k−1 ∀ k = 1, .., N

µτ
k ≥ 0, ∀ k = 1, .., N.

No gap (Section III)

Convergence (Section IV)

0← τ

Relaxation

Fig. 1: Outline of the approach developed in this paper for the optimal control of a class of nonsmooth dynamical systems.
For the continuous-time case, we first relax the problem using Young measures and then the occupation measures. It is shown
that this relaxation does not introduce any relaxation gap. For the discrete-time version, the problem is lifted to the cone of
non-negative Borel measures. We further show the convergence in the limit as τ → 0 (no gap).

square(SOS) hierarchy [13]. Each relaxation is formulated as
an SDP and can be solved using off-the-shelf SDP solvers.
Under mild assumptions, the sequence yields a monotonically
non-decreasing sequence of lower bounds converging to the
true optima. Occupation measures were also studied in the
context of control of stochastic systems [16], [17]. One more
advantage of occupation measure-based methods is the ability
to easily handle uncertainty in the initial distribution.

Some tools in our approach come from the theory of optimal
transport – a research topic dealing with the optimal way to
transport an initial distribution of mass to some final distribu-
tion. In [18], the authors solve an optimal transport problem
for a Lagrangian-based cost obtained from a dynamical system
with nonholonomic constraints. The problem of uniqueness
and the existence of solutions for Lagrangian cost derived from
linear quadratic regulator were studied in [19]. Similar ideas
have been pursued in [20]. In these works, the problem of
mass transport for Lagrangian systems is seen as a decoupled
problem where the lower level computes the optimal control
for the finite-dimensional particle system and then this cost is
used to find an optimal map to transport the initial measures
to the final configuration.

In the present work, we address the problem of optimal
control of nonsmooth dynamical systems. We use occupation
measures to relax both the discrete-time problem and the
continuous-time problem into an infinite-dimensional linear
problem defined in the cone of non-negative Borel measures.
Under some mild assumptions, we show that this does not
produce any relaxation gap. This means that the value of the
linear problem is equal to the value of the original optimal
control problem. Further, we use tools from optimal transport

theory to show the convergence of the discrete-time problem
to the continuous-time problem when the time step size goes
to zero. The overall layout is summarized in Figure 1. Apart
from the independent theoretical interest, the convergence
of the discrete-time problem to the continuous-time problem
is also of practical importance, as solving the discrete-time
problem provides an approximation to the continuous-time
problem. We also propose numerical techniques which provide
finite dimensional approximation of the relaxed discrete-time
problem.

A. Problem Setting

We consider a controlled nonsmooth dynamical system
modeled as an evolution variational inequality:

ẋ(t) ∈ f(x(t), u(t))−NS(t)(x(t)), x(0) = x0 (1)

where f : Rn×Rm → Rn is a given map (called vector field,
or drift), and NS(t)(x(t)) denotes the outward normal cone to
the compact convex set S(t) at the point x(t) ∈ Rn at each
time t ∈ [0, T ]. The control u(t) ∈ Rm at each time t belongs
to a convex compact set U ⊂ Rm. We make the following
assumption for the existence and uniqueness of the solutions.

Assumption 1. There exist a compact set Ω and constant
Lf > 0 such that, S(t) ⊂ Ω for each t ∈ [0, T ], and for
every x, x1, x2 ∈ Ω, we have

max
u∈U
|f(x, u)| ≤ Lf (1 + |x|)

|f(x1, u)− f(x2, u)| ≤ Lf |x1 − x2| ∀u ∈ U.

Assumption 2. The set-valued mapping S : [0, T ] ⇒ Rn

satisfies the following:
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• For every t ∈ [0, T ], S(t) is nonempty, closed and convex.
• S(·) is Lipschitz continuous w.r.t. the Hausdorff dis-

tance: there exists Ls ≥ 0 such that dH(S(t), S(s)) ≤
Ls|t − s| for t, s ∈ [0, T ] where dH(A,B) =
max{supx dist(x,A), supx dist(x,B)} is the Hausdorff
distance between sets A,B ⊂ Rn.

An optimal control problem for such a system, over a finite
interval [0, T ], can be formulated as

J∗(x0) = inf
u∈L∞([0,T ];Rm)

∫ T

0

L(x(t), u(t))dt (2)

s.t. ẋ(t) ∈ −NS(t)(x(t)) + f(x(t), u(t)),

x(0) = x0, u(t) ∈ U, ∀t ∈ [0, T ]

where L(x, u) is a continuous cost function in x, u. Further
assumptions on the cost function and the drift term, that are
necessary for our purposes, are formulated as follows:

Assumption 3. For each x ∈ Rn, the image set f(x, U)
is convex. The cost L(x, u) is convex in u for each x, and
satisfies the growth bound:

L(x, u) ≤ l(x)(1 + |u|2) ∀x ∈ Rn and u ∈ Rm (3)

where l is locally bounded and Borel-measurable.

In order to study the discrete-time version of (2), consider
a partition of [0, T ] = {0 = t0, t1, ...ti, ...tN = T} with tk −
tk−1 = τ being the time step between two samples. We use a
time-stepping-based algorithm to define the evolution of states
[1]. Let xτk resp. xτk+1 be the state at time kτ resp. (k+ 1)τ ,
and let uk be the control at time kτ . They are related by

xτk+1 = PSk
(τfk(x

τ
k, uk) + xτk) (4)

where PSk
is the (unique) projection onto the compact convex

set Sk := S(kτ).
The discrete-time optimal control problem can then be

written as

J∗
τ (x0) = inf

xτ
k∈Rn

uk∈Rm

N∑
k=0

τL(xτk, uk) (5)

s.t. xτk+1 = PSk
(τfk(x

τ
k, uk) + xk)

x(0) = x0, uk ∈ U, ∀k = 0, 1, . . . , N.

B. Contribution

The primary problem studied in this paper concerns the
continuous-time problem (2) and discrete-time problem (5)
for the nonsmooth system (1). In particular, we provide
an alternative formulation for these problems and study the
relation between them as the sampling time tends to zero. The
main contributions can be summarized as follows:
• We study the optimal control problem in both continuous-

time (2) and discrete-time (5) by formulating or relaxing
them to linear optimization problems in occupation mea-
sures.

• We prove that this relaxation introduces no gap, meaning
the value of the linear problem on measures matches the
value of the original optimal control problem.

• We analyze the convergence of the relaxed discrete-time
problem to the continuous-time problem using interpolation
schemes based on optimal transport.

• We propose numerical techniques for solving approximately
the infinite-dimensional linear programs using the moment-
SOS hierarchy, a family of finite-dimensional semidefinite
programs of increasing size.

A preliminary version of this work was presented in the
conference paper [21]. In this article, the theoretical framework
is developed in a more rigorous manner with complete proofs
and the results have been further generalized to accommodate
time-varying constraints. Additional contributions include the
analysis of the convergence of the value function, as well
as new sections on numerical methods and an illustrative
example. Due to space constraints, proofs of certain technical
statements have been included in the extended version [22].

C. Outline

The remainder of the paper is organized as follows: In
Section II, we discuss the relaxation of the continuous-time
optimal control problem, first using Young measures and then
using occupation measures. We also examine key aspects of
this relaxation process, such as the absence of a relaxation gap.
In Section III, we formulate the relaxation of the discrete-
time problem in the space of measures, ensuring that the
relaxation does not introduce any gap between the optimal
values of the problems. In Section IV, we analyze the con-
vergence of the relaxed discrete-time optimal control problem
to its continuous-time counterpart. Finally, in Section V, we
introduce relaxations based on semidefinite programming for
the relaxed discrete-time problem and illustrate the proposed
approach with an academic example.

D. Notation

Here we introduce the key mathematical symbols and defi-
nitions used throughout the paper. The Borel σ-algebra B(X)
of a topological space X is the smallest collection of sets that
can be formed by countable unions, intersections, and comple-
ments of open sets in X . We denote by M(X) the space of
signed Borel measures on X , which are mappings from B(X)
to R, satisfying µ(∅) = 0 and µ (

⋃∞
i=1Ai) =

∑∞
i=1 µ(Ai) for

every countable pairwise disjoint collection {Ai}. The space
of continuous functions from X to R, resp. Rn, is denoted
by C(X), resp. C(X;Rn). If X is compact, the dual space to
C(X) consists of all bounded linear functionals on C(X) and
it can be identified with the space of signed Borel measures
M(X). We use C+(X) and M+(X) to denote the sets
of nonnegative continuous functions and nonnegative Borel
measures on X , respectively. We further denote by Ck(X)
the space of k-times continuously differentiable functions on
X , by C0(X) the space of continuous functions that vanish
at infinity, and by Cb(X) the space of continuous bounded
functions.

The duality pairing between a measure µ ∈ M(X) and
a continuous function f ∈ C(X) corresponds to integration:
⟨µ, f⟩ =

∫
X
f dµ.
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For 1 ≤ p < ∞, the space of p-integrable functions with
respect to a measure µ on X is denoted by

Lp(X,µ) =

{
f : X → R |

∫
X

|f |p dµ <∞
}
.

When µ is the Lebesgue measure, we simply write Lp(X). For
p = ∞, L∞(X,µ) denotes the space of essentially bounded
functions.

We say that a sequence {fj}j∈N of functions in Lp(X)
converges weakly to a function f ∈ Lp(X), denoted fj ⇀ f ,
whenever

lim
j→∞

∫
X

fjg dµ =

∫
X

fg dµ for all g ∈ Lq(X),

where 1 ≤ p < ∞, 1
p + 1

q = 1 and Lq(X) is the dual space
to Lp(X). In dual spaces, weak-⋆ convergence is used, which
tests convergence against functions in the pre-dual space. For
example, we say that a sequence {fj} of functions in L∞(X)

converges weak-⋆ to a function f , denoted fj
∗
⇀ f , whenever

lim
j→∞

∫
X

fjg =

∫
X

fg for all g ∈ L1(X),

where we note that L1(X) is the pre-dual of L∞(X).
Similarly, we say that a sequence {µj} of measures in
M(X) converges weak-⋆ to a measure µ ∈ M(X), denoted
µj

∗
⇀ µ, whenever limj→∞

∫
X
f dµj =

∫
X
f dµ for all f ∈

C(X).Given a measurable function f : X → Y , the push-
forward of a measure µ is denoted f#µ and is defined by
(f#µ)(B) = µ(f−1(B)) for all B ∈ B(Y ). For comprehen-
sive treatment of related notions from functional analysis and
measure theory, see [23], [24].

II. RELAXED CONTINUOUS-TIME OPTIMAL CONTROL

In this section, our aim is to describe the relaxation of the
continuous time optimal control problem (2) in the space of
non-negative Borel measures. As a first step in this direction,
in Theorem 1, we study weak convergence of the sequence
of inputs (uj) using Young measures, and show that the
corresponding sequence of state trajectories (xj) is strongly
convergent. We then introduce the relaxation of problem (2)
using Young measures and demonstrate in Theorem 2 that this
does not alter the optimal value, i.e. there is no relaxation gap.
Then, we introduce occupation measures, which allow us to
further relax the optimal control problem so that the resulting
problem becomes linear with respect to the measures. Finally,
in Theorem 3, we prove that this last reformulation does not
introduce any relaxation gap.

A. Minimizing sequences and Young measures

Let us consider a minimizing sequence (xj(·), uj(·))j∈N
of control and state trajectories. By that, we mean that each
state trajectory xj(·) is a solution to (1) for the given control
uj(·), and the value of the problem (2) decreases when j
increases. Next we consider the control sequence of this
minimizing sequence to be weakly convergent and we study
the convergence properties of the sequence of associated state
trajectories.

Note however that the nonlinearity of the dynamics in (1)
does not preserve weak convergence. For a simple illustrating
example, consider a sequence of functions (gj)j∈N defined as
follows:

gj(t) =

j−1∑
i=0

1[ 2i2j ,
2i+1
2j ](t)− 1[ 2i+1

2j , 2i+2
2j ](t) (6)

where 1I(t) is equal to one if t ∈ I and zero otherwise.
Given p ∈ [1,∞), the sequence (gj)j∈N converges weakly
to zero in Lp([0, 1]), i.e. limj→∞

∫
ϕ(t)gj(t)dt = 0 for all

ϕ ∈ Lq([0, 1]), where q ∈ [1,∞) satisfies 1
p+

1
q = 1. But if we

consider a nonlinearity f(u) = |u|, then f(gj(t)) = 1 for all
j ∈ N. So, we observe that limj→∞ f(gj) ̸= f(limj→∞ gj) =
f(0) = 0. Rather, the oscillating behavior of the weakly
converging sequence can be captured by Young measures [25].

Definition 1 (Young measure). Let I = [0, T ] and X = Rn.
A Young measure on I with values in X is a mapping t 7→
νt ∈ P(X) such that for every ϕ ∈ Cb(X) the function

t 7−→
∫
X

ϕ(x) dνt(x)

is Borel measurable on I .

In the previous example, the sequence generates a family
of homogeneous (i.e. independent of t) Young measures ωt =
δ−1+δ1

2 which capture correctly the weak-⋆ convergence

lim
j→∞

∫ T

0

ϕ(t)f(gj(t))dt =

∫ T

0

∫
R
ϕ(t)f(u)dωt(u)dt

=

∫ T

0

∫
R
ϕ(t)|u|δ−1 + δ1

2
dt =

∫ T

0

ϕ(t)dt

where ϕ ∈ L1([0, T ]). Thus, we obtain the correct weak-
⋆ limit of the compositions, f(gj(·))

∗
⇀ 1. The next result

formalizes this mode of convergence: Young measures encode
the limits of compositions ψ

(
t, xj(t), uj(t)

)
when (xj , uj)

converge weakly and ψ is a Carathéodory integrand. A func-
tion ψ : [0, T ]×Rn×Rm → R is called Carathéodory if it is
measurable in t for each fixed (x, u), and continuous in (x, u)
for almost every t ∈ [0, T ].

Proposition 1 ( [25, Theorem 6.2]). Let (xj , uj)j∈N be a
sequence of measurable and equibounded functions, and let
ψ : [0, T ] × Rn × Rm → R be a Carathéodory function. For
every weakly convergent sequence (ψ(t, xj(t), uj(t)))j∈N in
L1([0, T ]), there exists a subsequence (without relabelling),
and a family of probability measures (νt)t∈[0,T ], such that

lim
j→∞

∫ T

0

ψ(t, xj(t), uj(t))dt =∫ T

0

∫
Rn×Rm

ψ(t, x, u)dνt(x, u)dt.

The above result can be understood as a statement about the
convergence properties of sequences of compositions of non-
linear functions, with Young measures encoding the limiting
behaviour. In this context:
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• The sequence (xj , uj)j∈N can be seen as generating a
sequence of Dirac measures (δ(xj ,uj))j∈N in the space
L∞([0, T ];M(Rn × Rm)). 1

• The weak-⋆ convergence of δ(xj ,uj) in this measure
space yields a Young measure (ωt)t∈[0,T ] which captures
the limiting behavior of (xj , uj) when tested against
functions in L1([0, T ]; C0(Rn × Rm)).

Young measures also help to establish strong convergence of
state trajectories for certain class of dynamical systems even
under weak convergence of control sequences. For example,
consider the following dynamical system:

ẋ(t) = |u(t)| (7)

with the sequence of inputs (uj)j∈N = (gj)j∈N where gj is
defined in (6) and x(0) = 0. The sequence converges weakly
to zero in Lp([0, T ]) for each p ∈ [1,∞), and in weak-⋆
sense for p = ∞. Thus, we might expect that, in the limit,
ẋ(t) = |u(t)| = 0 and hence x(t) = 0 for t ∈ [0, T ]. But
the sequence of solutions to (7), corresponding to uj , is given
by xj(t) = t which uniformly converges to x(t) = t. This
sort of convergence can be explained by the use of Young
measures, where we describe the limiting control by a measure
and system (7) with such inputs is interpreted as follows:

ẋ(t) =

∫
|u|dωt(u) =

∫
|u|δ−1 + δ1

2
= 1. (8)

The last equation clearly implies that x(t) = t. Note that
system (8) is a relaxation of system (7) in the sense that system
(8) corresponds to the particular choice of Young measure
dωt(u) = δu(t) in system (8). We therefore expect system (8)
to have a larger set of solutions than system (7).

We next show that, given a weakly convergent control
sequence (uj(·))j∈N, the corresponding sequence of state tra-
jectories (xj(·))j∈N is strongly convergent when interpreting
limiting controls in the sense of Young measure. Moreover,
each pair (xj(·), uj(·)) satisfies (1) and the limit trajectory
x(·) satisfies

ẋ(t) ∈ −NS(t)(x(t)) +

∫
U

f(x(t), u) dω(u|t). (9)

Theorem 1. Let (uj)j∈N be a weakly converging sequence, in
L∞([0, T ];Rm), which generates the limiting Young measure
dωt. Then, up to a subsequence, the sequence (xj)j∈N of
associated solution trajectories (1) converges uniformly to x
satisfying (9).

Proof. Let us consider the weakly converging sequence
(uj)j∈N with the Young measure ωt as the limit (in the sense
of Proposition 1) and associate with it a sequence of absolutely
continuous functions (xj)j∈N where each xj : [0, T ]→ Rn is
obtained as a solution to (1) by applying the control input uj ,
j ∈ N. We aim to prove that the sequence (xj)j∈N is uniformly

1The spaces L1([0, T ]; C0(Rn)) and L∞([0, T ];M(Rn)) form a dual
pair, with their duality relation given by

⟨ν, ϕ⟩ =
∫ T

0

∫
Rn

ϕ(t, x) νt(dx) dt,

for ν ∈ L∞([0, T ];M(Rn)) and ϕ ∈ L1([0, T ]; C0(Rn)).

xj x

xλxλj

Moreau
Yosida

Young measure

Moreau
Yosida

Fig. 2: Schematic diagram of the proof of Theorem 1.

convergent to x, where x is described by (9). The proof
consists of three steps: (1) approximation by regularization,
(2) convergence to Young measure, (3) uniform convergence
of the relaxed dynamics.

1) Approximation by regularization: We consider the Moreau-
Yosida regularization of the dynamics in (1)

ẋλj (t) = f(xλj (t), uj(t))−
1

λ
(xλj (t)− PS(t)(x

λ
j (t))).

(10)

For λ small enough, xλj (t) ∈ Ω2 and we borrow the
following inequalities from [26, Theorem 3.1]:

|xλj (t)| ≤ exp(2LfT )|xλj (0)|+ (exp(2LfT )− 1)
2Lf + Ls

2Lf
,

(11)

|ẋλj (t)| ≤ 2Lf + Lf |xλj (t)|+ Lf max
0≤s≤t

|xλj (s)|+ Ls

(12)

which establish the bounds on xλj (t) and ẋλj (t) are uniform
in j and λ. So, considering a sequence of xλj (·) for λ→ 0,
we can use the Arzelà-Ascoli theorem to conclude that the
sequence converges uniformly to xj(·) satisfying (1) with
u = uj(t).

2) Convergence to Young measure: Now we address the
convergence of sequence xλj (·) → xλ(·) as j → ∞.
Using the bounds in (11), we conclude that the sequences
xλj (·), ẋλj (·) are uniformly bounded in j. So, using the
Arzelà-Ascoli theorem, we conclude that xλj converges
uniformly (up to a subsequence) to some xλ. To charac-
terize the limit xλ(t), we use Proposition 1 to infer that
the sequence {xλj (·), uj(·)} generates a Young measure
νλ(·, ·|t) ∈ P(Rn × U) such that

ẋλ(t) =

∫
Rn×U

[
− 1

λ
(x− PS(t)(x))+

f(x, u)
]
dνλ(x, u|t). (13)

2In Assumption 1, the set Ω can be chosen such that xλ
j (t) ∈ Ω holds for

small enough λ and all t ∈ [0, T ].
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In order to show that the trajectories xλj (t) converge
pointwise to xλ(t) at each time t, we consider

|xλ(t)− xλj (t)| =
∣∣∣x0

+

∫ t

0

∫
Rn×U

[
f(x, u)− 1

λ
(x− PS(t)(x))

]
dνλ(x, u|s)ds

−x0−
[ ∫ t

0

f(xλj (t), uj(t))−
1

λ
(xλj (t)−PS(t)(x

λ
j (t)))

]∣∣∣
where we have used the fact that xλj (0) = xλ(0) = x0.
The pointwise convergence ẋλj (t) to ẋλ(t), implied by
Proposition 1, and it being integrable allow us to use the
dominated convergence theorem to conclude that |xλj (t)−
xλ(t)| → 0 pointwise in t as j → ∞. Moreover, since
we have pointwise convergence of the whole sequence and
uniform convergence up to a subsequence, we can conclude
that each subsequence converges uniformly to the same
limit xλ(t). The Young measure νλt can thus be written
as νλ(dx, du|t) = δxλ(t)(dx)ω(du|t) [25, Theorem 6.2].
Consequently, the dynamics in (13) reduces to

ẋλ(t) = − 1

λ
(xλ(t)− PS(t)(x

λ(t)))

+

∫
U

f(xλ(t), u)dω(u|t). (14)

3) Uniform convergence of the relaxed dynamics: Next, we
consider the convergence of the sequence xλ(t) → x(t)
as λ→ 0. We note that the term

∫
U
f(xλ(t), u)dω(u|t) in

(14) is Lipschitz and it satisfies the linear growth condition.
Thus, the dynamics in (14) satisfies bounds similar to
(11) which ensure uniform convergence of xλ(t) → x(t)
using the Arzelà-Ascoli theorem. Using arguments similar
to those in [26, Lemma 3.4], we conclude that the limit
trajectory x(·) satisfies (9).
Thus we have the following inequality

∥xj(·)− x(·)∥ ≤
∥∥xj(·)− xλj (·)∥∥+∥∥xλj (·)− xλ(·)∥∥+

∥∥xλ(·)− x(·)∥∥
and we have already established uniform convergence for
all the three terms on the right-hand side of the inequality.
By applying the ϵ/3 argument, we establish that xj(·)
converges uniformly to x(·), where x(·) is the solution of
system (9).

B. Relaxation with Young measures

In the previous section, the formalism of Young measures
was introduced to describe the selection of optimal control
inputs. The dynamical system (1) also contains a multi-valued
mapping for which we need to consider a selection rule. Fol-
lowing [27, Section 3], we make a selection from NS(t)(x) by
choosing a probability measure η(·|t, x(t)) ∈ P(NS(t)(x(t))).
Then, (1) can be expressed as

ẋ(t) = −
∫
NS(t)(x(t))

ζdη(ζ|t, x(t)) + f(x(t), u(t))

=: g(x(t), u(t)) s.t. x(0) = x0. (15)

Let (xj(·), uj(·))j∈N be a minimizing sequence of state
and controls of the problem defined in (2) such that
limj→∞

∫
L(xj(t), uj(t))dt→ J∗(x0). Under Assumption 3,

the function L(x, u) is upper bounded by |u|2 and the uniform
boundedness of uj(·) implies that (L(xj(·), uj(·)))j∈N is
uniformly integrable. Thus using Proposition 1, we get

lim
j→∞

∫ T

0

L(xj(t), uj(t))dt =
∫ T

0

∫
Rn×U

L(x, u)dνt(x, u)dt.

Following the results stated in Theorem 1 and [25, Theorem
6.2], νt can be written as νt = δx(t)ωt. Thus,

lim
j→∞

∫ T

0

L(xj(t), uj(t))dt =
∫ T

0

∫
U

L(x(t), u)dω(u|t)dt.

Using this relaxation of the cost function and Theorem 1,
the optimal control problem defined in (2) can be relaxed as
follows

J∗
r (x0) := inf

x(·), ω(·|·)

∫ T

0

∫
U

L(x(t), u) dω(u|t) dt (16)

subject to,

ẋ(t) =

∫
U

f(x(t), u) dω(u|t)−
∫
NS(t)(x(t))

ζ dη(ζ|t, x(t)),

(17)
x(0) = x0,

η(·|t, x(t)) ∈ P(NS(t)(x(t))), ω(·|t) ∈ P(U), ∀t ∈ [0, T ].

For this relaxed optimal control problem, our next result shows
that this relaxation does not introduce any gap in the optimal
value.

Theorem 2. The optimal value J∗(x0) of optimal control
problem (2) and the optimal value J∗

r (x0) of Young’s measure
relaxed optimal control problem (16) are equal.

Proof. (Proof of J∗
r (x0) ≤ J∗(x0)): We observe that if

(x(·), u(·)) is feasible for (2), then it is feasible for (17). So
if we consider an optimal solution (x∗(·), u∗(·)) of (2) then
(x∗(·), δu∗(·)) is feasible for (17), so

J∗(x0) =

∫ T

0

L(x∗(t), u∗(t))dt

=

∫ T

0

L(x∗(t), u)δu∗(·)dt ≥ J∗
r (x0)

where for the inequality we have used the fact that
(x∗(·), δu∗(·)) is a feasible solution to (16).

(Proof of J∗(x0) ≤ J∗
r (x0)): Since we know that L(·, u) is

a convex function in u (based on Assumption 3), we can use
Jensen’s inequality to obtain

J∗
r (x0) =

∫ T

0

∫
U

L(x(t), u)dω(u|t)dt ≥
∫ T

0

L(x(t), u(t))dt.

Now we invoke Assumption 3 which ensures that g(x,U)
is convex, so

∫
g(x(t), u)dω(u|t) ∈ g(x(t), U). There ex-

ists a measurable selection u(t) ∈ U such that ẋ(t) =
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g(x(t), u(t)) =
∫
g(x(t), u)dω(u|t) [28, Theorem 8.1.3]. The

pair (x(·), u(·)) thus obtained is feasible for (2). So, we get

J∗
r (x0) =

∫ T

0

∫
U

L(x(t), u)dω(u|t)dt

≥
∫ T

0

L(x(t), u(t))dt ≥ J∗(x0).

The problem (16)–(17) above is still nonlinear in x(·), and
in the next subsection, we use occupation measures which
will lead us to a linear program in the space of non-negative
Borel measures. To establish this, we make a passage from
the Young measure to occupation measures by embedding the
Young measure in the space of linear functionals.

C. Occupation measures

Each triplet (x(t), η(·|t, x(t)), ω(·|t)) for t ∈ [0, T ] which
satisfy (17) can be associated with a pair of measures (µ̂, ξ) ∈
(M(B×U),M(S(T ))) whereM(B×U) denotes the space
of Borel measures on B× U for

B :=
{
(t, x, ζ) | t ∈ [0, T ], x ∈ Ω ⊂ Rn, ζ ∈ NS(t)(x)

}
,

(18)
and Ω ⊃

⋃
t∈[0,T ] S(t). Let the pair (µ̂, ξ) satisfy the following

relation

⟨µ̂, h⟩+ ⟨ξ, g⟩ =
∫ T

0

∫
U

h(t, x(t), u)dω(u|t)dt+ g(T, x(T ))

(19)
for all h ∈ C([0, T ]×Ω×U) and g ∈ C(S(T )). Let us define

R :=


(µ̂, ξ) ∈M+(B× U)×M+(S(T ))

∣∣∣(19) holds for

some ω(·|t) ∈ P(U) and x(·),
with x(·) satisfying (17) for the sameω(·|t)
for some η(·|t, x(t)) ∈ P(NS(x(t))) ∀t ∈ [0, T ].


(20)

The set R provides an embedding of the triplet
(x(t), η(·|t, x(t)), ω(·|t)) for t ∈ [0, T ] into the space
of measuresM(B×U)×M(S(T )). A canonical embedding
is given by

dµ̂(t, x, ζ, u) = dt δx(t)(dx) ν(dζ, du | t, x(t)), ξ := δx(T ),

with ν(· | t, x(t)) ∈ P
(
NS(t)(x(t)) × U

)
, whose conditional

marginals satisfy πζ#ν = η and πu#ν = ω. Specifically,
using (19), we derive the following bound on the norm of µ̂:

∥µ̂∥ = sup
∥h∥∞≤1

∣∣∣ ∫ T

0

∫
U

h(t, x(t), u)dω(u|t)dt
∣∣∣

≤
∫ T

0

∥ω∥TV dt ≤ T

where ∥ω∥TV is the total variation norm of ω(·|t) ∈ P(U)
(see [23] for the definition of total variation norm). Similarly,
ξ satisfies the following bound:

∥ξ∥ = sup
∥g∥∞≤1

|⟨ξ, g⟩| = sup
∥g∥∞≤1

|g(T, x(T ))| ≤ 1

and thus any pair (µ̂, ξ) ∈ R satisfies:

∥µ̂∥ ≤ T ; ∥ξ∥ ≤ 1; µ̂, ξ ≥ 0. (21)

Because the pair (µ̂, ξ) satisfy (9) and (19), and both rela-
tions depend nonlinearly on the state trajectory x(·), convex
combinations of admissible triplets need not be admissible;
hence the set R in (20) is not convex.

We observe that for every triplet (x(t), η(·|t, x(t)), ω(·|t))
satisfying Young measure relaxed dynamics (17), the as-
sociated measure dµ(t, x, ζ, u) = dtδx(t)dω(u|t)dη(ζ|x(t))
satisfies the following equation for every ϕ ∈ C1([0, T ]×Ω):∫

[0,T ]×S(t)

∫
NS(t)(x)

∫
U

[
∂tϕ(t, x)dµ(t, x, ζ, u)

+ ∂xϕ(t, x) · (−ζ + f(x, u))dµ(t, x, ζ, u)
]

=

∫
S(T )

ϕ(T, x)dµT (x)− ϕ(0, x0). (22)

where µ ∈ M(B × U), µT ∈ M(S(T )). Equation (22)
is called continuity equation or Liouville equation and the
equation obtained is linear in (µ, µT ).

Next, we characterize all possible solutions to (22). Fix a
constant Cη > 0 such that every admissible triplet (x(t), η(· |
t, x(t)), ω(· | t)) that satisfies the dynamics (17) also satisfies∫ T

0

∫
NS(t)(x(t))×U

|ζ|dη(ζ, u|t, x(t)) dt ≤ Cη (the constant
can be derived from the fact that ẋ(·) has uniform norm bound
and the fact that we have

∫
U
f(x(t), u)dω(u|t) is bounded

uniformly from Assumption 1). Consider the set of pairs of
measures (µ, µT ) such that

O :=
{
(µ, µT ) ∈M+(B× U)×M+(S(T ))

∣∣
µ, µT ≥ 0, ∥µ∥ ≤ T, ∥µT ∥ ≤ 1,

(22) holds,
∫
B×U

|ζ|dµ ≤ Cη

}
. (23)

Since the measure dµ(t, x, ζ, u) = dtδx(t)dν(ζ, u|t, x(t)) with
πζ#ν = η and πu#ν = ω, satisfies the continuity equation
(22) and the uniform first order moment bound on η, this
establishes the inclusion R ⊂ O. Subsequently, we show that
the set O is convex and weak-⋆ compact. The convexity of
set O follows from the linearity of the governing equation in
(µ, µT ).

Lemma 1. The set O defined in (23) is weak-⋆ sequentially
compact.

The proof can be found in Appendix A.

D. Relaxation with occupation measures

In the following subsection, we present an occupation
measure-based reformulation of the problem (2). We note
that any occupation measure satisfying (22) can be dis-
integrated as dµ(t, x, ζ, u) = dt dµ(x|t) dν(ζ, u|t, x) with
ν ∈ P(NS(t)(x) × U) has conditional marginals πζ#ν =
η, πu#ν = ω. Using this occupation measure framework, the
problem in (2) can be reformulated as follows:

J∗
o (x0) = inf

µ, µT

∫
B×U

L(x, u) dµ(t, x, ζ, u) (24a)
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subject to

∂tµ(t, x, ζ, u) +∇x · [(−ζ + f(x, u))µ(t, x, ζ, u)] =

δT ⊗ µT − δ0 ⊗ δx0
,

µ ∈M+(B× U), µT ∈M+(S(T )),

(24b)

where ∇x· is the divergence operator, and the dynamics
constraint in (24), has to be interpreted in the weak form,
as in (22), i.e., when integrated against test functions ϕ ∈
C1([0, T ]×Ω). Note that the search for the minimizer (µ, µT )
in the above program is over the set O, defined in (23),
which is weak-⋆ compact. Further, the cost function is weak-⋆
continuous (which can be checked using the fact that L(·, ·)
is continuous), so the existence of a minimizer follows from
the direct method of calculus of variations. Before stating the
main no-relaxation-gap theorem, we record a lemma used in
the proof of Theorem 3.

Lemma 2. Consider the sets R and O given in (20) and (23),
respectively, and let (µ, µT ) ∈ O be a feasible occupation
measure pair satisfying (22). Then there exists a probability
measure θ ∈ P(R) such that∫

B×U

L(x, u) dµ =

∫
R

[∫
B×U

L(x, u) dµ̂
]
dθ(µ̂)

for every L : Rn × U → R satisfying Assumption 3.

The proof of this lemma is given in the Appendix B.

Theorem 3. For a fixed initial condition x0, the optimal
value J∗

o (x0) of occupation measure relaxed optimal control
problem (24) and the optimal value J∗

r (x0) of Young’s measure
relaxed optimal control problem (16) are equal, i.e., there is
no relaxation gap when relaxing to occupation measures.

Proof. One direction of the inequality, namely J∗
o (x0) ≤

J∗
r (x0), holds trivially since the admissible set R for (16)

is a subset of O which is an admissible set of (24).
Next, we show that there exists µ̂ such that the objective

function value in both problems are equal. We consider an
optimal pair (µ, µT ) ∈ O that solves (24). By applying the
superposition principle as stated in Lemma 2, we can represent
the objective value of (24) as∫

B×U

L(x, u) dµ =

∫
R

[∫
B×U

L(x, u) dµ̂
]
dθ(µ̂), (25)

where (µ̂, δx(T )) ∈ R and θ ∈ P(R) is a probability measure
over admissible relaxed trajectories.

If it were the case that
∫
L(x, u) dµ̂ >

∫
L(x, u) dµ for

all µ̂ in the support of θ, then the right-hand side of (25)
would be strictly greater than the left-hand side, leading to a
contradiction. Therefore, there must exist some µ̂ ∈ R such
that ∫

B×U

L(x, u) dµ̂ =

∫
B×U

L(x, u) dµ,

which implies that the optimal values of both problems are
equal.

The generalization of problem (24) to account for an initial
measure other than a Dirac distribution concentrated at a point
x0 is straightforward. Specifically, when the initial condition

is described by µ0 ∈ P(S(0)), the objective and the dynamics
in (24) are integrated with respect to µ0. To generalize the
solution of (24), which depends on a fixed initial condition
x0, we introduce average occupation measures by integrating
over an initial distribution µ0. Let us define the set

C :=
{
(t, ζ, x, u) | t ∈ [0, T ], x ∈ S(t),

ζ ∈ NS(t)(x), u ∈ U
}
.

We then define the average occupation measure µ̄ ∈ P(C) as

µ̄(A) =

∫
S(0)

µ(A | x0) dµ0(x0), (26)

for all measurable sets A ⊆ C, where µ(· | x0) ∈ P(C) is the
occupation measure associated with the initial condition x0.
Similarly, the averaged terminal measure µ̄T is defined as

µ̄T (B) =

∫
S(0)

µT (B | x0) dµ0(x0), (27)

for all measurable sets B ⊆ S(T ).
Since (24) corresponds to the special case of a Dirac initial

condition µ0 = δx0
, we will use the same notation, µ and

µT , to denote the occupation and terminal measures averaged
over the initial distribution µ0. With this notation, the optimal
control problem of a nonsmooth dynamical system becomes
the following linear program:

J∗
o [µ0] = inf

µ, µT

∫
L(x, u) dµ(t, x, ζ, u)

s.t. ∂tµ(t, x, ζ, u) +∇x · [(ζ + f(x, u))µ(t, x, ζ, u)]

= δT ⊗ µT − δ0 ⊗ µ0

µ ∈M+(B× U), µT ∈M+(S(T )) (28)

where we recall B from (18).
The dual program to (28) is described as follows:

D∗[µ0] = sup
v

∫
S(0)

v(0, x)dµ0(x)

s.t. L+
∂v

∂t
+

n∑
i=1

∂v

∂xi
(−ζ + f)i ∈ C+(B× U)

v(T, ·) ∈ C+(S(T )). (29)

Using the arguments in [29, Theorem 7.2, Chapter 4], it can
be shown that strong duality holds between (28) and (29), that
is, J∗

o [µ0] = D∗[µ0].

III. RELAXED DISCRETE-TIME OPTIMAL CONTROL

In this section, we relax the discrete-time optimal control
problem (5) with dynamics (4) to the space of measures. We
begin with the case where the constraint set varies with time.
For this setting, we formulate an equivalent linear program
over measures, given in (38), that captures the evolution of
the state distribution across time steps. We then specialize
our construction to the static-set case. Under the assumption
that S is time-independent, we derive in Lemma 3 a discrete-
time counterpart of the continuity equation in (43). Theorem 4
then establishes that for any solution of (43), there exists a
stochastic kernel whose propagation through (4) generates the
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corresponding sequence of state distributions. Together, these
results enable a reformulation of the optimal control problem
with a static constraint set, see (45), as a linear program in
the space of measures in which the only unknowns are the
occupation measure µτ and the terminal measure µτ

T (with
τ > 0 the time step), in contrast to (38), which introduces a
distinct measure variable for each time instant.

We consider the uniform partition of the time interval [0, T ]

{0 = t0, t1, . . . , tN = T}, tk = kτ, N = T/τ ∈ N.
(30)

We know from (4) that the states at successive time instants
kτ and (k + 1)τ are related as

xτk+1 = PSk+1
◦ (τf(xτk, uτk) + xk) := Gτ

k(xk, uk) (31)

where PSk
is as before the projection mapping on the compact

convex set Sk := S(tk). To relax the problem in (5) to the
space of measures we will rely on probabilistic arguments
since we are modeling the initial condition and the control as
random variables [16]. For a fixed value of τ , we define the
measures {µ̃τ

k}k∈N, such that µ̃τ
k ∈ P(Sk), at time instants tk

which are a result of recursive evolution of measures through
dynamics (31). We introduce a time-varying stochastic kernel,
also called Markov control policy, ωτ

k(u|x) ∈ P(U), which
is the probability measure on controls u at time instant k
conditioned over the state x. Using this stochastic kernel we
define a transition kernel which is the probability measure of
states at time kτ given the state was at xk−1 at time (k−1)τ :

Qτ
ω(A|xk−1, k − 1) ≜

∫
U

IA(Gτ
k−1(xk−1, u))dω

τ
k−1(u|xk−1)

(32)

where, IA denotes the indicator function on set A ⊂ Sk.
Kernel Qτ

ω(·|·, ·) captures the effect of feedback ωτ
k(·|·) at

each time step. Now, given µ̃τ
0 is the measure at time 0, we can

compute the measure at the next time step, µ̃τ
1 , as its successor.

This is given by:

µ̃τ
1(A) =

∫
S0

∫
U

IA(Gτ
0(x, u))dω

τ
0 (u|x)dµ̃τ

0(x) (33)

where A ⊂ S1. We can recursively compute the measures at
time k using the following equation:

µ̃τ
k(A) =

∫
Sk−1

∫
U

IA(Gτ
k−1(x, u))dω

τ
k−1(u|x)dµ̃τ

k−1(x).

(34)

Next, we identify a measure µτ
k ∈ P(Sk, U)

µτ
k(dx, du) := ωτ

k(du|x)µ̃τ
k(dx) (35)

at each time instant. We also note that µ̃τ
k is the push-forward

of µτ
k−1 through Gτ

k. Therefore, the following relationships
hold:

xτk
Gτ

k−1←−−− (xτk−1, u
τ
k−1), (36)

µ̃τ
k(dx)

Gτ
k−1#←−−−− µτ

k−1(dx, du). (37)

Let πx be a projection mapping such that πx : Rn×U → Rn.
Using (37), we have the following linear program in the space
of Borel measures for (5):

J∗τ [µ0] = inf
µτ
k

N∑
k=1

τ

∫
Sk×U

L(x, u)dµτ
k(x, u) (38)

s.t. πx#µ
τ
k =

[
PSk
◦ (τf(·, ·) + πx)

]
#
µτ
k−1, (39)

µτ
k ∈ P(Sk × U), ∀ k = 1, .., N.

The dual problem to the above can be derived as follows:

J∗τ
d [µ0] = max

Vi(·)

∫
S0

V0(x)dµ0(x)

s.t. Vi ≤ τL+ Vi+1(G
τ
k(x, u)) for i = 0, ., ., N − 1,

VN = 0 on SN

(40)
where, Vi ∈ Cb(Rn). Following the techniques used in [29,
Theorem 7.2, Chapter 4], it can be shown that, for a given
µ0 ∈ P(S0), there is no duality gap between (38) and (40),
i.e., J∗τ

d [µ0] = J∗τ [µ0].
Next, we introduce a discrete-time continuity equation,

which has a similar structure to (22), but applies when the set
is static, i.e., S(t) = S. In this case, the update rule becomes

Gτ (xk, uk) := PS ◦ (τf(xk, uk) + xk). (41)

We will later highlight that considering this specific case
separately can be numerically advantageous, especially when
the set defining the normal cone constraint remains static. For
the following discussion, we define discrete-time occupation
measure µτ ∈ M+(S × U) satisfying the following relation-
ship

∫
A×B

ϕ(x, u)dµτ (x, u) :=

N−1∑
k=0

∫
A×B

ϕ(x, u)dµτ
k(x, u)

(42)

for all ϕ(x, u) bounded measurable function and A ⊂ S, B ⊂
U . This measure captures the time spent by all possible
trajectories in some subset of state space and admissible
control values.

Lemma 3. Let ωτ
k(·|·) ∈ P(U) be a stochastic kernel and

µτ
k, µ

τ be as defined in (35), (42). Let µ̃τ
0 , µ̃τ

T be such that
x0 ∼ µ̃τ

0 and xN ∼ µ̃τ
T respectively. Then, µτ , µ̃τ

0 , µ̃
τ
T satisfy

the discrete-time continuity equation,

∫
S×U

v(x)dµτ (x, u) +

∫
S

v(x)dµ̃τ
T (x)

=

∫
S×U

v(Gτ (x, u))dµτ (x, u) +

∫
S

v(x)dµ̃τ
0(x) (43)

for all v(·) : Rn → R bounded, Borel-measurable functions
and Gτ defined in (41).
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Proof. Let v(x) be some bounded measurable function, then
using (42) and (35),

∫
S×U

v(x)dµτ (x, u) =

N−1∑
k=0

∫
S×U

v(x)dµτ
k(x, u)

=

N−1∑
k=0

∫
S×U

v(x)dωτ
k(u|x)dµ̃τ

k(x) =

N−1∑
k=0

∫
S

v(x)dµ̃τ
k(x)

=

N−1∑
k=0

∫
S

v(x) dGτ
#µ

τ
k−1(x, u)

where in the third and fourth equality we have used the fact
that ωτ

k(·|x) ∈ P(U) and (37) respectively. Now using the
change of variables formula for push-forward measures we
get,∫

S×U

v(x)dµτ (x, u) =

N−1∑
k=0

∫
S×U

v(Gτ (x, u))dµτ
k(x, u)

+

∫
S

v(x)dµ̃τ
0(x)−

∫
S

v(x)dµ̃τ
T (x).

Next, we prove that for any solution of (43), we have a
stochastic kernel such that if we propagate this stochastic
kernel through (31), we obtain a sequence of measures defining
the probability of state at each time instant.

Theorem 4. Let µ̃τ
0 , µ̃

τ
T , µ

τ be the measures which satisfy
discrete-time continuity equation (43). Then there exists a
stochastic kernel ωτ

k(·|x) ∈ P(U) at each time kτ which de-
fines the evolution of measure µ̃τ

0 through (34) to µ̃τ
T ∈ P(S)m

and µτ ∈ M+(S × U) is the corresponding discrete-time
occupation measure satisfying (42).

Proof. Let us consider nonnegative measurable functions pk ∈
L1(µτ ) such that

N−1∑
k=0

pk(x, u) = 1 (µτ -a.s.),
∫
S×U

pk(x, u)dµ
τ (x, u) = 1,

∀ k = 0, . . . , N − 1.

Define µτ
k := pkµ

τ . Then, for any measurable A ⊂ S and
B ⊂ U ,

∫
S×U

IA×B(x, u) dµ
τ (x, u) =∫

S×U

IA×B(x, u)

N−1∑
k=0

pk(x, u) dµ
τ (x, u) =

N−1∑
k=0

∫
S×U

IA×B(x, u)dµ
τ
k(x, u)

where in the last equality we have used the definition of
µτ
k. The set of such {pk}k is nonempty as pk = 1

N for
k = 0, . . . , N − 1 is a feasible point. Using [30, Corollary

10.4.13], each µτ
k can be disintegrated as µτ

k(dx, du) =
ωτ
k(du|x)µ̃τ

k(dx), then (43) becomes∫
S×U

IA(x)dµτ (x, u) + µ̃τ
T (A)

=

N−1∑
k=0

∫
S×U

IA(Gτ (x, u))dωτ
k(u|x)dµ̃τ

k(x) + µ̃τ
0(A). (44)

Using ωτ
k as the time-varying stochastic kernel we can define

Qτ
ω(A|xk, k) using (32). Thus (44) can be equivalently written

as,

µτ (A,U) + µ̃τ
T (A) =

N−1∑
k=0

∫
S

Qτ
ω(A|xk, k)dµ̃τ

k(xk) + µ̃τ
0(A).

So, µτ (A,U) =
∑N

k=0 µ̃
τ
k(A)− µ̃τ

T (A) =
∑N−1

k=0 µ̃
τ
k(A).

Using Lemma 3 and Theorem 4, we define the following
linear program in the cone of non-negative Borel measures,

J∗τ [µ0] = inf
µτ , µ̃τ

T

∫
L(x, u)dµτ (x, u)

s.t. πx#µ
τ + µ̃τ

T =
[
PS ◦ (τf(·, ·) + πx)

]
#
µτ + µ̃τ

0 ,

µτ ∈ P(S × U), µ̃τ
T ∈ P(S).

(45)
Here, the dynamics constraint in (45) is interpreted in weak
sense, as in (43). As we observe in the above program, we
only solve for µτ and µ̃τ

T , which are the aggregated occupation
measure and the terminal measure respectively. The derivation
in the proof of Lemma 3 requires the push-forward map Gτ to
be time-invariant. For the case with time-varying set as (5), we
cannot derive an equation analogous to (43) rather we directly
use the relations defined in (36) to obtain (39).

IV. CONVERGENCE OF THE DISCRETE-TIME OPTIMAL
CONTROL PROBLEM TO THE CONTINUOUS TIME PROBLEM

Having defined the relaxation for the continuous-time prob-
lem in (28) and the discrete-time problem in (38), in this
section, we study the convergence J∗τ τ→0−−−→ J∗

o , where J∗τ

and J∗
o are defined in (38) and (28) respectively, and τ is the

time step. There are three main ingredients of this convergence
problem: (1) Construction of suitable interpolations for the
admissible solutions to (38), (2) Limiting behavior of the
interpolated curves as τ → 0, and (3) Convergence of the
optimal value J∗τ of (38) towards the optimal value J∗

o of
(28) as τ → 0. Before addressing each of these steps, we
present some important technical definitions and tools that will
be used in the various parts of the proof.

A. Wasserstein space

We will denote P2(Rn) as the space of measures with finite
second order moment. In such measure spaces, Wasserstein
metric is commonly used to evaluate the distance between
two measures. It is defined as

W2(µ, ν) := min
θ∈Θ(µ,ν)

(∫
Rn×Rn

|x− y|2dθ(x, y)
)1/2
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where Θ(µ, ν) is the set of joint probability measures on Rn×
Rn with given marginals µ and ν, or in other words θ ∈
Θ(µ, ν) satisfies θ(A,Rn) = µ(A) and θ(Rn, A) = ν(A),
for every measurable A ⊂ Rn. We refer to (P2(Rn),W2)
as the (2-)Wasserstein space; it is a geodesic metric space,
so for any µ0, µ1 ∈ P2(Rn), there exists a constant-speed
geodesic (µt)t∈[0,1] with W2(µs, µt) = |t − s|W2(µ0, µ1).
Every such geodesic is absolutely continuous and solves the
continuity equation ∂tµt +∇ · (vtµt) = 0 with ∥vt∥L2(µt) =
|µ′|(t) = W2(µ0, µ1) a.e. t, for a (minimal-norm) velocity
field vt ∈ L2(µt;Rn) (see [31, Theorem 8.3.1]).

B. Interpolated curves

Consider the partition of the time interval [0, T ] introduced
in (30). Recall from (37) and (34) that µ̃τ

k is the image measure
of µτ

k−1 under the push-forward map PSk
◦
(
τf(·, ·) + idx

)
.

Equivalently, for every Borel set A ⊂ Rn,

µ̃τ
k(A) =

∫
A,U

[
PSk
◦
(
τf(y, u) + πx

)]
#
dµτ

k−1(y, u).

Using the disintegration of µτ
k−1 from (35), we obtain:

µ̃τ
k =

[
PSk
◦
(
τ

∫
U

f(·, u) dw̃(u | kτ, ·) + πx(·)
)]

#
µ̃τ
k−1.

In the following, we denote:

Gτ
k(x) := PSk

(
τ

∫
U

f(x, u) dw̃(u | kτ, x) + x
)
.

Thus, at each time kτ for k ∈ {0, 1, .., ⌈Tτ ⌉}, we have:

µ̃τ
k+1 = Gτ

k#µ̃
τ
k, (46)

vτk+1 =
Gτ

k(x)− x
τ

. (47)

Given the discrete sequence {µτ
k}

⌈T/τ⌉
k=0 , we associate two

interpolations that will be crucial in the convergence analysis.
(1) McCann (constant speed) interpolation: Let us define a

constant speed geodesic interpolated curve µ̃τ
t as

µ̃τ
t := (tx+ (1− t)y)#θ(dx,dy) for t ∈ (kτ, (k + 1)τ ]

(48)

such that θ is the optimal transport plan between µ̃τ
k+1 and

µ̃τ
k. The velocity at time t is defined as

ṽτt := vτk+1 ◦ (Gτ
t )

−1(x) for t ∈ (kτ, (k + 1)τ ].

One important characterization of these curves [32, Chapter
5] is that,

||ṽτt ||L2(µ̃τ
t )

=
W2(µ̃

τ
k, µ̃

τ
k+1)

τ
= |(µ̃τ )′|(t)

for all t ∈ (kτ, (k + 1)τ ]. (49)

This interpolated curve satisfies the continuity equation

∂tµ̃
τ
t +∇ · (Ẽτ

t ) = 0

where (Ẽτ
t ) := ṽτt µ̃

τ
t .

(2) Piecewise constant interpolation curves such that

µ̂τ
t = µ̃τ

k+1, for t ∈ (kτ, (k + 1)τ ] (50)

and velocity v̂τt = vτk+1 for t ∈ (kτ, (k + 1)τ ].
We also define the corresponding momentum vector Êt :=
v̂τt µ̂t.

In what follows, we will use the following notation

gτ (kτ, x) =

∫
U

f(x, u) dωτ (u|kτ, x). (51)

Remark 1. Two interpolations are used for distinct but com-
plementary purposes. The convergence of the curve µτ

t ensures
convergence to the limit µt, which solves the continuity
equation. On the other hand, the convergence of velocities of
the piecewise constant interpolated curve µ̂τ

t ensures that the
limiting velocity field of the continuity equation satisfies

vt(x) ∈ −NS(t)(x) +

∫
U

f(x, u) dω(u | t, x).

C. Convergence of dynamics constraint

Next, we will show that for t ∈ [0, T ], the interpolated
trajectories µτ

t and µ̂τ
t converge to µt which is the absolutely

continuous solution to the continuity equation

∂tµt +∇ · (vtµt) = 0 (52)

with vector field vt : Rn → Rn defined in (9).

Theorem 5. For system (1) and measure µ0 ∈ P(S(0)), sup-
pose that Assumptions 1 and 3 hold. For t ∈ [0, T ], the curves
{µ̃τ

t }t, {µ̂τ
t }t defined in (48) and (50), respectively, converge

uniformly, with respect to the W2 metric, to {µt}t ∈ P(S(t))
which satisfies (52). The momentum vectors Ẽτ

t = vτt µ̃
τ
t and

Êτ
t = v̂τt µ̂

τ
t also weak-⋆ converge to Et = vtµt where,

vt(x) ∈ −NS(t)(x) +
∫
U
f(x, u)dω(u|t, x).

Proof. The proof is divided in four parts: (1) Proof of con-
vergence of µ̃τ

t → µt and µ̂τ
t → µt; (2) Proof of convergence

of Ẽτ
t and Êτ

t to Et; (3) Proof of absolute continuity of Et

w.r.t. µt such that Et = vtµt; (4) Proof of convergence of v̂τt
to vt such that vt ∈ −NS(t)(x) +

∫
U
f(x, u)dω(u|t, x).

In order to prove the first part, we need the following
lemma; its proof can be found in [27, Lemma 2]. Let Cmax :=
supΩ ∥xk∥. By [1, Section 5], Cmax < ∞; it depends on the
system data and the initial state x0, and is independent of time
instants k.

Lemma 4. Consider the definitions of µ̃τ
k and µ̃τ

k+1 as given
in (46). Then, the following inequality holds:

W2(µ̃
τ
k, µ̃

τ
k+1) ≤ τ(LfCmax + Ls) (53)

where Lf is defined in Assumption 1, and Ls is defined in
Assumption 2.

(1) Proof of convergence of µ̃τ
t → µt and µ̂τ

t → µt: Using
Lemma 4, we can derive the following bound (see [27] for
details),

W2(µ̃
τ
t , µ̃

τ
s ) ≤ (t− s)1/2(LfCmax + Ls)T

1/2 ∀s, t ∈ [0, T ].
(54)
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The same estimate holds for the curve µ̂t; specifically;
W2(µ̂

τ
t , µ̂

τ
s ) has the same bound as (54). Thus, the curves µ̂τ

t ,
and µ̃τ

t are 1
2−Hölder continuous. Using the Arzelà-Ascoli

theorem, we conclude that there exists a subsequence {τj}j
for which µ̃τj

t → µ̃t uniformly in W2 space and the limit curve
µ̃t is absolutely continuous. Same conclusion holds for curves
µ̂τ
t i.e., µ̂τj

t → µ̂t.
Moreover, observe that the curve µ̂τ

t coincides
with µ̃τ

t at times kτ and is constant on the interval
(kτ, (k + 1)τ ]. Thus, we conclude from (54) that
W2(µ̂

τ
t , µ̃

τ
t ) ≤ τ1/2(LfCmax + Ls)T

1/2. So, both curves
converge to the same limit curve as τ → 0, which we denote
by µt.

(2) Convergence of Ẽτ
t to Et: We define m̃τ ∈Mn([0, T ]×

Rn) as

m̃τ = ṽτt µ̃
τ
t dt (55)

which is a vector-valued measure. 3

Lemma 5. An estimate on the norm of m̃τ defined in (55) is
as follows:

|m̃τ |([0, T ]× Ω) ≤ T 3
2 (LfCmax + Ls). (56)

where Cmax represents the uniform bound on |xk|, Lf is
defined in Assumption 1, and Ls is defined in Assumption 2.

The proof of the estimate (56) can again be found in [27,
Lemma 3]. Using the same proof, one can obtain the same
bounds on |m̂τ |. The sequences m̃τ and m̂τ are uniformly
bounded and therefore relatively compact in the weak-⋆ topol-
ogy. As a result, we have (up to a subsequence) m̃τ ∗

⇀ m̃,
m̂τ ∗

⇀ m̂, Ẽτ
t

∗
⇀ Ẽt and Êτ

t
∗
⇀ Êt. Finally, by applying

[32, Lemma 8.9], we conclude that m̃ = m̂ =: m and thus
Êt = Ẽt =: Et.

(3) Absolute continuity of Et w.r.t. µt: To prove the absolute
continuity of Et we use the properties of Benamou-Brenier
functional B(µdt, Edt) (for more details refer [32, Chapter
5]). A key property of B(µ̃τ

t dt, Ẽ
τ
t dt) which is of importance

here is the following: Ẽτ
t ≪ µ̃τ

t such that Ẽτ
t = ṽτt µ̃

τ
t , then

B(µ̃τ
t dt, Ẽ

τ
t dt) =

∫ T

0

∫
Ω
|ṽτt |2dµ̃τ

t dt. Now the uniform bound
on |mτ | also implies an uniform bound on

∫ T

0

∫
Ω
|vτt |2dµ̃τ

t dt)
from (56). Moreover, nonegativity, convexity and lower semi-
continuity of B(·, ·) [32, Proposition 5.18] implies

B(µtdt, dm) ≤ lim inf
k→∞

B(µ̃τ
t dt, dm̃

τ ) <∞,

where µt and m are the weak-⋆ limit of µ̃t and m̃τ as τ → 0.
The finiteness of B(µtdt,m) implies that Et ≪ µt and Et =
vt µt with vt ∈ L2(µt). Applying the same argument to the
sequence (µ̂τ

t , Ê
τ
t ) gives Êt = v̂t µ̂t. From the previous step

we already have µ̂t = µt and Êt = Et; hence v̂t = vt µt-a.e.
(4) Proof that vt(x) ∈ −NS(t)(x) +

∫
U
f(x, u)dω(u|t, x):

To prove this statement, we consider the sequence of curves

3The space of vector-valued measures Mn(Ω) is dual to C0(Ω;Rn) and
is endowed with weak-⋆ convergence with respect to this duality.

v̂τt . Using (47) for gτ (kτ, x) (defined in (51)) and for every
x ∈ Sk, we have〈

y − PSk+1
(τgτ (kτ, x) + x) ,

(PSk+1
◦ (τgτ (kτ, ·) + id)x− x)

τ

〉
≥ 0

which follows from the construction of the discrete-time
velocities v̂τk . Then

⟨y − PSk+1
◦ (τgτ (kτ, ·) + id)x) , vτk+1(x)− gτ (kτ, x)⟩ ≥ 0,

where the brackets denote the inner product between vectors
in Rn. This is the condition for vτk+1(x)− gτ (kτ, x) to be in
the normal cone to set Sk+1. In the integral form the above
condition is expressed as∫

Ω

〈
h(tk, x)(y − PSk+1

◦ (τgτ (kτ, ·) + id)x) ,

(vτk+1(x)− gτ (kτ, x))dµ̂τ
k+1(x)

〉
≥ 0, ∀y ∈ Sk+1 (57)

for any positive h(t, x). We define the interpolation of
gτ (kτ, x) as

gτ (t, x) = gτ (kτ, x), for t ∈ (kτ, (k + 1)τ ]. (58)

Using the piecewise constant interpolations defined in (50),
we have

dµ̂τ
t = dµ̂τ

k+1

dÊτ
t = v̂τt dµ̂

τ
t = vτk+1dµ̂

τ
k+1

for t ∈ (kτ, (k + 1)τ ]. In order to study the convergence of
(57), we will need the following result.

Lemma 6. For any positive measurable function h(t, x) we
have

lim
τ→0

∫
h(t, x)(y − PS(t)(x))g

τ (t, x)dµ̂τ
t (x) =∫

h(t, x)(y − x)g(t, x)dµt(x)

where gτ is defined in (58), µ̂τ
t defined in (50) and t ∈

(kτ, (k + 1)τ ].

The proof can be found in Appendix C.
Using Lemma 6 and the convergence results for µ̂τ

t → µt,
Êτ

t ⇀ Et, for any h(t, x) positive function we have,∫ T

0

∫
Ω

〈
h(t, x)

(
y − x

)
, dEt(x)dt

〉
−∫ T

0

∫
Ω

〈
h(t, x)

(
y−x

)
, g(t, x)dµt(x)dt

〉
≥ 0, ∀y ∈ S(t).

Since h(t, x) is an arbitrary positive function we get,〈
y − x, v(t, x)− g(t, x)

〉
≥ 0, ∀ y ∈ S(t).

Thus, v(t, x)−
∫
U
f(x, u)dω(u|t, x) ∈ −NS(t)(x) which can

be re-expressed in terms of some selection η ∈ P(NS(t)(x))
as,

v(t, x) = −
∫
NS(t)(x)

ζdη(ζ|t, x) +
∫
U

f(x, u)dω(u|t, x).
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This completes the proof of Theorem 5.

As a result of Theorem 5, we obtain the continuity equation
in the following form:∫

S(T )

φ(T, x)dµT (x)−
∫
S(0)

φ(0, x)dµ0(x) =∫
[0,T ]×S(t)

∫
U

(
∂tφ(t, x)+∂xφ(t, x)·

[
−
∫
NS(t)(x)

ζ dη(ζ|t, x)

+

∫
U

f(x, u)dω(u|t, x)
])

dµ̃t(x)dt, (59)

for all test functions φ ∈ C1([0, T ],Ω). Moreover, Lemma 2
shows that any solution µ to the problem (24) admits a dis-
integration as dµ(t, x, ζ, u) = dν(ζ, u|t, x)dµ̃t(x)dt such that
ν ∈ P(NS(t)(x) × U) has marginals πζ#ν = η, πu#ν = ω
and the resulting continuity equation is (74) with the vector
being (75) which is equivalent to (59).

D. Convergence of value function

In the previous subsection, we proved that for any sequence
of feasible solutions µτj , to the family of problems (38),
we obtain a feasible solution µ of (28). We now establish
convergence of the optimal values as τj → 0. For point-mass
initial data µ0 = δx0

, we write Jτj∗(x0) := Jτj∗[µ0] and
J∗
o (x0) := J∗

o [µ0] for the optimal values of the discrete and
continuous problems, respectively.

Theorem 6. Let µ0 = δx0
with x0 ∈ S(0) be fixed. The

optimal value of discrete-time LP (38) converges to the optimal
value of continuous-time LP (28) as τj → 0, i.e., Jτj∗(x0)→
J∗
o (x0). In other words, Jτj∗ converges pointwise to J∗

o for
fixed x0.

Proof. The discrete-time objective function in (38) is

V τj [ωτj , µ0] =

N∑
k=0

τj

∫
Sk×U

L(x, u)dωτj (u|kτ, x)dµ̃τj
k (x).

We first prove that the objective function value V τj for each
admissible solution ωτj converges to the objective function
value of (28) obtained for ω = limτj→0 ω

τj . We study this
convergence for µ0 = δx0

. Using the convergence results
proved in Theorem 5 we have

N∑
k=0

τj

∫
Sk×U

L(x, u)dωτj (u|kτj , x)dµ̃
τj
k (x)

=

N∑
k=0

∫
Sk×U

L(x, u)dωτj (u|kτj , x)dµ̃
τj
k (x)τj

τj→0−−−→
∫ T

0

∫
S(t)×U

L(x, u)dω(u|t, x) dµ̃t (x)dt

=

∫ T

0

∫
S(t)×U

∫
NS(t)(x)

L(x, u)dµ(t, x, ζ, u)

where we have used the weak-⋆ convergence results for
ωτj ∗

⇀ ω and dµ̃
τj
t τj

∗
⇀ dµ̃tdt. This establishes that for each

admissible sequence {(ωτj , µ̃
τj
k )}j∈N, the objective function

value converges to objective function value of (24).

To study the convergence of value function, we consider two
quantities: lim supτj→0 J

∗τj and lim infτj→0 J
∗τj . We aim to

prove the following inequality

lim inf
τj→0

J∗τj ≥ J∗ ≥ lim sup
τj→0

J∗τj .

Proof of (lim infτj→0 J
∗τj ≥ J∗

o ): Let us consider a
sequence of problems, as defined in (38), indexed by τj as
τj → 0, and let ωτj be the sequence of optimal stochastic ker-
nels for each of the problems. As the sequence of ωτj ∈ P(U)
is bounded, the Banach Alaoglu theorem ensures the existence
of a subsequence (without relabelling) which converges to
some ω ∈ P(U), i.e., ωτj ⇀ ω. Furthermore from Theorem 5
we saw that the interpolated trajectories µ̃τj

t , associated with
each τj in the convergent subsequence, converge to a feasible
trajectory of (24). Thus,

lim inf
τj→0

J∗τj := lim inf
τj→0

N∑
k=0

τj

∫
S(t)×U

L(x, u)dωτj (u|kτj , x)dµ̃
τj
k (x)

=

∫ T

0

∫
S(t)×U

L(x, u)dω(u|t, x) dµ̃t (x)dt ≥ J∗
o

where for the last inequality we have used the fact that dµ =
dη(ζ|x, t)dω(u|t, x)dµ̃t(x)dt is a feasible solution to (24). So,
we obtain the desired inequality lim infτj→0 J

∗τj ≥ J∗
o .

Proof of (lim supτj→0 J
∗τj ≤ J∗

o ): Let µ be an optimal
solution of (24) which can be decomposed as

dµ(t, x, ζ, u) = dη(ζ|x, t)dω(u|t, x)dµ̃t(x)dt. (60)

Now, let us consider sequence of time steps τj → 0 and
consider partitions of [0, T ] for these time steps. We then
discretize the optimal feedback ω in (60), with time steps τj ,
to obtain a sequence of stochastic kernels {ωτj}j . We have

J∗
o :=

∫ T

0

∫
S(t)×U

L(x, u)dω(u|t, x) dµt (x)dt

= lim
τj→0

N∑
k=0

τj

∫
Sk×U

L(x, u)dωτj (u|kτj , x)dµ̃
τj
k (x).

We note that ωτj , µ̃τj are admissible for (38) with time step
τj . So,

N∑
k=0

τj

∫
Sk×U

L(x, u)dωτj (u|kτ, x)dµ̃τj
k (x) ≥ Jτ∗.

Thus we have the desired inequality lim supτj→0 J
∗τj ≤ J∗

o .
So, limτj→0 J

∗τj exists, limτj→0 J
∗τj = J∗

o for each initial
condition x0 ∈ S(0).

Corollary 1. Let µ0 ∈ P(S(0)). Then, as τj → 0,

lim
τj→0

∫
S(0)

|J∗τj (x)− J∗
o (x)|dµ0(x) = 0,

with convergence in the L1-norm w.r.t. µ0.
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V. COMPUTATIONAL ASPECTS

To provide a numerical approximation of the optimal control
problem (38) studied in this paper, which is the measure
relaxation of the discrete-time optimal control problem (5),
we consider a finite-dimensional relaxation of the problem.
This relaxation is obtained by reformulating the infinite-
dimensional problem over measures as a finite-dimensional
problem over their moments, truncated to a certain degree.
The resulting truncated moment problem can then be relaxed
into a family of semidefinite programs (SDP), which can be
solved using some off-the-shelf solvers.

Let R[x, u] be the ring of real polynomials in the variables
x ∈ Rn, u ∈ Rm where x and u are the state and the control
vectors, respectively. Let R[x, u]d ⊂ R[x, u] be the subset
of polynomials of degree up to d. We make the following
assumptions:

Assumption 4. Each set Sk ⊂ Rn in equation (39) is a basic
semialgebraic set, i.e.,

Sk :=
{
x ∈ Rn

∣∣∣ g(k)i (x) ≥ 0, i = 1, . . . , ℓ
}
,

where each g(k)i is a polynomial. For notational convenience,
let g(k)0 (x) = 1, and that one of the inequalities is of the
form R − ∥x∥2 ≥ 0 for some sufficiently large constant
R > 0. Similarly, the control input set U ⊂ Rm is a basic
semialgebraic set defined as

U := {u ∈ Rm |hj(u) ≥ 0, j = 1, . . . , r} ,

where each hj is a polynomial function, h0(u) = 1, and one
of the constraints is R − ∥u∥2 ≥ 0. Furthermore, the cost
function L(x, u) in (38) is a polynomial function.

For integers n,m ≥ 1 and a fixed degree d ∈ N, let

Ad := {α = (α1, α2) ∈ Nn+m : |α1|+ |α2| ≤ d}.

Define the vector of monomial basis functions

bd(x, u) :=
[
xα1uα2

]
α∈Ad

∈ Rnd

where nd := |Ad| =
(
n+m+d

d

)
. Given a moment se-

quence y = {yα}α∈Nn+m , define the Riesz functional

ℓy : R[x, u]d → R, ℓy

( ∑
α∈Ad

fα x
α1uα2

)
=

∑
α∈Ad

fα yα.

The truncated moment matrix of order d associated with y is
defined by

Md(y) := ℓy
(
bd(x, u) bd(x, u)

⊤) =
[
yα+β

]
α,β∈Ad

where α+β := (α1+β1, α2+β2). Given a non-negative Borel
measure ν ∈M+(Rn+m), we can naturally associate its mo-
ment sequence y as y =

∫
xα1uα2dν(x, u); the corresponding

Riesz functional ℓy represents integration against ν.
Now let us consider the program in (38)-(39) and let yk be

the moment sequence associated to µτ
k at time step k. Then,

the objective function in (38) can be written as
N∑

k=1

∫
L(x, u)dµτ

k(x, u) =
∑
k

cTl yk (61)

where cl is the coefficient vector for the cost function ex-
pressed in monomial basis. For the dynamics constraint in
program (38) and any test function v(x), we observe that∫

Sk

v(x)dµτ
k(x, u) =

∫
Sk

v(x)dωτ (du|x)dµ̃τ
k(x)

=

∫
Sk−1

∫
U

v(x) dGτ
k# µ

τ
k−1(x, u)

=

∫
Sk−1

∫
U

v(Gτ
k(x, u))dµ

τ
k−1(x, u)

(62)

where we have used (35) and (37) in the first and second
equality. When v(x) are monomials, we obtain

yk − cTf yk−1 = 0 (63)

where cf is coefficient of v(Gτ
k(x, u)) in the RHS of (62). For

every h ∈ R[x, u]d such that h is the vector of coefficients of
h we have

ℓyk(h
2) =

∫
hbd(x, u)bd(x, u)

⊤h⊤dµτ
k(x, u)

= hTMd(yk)h =

∫
h2(x, u)dµτ

k(x, u) ≥ 0.

Hence, for arbitrary h(x) we have h⊤Md(yk)h ≥ 0, and we
conclude that

Md(yk) ⪰ 0, for each order d ≥ 0, (64)

where the notation A ⪰ 0 denotes that the matrix A is
positive semidefinite. The localizing matrix associated with
the polynomial g(k)i and the moment sequence yk is defined
as

M
d−deg(g

(k)
i )

(g
(k)
i yk) =∫

b(x, u)
d−deg(g

(k)
i )

b(x, u)⊤
d−deg(g

(k)
i )

g
(k)
i (x) dµτ

k(x, u),

where deg(g
(k)
i ) denotes the degree of the polynomial g(k)i

introduced in Assumption 4. To enforce that the support of
the measure µτ

k is contained in S, we require the associated
localizing matrix to be positive semidefinite:

M
d−deg(g

(k)
i )

(g
(k)
i yk) ⪰ 0 for d ≥ max

i
deg(g

(k)
i )

M
d−deg(h

(k)
j )

(h
(k)
j yk) ⪰ 0 for d ≥ max

j
deg(h

(k)
j ).

(65)

Furthermore, the following theorem provides necessary and
sufficient condition for the existence of representing measure
corresponding to an infinite moment sequence yk.

Theorem 7. Under Assumption 4, let yk be a moment se-
quence which satisfies (64) and (65), then yk has a represent-
ing measure with support Sk × U .

Note, however, that for any fixed truncation order d, a
truncated vector yk that satisfies (64) and the localizing
conditions (65) is not guaranteed to admit a representing
measure. Consequently, the constraints (64) and (65) are
only necessary conditions; imposing them therefore yields a
truncated moment relaxation (an outer approximation) of the
original problem.
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Under Assumption 3, an order d truncation of the program
in (38) is given by

J∗
d =min

{yk}

N∑
k=1

cTl yk (66)

s.t. yk − cTf yk−1 = 0 ∀k = 1, .., N

Md(y) ⪰ 0, M
d−deg(g

(k)
i )

(g
(k)
i y) ⪰ 0, ∀i = 1, . . . , ℓ

Md−deg(hj)(hjy) ⪰ 0, ∀j = 1, . . . , r (67)

where cl and cf are defined in (61)-(63), and yµ0
is the

moment of the initial distribution up to degree d.

Theorem 8. Under Assumption 4, the sequence J∗
d (66) is

a monotonically non-decreasing sequence and converges to
Jτ∗(38) as d→∞.

For the proof of Theorem 7, and Theorem 8 and a systematic
treatment of such moment–SOS relaxations, see [13], [33]. For
rate of convergence of the sequence, see [34].

VI. EXAMPLE

In this section, we illustrate the SDP relaxations introduced
in (66) using an academic example of a two dimensional
system. Consider the following example

ẋ(t) ∈ (1 + ux, uy)−NS(x(t)) (68)

where, S := {(x, y) : x2+y2 ≤ 1} and (ux, uy) is the control
vector. We have the following discretization of (68):

(xk+1, yk+1) = PS((xk, yk) + τ(1 + ux, uy)). (69)

To be able to apply the techniques described in the previous
subsection and obtain moment relaxations of the form (66) for
the problem defined in (5), we need to obtain a polynomial
expression for the projection map onto the disc. This can be
achieved by first noting that the expression for the projection
map onto the set S in (69) is

PS(w) =

w, if ∥w∥ ≤ 1,
w

∥w∥
, if ∥w∥ ≥ 1.

Next, we introduce variable z = 1/
√
x2 + y2 to obtain an

equivalent definition of projection map:

PS(x, y) =

{
(x, y), x2 + y2 ≤ 1,

{(zx, zy) : z≥0
z2(x2+y2)=1}, x2 + y2 ≥ 1.

We decompose the measure µτ
k in (62) into two measures,

µτS
k , supported on the interior of the disc and µτS̄

k , supported
on the exterior of the disc. Then,

supp(µτS
k ) = {(x, y) | (x+ τ(ux + 1))2 + (y + τuy)

2 ≤ 1}
(70)

supp(µτS̄
k ) = {(x, y) | (x+ τ(ux + 1))2 + (y + τuy)

2 ≥ 1}.
(71)

In this case, the dynamics constraint in (39) becomes

µτS
k + µτS̄

k =
[
PS ◦

(
τf(·, ·) + id(·)

)]
#
µτS̄
k−1

+ (τf(·, ·) + id(·))#µτS
k−1. (72)

We consider cost function as L(x, u) = (x − xT )
2 + |u|2,

the initial distribution is µ0 = δ(0.7,0.5) and target distribution
µT = δ(0.7,0.1). For this cost and dynamics (72), we obtain a
SDP relaxation of (38) as described in (66). The convergence
result of the values of the associated relaxations follow from
Theorem 8.

In this example, we consider the case where the initial
and the desired final distributions are Dirac measures. Con-
sequently, the distribution is expected to evolve as a Dirac
measure over time. In this setting, the first-order approximate
moments yk, also called pseudo-moments, of the distribution
µτ
k serve as an approximation of the first-order moment of the

measure at each discrete time step k. These moments provide
directly information about the state and control trajectories
across different time instants, as

∫
xµτ

k(x, u) =
∫
xδ(xτ

k,u
τ
k)

=
xτk,

∫
uµτ

k(x, u) =
∫
uδ(xτ

k,u
τ
k)

= uτk.
For more general initial conditions, the extraction of state

and control trajectories boil down to evaluating the support of
the measure. This can be achieved using Christoffel-Darboux
kernels, as discussed in [35], or [26] for a more specific
exposition. Specifically, the method proposed in [35] employs
a semialgebraic approximant based on the Christoffel polyno-
mial, which is constructed using the moment information of
the measure at each degree d. For the uncontrolled case, [27]
proposed SDP relaxation to simulate the dynamical system
(68) in the continuous time. And similar approach can be
followed for the SDP relaxation optimal control problem in
the continuous time as well.

The simulation results are displayed in Figure 3, where we
plot the sum of first order moments of µτS

k and µτS̄
k over

the time horizon of the problem. The results are computed
for a fixed relaxation order using GloptiPoly and Mosek.
We observe that the program finds an optimal solution which
prefers to slide along the boundary of the set S before the
control kicks the particle back into the set in order to reach
the target configuration. Moreover, in Figure 4 we observe that
during the sliding motion zero controls are applied.

VII. CONCLUSION

We addressed the problem of optimal control for nonsmooth
dynamical systems by formulating it as a linear problem
in the cone of non-negative Borel measures. We showed
that relaxing the problem from finite dimensional space to
infinite dimensional does not produce any relaxation gap. We
further showed the convergence of the discrete-time problem
to continuous-time problem in the space of measures using
tools from optimal transport theory. We defined interpolated
curves and then showed that as the time step goes to zero, the
interpolated curves converge to the solutions of the continuity
equation where the corresponding velocity vector defines the
nonsmooth dynamical system. We further establish the conver-
gence of the value function of the discrete-time optimal control
problem to the value function of continuous-time problem as
the time step goes to zero. We observe that in comparison
to the continuous-time problem, the discrete-time case has
fewer variables as there is no extra variable corresponding to
the selection of the vector field from the normal cone, which
makes it computationally less demanding.
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Fig. 3: Approximate first order moments solving linear prob-
lem (66) for nonsmooth dynamical system (68).
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Fig. 4: Approximate control in x and y directions, where ux/uy
interior denote controls from the interior measure µτS

k (70) and
ux/uy exterior from the exterior measure µτS̄

k (71).
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APPENDIX A
PROOF OF LEMMA 1

Proof. By Markov’s inequality and the coercivity constraint∫
B×U

|ζ| dµ ≤ Cη ,

sup
(µ,µT )∈O

µ
(
{|ζ| > R}

)
≤ Cη

R
−−−−→
R→∞

0,
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so {µ} is tight in the ζ–coordinate. Since [0, T ] × Ω × U is
compact, this implies tightness of {µ} on B × U . Likewise,
the compactness of S(T ) implies tightness of {µT }. With the
uniform mass bounds ∥µ∥ ≤ T and ∥µT ∥ ≤ 1, Prokhorov’s
theorem [23, Thm. 5.1] yields relative weak-⋆ sequential
compactness of O.

Now we show weak-⋆ closedness. Let (µk, µT,k) ∈ O and
(µk, µT,k)

∗
⇀ (µ, µT ) (along a subsequence given by the

relative weak-⋆ compactness of O). Then: (i) positivity and
the mass bounds are preserved under weak-⋆ limits; (ii) the
map ν 7→

∫
B×U

|ζ| dν is weak-⋆ lower semicontinuous, hence∫
|ζ| dµ ≤ Cη; (iii) the constraint (22) is stable under weak-⋆

limits. Indeed, for φ ∈ C1([0, T ] × Ω) set g1(t, x, ζ, u) :=
∂tφ(t, x), g2(t, x, ζ, u) := ∇xφ(t, x) ·

(
−ζ + f(x, u)

)
. The

terms with g1 and with ∇xφ · f are bounded continuous on
B×U and therefore converge by narrow convergence. For the
−∇xφ · ζ term, fix R > 0 and write∫

∇xφ · (−ζ) dµk =

∫
∇xφ · (−ζ)1{|ζ|≤R} dµk +∫

∇xφ · (−ζ)1{|ζ|>R} dµk.

The first part converges to the corresponding expression with
µ because the truncated integrand is bounded and continuous;
the second part is uniformly small, since

sup
k

∣∣∣∣∫ ∇xφ · (−ζ)1{|ζ|>R} dµk

∣∣∣∣ ≤
∥∇xφ∥∞ sup

k

∫
|ζ|>R

|ζ|dµk ≤ ∥∇xφ∥∞
Cη

R
.

Let k →∞ and then R→∞ to conclude. The terminal term∫
S(T )

φ(T, x) dµT,k also converges to
∫
S(T )

φ(T, x) dµT .
Hence (22) holds for (µ, µT ).

Therefore O is weak-⋆ closed; combined with relative
compactness, this proves weak-⋆ sequential compactness.

APPENDIX B
PROOF OF LEMMA 2

Proof. The occupation measure µ satisfying (22) admits the
following disintegration:

dµ(t, x, ζ, u) = dν(ζ, u | t, x) dµ̄t(x) dt, (73)

where ν(· | t, x) ∈ P(NS(t)(x) × U) and µ̄t is the marginal
of µ at time t. Substituting the disintegration of µ from (73)
in (22), we obtain∫

[0,T ]×S(t)

[
∂tϕ(t, x)dµ̄t(x)dt+∂xϕ(t, x)·b(t, x)dµ̄t(x)dt

]
=

∫
S(T )

ϕ(T, x)dµT (x)− ϕ(0, x0). (74)

where the averaged vector field b(t, x) is

b(t, x) :=

∫
NS(t)(x)×U

(−ζ + f(x, u)) dν(ζ, u | t, x). (75)

Let πζ#ν = η, πu#ν = ω (i.e. the marginals of
ν ∈ P(NS(t)(x) × U)), then the vector field in (75)

can be written as, b(t, x) = −
∫
NS(t)×U

ζdν(ζ, u|t, x) +∫
NS(t)×U

f(x, u)dν(ζ, u|t, x) = −
∫
NS(t)

ζdη(ζ|t, x) +∫
U
f(x, u)dω(u|t, x). Using Assumption 1, we have∫

[0,T ]×S(t)

∫
NS(t)

∫
U
|f(x, u)| dν(ζ, u|t, x)dµ̄t(x)dt < ∞.

The uniform moment bound in ζ direction (which
is part of the definition in set (23)) yields∫
[0,T ]×S(t)

∫
NS(t)

∫
U
|ζ|dν(ζ, u|t, x)dµ̄t(x)dt <∞. Using tri-

angle’s inequality, we have
∫ T

0

∫
S(t)
|b(t, x)|dµ̄t(x) dt < ∞.

So, the integrability of b(t, x) allows the use of superposition
principle [31, Theorem 8.2.1]; there exists a probability
measure Π ∈ P(AC([0, T ];Rn)) such that for each t, the
marginal µ̄t = (et)#Π, and Π-almost every path x(·) satisfies
the ODE ẋ(t) = b(t, x(t)). We note that ẋ(t) = b(t, x(t))
is the same as the Young measure relaxed dynamics in
(17) but driven by state dependent ω. For each triple
(x(·), η(·|t, x), ω(·|t, x)) satisfying (17), define the pair (µ̂, ξ)
as

dµ̂(t, x, ζ, u) = dt δx(t)(dx) η(dζ|t, x(t))ω(du|t, x(t)),
ξ := δx(T ).

Then (µ̂, ξ) ∈ R. Also, define the push-forward measure
θ := Φ#Π, where Φ(x(·)) := (µ̂, ξ). For any admissible cost
function L(x, u), we compute:∫
L(x, u) dµ =

∫
L(x, u)dµ̄t(x)dη(ζ|t, x)dω(u|t, x)dt

=

∫
L(x, u)δx(t)Π(x(·))dη(ζ|x)dω(u|t, x)dt

=

∫
R

[∫
L(x, u) dµ̂

]
dθ̃(µ̂),

where θ̃ is the marginal of θ.

APPENDIX C
PROOF OF LEMMA 6

Proof. We already have shown that µ̂τ
t → µt uniformly in the

W2 metric when τ → 0. The term

(y − PS(t)(x)) g
τ (t, x) −−−→

τ→0
(y − x) g(t, x)

converges pointwise, and the integrand (y−PS(t)(x)) g
τ (t, x)

is uniformly bounded (because y−PS(t)(x) lies in a compact
set, while gτ is bounded by Assumption 1). Hence, by the
dominated convergence theorem we get∣∣∣ lim

τ→0

∫
h(t, x)(y − PS(t)(x))g

τ (t, x)dµ̂τ
t (x)

−
∫
h(t, x)(y − x)g(t, x)dµt(x)

∣∣∣→ 0.

APPENDIX D
PROOF OF COROLLARY 1

Proof. We consider an initial condition µ0 ∈ P(S(0)) in
(24) which are different from Dirac distribution δx0 just
considered above. To prove L1 convergence of J∗τ [µ0] as
τ → 0 for notational convenience, we write τ instead of
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the sequence τj), we first establish an uniform bound on
J∗τ = τ

∑N
k=0 L(xτk, uτk). Using Assumption 3, we know that

L(xτk, uτk) ≤ l(xτk)(1 + |uτk|2) for l(·) ∈ L∞
loc(Rn). Next, we

recall from [1] that the following bound holds for xτk in the
discrete-time dynamics (31):

|xτk| ≤ C1|x0|+ C2,

where C1 and C2 depend on the system data. Consequently,
we have

J∗τ (x0) = τ

N∑
k=0

L(xτk, uτk) ≤ τ
N∑

k=0

l(xτk)(1 + |uτk|2)

≤ τ
N∑

k=0

lb(C1|x0|+ C2)Ub ≤ Thb(C1maxx∈S(0)|x|+ C2)Ub

where, lb is the bound on l(·) and Ub is the bound on the
controls. Thus we have uniform bounds on the J∗

o [µ0] for µ0 ∈
P(S(0)). The uniform bounds and the pointwise convergence
of J∗

o (x0), established in the previous part of the proof, allows
us to use the dominated convergence theorem to obtain

lim
τ→0

∫
|J∗τ (x)− J∗

o (x)|dµ0(x) = 0.

18
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