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Preface

The field of systems and control theory continues to evolve at a rapid pace and as a result,
the mathematical models used for modern engineering systems are becoming increasingly
complex. For analyzing these systems, one viewpoint that helps for analysis is to regard
these systems as an interconnection of several subsystems via some coupled terms. This
allows us to reduce the complexity of the analysis and develop a general methodology for
synthesis of control systems. With this motivation, this manuscript is aimed at the study
of interconnections of dynamical systems, where the particular focus is on systems with
nonlinear and hybrid dynamics.

The results presented in this manuscript are based on my collaborations since my
recruitment at LAAS — CNRS in Toulouse, but I will mostly focus on my work from last 5
years. A major part of this manuscript is based on analyzing switched and hybrid systems
in deterministic and stochastic setting. I was first exposed to these topics during my PhD
and so, I want to first thank Daniel Liberzon for not only being the primary contact for
most of my scientific knowledge, but also for nurturing a decision making ability which
plays an important role in shaping the career of a researcher. I am grateful for the fact that
my interaction with Daniel has continued after the PhD and the support I have received
from him over the years. The material presented in Section 2.1 is based on a collaboration
with him and Shenyu Liu |140], which partly builds upon the work initiated in [233].

An important result based on the interconnections involving nonlinear and hybrid
systems can be found in Chapter 3, which is based on collaboration with Hyungbo Shim
and Andrew Teel. My interactions with Andy have been rather brief but, at the same
time, very inspiring. His work speaks volumes of his impact on the research topic studied
in this manuscript and I have always admired the feedback received while interacting with
him. With Hyungbo, I basically started working as a PhD student at University of Illinois.
It is really amazing how our small conversations have led to so much collaborations. His
experience on analysis of nonlinear control systems has helped me in several ways over the
years. After our initial work during PhD, we could resume our collaboration by securing a
grant financed by CNRS and Korean funding agency (NRF). I particularly thank him for
making a trip to Toulouse in 2021 when it was difficult to travel due to Covid-19 pandemic.
This trip led to the initial work [212], and also resulted in an amazing excursion to the
vineyards of Saint-Emilion. The results reported here are based on [213], and stem from
the aforementioned grant.

In Chapter 4, we study a class of nonsmooth systems which I first came across during
my postdoc with Bernard Brogliato and Christophe Prieur at INRIA, Grenoble. Bernard,
with his colleagues at INRIA, has studied several variants of this system class in depth from
analysis and simulation viewpoint, with a particular focus on their relevance in mechanics.
During this collaboration with Bernard, I started learning different properties of this
system class which are mostly captured by looking at the underlying maximal monotone
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mapping that describes the nonsmooth relation. In particular, we adopt the viewpoint that
a large class of such systems can be seen as an interconnection of an ordinary differential
equation with a maximal monotone mapping. This even allows us to make connections
with analysis of optimization algorithms and other topics. I could partly investigate the
later topics with Kanat Camlibel, but this needs further investigation. The results based
on these collaborations are only mentioned briefly but the research on these topics has
provided a platform which I continue to explore in several directions. In particular, my
first ANR grant, that I received in 2017, is closely related to these topics. Some of the
results developed during this project as a part of jointly supervised PhD thesis with Didier
Henrion, have been reported in Chapter 4. In fact, we could use tools based on polynomial
optimization to provide computational methods for stability analysis for a class of state-
constrained systems, and we continue to explore these computational methods for design
problems like optimal control in our ongoing jointly supervised PhD program.

Moving away from the deterministic setting, we study the important problem of state
estimation in stochastic systems in Chapter 5. The hybrid nature of the problem comes
from the fact that we mostly focus on systems with continuous-time dynamics and discrete
(in time) observation process. My first exposure to studying state estimation problems
for hybrid systems goes back to my PhD thesis, and seeing a certain interest in the study
of estimation problems with time-sampled observations, I became curious to study the
stochastic version of the problem. In relevance to the unifying theme of interconnections
studied in this manuscript, we actually focus on two classes of estimation algorithms
which involve interaction of multiple estimators. The first one is based on the notion of
ensemble filters, or feedback particle filters. The other one is based on the idea of using
multi-estimators to extract knowledge about some unknown parameters. In general, 1
greatly appreciate the interactions with Debasish Chatterjee, Lars Griine, Joao Hespanha,
Prashant Mehta, and Serdar Yuksel at various stages who either provided some technical
feedback or the encouragement to study this topic.

I must acknowledge the interactions with all my PhD students: Matteo Della Rossa,
Marianne Souaiby, Olga Yufereva and Saroj Chhatoi; and MS interns: Guang-Xue Zhang
and Anubhab Dasgupta. Supervising these students has been an extremely refreshing
experience. I particularly admire the professionalism with which they carried out their
tasks despite several hardships around the time. I first studied the cascade interconnections
with Guang-Xue in [233] which we also study in Section 2.1 but with different approach.
Section 2.2 is based on the use of appropriate notion of derivative for the nonsmooth
Lyapunov functions and it comes from the work done with Matteo during his PhD thesis
[67]. The result in Section 4.4 comes from a joint publication with Marianne [197]. The
work of ensemble filters in Section 5.3 comes from the PhD thesis of Olga [215].

Finally, all the work reported here has been carried out during my stay at LAAS, while
being a part of the MAC team. I thank my colleagues for the learning curve that I have
experienced as a member of this team.



Introduction

The study of dynamical systems has evolved over the past few decades so that it allows
for analysis of complex behaviors in interconnected networks, such as communication
channels coupled with dynamical systems, cyber-physical systems, biological ecosystems,
social networks, power grids, and many more. In its current form, the research in systems
and control theory relies on the analysis of a dynamical system described by (ordinary,
stochastic, or partial) differential equations and to model the complex phenomenon in
aforementioned applications, it is often necessary to consider the interaction of several such
dynamical systems. The resulting interconnected system may manifest complex behavior
which one needs to analyze to aid the design process.

In this manuscript, we consider the interconnections which comprise nonlinear and
hybrid dynamics. Nonlinear systems, described by ordinary differential equation (ODEs),
present a challenge from analytical and numerical perspective due to their sensitivity to
initial conditions and the potential for chaotic behavior. Hybrid dynamical systems, which
combine continuous and discrete dynamics, provide the most suitable framework for logic-
based decision making and describing different modes of operation. Their combination
allows us to model and study a wide variety of applications as the ones mentioned above.
The term interconnection is used in a rather broad sense here and it basically captures
how one system can be seen as a composition of several (possibly memoryless) subsystems
and how the properties of individual elements of a system can describe the behavior of the
overall system. In the subsequent chapters, we report several works which can be com-
monly seen from the lens of analyzing interconnected dynamical systems. The techniques
used in these works are rather different from each and they basically present my three act-
ive areas of research. To provide an overview, Chapter [2]and Chapter [3]deal with switched
and hybrid systems; Chapter [2| studies the classical interconnections with two subsystems
either in the cascade form or feedback configuration, and Chapter [3] considers dynamical
systems connected by a graph where the questions related to consensus are considered.
Chapter [] deals with systems where the vector field has monotonicity structure, and these
are inherently motivated by nonlinearities which can be expresses as subdifferentials of
convex functions (for which the gradient may not exist in the classical sense). Analysis
here is mostly based on the theory of passivity and the interconnections here either refer to
a dynamical system coupled to a static memoryless system with monotone properties, or
the feedback interconnection of two dynamical systems with monotone properties. Finally,
in Chapter [p| we refer to interconnections in stochastic setting while studying estimation,
or filtering, problem for continuous-time stochastic systems with time-sampled observa-
tions. The interconnections basically result from the particular filtering algorithms that we
study here, and we study the analysis techniques for such continuous-discrete interacting
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4 1. INTRODUCTION

filters.

In this chapter, we first recall the different types of interconnections from the literature
to explain the basic concepts that appear later in the manuscript. Section [I.1] and [I.2]
present the basic terminology in this regard, and we summarize the contribution from
each chapter in Section [1.3

1.1 Interconnected Nonlinear ODEs

To set the stage for the different types of interconnections presented in this section, let us
first consider the nonlinear system

T = f(z,w), =(0)eR", (1.1)

where the vector field f : R" x R™ — R" is assumed to be locally Lipschitz, and w : R>¢ €
R™ is the external input.

For this conventional class of systems , several books are now available which treat
topics ranging from existence of solutions, qualitative behavior of trajectories, sensitivity
of solutions with respect to parameters, stability analysis with and without inputs, design
of controllers and observers, and many more. The reader may refer to [219, 121, [84} 170]
for fundamental treatment on these topics.

Comparison functions. A function o : R>g — R>¢ is said to be positive definite if it
is continuous, «(0) = 0 and «(s) > 0 for all s > 0. If « is also strictly increasing, then it is
said to be of class K. In addition if « is also unbounded, then it is said to be of class K.
A function 8 : R>g X R>o — Rxq is said to be of class KL if (-, 1) is of class K for each
t € R>o, 5(s,-) is continuously decreasing and 3(s,t) — 0 as t — oo for each fixed s € R>.
In addition, we require class LL functions: A function 5 : R>¢ X R>9 x R>g =+ R>p is a
class KLL function if 5(-,-, j) is a class KL function for each j > 0 and S(-,t,-) is a class
KL function for each s > 0. A comprehensive reference that collects several interesting
properties of these comparison functions with focus on dynamical systems is [120].

Using the comparison functions, we can formulate some basic definitions of interest for
system ([1.1)) and later explain their relevance for studying interconnections.

Definition 1.1. We say that the system ([1.1]) is globally asymptotically stable (GAS)
with respect to the origin, or the origin is GAS, if there exists a class KL function 8 such
that, for every t > 0, it holds that

z(8)] < B(|z(0)],1). (1.2)

It is a common practice to describe asymptotic stability using a class L function,
as done in (1.2)). However, it follows from [194, Proposition 7] that for every class KL
function B, we can always find class Ko, functions 7, 6, and a scalar k& > 0 such that
B(r,t) < n(e~*0(r)). We say that the origin is GAS(n) for system if, for every ¢t > 0,
it holds that

2(®)] < n(e " 0(|2(0)])).

In the presence of input w, we consider the notion of input-to-state stability (ISS) and
integral input-to-state stability (iISS) pioneered in |193] and |194], respectively.
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Definition 1.2. The system (1.1)) is said to be input-to-state stable (ISS) with respect to
the origin if there exists 8 € KL and v € K such that, for every ¢t > 0, it holds that

[z(t)la < B(|z(0)], 1) + 7(682;1;}1) w(s)]), (1.3)

where esssup ¢y |w(s)| denotes the essential supremum norm of w over a set I (that is, the
supremum of w on I except for a set of measure zero).

Definition 1.3. The system (|1.1]) is said to be integral input-to-state stable (iISS) with
respect to the origin if there exist a € Koo, 8 € KL and v € K such that, for every ¢t > 0,
it holds that

a(lz(0)) < O+ [ 2 ((s) s (1.4

With appropriate generalizations, these two properties present the basic tools that are
required for studying interconnections involving hybrid systems, and this will be done later
in Chapter [2] and Chapter [3] For the time being, let us present the basic methodology
and some references that describe the use of these properties in studying interconnections
with nonlinear ODEs.

1.1.1 Cascade connections

The study of cascade interconnections has been instrumental in improving the design tech-
niques for nonlinear control systems. The cascades are modeled by following differential
equations:

T = fz(z,2) (1.5a)
5= f.(2) (1.5b)

where f, : R™ — R™ describes the driving system, and f, : R” x R™ — R" characterizes
the driven system with input z. Unlike linear systems, an interesting aspect of the cascade
configuration is that the globally asymptotic stability (GAS) of the driving system, and
that of the driven system with 0 input, does not ensure stability of the interconnection.
To ensure stability, we need to characterize the response of the driven system to the input
z appropriately, and make it compatible with the convergence rate of the driving system.
One possible way to do so is to impose an input-to-state stability (ISS) assumption for
the x-subsystem and GAS assumption on z-dynamics, to ensure that the overall
cascade is GAS. We can also derive more relaxed conditions which only involve the iISS
property. We state one such result below which appeared in [10]:

Theorem 1.4. Consider the cascade interconnection in (1.5) and suppose that
o the system ([L.5al) is iISS with respect to the origin and the gain 7

o the system (L.5b)) is GAS(n) with respect to the origin
and it holds that

/1 (von)(s)
0

. ds < oo, (1.6)

then the interconnected system (1.5)) is GAS with respect to the origin.

This result describes the system properties on the driving system ([1.5bf), the driven
system ([1.5a)) and the coupling condition (1.6|). It can be checked that if (|1.5a]) satisfies
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the stronger property of being ISS, then the gain p can be chosen such that the condition
holds for any class K., function 1. However, the criteria involving iISS property,
stated in Theorem provides a more generic result. In Chapter 2 of this manuscript,
we will explore the cascade interconnections when the z-dynamics and z-dynamics are
both switching using the appropriate generalization of iISS property.

1.1.2 Small-gain configuration

One can think of cascades from the previous section as a particular case of a more general
interconnection of nonlinear systems in feedback configuration which are analyzed using
small-gain theorems. In particular, small-gain conditions are used to analyze the stability
of two nonlinear systems in feedback configuration described by following equations:

T = fo(zx, 2) (1.7a)
z=f.(z,x). (1.7b)

We associate ISS property with each of the two constituent subsystems. More formally,
we say that the system (1.7a]) is ISS with respect to input z if there exists a class KL
function S, and a class K4 function -y, such that,

|(8)] < Ba(|zol, 1) + 72 ( s [2(s)1)- (1.8)

Similarly, we say that the z-subsystem is ISS with respect to the input x if there exists a
class ICL function (8, and a class Ko, function ~, such that,

2(8)] < B:(l20], ) +7=( il[lori] |z(s)])- (1.9)

The functions v, and ~y, are called the gain functions and they are used to describe a
small-gain condition. To write this condition, let us consider the identity function id, so
that id(s) = s, and suppose that there exist K, functions p, and p, such that

(id + pz) 0z o (id + pz) 0 72 (s) < id(s),
(id + pz) 0 vz o (id + pz) 0 72(s) <

then the coupled system is GAS. Intuitively speaking, the small gain condition simply
states that the effect of the external inputs is not amplified too much. Because of the rather
general form of the interconnection in , we have seen a broad utility of such feedback
configurations ranging from feedback control of a single system to large-scale systems.
Consequently, many generalizations of small-gain theorems have been developed over the
years. Some of the earlier results on small-gain can be found in [68, 103]. The treatment
given here is based on the notion of ISS and the paper [111] provides several results for
feedback connections using ISS and its variants. Building on this work, [112] provides a
construction of a max-separable Lyapunov function under ISS like conditions on individual
subsystems and the small gain condition. Their generalization to interconnections with
more than two subsystems was considered in [58], and for networks of infinite size in [118,
119]. The discrete version of these results, while using ISS property, can be found in [113]
126] for two subsystems, and in [141] for more than two subsystems. Some results have
also been developed for the case when the individual subsystems are not necessarily ISS
using techniques based on sum separable Lyapunov functions [105,|106], or some geometric
techniques [5].
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Going beyond the feedback interconnections involving nonlinear systems, results have
also been developed for interconnections with hybrid dynamics. These results partly stem
from the deriving studying feedback stabilization of nonlinear systems with control using
sampled-data [157], quantized measurements [133], or event-based sampling |[143]. This has
later developed into general theory for Lyapunov based formulation of small-gain theorems
for hybrid systems with two subsystems in [134]. For more than two subsystems, with not
necessarily ISS subsystems, these results have been generalized in [151]. In Chapter 2, we
also provide a generalization of a small-gain theorem for state-dependent switched systems
using non-differentiable Lyapunov functions.

1.1.3 Dissipativity-based analysis

Another important tool for analyzing the feedback interconnections is based on the theory
of dissipativity. This technique describes the concepts that are later used (to some extent)
in Chapter 4. For the sake of exposition, here we allow the interconnection of a passive
dynamical system either with another passive dynamical system, or with a memoryless
function. To elaborate further, we say that a memoryless system y = h(u) is passive if
(u,y) > 0. Next, consider a dynamical system with input « and output v,

y = h(z)
where f : R"xXR™ — R™ locally Lipschitz, and h : R" — R™ is continuous, with £(0,0) = 0

and h(0,0) = 0. We say that the system ((1.10) is passive if there exists a continuously
differentiable positive semidefinite function V' (x) (called the storage function) such that

(1.10)

V =(VV(z), f(z,u)) < (u,y), V(r,u)eR"xR™.
Let us now consider the interconnection of two (possibly memoryless) passive systems:

Ei : {xz - fi(q"i)ei))

yi = hi(x;) (1.11)

for i = 1,2. The feedback interconnection is described by taking, e; = u; — ha(e1) and
€2 = ug — hi(e1). In the first instance, we want to study the passivity of the closed-loop
system taking the form

X2 U2 Y2

To analyze such systems, we have the following fundamental result about the preservation
of passivity for the interconnection [121, Theorem 6.1]: “The feedback interconnection of
two passive systems is passive.” This result can be proved by taking V = V; + V5 as the
storage function and checking that we indeed have the inequality V < (u, ).

where

Passivity is an important property for analysis of dynamical systems. Combined with
several other standard structural properties, we can establish finiteness of input-output
gain, and also use different variants of passivity for synthesis of controllers. The notion
of passivity and its generalized notion, dissipativity, comes from the pioneering work in
[107] and continues to develop as a fundamental building block for analysis and design of



8 1. INTRODUCTION

control systems, as evident by several monographs. We see its utility in control design
[191} [175], analyzing interconnections [11 26], input-output gains |186], robustness [188],
optimal control [86] and many more system-theoretic properties. One can even investigate
the use of passivity in analysis of large-scale networks [12]. For our purposes, we will
see that, in Chapter 4, similar ideas are useful in analyzing a class of systems that are
described by maximal monotone mappings, as the definition of monotonicity has close
resemblance with the notion of passivity.

1.1.4 Singular perturbation methods

The final tool which we want to present for the analysis of coupled nonlinear systems
is the so-called singular perturbation method. This is specially useful when a parameter
in the system takes a very small value and we want to understand the properties of the
system that hold uniformly for small enough values of the parameter. As the problem
description suggests, singular perturbation techniques are studied from the mathematical
side for analyzing dynamical systems [71], and also from control theoretic perspective in
design applications involving high gain [123, 124} |202], [121, Chapter 11]. One can also
consult a more recent reference [160] for an overview and historical developments on the
subject.

The basic idea of this technique is to decompose the system in two time-scales and
analyze the stability of the overall system by associating desired properties with the sub-
systems resulting from the decomposition. The standard singular perturbation model can
be seen as an interconnection of two dynamical systems, where the derivatives of the state
for one of the subsystems is multiplied by a small positive parameter &, that is,

&= f(z,z,¢) (1.12)
ez =g(z,2). (1.13)

We assume that f : R” x R™ x R>¢p — R" and g : R" x R™ — R™ are regular enough over
a certain domain. By setting € = 0, equation (1.13]) reduces to

0=g(z,2). (1.14)

In standard singular perturbation models, it is assumed that the equation has
isolated roots for each value of x in the admissible domain. Focusing on one such root of
the equation , we consider a function h : R” — R™ so that results in z = h(z),
for every x. Substituting this value of z in results in the following reduced order
model

& = f(x,h(x),0). (1.15)

In other words, the reduced model is obtained by substituting the value of z at
the quasi-steady-state h(x), and for this reason, we often call the quasi-steady-state
system (QSS). On the other hand, by introducing the stretched time variable 7 = t/¢, the
boundary-layer (BL) system is described as

dz
dr
For each z, we want to ensure that the solution of the BL system (1.16]) converges to
h(z) with z a frozen variable. The study of singularly perturbed system, therefore, cor-

responds to describing the qualitative behavior of the coupled system ([1.12)—(1.13)) under
appropriate assumptions on the quasi-steady-state system and the boundary-layer system.

=g(x, 2). (1.16)
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Depending on whether the problem is being studied over a finite or an infinite interval,
the solutions of (1.12]) and (1.13]) can be approximated using the solution of (1.15) and
(1.16)), respectively.

In our work presented in Chapter (3|, we will use singular perturbation techniques for
analyzing a specific class of hybrid systems. In the literature, we have seen the use of sin-
gular perturbation methods for a class of hybrid systems where fast evolution appears in
continuous-time dynamics only [184} 223|. The solutions resulting from a continuous-time
boundary-layer system generate an average vector field which approximates the slow sub-
system. Some studies have also been carried out in the context of switched systems [146),
177, |46]. A recent overview on singular perturbation and averaging methods for systems
with continuous and discrete dynamics appears in [1]. In our case, the singular perturb-
ation parameter is introduced to control the frequency of jumps in the state trajectories,
and such a setup is used to model the rapid communication between agents which update
their states by exchanging information with neighboring agents at discrete times.

1.2 Interacting Stochastic Systems

The later part of this manuscript considers some work on interconnections arising in
stochastic setting, and in particular, the filtering problem. Estimation theory in stochastic
dynamical systems is a problem of great interest because of its relevance in several en-
gineering related disciplines. Over the decades, we have seen development of several im-
portant concepts and elegant results in this field, stemming from the pioneering work of
Kalman and Bucy [115]. If we take a look at the classical filtering problem with linear
dynamics and Gaussian noise, the elegant closed form solution proposed in [115] requires
us to simulate a stochastic differential equation (SDE) driven by the observation process
with the injection gain depending on the error covariance process obtained by solving a
Riccati differential equation. However, such a solution has its limitations as it cannot be
readily applied to nonlinear systems and requires perfect knowledge of the model. We
will study two different classes of algorithms in hybrid setting which potentially overcome
these limitations. Let us first present the underlying concepts that go behind the design
of these algorithms.

1.2.1 Mean-field approximations

The theory of mean-field approximations addresses the question of developing macroscopic
models for a collection of particles, where the evolution of each particle is influenced by
another particle. When the number of particles is large, the macroscopic model provides
an approximation for the overall population, and one can deduce the qualitative behaviour
of the particles directly from the macroscopic model. Some basic results on this topic can
be found in the monographs [203], [199], and [83].

To provide a quick overview, let us consider a system of M particles interacting with
each other and described via following SDEs, for i = 1,..., M:

AX} = f(X))AE + wdt + dwl, X} = Z°, (1.17)

where w! are independent copies of the standard Wiener process, and the initial condition
Z' are independent, identically distributed (i.i.d.) random variables in R™. The mapping
f:R™ — R™ is assumed to be globally Lipschitz continuous. The only source of coupling
among the particles arises due to the input u;, and without this coupling, each particle
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would evolve independently due to independent copies of the Brownian motion and i.i.d.
initial conditions. For each ¢ =1,..., M, we choose

b YU
i =) Xi

which results in

i i b <L i i i
dX; = f(X})dt + M;thdwrdwt, Xb= 27" (1.18)

We are interested in analyzing the system as the number of particles M gets large. To
develop an intuition for what happens in that case, we see that as the number of particles
gets large, the individual processes X} become independent and identically distributed.
Using the law of large numbers, we consider the following approximations

&%Xﬁ ~ E[X{] :/

ye, (dy)

j=1 R
where X, is an independent copy of X¢, and E denotes the expectation with respect to
the law of X;. We can therefore approximate the evolution of X} by X; which is obtained
by solving the following McKean-Vlasov differential equation:

dX;, = f(Xy)dt + b/R yirg, (dy)dt + dewy, Xo=2

where Z is an independent copy of X} for some i = 1,..., N.

Mean field approximation techniques have been studied in the context of filtering as
well [21], 205], where the basic idea is to replace u; in with an appropriate term that
may depend on the other particles in the population and the innovation obtained from
the observation process. The key is to choose the input such that the resulting McKean-
Vlasov differential equation can describe the optimal posterior distribution that we seek to
compute in the first place. Even in linear case, the advantage of taking this route is that by
simulating (a relatively small number of) particles, we can get very good approximations
of the optimal distribution and the simulation of these particles does not require solving
Ricatti differential equations because the injection gains are obtained from the empirical
covariance of the population. We will explore these ideas further in Chapter

1.2.2 Bayesian adaptive filtering

Another limitation of the standard filtering techniques comes from the fact that it requires
exact knowledge of the model parameters (including the noise statistics) to get the optimal
distribution. In general, this information may not be available or alternatively, we would
want to develop estimation techniques which perform reasonably well in such cases. One
solution to this problem comes from the literature on adaptive filtering with Bayesian
inference.

Using standard results in filtering theory, see for example [55], it follows that the
minimum mean square error (MMSE) estimate X; subject to the the information Yy, is
given by,

R, = E[X: | Vi) = / Xop(Xe | Y, )X, (1.19)
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where p(6|Yn,) denotes the probability density of # conditioned upon the observations
received up to time t. If © is a given set of parameters, and we are interested in computing
the optimal estimate for a given a distribution of the parameters over the set @, then the
foregoing equation actually yields,

% = / X, /@ p(X: |0, Yx,)p(0 | Yy, )d0 dX;,

(1.20)

= [ @(©)p(0] Vv )de.
where Z4(0) := E[X;|60,Vn,], for € O, is the minimum mean square estimate with 6
given.

If © is a discrete set, and is described as © := {61,602, - ,0x} with K being the total
number of unknown parameters, then we get

K
X =Y 2u(0:)p(0: | Y,). (1.21)
=1

That is, Xt is obtained by computing z;(6;) for each value of 6; € © and taking their
weighted sum as determined by the conditional probability mass function p(6; | Vn,). As
we collect more and more observations, the conditional distribution p(6; | Vn,) is updated
as a function of X;. Thus, the filter obtained from represents an interaction of
different filters that generate Z+(6;), and is designed for the case when there are unknown
parameters. We will explore this estimation algorithm in further detail in Chapter 5] where
the objective is to quantify the asymptotic performance of the filters.

1.3 Contributions

This manuscript collects our works on studying interconnections along the directions that
we highlighted in the previous section, where the systems in particular comprise continuous
and discrete dynamics. The four subsequent chapters have been organized so that they
can be read independently of each other.

Chapter [2]is basically aimed at studying some basic interconnections involving switched
systems, a specific class of hybrid systems. In particular, the focus is on developing iISS
and ISS results and using these results for studying cascade and small-gain configurations
with switching dynamics. The two broad classes of switched systems that we consider
are described by: a) time-dependent switching signal and b) state-dependent switching
signals. For time-dependent switching systems, we develop conditions for ISS and iISS
in case of nonlinear dynamics with inputs, resets and possibly unstable subsystems. For
the dissipation inequalities associated with the Lyapunov function of each subsystem, it is
assumed that the supply functions, which characterize the decay rate and ISS/iISS gains
of the subsystems, are nonlinear. Using the notion of average dwell-time (ADT) to limit
the number of switching instants on an interval, and the notion of average activation time
(AAT) to limit the activation time for unstable systems, a formula relating ADT and
AAT is derived to guarantee ISS/iISS of the switched system. Using the iISS property,
we also discuss the stability of cascade interconnections with switching dynamics. These
developments are primarily based on [233] and |140].

Secondly, when working with state-dependent switched systems, we first carry out the
Fillipov regularization to embed such systems in differential inclusions. We then carry
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out robustness analysis for feedback interconnection of two systems described by upper
semicontinuous differential inclusions using a generalized notion of derivatives associated
with locally Lipschitz Lyapunov functions obtained from a finite family of differentiable
functions. The analysis builds on sufficient conditions for ISS of differential inclusions
using a class of nonsmooth (but locally Lipschitz) candidate Lyapunov functions and the
concept of Lie generalized derivative. In general, our conditions are less conservative than
the more common Clarke derivative-based conditions. These results have been published
in [67].

Chapter [3| considers a theoretical framework of singularly perturbed hybrid systems
which we have developed in [213], and it allows us to analyze the stability of a network of
agents described by nonlinear oscillators which only exchange partial information about
their state with some of its neighbors from time to time. We describe such systems as
an interconnection of two hybrid subsystems, a timer which triggers the jumps, and some
discrete variables to determine the index of the jump maps. The flow equations of these
variables are singularly perturbed differential equations, and in particular, smaller value of
the singular perturbation parameter leads to increase in the frequency of the jump instants.
For the limiting value of this parameter, we consider a decomposition which comprises a
quasi-steady-state system modeled by a differential equation without any jumps, and a
boundary-layer system described by purely discrete dynamics. Under appropriate stability
assumptions on the quasi-steady-state system and the boundary-layer system, we derive
results showing practical stability of a compact attractor when the information exchange
between the agents occurs frequently often.

Chapter 4| considers a class of dynamical systems for which the interconnections
are studied using passivity-like properties. Inspired by the fact that the subgradient of
non-differentiable convex functions have some monotonicity properties, we consider dif-
ferential inclusions where the right-hand side has a maximal monotone mapping (with a
negative sign) and possibly some drift term. Due to the relevance of these mappings in
wide range of applications related to optimization, it is of interest to study which oper-
ations preserve maximal monotonicity. We review some results from [27], [36], and [208]
which relate to preserving maximal monotonicity for interconnections involving passive
dynamical systems. We then provide some sufficient conditions under which we can estab-
lish maximal monotonicity for two dynamical systems with maximal monotone systems in
feedback configuration. In case, the dynamics cannot be reduced to a maximal monotone
map and contain a drift term in addition, we consider the converse Lyapunov theorem for
such systems and provide some algorithms for computing the Lyapunov functions in the
class of rational polynomial functions. The latter developments in this chapter have been
published in [197].

Chapter |5/ makes the transition from deterministic to stochastic hybrid systems in the
setting of filtering problem. For continuous-time linear stochastic systems, we consider two
classes of filtering algorithms which involve interaction of multiple filters. The first such
algorithm considers the design of ensemble filters when the observation process is randomly
sampled. We propose a continuous-discrete McKean—Vlasov type diffusion process with
additive Gaussian noise in observation model, which is used to describe the evolution of
the particles. These particles are coupled through the empirical covariance and require
less computations for implementation than the optimal ones based on solving Riccati
differential equations. Using appropriate analysis tools, we show that the empirical mean
and the sample covariance of the particle filters converges to the mean and covariance of
the optimal filter if the mean sampling rate of the observation process satisfies certain
inequality, and as the number of particles tends to infinity. The paper corresponding to
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these results is [215].

The second class of algorithms proposed in Chapter [5]is aimed at studying the filtering
problem with unknown parameters in the system model. In particular, we assume that
the unknown parameters belong to a discrete set and the posterior distribution of the
unknown parameters conditioned upon available observations is computed from Bayes’
rule. The resulting state estimate is a weighted sum of the state estimates generated by
multiple Kalman filters, where the weights are determined by the posterior distribution
of the unknown parameters. We analyze the performance of the algorithm by looking at
its asymptotic behavior and establishing boundedness of the error covariance matrix. Our
preliminary investigations along these lines have been reported in [207].



Switched Systems

Switched systems — comprising a family of dynamical subsystems orchestrated by a piece-
wise constant switching signal — provide a mathematical framework for modeling systems
where the state trajectories exhibit sudden transitions, either due to instant change in
the vector field or due to jumps in some of the state variables [132]. Depending upon
how the switching signal evolves, whether it is time-dependent or state-dependent, the
approach for analyzing such systems may be different. In this chapter, we are mainly
interested in studying cascade and feedback interconnections of switched systems where
the switching signal is either time-dependent or state-dependent. In the previous chapter,
we saw that integral input-to-state stability (iISS) and input-to-state stability (ISS) are
important properties for the study of such interconnections. Thus, most of the develop-
ments in this chapter are focused on establishing the iISS or ISS property for the two
aforementioned classes of switched systems and the results for the interconnections are
basically a consequence of these properties.

2.1 Time-dependent Switched Systems

We first start with the switched systems where the switching signals are time-dependent.
In particular, to provide stability conditions, we put some restrictions on how fast or slow
the switching can occur between certain subsystems. This allows us to identify the classes
of switching signals for which the desired stability properties hold.

2.1.1 Models and stability notions

In this section, we introduce some basic elements such as the definition of switched systems
and switching signals, and the definitions of ISS and iISS of switched systems.

Switched systems. Let P C N. For each p € P, there is a vector field f, : R" x R™ —
R"™, which is jointly locally Lipschitz in its arguments. The differential equations

&= fp(z,w), peP (2.1)

are the dynamics of the subsystems or modes of the switched system with input w : R>¢g —
R™. For each pair (p,q) € P x P, there is also a continuous jump map g 4 : R" xR™ — R™.
It is assumed that for each p € P, x € R” and w € R™, the set G,(z,w) := {gpq4(x,w) : ¢ €
P} C R" is closed. Let ¥ be the set of all right-continuous, piecewise constant mappings

14
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from R>¢ to P with a locally finite number of discontinuities, called switching signals. For
each switching signal o € 3, define

T(o):={t>0:0(t) #o(t7)}. (2.2)

In other words, 7 (o) is the collection of switching instants. With this data, we consider
switched dynamical systems with inputs and resets, described by

#(t) = fou(@(t), w(t)) if t ¢ T (o), (2.3a)
2(t) = Go(t-),0 (2(7),w(t) ift € T(0), (2.3b)

where w : R>g — R™ is locally essentially bounded on R>g and bounded on 7 (o). We note
that, over an interval [ty, t1) where o is constant, is seen as a time-varying differential
equation with possible discontinuities due to inputs. The solution of is, therefore,
interpreted in Carathéodory sense over such an interval [to, t1), see [91], Section 1.5]. With
fp(-,+) locally Lipschitz in both arguments, the conditions for existence of Carathéodory
solutions hold [91, Theorem 5.1, Page 28]. We call @ the continuous flow and
the discrete jumps. We denote the solution of @ with initial state xg, input w and
switching signal o by z(; z9,w, ). When z¢,w, o are clear from the context, the solution
is also abbreviated by z(-).

Switching signals. We now specify the class of switching signals for which we study
the stability of the system . We write the set P as a disjoint union P = Py U Py,
and introduce two different notions which constrain the class of switching signals. Con-
ceptually, the class of switching signals with ADT constraints puts an upper bound on
the average number of switches over any time interval. According to [99], we say that a
switching signal o satisfies average dwell-time (ADT) condition with parameters 7, > 0
(average dwell-time) and Ny > 1 if

to —t
Via >t >0: Ny(t,t2) < No+ =, (2.4)

Ta

where N, (t1,t2) is the number of switches occurring in the interval (t1,t2]: Ny(t1,t2) :=
|(t1,t2] N T (o). We denote by YapT(7a, No) to be the collection of all ADT switching
signals with parameters 7., Ny.

The second constraint provides a bound on the activation time for the modes contained
in P,. Following the definition in [155], we say that a switching signal o satisfies average
activation time (AAT) condition with parameters n € [0, 1] (percentage activation time),
Ty > 0, if

Vie >t1>0: Tsp, (t1,t2) < To+n(ta —t1), (2.5)

where T, p, (t1,t2) is the activation time of modes in Py over the interval (¢1,t2]. More
precisely, if we consider the function 1p, : P — {0, 1}, defined as

1, if o€ Py,
1p (o) = 2.6
P.(7) {0, otherwise, (26)

then T, p, (t1,t2) = fttf 1p, (o(7))dr. We denote by Xaar(Pyu,n,Tp) to be the collection
of all AAT switching signals of modes in P, with parameters 7, Ty. Notice that the AAT
condition is always with respect to the set P, which we later associate with the collection
of subsystems with not necessarily stable dynamics. In addition, in the special case when
n=1, imposes no constraints on the activation time and hence the switching signal
can be arbitrary. On the other hand, when Ty = 0 and n < 1, implies that modes in
P, are not activated at all.
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Stability definitions. Let ¥ C ¥ be a set of switching signals. In this chapter, we will
focus on the following two uniform external stability properties of switched systems with
respect to all switching signals in ¥. In what follows, the essential supremum norm of w
over a set I (that is, the supremum of w on I except for a set of measure zero) is denoted

by esssup,ey |w(s)].

Definition 2.1. Consider switched system (2.3) with w = 0. The system is uniformly
0-GAS, or simply UGAS, over ¥ if there exist § € KLL such that

|£13’(t, l‘o,0,0‘)| S/B(|$0‘at7NO'(07t)) (27)
We say that the system is UGAS(n) over X, if there exist #,7 € K and k > 0 such that

[ (t; 20,0, 0)| < (e HNTODg(|ag| 4)). (2.8)

In Definition the inequalities and are equivalent. This follows from
[194, Proposition 7]. While the use of is more common in the literature, we will use
to emphasize the role of the function 1. A characterization similar to has also
been used in our recent work [64] to unify certain stability notions for switched systems
and for proving a converse Lyapunov result.

Definition 2.2. A switched system (2.3) is uniformly input-to-state stable (ISS) over ¥
if there exist g € KL,v € K such that

|z (t; 20, w,0)| < B(|zol 1, No(0,2)) +v( esssup |w(s)]) +v( sup |w(s)])  (2.9)
s€[0,t]\T (o) s€[0,t]NT (o)

forallt > 0,29 € R" and 0 € X.

Definition 2.3. A switched system ([2.3)) is uniformly integral input-to-state stable (iISS)
over Y if there exist ag € Koo, 8 € KL,y € K such that

Oéo(lél’(t;wo,w,U)l)<ﬁ(!ﬂ«"ol,taNa(O,t))+/0t7(|w(8)|)d8+ > (=) (2.10)

s€[0,4]NT (o)

forallt > 0,20 € R", and 0 € X.

Our definitions of ISS and iISS are adopted from [32] and [158]. Notice that the last
terms in , and in do not appear in standard definitions of ISS and iISS for
non-switched systems; these additional terms are needed in our framework to capture the
growth of state trajectories at switching instants due to the presence of inputs in the jump

dynamics (2.3b]).

2.1.2 Stability of cascades

As the main application of the results to follow, let us now consider the cascade intercon-
nection of two time-dependent switched systems as illustrated in Figure We will state
a result about the stability of cascades using certain stability properties for the individual
subsystems, and in the following section, we provide sufficient conditions that allow us to
establish such properties.
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Figure 2.1: Two-stage serial cascade system with switching dynamics.

Let us describe the model of switched systems in cascade configuration. The driving
system is an autonomous switched system with jumps at switching times, and is described
as:

() = fo.0) (2(2)), if t ¢ T (02), (2.11a)
2(t) = Gzo.(t) 0. (2(87)), i T € T(02), (2.11b)

where o, : R>g — P is the switching signal belonging to a class ¥,. For each p,q € P,
the mappings f., : R" — R"# and g, p 4 : R"* — R" are assumed to be continuous and
satisfy f.,(0) =0 and g.,4(0) = 0.

The driven system is also another switched impulsive system with a different switching
signal, and is described as,

x(t) = faz(t) (.%'(t), Z(t)) if ¢ ¢ T(U)7 (2'123‘)

$(t) = Yz,0.(t7),00(t) (aj(ti)u Z(t)) ifte T(U)v (212b)
where o, : R>g — P, is the switching signal belonging to a class ¥,. For each p,q € P,,
the mappings f;, : R" x R"* — R" and g;pq : R™ x R" — R" are assumed to be
continuous and satisfy f,(0,0) =0 and g, ,4(0,0) = 0.

We have the following main result:

Theorem 2.4. Consider the cascade interconnection in (2.11)—(2.12)) and suppose that
o the driving system (2.11)) is UGAS(n) over ¥, with respect to the origin in R",

o the driven system (2.11)) is uniformly (1SS over X, with respect to the origin in R™®
and the gain 7.

If it holds that

P (yon)(s)
/0 fds < 00, (2.13)

then the interconnected switched system (2.11)), (2.12) is UGAS over the set ¥, X X, with

respect to the set origin in R™ x R"=,

Proof. The proof follows the template used in [10, Theorem 1], and we just need to show
that the origin in R™= is asymptotically stable for (2.12]) under the stated hypotheses. The
primary difference here is that we have to handle an additional term due to state resets
in the inequality that characterizes the iISS property. With the iISS assumption, we have
the following bound on the trajectories of :

ollattzo)) < ool )+ [ 2(l=(Dds+ X A (214

s€[0,4)NT (o)

for all t > 0,29 € R", and o, € ¥;. We first show that, under the condition (2.13)), the
last two terms in the foregoing inequality are bounded by a class K function of z(0), which
in turn implies stability of the origin in R™=.
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We note that, using (2.8)),
|72 @)hds < [T o= 00g 1z )ds
0 0

< | (v o m)(e**0(|z0))ds
0

L1 0D (yon)(3) |

_ E/o W OMR5) 45

S

where § := e %%0(|20|). Similarly, we note that

>z DD (o (e FE N Og(|z)))

s€R>oNT (o) s€R>oNT (o)
<(vom@(lwl)+ Y. (Yom)(e M= 096(x)))

s€[t1,00)NT (o)

< (om@(al) + [ (rom(e™0(z])ds

—rom@z)+1 [ 22Dy

where we once agin choose § := e #*0(|zp|). Under condition (2.13), the function p :
RZO — RZ()’

t 3
RZO >t M(t,) = / ("}/0;7)<S)d§
0

is a class K function because p(0) = 0 and the integrand is strictly positive. Thus,

ao(|z(t; zo)]) < B(lzol, 0,0) + %u(9(!Zo|)) + (v o m)(6(]20))-

We can make the right-hand side arbitrarily small by choosing |zo| and |zg| to be small,
which ensures the stability (z, z)-dynamics. Similarly, the attractivity of x(-) can also be
proven by putting all the bounds together. In particular, we can write a bound on |z(t)]
similar to (2.14), over the interval [T, c0) for T sufficiently large and use the fact that the
boundedness of [;v(|z(s)|)ds implies that the tail [7°~(|z(s)|)ds is arbitrarily small for
large enough T'. The reasoning given in [194, Proposition 6] can be used here to formalize
this argument. O

Theorem [2.4] provides rather relaxed conditions based on iISS under which we can
establish stability of cascade interconnections. We can also develop a Lyapunov function
based approach under ISS assumption on driven system dynamics and this approach has
been presented in [233]. The essential ingredients in studying these interconnections is to
prove UGAS, or ISS/iISS, of a switched system for a class of switching signals. This is
the topic of the first part of this chapter where our main result in Theorem provides a
unified approach to establish these properties. Before presenting that result, let us present
an overview of the literature on this topic.

2.1.3 Literature overview

A canonical approach for stability analysis of switched systems is to develop character-
izations based on the stability properties of the individual subsystems, and the effects
observed at switching times. For a switched system to be GAS, ISS or iISS uniformly over
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arbitrary switching signals, not only all the subsystems are required to have these prop-
erties, but in addition all subsystems must share a common Lyapunov function. While
the existence of a common Lyapunov function turns out to be the necessary and suffi-
cient condition for GAS, ISS or iISS of switched systems under arbitrary switching [60),
89|, such conditions are very restrictive in practice and there are well-known classes of
switched systems which are GAS, ISS or iISS uniformly over some set of switching sig-
nals but not all switching signals |[132]. For such systems, different approaches can be
used to describe the sets of switching signals over which the desired stability property
is ensured uniformly. The most straightforward method is to introduce slow switching.
Intuitively, the actions of switching are treated as the source of instability and hence, as
long as switching occurs sufficiently infrequently, the stability of the switched systems can
be ensured. Well-known slow switching conditions include dwell-time (DT) condition and
average dwell-time (ADT) condition. An autonomous switched system with a common
asymptotically stable equilibrium for all subsystems is shown to be GAS, uniformly for
switching signals with sufficiently large DT or ADT [153] 99]. For switched systems with
inputs, ISS can also be studied similarly with respect to slow switching signals subjected
to DT or ADT conditions [222].

Building on these results, there has been significant research to generalize the class
of switching signals for which one can establish GAS, ISS, or iISS uniformly. These
generalizations are developed by modifying the framework from aforementioned references
in certain directions: a) by modifying the definition of ADT, b) by allowing some unstable
subsystems and/or stabilizing discrete jump maps, and c) by relaxing the assumptions
on the supply functions in the dissipation inequalities associated to each subsystem. For
the first case, the notion of ADT is generalized by replacing the affine function of time in
the definition of ADT by a more generic function in [125]. Similar generalization is also
seen in the recent work [90]. Meanwhile, in [147], the authors propose impulse sequences
whose impulse frequencies are eventually uniformly bounded, but iISS-related questions
have not been investigated for such a class of signals. For the second case, one may
consider unstable subsystems with stabilizing impulsive maps and frequent switching, so
that the impulsive maps dominate the continuous flow and stabilize the system [227, [229)].
Conditions describing how fast such stabilizing impulsive effects must occur are captured
under the notion of reverse average dwell-time (rADT), introduced in [102]. Alternatively,
since the activation of unstable subsystems is treated as the source of instability, stability
of a switched system with unstable subsystems can be preserved by limiting the time that
the system dwells in the unstable modes. Following this approach, average activation time
(AAT) conditions are introduced, which are usually imposed together with ADT conditions
in the characterization of switching signals, uniformly over which an impulsive switched
system is shown GAS, ISS or iISS [155, [140]. The third research direction comes from
relaxing the linear decay on the Lyapunov functions of individual subsystems to nonlinear
decay functions. The papers [63] 137] provide counterexamples of switched systems with
all stable subsystems where the dissipation inequalities have nonlinear supply functions
and the resulting switched system is not asymptotically stable no matter how large the
DT or ADT is chosen. Sufficient conditions for impulsive systems with nonlinear decay
functions in dissipation inequalities associated to continuous and discrete dynamics appear
in [181},57], which have even been extended to infinite dimensional setup [59]. These were
generalized to switched systems in [233] while using a Lyapunov function for the stability
analysis, and the construction of this Lyapunov function builds on some earlier work
done in |171]. Inspired by [233], the paper [140] allows for unstable systems and develops
conditions for GAS, ISS, iISS which relate ADT and AAT in a rather elegant manner. In
fact, it is possible to move beyond the framework of constant ADT/AAT which allows us
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to propose a class of switching signals that can handle subsystems with nonlinear decay
functions and are not uniformly stable with constant ADT; such studies have appeared
recently in [138]. Here, we also mention that the approach used in [233, 140, 138] is based
on reformulating the problem in hybrid systems framework of [80] and using the ISS, or
iISS, characterizations developed in [32} 33, [158].

As already mentioned, the ISS notion has been useful in analyzing interconnections of
two dynamical systems, either in cascade form [195], or in feedback by using the small-gain
condition [111, 112]. Moving away from the framework of conventional nonlinear systems,
the ISS notion has been generalized to systems with continuous and discrete dynamics.
More recently, we have seen ISS results for interconnections of hybrid systems [134} 182,
and time-dependent switched systems [228| 151} [233].

2.1.4 Uniform stability under constrained switching

In line with the stability properties required for analyzing the cascade interconnection
in Section 2.1.2] we now state a result that provides sufficient conditions for establishing
such properties for a switched system. We start with some assumptions on the data of
system required for the statement of the main result.

Assumption 2.1. There exist C! Lyapunov functions V, : R* — Rxq, p € P, satisfying
the conditions:

(TD-L1) There exist o, @ € Ko such that
alz]) < Vp(z) <@(|z]), VzeR",peP. (2.15)

(TD-L2) There exist a disjoint partition P = Pg U Py, two positive definite functions
Qs, oy, and v € K such that
0
(5 V(@) fylww)) < —as(Vp(@)+1(lwl) Vo € R",w € R™,p € Py, (2.16a)
and

<%vp(x), fol@,@)) < au(Vp(@)) +7(wl) Vo € R"w € R™,p € P, (2.16b)

(TD-L3) There exist x € K, p € K such that
Va(gp.q(2,w)) < x(Vp(2)) + p(lw]) Ve eR",weR™,pgeP.  (2.17)
Remark 2.1. For each subsystem in Pg, [(TD-L1)| and the condition (2.162)) in [(TD-L2)

provide a necessary and sufficient condition for it to be iISS [6]. In addition if it is assumed
that as in (2.16a) is Ko, then each subsystem in Py is ISS. A

Remark 2.2. The partition Pg, Py is not necessarily an indicator whether a subsystem is
ilSS or not. Indeed, when a subsystem is not iISS, will not hold for any choice of
Vp but may still hold. However, even if a subsystem is iISS, it may still lead to
the inequality due to the improper choice of V,,. In this case this subsystem needs
to be categorized to the set Py. A

Based on Assumption we introduce the function ¢ : R>g — R as

v(t) = min {os(r) + cft = 1)) (2.18)

where ¢ > 0 is some constant. The next assumption bounds the divergence rate for the
subsystems in Py:
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Assumption 2.2. The supremum

K := sup Cu(r)

>0 Tﬂ(T)
is finite, where « comes from |(TD-L2)|in Assumption and 1) is defined in (2.18)).

Our last assumption will be instrumental in deriving a lower bound for ADT in a
similar fashion as in [233]:

(2.19)

Assumption 2.3. The supremum

. x(s) 1
el 220

is finite, where x comes from [(TD-L3)|in Assumption and 1 is defined in (2.18]).

We are now ready to state the first main theorem of this chapter:

Theorem 2.5. Consider the switched system ([2.3) and suppose that Assumptions
and [2.3 hold with the function ¢ constructed via ([2.18)) for some ¢ > 0. If 7, > (¥,
then for every n € [0, 1] satisfying the inequality

*

(1+Ii)77+i <1, (2.21)
Ta
the system is uniformly (1SS over Xapt (74, No) N XaaT(Pu,n, To) for any Ny > 1
and Ty > 0. Moreover, if in as € K, and 7, > (*, then system 18
uniformly ISS over Y apr (74, No) N Xaar(Pu,n, To) for every n € [0,1] satisfying
and any No > 1,1y > 0.

To provide some insight about Theorem let us consider its application to some
special types of switched systems. We first consider the case when all the subsystems are
ISS/iISS. In this case, we can always find V, satisfying (2.16a)) in [(TD-L2)| for all p € P
so that P, = (). Hence the AAT condition vanishes and we could simply set 7 = 0. As a
result, reduces to 7, > ¢*. In other words, in this case the switched system (2.3)) is
uniformly ISS/iISS over X apr (74, No) for any 7, > ¢*, Ng > 1.

We next consider the case when the switching does not introduce jumps in the Lya-
punov functions evaluated along the solutions of the unforced system, so that y = id. We
then conclude from ([2.20)) that {* = 0, so by Theorem the switched system is ISS/ilSS
with arbitrarily small values of the average dwell-time 7,. In addition, (2.21)) results in
n < IJ%H and the switched system (2.3)) is uniformly ISS/iISS over (U, >0 XapT(7a, No)) N
EAAT(Pua m, TO)

Lastly, we consider the case when the decaying rates and growth rates in [(TD-L2)|
(TD-L3)| of Assumption are all linear; that is, there exist Ag, Ay, # > 0 such that
as(r) = Asry o (1) = Aur, x(r) = pr for all » > 0. In this case, the formula (2.20) yields

ks ] In p
= dr =
¢ s AT As
and consequently the inequality (2.21)) becomes
Au In p
14+ — < 1.
< * As) T AsTa

After rearranging the terms, we recover the conditions on 7, and 7 which guarantee ISS
of switched system as stated in [155, Theorem 2]. Thus our work turns out to be a
generalization from linear to nonlinear setting of the known results in the literature.
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Discussion of the assumptions. Once we impose some characterizations of the sta-
bility or instability of individual subsystems and the reset maps in Assumption 2.1} it is
seen that the stability condition in primarily depends on finiteness of x in Assump-
tion and ¢* in Assumption In both the assumptions, the function 1 constructed

in (2.18)) plays a key role.
1. Note that (2.18) immediately implies that 1 (¢) < 1(t) := min{as(t),ct}. In [139)],

we proposed stability conditions using the function ¢ while assuming that it is
globally one-sided Lipschitz. That assumption is necessary in [139]; for example,
take as(r) = re™" + 1 — cos(r?), then 1)(¢) is not one-sided Lipschitz for any ¢ > 0.
In this work, the Lipschitzness assumption is no longer required because the function

¥ in ([2.18)) has this property by construction.

2. The function 1 is essentially a global one-sided Lipschitz modification of ay. In case
«y is already globally Lipschitz, ¥ can be chosen equal to ag by setting ¢ larger than
its Lipschitz constant. Functions like ags(r) = 7, as(r) = In(1 + ) and as(r) = re™"
are examples of such a case.

3. Combining (2.18)) and (2.19)), we conclude from ([2.16b)) that for all p € Py,

<88$Vp(g;),fp(a:,w)> < keVp(z) +y(Jw)).

According to [7, Theorem 1], this property in turn implies that these subsystems are
forward complete, which is a very reasonable assumption on the subsystems as one
cannot expect the switched system to be ISS/iISS if an active subsystem has finite
escape time.

4. In order to get a qualitative answer to the question of when the switched system is
ISS/iISS under slow switching, we need to better understand Assumption [2.3, The
next lemma states that, in order to show that ¢* is finite, we only need to examine
the values of (s), x(s) for small and large s without computing the integral in (2.20)).
To this end, we say a positive definite function o : R>g — R is initially increasing
if there exists r > 0 such that a(s) < a(t) for all 0 < s < ¢t < r, and eventually
increasing (resp. eventually decreasing) if there exists R > 0 such that a(s) < a(t)
(resp. a(s) > «(t)) for all R < s < t.

Lemma 2.6. The value (* defined in (2.20) is finite when both conditions (a) and
(b) hold:

(a) 1 is initially increasing and lim sup,_,q+ X(S()Sgs < 00, and

(b) 1 is eventually increasing and lim supg_, X(S()SSS < 00, or

Y is eventually decreasing and lim sup,_, % < oo

Proof. We only study the non-trivial case when y(s) > s for all s > 0. By inspecting

the definition of ¢* in ([2.20)), we see that it suffices to show that lim sup, |, SX(S) w(lr) dr

is finite when s approaches both 07 and infinity in order for ¢* to be finite. When
1 is initially increasing, we have 7 > 0 such that for all s > 0 with x(s) <T,

X(S)Lr NON| .o X(s) —s
L amt =l ="

Take the limit as s — 07, and it follows from the first condition in Lemma
that limsup,_,o+ [, SX(S) ﬁdr is bounded. Similarly, the second condition results in

lim sup,_, fSX(S) ﬁdr being bounded. O
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It is not hard to see that ¢* is finite for the linear functions when ¢ (s) = As, x(s) =
ws. In addition, using Lemma [2.6] it is straightforward to verify that the nonlinear
pairs such as (¢¥(s),x(s)) = (1 —e*,s+1—¢e7%), (e°(1 — e *),In(e® + 1)) also
ensure finite (*.

2.1.5 Hybrid systems framework

Our proof of Theorem [2.5| relies on rewriting the switched system into a hybrid system in
the framework of [80] and then showing ISS/iISS of that hybrid system. In this section we
provide a brief description of hybrid systems, which also includes the formulation of ADT
and AAT constrained switching signals in the framework of hybrid systems. In particular,
we consider the hybrid dynamical system with inputs, which is described as:

§Teg(éd), (§d) €D, (222)

{5 €F(&d), (sd)ecC,
where the state trajectory £ evolves in X C R”, and the disturbance d takes values in R™.
The sets C, D are subsets of X x R™ and are called flow and jump sets, respectively. The
evolution of the state is thus described by F (during flows) and by G (at jump instants),
which are set-valued mappings from X x R to X. The solutions of the hybrid system
are defined on hybrid time domains. A set I C R>q X Zx is called a compact hybrid
time domain if I = Uj;ol([tj, tj+1],7) for some finite sequence of times 0 = to < t1--- < ty;
and I is a hybrid time domain if for all (T',J) € I, IN([0,T] x {0,1,...,J}) is a compact
hybrid time domain. The domain of the hybrid input d in is a hybrid time domain,
and d : domd — R™ is such that d(-,j) is Lebesgue measurable and locally essentially
bounded for each j € Z>o. When the system data (F,G,C,D) satisfies certain basic
assumptions [80, Assumption 6.5], |32, Page 48], it holds that, for each input d : domd —
R™, the system admits a local solution, called hybrid arc, £ : dom& — X. A hybrid
arc £ : dom¢é — X and a hybrid input d : domd — R™ are a solution pair to the hybrid

model ([2.22)) if:
e dom¢ = domd;

o forall j € Z>pand almost all t € R>¢ such that (¢, j) € dom &, we have (£(¢,7), d(t, 7))
C and &(t,j) € F(£(t4), d(t,5)); and

o for (¢t,j) € dom¢ such that (¢,5 + 1) € dom¢ we have ({(t,7),d(t,7)) € D and
z(t, 7 +1) € G(&(t, ), d(t, 5)).
For an initial state {, and an input d, a hybrid arc of (2.22)) is denoted by &(-, ; &, d).

In what follows, we denote the distance between a vector £ € X and a compact set
A C X by [£|4, that is, |£] := infec 4] — (|- Following [32], for a hybrid signal d, we

use the notation [|d||( ;) to denote the maximum between ess sup |d(£,5)\ and
(£,j+1)gdom d,f+j<t+j
sup |d(t,7)]-
(£,j+1)edom d,f+j<t+j

Definition 2.7. A hybrid system (2.22)) is said to be input-to-state stable (ISS) with
respect to A if there exist £, € KLL and v, € K such that for all §§ € X and all
(t,7) € dom &, each solution pair (£, d) satisfies

1€(t, 3560, d)| a4 < Br([&ola,t, j) +n(]ld]

(t.3))- (2.23)
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Definition 2.8. A hybrid system (2.22)) is said to be integral input-to-state stable (iISS)
with respect to A if there exist ap € Koo, Bn € KLL and ~y; € K such that for all §, € X
and all (¢,j) € dom &, each solution pair (§,d) satisfies

ah(‘f(taﬁand”A)S/Bh(|§O|Aat7j)+/Ot’Yh(|d(37jd,s)|)d5+ S w(ldE ) (2.24)

(£,7+1)€domd
i+j<t+j

where jg , := max{i € N*|(s,i) € domd}.

We can also characterize ISS and ilSS using Lyapunov functions. The following result
provides sufficient conditions in terms of existence of Lyapunov functions with certain
properties which guarantee ISS/iISS.

Lemma 2.9 ([32,158]). A hybrid system ([2.22)) is iISS with respect to A if there exists a
smooth function V : X — R>q, positive definite functions o, g, functions aq, s € Ko
and Ye,vq € IKC such that

01 ([€14) < V(E) < an((€]a) (2.25)
forallé e X, 5
<a§v<5>, F) < —ac(lela) + ve(ld) (2.26)
for all (¢,d) €C, f € F(&,d), and
V(@) - V(E) < —au(l€]4) + ra(ld) (2.27)

forall (§,d) € D,g € G(&,d). In addition if ac,aq € Koo, then the hybrid system (2.22)) is
1SS with respect to A.

We call a function V satisfying the inequalities in Lemma [2.9] with positive definite
functions a., ag (resp. ae, ag € K ) a hybrid iISS (resp. ISS) Lyapunov function.

Remark 2.3. In papers [32, |158], the authors work with a single-valued version of ,
that is, F(&,d) = f(&,d) and G(&,d) = g(&,d). The statements in Lemma [2.9| are obvious
extensions of those results. Additionally, we see a condition on system data in the results
of [32, [158], which says that, for each £ € X and each ¢ > 0, the set {f(¢,d) |d € R™NeB}
is convex. However, this condition is only required for proving the converse implication
that ISS/iISS implies the existence of an appropriate Lyapunov function, and is not needed
for our purposes.

One can write the switched system (2.3)), along with the ADT and AAT constraints
on the switching signal, more naturally in the form of (2.22)). The reader may also consult
[80, Example 3.22] and [167] for such reformulations also. For our purposes, we let

€ R" x P x [0, No| x [0,Tp] =: X. (2.28)

™M
I
NN

Tu

The hybrid model capturing the dynamics of the switched system, driven by an R”-valued
disturbance d and a switching signal o € Xapr (74, No) N Xaar(Pu,n, To), is compactly
written as

v
§eF(&d): f_ (&) ec, (2.29a)
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y" € Gyly, d),
T eP,

sregea:y YT (€,d) € D, (2.20b)
T = Tu,

where C := X x R™, D := R" x P x [1, No| x [0,Tp] x R™, and Gp(y,d) = Uyep 9p.q(y, d)-
For the system ([2.29)), it is of interest to study whether the compact set

A= {0} x P x [0, No] x [0, Ty] (2.30)

is an attractor. We observe that system ([2.29)) satisfies basic assumptions listed in [80),
Assumption 6.5]:
e The sets C and D are closed.

o The mapping F(-,-) is outer semi-continuous, convex-valued and locally bounded
relative to C, and C C dom(F). Here, we used the fact that, for each p € P, the
mapping (y,d) — fp(y,d) is locally Lipschitz continuous by assumption, and the
set-valued dynamics for (p, T, 7,) are outer semi-continuous.

o The mapping G(-,-) is outer semi-continuous and locally bounded relative to D.
This is because, for each p € P, y € R", d € R™, we assumed that G,(y, d) is closed
and hence the mapping (y,d) — Gp(y,d) is outer semi-continuous. Because of the
discrete topology of the set P, it then follows that (p,y,d) — G,(y,d), as a subset
of P x R™ x R™, is closed, and outer semi-continuity of G(-,-) follows by checking
that its graph is closed.

Comparing (2.23) and (2.24) with (2.9) and ([2.10]) respectively, we have the following
straightforward result, which shows that studying ISS (resp. iISS) for system (2.3) is
equivalent to studying ISS (resp. iISS) for system ([2.29)).

Proposition 2.10. The switched system (2.3)) is uniformly ISS (resp. iISS) over the
class of switching signals X apT(7a, No) N Xaar(Pu,n, To) if the hybrid system (2.29), with
augmented state variable defined in ([2.28)), is ISS (resp. iISS) with respect to A.

2.1.6 Main elements of proof

Let us now have a look into the proof of Theorem The main idea is to construct
an (i)ISS-Lyapunov function for the overall switched system, and show that under the
conditions listed in the theorem statement, we get the inequalities that characterize the
(1)ISS property for the hybrid system. In the case of linear supply functions, no reset
maps, and ADT constrained switching signals, this idea initially appeared in [99].

To construct the (i)ISS Lyapunov function for the hybrid system, we define ¢ : R>g —
R>( as follows:

exp (f) 2&dr), if s> 0,
p(s) = Ul ' (2.31)
0, if s =0,

where we recall that ¢ and v are introduced in (2.18]).
Since 7, > ¢* and ([2.21)) holds, we pick ¢ € ((*,7,) which is sufficiently close to * so
that
(h+ 1+ > < 1. (2.32)

Ta
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We prove the theorem by showing that
V(E) 1= ! (Xt Tr) o (1 (2))) (2.33)

is an (1)ISS Lyapunov function for the hybrid system (2.29)) corresponding to the switched
system (2.3)) with ADT and AAT constrained switching signals.

Some properties of functions ¢ and ¢. In analyzing the function (2.33)), we need
to have a closer look at the functions v constructed in (2.18]) and ¢ in (2.31)), and in
particular, the following properties are of interest:

e The function 9 is positive definite. It is also of class K, if ag is of class K.

e The function 1 constructed in (2.18]) is a globally one-sided Lipschitz function on
R>o with constant ¢; that is, for any to > t1 > 0, ¥(t2) — ¥(t1) < c(t2 — t1).

e It holds that p € K.

o Let ¢g >0 and s >t > 0 such that ¢(s) < cop(t). It follows that ﬁ((i)) < /co.

o The function 6 : R>g — Rxq defined by 6(s) := ¢ (cop(s)) with any ¢y > 1 is
globally one-sided Lipschitz with constant ,/cy.

We next show that, using the aforementioned properties, we can prove the desired
inequalities for the function (2.33). Firstly, to verify the condition (2.25)), we set

041(8) _ Q(S), and 042(8) _ 8071 (€2C(CN0+(H+1)T0)w(a(s)))

and the bounds in (2.25) clearly hold.

We next verify the conditions (2.26]) and (2.27)). We recall from the proof of |6, Theorem
1] that the inequality (2.26) holds for some positive definite function a. if there exists a
positive definite function &. such that

<§§v<s>, F) < ~a(V(e) +u(ld) (2.34)

Moreover, . € Ko if &c € Koo, by setting a, := &, o aj. Similarly (2.27)) holds for some
positive definite function oy if there exists a positive definite function &4 such that

V(g) = V(&) < —aa(V(E)) + valld]) (2.35)

and ag € Ko if ag € Ko To verify the condition (2.34) (and therefore (2.26)) for the

continuous flow, we define
W(¢) = e2e(GTHrrD(Tom) 7 (). (2.36)

Picking (¢,d) € C and f € F(&,d), we have

+ (ATHEEDI (1, ) 2 Vi o), ol d) )

=2 (Ci— — (k4 )7y +
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When p € Py, it follows from (| and (2.18) that <a@ z), fplz, d)> < —p(Vp(z)) +
~(|]d]). In addition 7 € [0, %] and Tu € [-1,0], so

2cW(€)
P(Vp(@)”

When p € Py, it follows from ([2.165) and (219) that { 2V, (), f,) < £(Vp () +(|d]).
In addition 7 € [0, %] and 7, € [1 —n,1], so

<§£W(§),f> < 9 <7i+(f€+1)’l71) W) + ———==(d]).

2¢W (€)
O(Vp(a))

and we reach the same upper bound as in the first case. Appealing to (2.32)), we conclude
that

(2w 7) <20 (S tue 1- 1)+ 1) Wi + 2900

85 Ta

D e 7 = o 2V (¢)
(5eW(©.7) < —2eaW () + S
where
a;:1_§—(n+1)n>o. (2.37)
Consequently it can be computed that along the differential inclusion ,
2 T\ —1y/ ﬁ i
(3V(©O.F) = (W) < 3§W<f>,f>
2cW(E)
< ( - ) ( ) w<vp(x>>7('d‘))
1

— (e W) + L a)

. V() »

= —ap(V(E)) + AL ~(ld]).
To further simplify the right-hand side, let v := Vp(z), w := V(§). Then we have w > v > 0

2
and p(w) = W(£) = 620(CT+(H+1)(TO*Tu))SO(Vp( ) < (CNOJF(HH)TO)@(U). Hence,

<§§v<s>, ) < —ap (v (@) + el NoH ) i)

and (2.34) holds with

ae(s) == ap(s) (2.38a)

Ye(s) = eC(CNOHRH)TO)v(s). (2.38Db)
It now follows that if «g is positive definite (resp. as € K ), then @&, is also positive
definite (resp. a. € K« ) and so is a.. In addition, 7. € K.

Lastly, to verify the condition (2.35)) (and therefore (2.27))) for the discrete jumps, we
pick (§,d) € D and g € G(§,d). Notice that

o)) = e ([ 2ar)

= exp (/V:E::(x)) ;(i)dr) exp (/1%(:6) q;(i)dﬂ < ¥ p(Vy(z))
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where we recall that ¢* is defined in (2.20). Hence, if we define

)

0(8) — 8071 (€2C(C(Tfl)+(ﬁ+1)(T0fTu))SD(S))

and recall the definition of W from (2.36), we have the estimate that 0(x(V,(x))) <
o1 (620(4(7_1)“"“)(TO_T“)HQCC*ap(Vp(:c))) =1 (620(5*_C)W(§)). Therefore, using the
assumption [(TD-L3)| we get
V(g) _ (,071 (620((T++(n+1)(T077j))so(vp_‘_ (er)))

e Gai “+l><T0—Tu>>so<vq<gp,q<x,d))))
< -1 e?c fi—&-l)(To—Tu))(P(Xa/;,(x)) +P(‘d’)))
0 (x(Vo(x)) + p(|d]))
G(X (Vy(z ) eCC(T=D)+(r+1)(To—7u)) p(|d])

-1 (62C ) +6c( (No—1)+(k+1)Tp) p(ld|)

=7 (> <>w<V<f>>)+ec<<<N° DI ().

/N

IA

| N

Thus the inequality (2.35]) is seen to hold with

Ga(s) = s — 71 (D (s)) (2.39a)
~va(s) = ec(g(NO_lH(“‘H)TO)p(s). (2.39b)

Recall that ¢ > (* and ¢ € K ; thus by construction &g is positive definite. In addition,
vq € K. Lastly we show that a3 € Ko when ag € Ko. It follows from that
¢((s — a@a(s)) = 2"~y (s). Using the definition of ¢ in (2:31), and taking logarithm,
it follows that

s=aa(s) 2¢ . s 2c
/1 @b(r)dr:%(c () + . ¢(T)dr.

Hence, we have

/:ads)w( jdr=C—C" >0 (2.40)

From the listed properties of function ¥, when ags € Ko, ¥ € Ko as well and thus ﬁ
decreases to 0 as r increases to infinity. Therefore, holds for all s > 0 only when
the length of the interval of integration grows to infinity as s — co. In other words, we
conclude that a4 € Koo

With all the three conditions (2.25)), (2.26]) and (2.27) verified, we appeal to Lemma [2.9]
and conclude that the hybrid system is ISS (resp. iISS) when o € Ko (resp. ay is
only positive definite). Then by Proposition the switched system is uniformly
ISS (resp. uniformly iISS) over the set of signals X Ap7(74, No) N XaaT(Pu,n,7p). This
completes the proof of Theorem 2.5

2.2 State-Dependent Switched Systems

Differently from the class of switched systems studied in Section 2.1} we now consider
systems where the switching rule is defined by a function of state. This kind of switching
rule is also seen in the design of stabilizing feedback laws, such as, uniting local and global
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controllers [172], or the design of switching rule using Lyapunov functions. Our end goal,
once again, is to analyze interconnections of switched systems, but we will develop different
tools in this section towards that end. In particular, we will use Lyapunov function based
approach, but the peculiar element of our approach is that we will use a certain notion
of derivative for nonsmooth Lyapunov functions which provides relaxed conditions for
stability in state-dependent switched systems. We will develop an ISS result using this
notion of derivative and later use it for feedback interconnections.

More specifically, given a family of vector fields {f1,..., fx} C C}(R™ x R™,R") and
a switching signal o : R” — {1,..., K}, we now consider the system

&= fa(x)(:C)u)' (241)

For studying generalized solutions of such discontinuous systems, we extend the map
fo(y(-;u), considering the Filippov regularization of (2.41) (see [75]). This leads to a
differential inclusion of the form (see Section for details)

t € F(z,u), (2.42)

where F satisfies some regularity assumptions. Our first objective is to study asymptotic
stability and robustness with respect to u for system (2.42)). We then apply our results to
the analysis of interconnected systems of the form

{i‘l € Fi(71, 22, u), (2.43)

To € FQ(.Z‘l,ZEQ,u).

In the previous section, we saw how multiple Lyapunov functions can be used to
analyze the stability of time-dependent switched systems. This is essentially done by
switching from one Lyapunov function to another when a switch occurs. When deal-
ing with state-dependent switched systems, the patching of the Lyapunov functions may
make the resulting common Lyapunov function non-differentiable, but locally Lipschitz in
most cases. This element is seen in the analysis of asymptotic stability using piecewise
differentiable functions [114, [16], and to some extent for establishing ISS in [96], [95].

The subsequent sections of this chapter are about developing sufficient conditions
for ISS using locally Lipschitz Lyapunov functions for the class of differential inclusions
in . The concept of set-valued derivatives for locally Lipschitz functions, introduced
in [48], [14], is crucial to properly define the notion of derivatives along the system’s tra-
jectories. In particular, we focus on two different notions of set-valued derivatives that we
call Clarke and Lie derivatives, each of them being a set-valued map from the state space
R™ to the real numbers, see [41] and [53] for the formal definitions. For a large class of
locally Lipschitz functions called non-pathological functions (as phrased in [217]), the no-
tion of Lie derivative leads to less conservative stability conditions, see [41] and our recent
papers [65] and [66]. As another example, the Lie derivative concept has been recently
used in [116] to identify and remove infeasible directions of a differential inclusion of the
form , and for stability analysis using an invariance principle for state-dependent
switched systems [117], based on the ideas already introduced in [183].

2.2.1 Generalized derivatives

Our first aim is to prove ISS of a differential inclusion with inputs (2.42)) via non-smooth
Lyapunov functions, and thus in the following we collect various notions of generalized
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derivatives and gradients. Given a locally Lipschitz function V : R™ — R we have the
following characterization of the Clarke generalized gradient [48, Theorem 2.5.1, page 63]
which is taken here as a definition. Let V' : R” — R be a locally Lipschitz function, Clarke
generalized gradient of V at x is

k—00

oV (z) == co{ lim VV (zg) |2k — 2, 2 ¢ NV} , (2.44)

where Ny, C R™ is the set where VV is not defined, which has zero Lebesgue measure
by Rademacher’s Theorem, and co(S) denotes the convex hull of a set S C R™. We now
introduce two different notions of generalized directional derivatives for locally Lipschitz
functions with respect to differential inclusion , which appeared firstly in [14].

Definition 2.11 (Set-valued directional derivatives [14, 53]). Consider the unperturbed
differential inclusion with v = 0; given a locally Lipschitz continuous function
V :R™ — R, the Clarke generalized derivative of V with respect to F', denoted VF(J?), is
defined as

Vi(z) = {(p, f) | p € OV (), f € F(,0)}.

Additionally, we define the Lie generalized derivative of V with respect to F', denoted ?F,
as
Ve(z):={acR|3f € F(x,0): (p, f) = a, Vp € OV (2)}.

These concepts can be extended to the case of a perturbed differential inclusion with input

[2.42)) as follows:

Ve(z,u) = {(p, f) |p € OV (2), | € F(z,u)},

N (2.45)
Vi(z,u):={aeR|3f € F(x,u): (p, f) =a, ¥p € OV (z)}.

For each (w,u) € R™ x R™ the sets Vi(z,u) and Vp(x,u) are closed and bounded
intervals, with V p(x,u) possibly empty, see [41]. In particular

Vp(z,u) C Vilz,u). (2.46)
Moreover, if V' is continuously differentiable at z, one has 0V (z) = {VV(z)} and thus

Vi(e,u) = Ve(e,u) = {(VV(2), )| f € F(z,u)}.

2.2.2 Non-pathological functions

We now introduce a class of locally Lipschitz functions (and not necessarily C!), firstly
introduced in [217].

Definition 2.12. [217] A locally Lipschitz function V' : R™ — R is said to be non-pathological
if, given any absolutely continuous function ¢ € AC(R;,R™), we have that for almost
every t € R, there exists a; € R such that

(v,0(t)) = ar, for all v e AV (p(t)).

In other words, OV (¢(t)) is a subset of an affine subspace orthogonal to ¢(t), for almost
every t € Ry. A

The usefulness of non-pathological functions is mainly given by the following result.
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Proposition 2.13. [217] If V : R™ — R is non-pathological and ¢ : Ry — R™ is an
absolutely continuous function, then the set

{(p, (@) [ p € OV (e(t))},

is equal to the singleton {LV (¢(t))} for almost every t € Ry.

Remark 2.4. Given a non-pathological function V' : R® — R, for any v € U, any initial
condition xg € R™ and any solution z : dom(z(-)) — R™ of (2.42)), we have that

%V(x(t)) € Vp(z(t), u(t)) (2.47)

for almost every ¢ € dom(z(-)). In fact, by Proposition for almost every t €
dom(z(-)), we have that

{jtm(t))} — ((p.2(t)) | p € OV (2(t))}
C {a € RIS € F(0) u(t) : (. f) = a,p € OV (a(0))}
=Vp(z(t),u(t)).

Non-pathological functions form a large class of functions which clearly includes C*(R", R),
we recall here some important properties of this family of functions, for the proofs we refer
to [217] and [15].

Lemma 2.14. The set of non-pathological functions is closed under addition, multiplica-
tion by scalars and pointwise mazximum operator. More precisely, if V1,Vo : R™ — R are
non-pathological then Vi + Vo, max{Vi(z), Va(x)} and \V (A € R) are non-pathological.

2.2.3 ISS with generalized derivatives

We now provide sufficient conditions for ISS of system . In what follows, due to the
fact that the set V p(x,u) is possibly empty, we adopt the convention max () = —oco. The
novelty of the following ISS-Lyapunov result lies in the fact that we require Lie generalized
derivative of the Lyapunov function to be negative definite. Recalling the inclusion ,
this statement can be seen as a generalization of the existing results on ISS of differential
inclusions relying on the notion of Clarke derivative, in particular [134].

Theorem 2.15. Let V : R® — R be a locally Lipschitz and non-pathological function such
that there exist a, @ € Koo, p € PD and v € K such that

a(lz]) < V(z) < a(|z]), | (2.48)
V(z) >y(|lu]) = maxVp(z,u) < —p(|z]), (2.49)

then system (2.42) is ISS w.r.t. wu, and V is called a non-pathological ISS-Lyapunov
function for system (2.42]).

Proof. Let us consider any initial condition zg € R™ and any input u € U. Let x :
dom(z(-)) — R™ be a solution of system (2.42) starting at z¢ and with input w. Let us
note that the function Voz : dom(z(-)) — R is absolutely continuous because it is the com-
position of a locally Lipschitz continuous function and an absolutely continuous function.
Then %V(m(t)) exists almost everywhere. Since V' is non-pathological, recalling (2.47)
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in Remark we have that £V (z(t)) € VF(:c(t),u(t)) for almost every ¢ € dom(z(-)).
From equation (2.49)), we have that

SV () < —plla(0)),

for almost every ¢ € dom(x(-)) such that V(z(¢)) > v(|u(t)|). The proof is completed by
following standard approaches as those in [196], [121, Theorem 4.18]. O

Remark 2.5. As already observed in the literature, for example in [32], under some assump-
tions the existence of p € PD and 7 € K such that condition (2.49)) holds is equivalent to
the existence of two functions p € Ko, and 4 € K such that

max Vp(z,u) < —p(|z]) +7(ul) V(z,u) € R x R™. (2.50)

Indeed, implication (2.50) = (2.49) holds by choosing p := %ﬁ and v = p~'027. The
converse implication (2.49) = (2.50) holds if F'(0,0) = {0} and p € K. Indeed, it suffices
to choose p := p and 7 € K such that 7(r) > max{0,7y(r)}, for all » € Ry, where

Fo(r) = max {max Vp(z, u) + pl|z]) | |2 < A(r), [u] <7}

It is possible to show that 7y above is well defined and 7y € K, using local boundedness
of OV and regularity of F': R™ x R" = R™. Moreover, using , another equivalent
formulation of condition corresponds to asking that there exist two functions p € K
and ¥ € K such that

max Vp(z,u) < —p(V(z)) +7(ul), ¥(z,u)eR" x R™. (2.51)
The advantage of (2.51)) is that in this formulation the function p represents the decay
rate of V' along the solutions. A

2.2.4 Embedding as differential inclusion

For the class of state-dependent switched systems that we consider, we introduce the
concept of a well-behaved partition of the state space for the associated switched system.

Definition 2.16 (Proper State-Space Partition). Given a finite set of indexes Z :=
{1,... K}, let us consider closed sets Xi,...,Xg C R"™ and open sets O1,...Og C R"
such that

a) UL, X =R,

b) X; C O;, forallieZ,

¢) int(X;) = Xy, for all i € Z,

d) For every i € Z, bd(X;) has zero Lebesgue measure,
e) X;NX; =bd(X;)Nbd(X;), foralli,j € Z,i#j,

In this situation, we say that X := {X;, O;}icz is a proper partition of R™. We define
0X := Ujer bd(Xj;), and we underline that 0X has zero Lebesgue measure. A

Given a proper partition X of R™, we can introduce an index indicator map, that is a
set valued map Zy : R® = 7 defined as
I/\/(l’) = {l el ’ x e Xz} (2.52)

We underline that Zy is almost everywhere single valued. In fact, by Definition [2.16] item
e), if x € int(Xy) for some ¢ € 7 then Zy(z) = {¢}.
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Definition 2.17 (State-Dependent Switched System). Given X = {X;, O;};c7 a proper
partition of R™, consider f; € C}(O; x R™ R"), i € Z. A state-dependent switching signal
associated to X is a function o : R™ — 7 such that

o(x) =1, ifze€int(Xy), (2.53)

and the (perturbed) state-dependent switched system associated to {X;, O;, fitiez is the
differential equation

T = fa(m)(x’u)' (254)

We note here that, given a proper partition X = {X;, O;}, a state dependent switching
signal associated to it is not uniquely defined: the value of ¢ remains unspecified on the
null-measure set 0X. We now clarify why this ambiguity does not affect the solution set
of the corresponding state-dependent switched system.

System has a discontinuous right-hand side in the first argument thus it may
not have any Carathéodory solutions at the discontinuity points of f,()(-,u), see [53].
Many possible definitions of “generalized solutions” for discontinuous dynamical system
are possible (see for example [41] or [53]); we consider the concept of Filippov solutions,
introduced firstly in |75]. More formally, we define Fil, the Filippov regularization of the
discontinuous map f,, as

Fil(f) (@, w) = () () @{oiy(v.0) |y € Bz.0)\ S}

5>0 u(S)=0
=: F*V(x,u),

where p denotes the Lebesgue measure. Under the hypotheses in Definitions [2.16|and [2.17]
it can be proven that

FV(z,u) = co{ fi(z,u) | i € Zx(z)},

see for example [75], [53] and [95]. Summarizing, we consider the regularized differential
inclusion

& € FV(x,u) = co{fi(z,u) | i € Zy(x)} (2.55)
considering again signals v € U.

Since it is easily verified that f, (7, u) € F*¥(x,u) for all (z,u) € R" x R™, we have
that any solution of is also a solution of (2.55)). Moreover, it can be seen that
3% R™ x R™ = R™ has non empty, compact and convex values, the map x — F*V(z,u)
is upper semicontinuous for any u € R" and the map u — F*V(z,u) is continuous for any
x € R™, and thus we have existence of solutions of from any initial condition and any
input v € Y (which was not the case for , see [53]). Then, characterizing desirable
(stability /convergence) properties of the solutions of indirectly also characterizes
the solutions of . In particular, a Filippov solution of system is by definition
a solution of the differential inclusion .

2.2.5 ISS for state-dependent switched system

In this section, we apply our ISS result to a specific differential inclusion with inputs arising
from a suitable regularization of state-dependent switched systems. We introduce here a
family of locally Lipschitz functions that we propose as candidate Lyapunov functions for

system ([2.55]).
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Definition 2.18 (Piecewise C! Functions). Consider 7 = {1,...,N}and Y = {Y},V;}je7,
a proper partition of R”. A continuous function V : R” — R is called a piecewise C' func-
tion with respect to the proper partition ) (and we write V' € Z(Y)) if there exist
real-valued functions V4, ...,V such that

1. V; € C1(V;,R) for each j € 7,

2. V(z) =Vj(z),ifz €] A

Piecewise C! functions with respect to a proper partition are a particular kind of
“piecewise C* functions” defined in [190].

Proposition 2.19. Consider V € Z2()), with respect to a proper partition Y = {Y},V;}jer,
in the sense of Definition[2.18 Then the following hold:

1. V is locally Lipschitz, non-pathological and
OV (x) =co{VVj(z)|j € Iy(x)}. (2.56)
2. Given F*V : R" x R™ = R" defined as in (2.55), we have

Vi (z,u) = {a € R ‘Hf € F™(z,u) : (VV(@), /) = a, Vi € Iy(x)}.  (257)

The reader may look at the proof this proposition in our paper [67]. We can now
specialize the ISS results in this setting. First, we consider a candidate Lyapunov func-
tion in the class of piecewise C' functions P()), where the proper partition ) does not
necessarily coincide with X', the proper partition associated with the considered switched
system. Then we present specifically the case X = ), see the subsequent Remark [2.6] for
further discussion.

Corollary 2.20 (ISS for state-dependent switching). Consider a proper partition X =
{Xi,0;}ier and an associated switched system . Let us consider another proper
partition Y = {Y;,V;}jcg and let V.e€ P(Y). Suppose that there exist a,a € Ko,
p € PD and v € K such that:

(SD-L1a) for each j € J, for each x €Yj,
aflz]) < Vj(x) < a(|z]);
(SD-L2a) for each j € J, for each x € int(Y;) \ 0X and for each u € R™,
Viz) >(lul) = (VVj(@), fow)(2,u)) < —p(|z]);
(SD-L3a) for each (z,u) € 0X x R™,
V(@) >(lul) = max Ve (z,u) < —p(lel);

then system (2.55|) s ISS.

Proof. By the non-pathological property of V established in Proposition [2.19] we can

apply Theorem [2.15] Getting inequality (2.48) from [(SD-L1a)| is straightforward. We
check inequality (2.49) decomposing R™ as follows:

R” = (JLEJJ int(V;) \ OX ) UOX U (9Y \ 9X).
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Consider first a point z € int(Y;) \ dX for some j € J. Function V € 2(Y) is C! at z,
and F™V(z,u) = {fy(z)(w,u)} is single-valued. Thus, for any u € R™, we have

Vo (2, 1) = {(VVi(@), foiay (@, u)) ),

and by |(SD-L2a)| the implication in (2.49)) holds.
If x € 0X, the assertion follows directly by |[(SD-L3a)|

As the last step, consider a point z € JY \ 0X, and thus z € int(X;) for some i € 7.
In particular at x, we have F*V(z,u) = {fi(x,u)}. Consider v € R™ and suppose that

V(x) > v(Jul). Recalling (2.56) in Lemma and by Definition for each j € Zy(x),

there exists a sequence z], — x such that z; € int(Y;) Nint(X;) for all & € N*. By
continuity of V" and ~, we can suppose V(z;) > v(|ul). At these points, from (SD-L2a)
we get (VVj(xz), fi(z],u)) < —p(]:n? ). By continuity of VVj}, f; and p we have

(VVj(x), fi(z,u)) < —p(|z]),
for each j € Zy(z). We have proved (2.49)) for all x € R™, and this concludes the proof. [

We underline that we are not explicitly checking (2.49) on the zero Lebesgue measure
set Y \ 0X: this is possible thanks to the continuity of F*V when restricted to int(X;)
for some ¢ € 7.

As a special case of Corollary we present the situation X = ).

Corollary 2.21. Consider a proper partition X = {X;, O;}iez and the associated switched
system (2.55)). Consider V€ P(X) such that there exist a,@ € Koo, p € PD and v € K
satisfying

(SD-L1b) for eachi € Z, for each x € X;
aflz]) < Viz) < a(lz));
(SD-L2b) for cach i € I, for each (z,u) € int(X;) x R™,
V(z) >y(lul) = (VVi(@), filz,u)) < —p(|z]);
(SD-L3b) for each (z,u) € X x R™,

V() > y(lul) = maxVps(z,u) < —p(|z|);

then system ([2.55|) s ISS.

Remark 2.6 (Comparison between Corollary and Corollary [2.21)). To check the con-
ditions of Corollary for each ¢ € Z, we must find a smooth Lyapunov function V; for
the system f; on the set O; D X;. Then we must construct a continuous function V' by
gluing together the V;’s on 0X and finally check the Lie-based condition on the
switching surface 0X. On the other hand, in some situations, it can be difficult to con-
struct a smooth Lyapunov function even for a single subsystem in its region of activation
if the subsystem is unstable. For this reason, in Corollary we allow the candidate
Lyapunov functions to be possibly non-differentiable in the interior of the X;, and we do
not need to check the conditions at the point of non-differentiability of V', since F'(-,u) is
continuous in a neighborhood of 9Y \ 90.X. A
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In the following example, mainly inspired by [114, Example 1], we apply the result
presented in Corollary [2.2]] to a particular state-dependent switched system.

Example 2.1. Consider the proper state-space partition X = {X;, R?},c (1,2 of R? defined
by
X; :={zx eR?| 2" Qsz >0},

with Q1 = [ ! ?], and Q2 = —Q1. Define the switching system

. Aix + Bu, ifze X,
€Tr =
Asx + Bu, ifzr e Xo,

-5 —0.1 -1
arising Filippov regularization defined as in (2.55)); for a graphical representation of the
unperturbed case u = 0, see [65, Figure 1]. Consider the function V : R? — R defined by

with A; = [_0‘1 ! }, Ay = {_0'1 78'1} and B € R?X™ arbitrary. We want to study the

V() Vi(z) =x"Pz ifze Xy,
xr) =
Vao(z) =2 P ifz € Xo,

with Py = [39], P> = [} 2]. We now show that V is an ISS Lyapunov function, in the
sense of Corollary 2.21] Since P, — P, = 4Q, V is continuous (and thus V € (X)) and
moreover it satisfies item |(SD-L1b)| of Corollary with a(s) = s? and a(s) = 5s2.
Moreover it can be seen that

Al P+ PA; +0.11 <0, for any i € {1,2};

thus, following the reasoning of [121, Lemma 4.6], it can be proven that, for any 0 < & < 0.1

we have
|z| > blu|,= =" (A} Pi + PiA;))x + 22" PiBu < —¢lz|?, (2.58)

with b > 0 depending on Ay, A, B, P;, P, and 0 < € < 0.1.
It is easy to check 0X = {z € R? | 'Q12x = 0} = R1 URs where Ry = {[z1 z2]" €
R? | 21 = 29} and Ro = {[z1 2] € R? | 2y = —25}. Consider z € X, and firstly, let us
suppose that z € R1, and define y := %; we can write z = p[l 1]—r (w.l.o.g. supposing
that z lies in the first quadrant). By Proposition and , we have that

0V (z) =2uco{vi,va} and F(z,u) = pco{fi, fa} + Bu,

where v; = [5 .1]T, vy = [1 5] and f; = A;[1 1]T for i € {1,2}. Recalling Definition m
we have that V psw(z,u) # () if and only if there exists A € R, 0 < A < 1, such that

1+ (1= N f2) + BulTor = [u(AMf1 + (1= A)fo) + Bu] Tva.
Inserting the numerical values and simplifying, we obtain
6p = [—1 1] Bu,

(note that the dependence on A cancels out). Now, it is clear that if 6u > /2| B|||ul, this
equation has no solutiorﬂ Recalling the definition of y we have proved that

1 -
z € Ry and |z| > §HB|Hu] = Vpsw(z,u) = 0. (2.59)

'Here and in what follows we consider the 2-induced matrix norm, i.e., given M € R™*™ we define

1M := Sup | M|
z|=1
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Since A; = R'A;R and P, = R'P;R with R = [ % }] for any 4,5 € {1,2}, i # 7, it
can be seen that the same holds on the line Ry. Fixing ¢ < 0.1 in (2.58)) and defining
v(s) := bmax{bs, (|| B||/3) s} and p(s) := es?, we have proved Items|(SD-L2b)|and |(SD-|
of Corollary establishing that V is a (non-pathological) ISS Lyapunov function
and thus the system is ISS. Note that the same reasoning holds when replacing the input
term “Bu” with a continuous function g : R? x R™ — R? such that |g(z,u)| < L|u| for
some L > 0, for every (z,u) € R? x R™, A

2.2.6 Interconnected differential inclusions

In this section, we use Theorem [2.15] to study stability of feedback interconnection of
two systems modeled by differential inclusions based on our work in [67]. For the system
shown in Figure 2.2] we establish ISS of the interconnected system by constructing a
Lyapunov function from two (nonsmooth) ISS-Lyapunov functions associated with the
two subsystems.

Consider Fy : R™ x R™ x R™ = R™ and F5 : R™ x R™ x R™ = R"2, and suppose
that they have non empty, compact and convex values and are upper semicontinuous in
the first two arguments and continuous in the third one. Consider the interconnection

T € Fl(xl,xg,u), (2.60&)
T9 € Fg(xl, x9, u) (260b)

We introduce the notation = = (21,22) := (2,29 )" € R = R+ and the augmented

differential inclusion

i€ F(z,u) = (2%2%3) . (2.61)

We start our construction by assuming the existence of ISS-Lyapunov functions for
the two subsystems, in order to conclude ISS of the overall interconnection (2.61f). These
types of assumptions also appear in the classical ISS-based approaches |111} 112], and
have also been used in the hybrid setting [95], [134]. The novelty introduced here lies in
the fact that we consider non-pathological ISS Lyapunov functions satisfying the “relaxed”
conditions involving the Lie derivative presented in Theorem [2.15] as formalized in the
following statement.

Assumption 2.4. Suppose that there exist non-pathological functions V; : R™ — R and
Vo : R™ — R such that

la) There exist a;,a) € Koo satisfying

o (Jz1]) <Vi(zr) <@i(zal), vV e R™.

1b) There exist ay, @ € Ko satisfying

as(|ze]) < Va(wa) < @a(|z2]), V2 € R™.

2a) There exist p; € PD, and x1,71 € K satisfying

Vi(z1) > max{x1(Va(z2)), n1(|ul)}
4

max Vy f, (21, 29,u) < —p1(Vi(21))
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u (z2,u) | T
= 7 i€ Fi (21, 29,u)

T
) !
To € Fy(x1, T2, U) [=——
To 2 2( 1,42, ) u

(xl’u)

Figure 2.2: The interconnected system in (2.61).

2b) There exist p € PD, and x2,72 € K satisfying

Va(w2) > max{xa(Vi(21)), v2(lul)}
I

max Vo g, (21, 22,u) < —pa(Va(2))

Since we want to combine the functions V; and Vs to obtain a non-pathological ISS
function W : R™ — R for the interconnected system (2.61)), we need the following results
from non-smooth analysis.

Fact 2.22. [48, Theorem 2.6.6] Consider a locally Lipschitz function V : R¥ — R and
o € CY(R,R), and define U := oo V. We have

U (x) = o' (V(x))dV (z), Ve RF,
where o' (s) denotes the derivative of o at s € R.

Fact 2.23. [/8, Proposition 2.3.12] Given two locally Lipschitz functions Vi : RF - R
and Vo : R¥ — R consider the function V(x) := max{Vi(z), Va(x)}. Given any z € R¥
such that V1(z) = Va(2), it holds that

OV (z) C co{dVi(z),0Va(2)}.

Moreover, we need this well-known comparison result, for the proof, see [112, Theorem
3.1].

Fact 2.24. Given x1,x2 € K such that x1 0 x2(r) < r, Vr > 0, there ezists a continuously
differentiable o € Koo with o’(s) > 0 for all s € [0,00), such that

x2(r) < o(r), andxi(o(r)) <r, ¥Yr >0. (2.62)

The geometrical intuition behind (2.62)) is that the graph of the function o lies between
the graphs of yo and Xl_l, see for example Fig.1 in [112]. Finally, the following lemma will
be used in the proof of forthcoming Theorem [2.26

Lemma 2.25. Suppose V; : R™ — R and Vs : R™ — R are two non-pathological functions
satisfying Assumption . Consider o € C1(R4,R4) such that o' (s) > 0 for all s > 0 and
the composite function Uy := o o Vy. Let W (x1,x2) := max{Ui(z1), Va(z2)}, and consider
a point z = (z1,22) # (0,0), z1 € R™, 29 € R such that Uy(z1) = Va(z2). It holds that

8W(2’1, ZQ) = CO {8(71 (Zl), 8172(z2)} (2.63)
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where

001 (2) = <8U1<21>> _ (a'<v1<z12)>av1<zl>> o

Proof. Consider a point z = (21,22) # (0,0) such_that Ui(z1) = Va(22), the inclusion
OW (z) C co{dU;(z1),0Va(z2)} is obtained by Fact

For the converse inclusion, due to convexity of OW (zq, z2), it suffices to show that
OUi(z1) € OW (21, 22) and OVa(z2) C OW (z1,22). We only prove the first inclusion, as

the other one can be proved with a similar reasoning. Consider any 9 = %1 € aﬁl(zl),
where v; € OU;(z1). Recalling the definition of the generalized gradient ([2.44]), there

exists a sequence z§ € R™ such that z¥ — z; and such that VUi(z¥) is defined and

VU, (2%) — v1. Moreover, from 1b) and 2b) of Assumption the function V5 has no
local minima other than 0 because V3 is a Lyapunov function for the unperturbed system
&9 € F5(0,22,0). Thus, considering any point zo # 0, V5 is decreasing along the solutions
starting at (0, x2) with zero input. By local existence of solutions from any initial point,
we have that x5 cannot be a local minimum of V5. Thus 2z, is not a local minima for V5,
and we can consider a sequence 5 — zo such that Va(zg) > Va(ab), for all £ € N*. Now,
by continuity of U; and V3, for each ¢ € N*, there exists ky, € N* such that

UL (2h) > Va(ah). (2.64)

ke
. _ x _
Consider the sequence T, := < 1€> € R™. We have Ty — z = (z1,22), and from equa-

p)
tion (2.64)
W (zy) = max{Uy (2, Va(ah)} = Uy (2h), Ve N*.

Thus, W is differentiable at all 7, € R™ and

. ke
lim VW (%) = (hmf*w VU (27 )> _ (”1> — 0.

£—00 0 0

By definition of ¥ and the generalized gradient, it folloxivs that © € OW(z1, z2) and hence
OUi(z1) € OW (21, z2). Similarly, one can prove that 0Va(z2) C 0W (21, 22), and thus the

equality (2.63) holds. O

We have now all the necessary tools to present a small gain theorem involving non-
pathological ISS functions, adapting the idea firstly proposed in [112].

Theorem 2.26 (Generalized Small Gain Theorem). Consider the non-pathological func-
tions V1, Vo satisfying Assumption and suppose that

X1 0 x2(r) <r, Vr>0. (2.65)

Considering a function o € KooNCH (R, Ry satisfying property (2.62) in Fact|2.24], define
W:R"” =R as
W(z1,z2) := max{c(Vi(x1)), Va(z2)}. (2.66)

Then W is a non-pathological ISS function and thus system (2.61)) is ISS.
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Proof. We want to show that W : R® — R satisfies all the conditions of Theorem [2.15
To this end, it is enough to show that

A) oo Vi :R™ — R is non-pathological, and W : R™ — R is non-pathological.
B) There exist p € PD and v € K such that

W(z) > ~y(Jul) = maXWF(x,u) < —p(|z)). (2.67

~—

Proof of A): We recall that V; : R™ — R is non-pathological and ¢ € C'(R,R
and o'(r) > 0 for all » > 0. Defining U; := o o Vi, by Fact we have OU;(x)
o' (Vi(x))oVi(z) for all z € R™. Moreover for any absolutely continuous function ¢ :
[0,7) — R™, by Definition we have that 9V (p(t)) is a subset of an affine subspace
orthogonal to ¢(t), for almost every ¢t € [0,7), and the same holds for oU;(¢(t)) =
' (Vi(e(t)0Vi(p(t)). Thus Up : R™ — R is non-pathological. The non-pathology of
W : R™ — R follows from the fact that pointwise maximum of non-pathological functions
is non-pathological, as stated in Lemma
Proof of B): We proceed by considering three cases. Let us define the sets

~—

O1 ::{(xl,xg) e R" ‘ Vg(wg) < U(Vl(.%j))},
02 ::{(xl,xg) cR"” ‘ Vg(wg) > U(Vl(xl))},
T ::{(xl,xg) e R"” ‘ VQ(I’Q) = O(Vl(x‘l))}.
For z = (z1,22) € Oy, by continuity there exists a neighborhood U of z where W(x) =
o(Vi(z1)), for all z = (z1,22) € U. By Fact[2.22] we have that OW (z) = o/ (V (21))9Vi(21) X
{0}. Thus f = (f1, f2) € F(z,u) is such that (p, f) = a, Vp € W (z) if and only if f;
satisfies (p1, f1) = a, Vp1 € 0/(V(21))0Vi(21). From (2.57)), we thus get

Wp(z, u) = a'(V(zl))vLFl (21, 22, u). (2.68)

Recalling that z € O; and equation ((2.62)), we have x1(Va(22)) < x1(a(Vi(z1))) < Vi(z1).
Thus, by condition 2a) of Assumption @, we have from ([2.68)) that

W(z) >y (Jul) = maxWF(z,u) < —p1(W(z)), ¥z € Oy, (2.69)

where p1(s) := o’(071(s)) p1(c71(s)) is a positive definite function and 7;(s) := o (v1(s))
is class KC.
For z = (21, 22) € O, following the same reasoning (but without the complications intro-

duced by o), one has that
W(2) > y2(|u]) = max Wp(z,u) < —pa(W(2)), ¥z € Os. (2.70)

Before addressing z = (z1,22) € T', using an idea proposed in [116], we introduce the
following notation motivated by definition (2.45)): Given F': R™ x R”™ == R" and a locally
Lipschitz function V : R" — R we define

FV(z,u):={f € F(z,u)]3a €R : (v, f) = a, Yo € AV (2)}.
By Definition [2.17] it is clear that
Ve(zu) ={@f) [vedv(z),f e FV(zu)}. (2.71)

We continue by using the following set inclusion whose proof is postponed a few lines to
avoid breaking the flow of the exposition:

FW(z,u) C F* (21, 22,u) X Fy?(21, 22, 1). (2.72)
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Consider z = (21,29)" € T and take any w € OW(z), by Lemma there exist
v1 € OVi(21), v2 € OVa(z2) and A € [0,1] such that

w— )\J’(Vl(zl))vl
L T =XNwe )T

Consider [ = <f1> € FW(z,u), so that, from [2.72)), fi € Flvl(zl,zg,u) and fy €
2

F2V 2(z1, 22,u). Using (2.71), we may proceed as in (2.69) and (2.70) and use continu-

ity of W to get, for all z € I' = bd(O;) N bd(O3)

W(z) >A(lul) = max o' (Vi(z1)){o1, f1) < =1 (W(2))
flEFll(Z,u)
U1€3V1(21)

(2.73)
W(z) > 2a(lul) = max (v, fo) < —pa(W(2)).
f2€F, 2 (z,u)
v2€0Va(22)
Using we finally get that W (z) > max{71(|u|),v2(|u|)} implies
(w, f) = Ao’ (Vi(21))(v1, f1) + (1 = A)(v2, fa)
< A (W(2)) — (1= X)pa(W(2))
< —min{p1(W(2)), p2(W(2))}-
Thus, letting v(s) := max{71(s),v2(s)} and p(s) := min{p;(s), p2(s)}, we have
W(2) > y(Jul) = maxWp(z,u) < —p(W(2)), Vz € T. (2.74)

Collecting (2.69)), (2.70)) and (2.74) we can conclude (2.67)), and prove item B).

We complete the proof by proving ([2.72). To this, take any f € F" (z,u). By definition
of F'in (2.61)), we have that f = <§1
2

Lemma [2.25{and Fact [2.22] for any v; € 9V} (z1), the vector w =

for some fi € Fi(z1,22,u) and fo € Fy(21, 22,u). By

o' (Vi(z1))v
%1 ﬁeawg)

and thus
<w7 f> = 0'/(‘/1(21))<’U1, f1>

By varying v; in Vi (z1) and recalling that f € FW(z,u) (and thus (w, f) is constant for
all w € W (z)), we obtain that f; € F)*(z1, 20, u), that is (v1, f1) constant w.r.t. v; €

0V (z1). The same reasoning applies to fa, considering a vector w = z? € OW (z), with
2

vy € OVi(2z2), concluding the proof of the claim. O

To summarize our main contribution behind the result presented in Theorem [2.26, we
note that the idea of analyzing the derivative of the composite function W in the three sets
01,04, T, appeared firstly in [112], and is the common idea of many results on small-gain
theorems for interconnected systems, see for example [134]. The analysis in O; and O
was straightforward, but because of non-differentiability of V; and V5, the analysis in the
set I is different from [112]. In particular the additional tools from nonsmooth analysis
have been used to study the Lie-derivative of W along F' on the set I'.
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2.3 Perspectives

In this chapter, we provided sufficient conditions for the ISS/iISS property of switched
systems for the two cases where the switching is either time-dependent or state-dependent.
In the two cases, even though the approach was different and we used different tools for
analysis, the common methodology was to make use of Lyapunov functions associated with
individual subsystems to provide conditions for UGAS, ISS or iISS of the overall switched
system while taking into consideration the characteristics of the switching signal. We
then used these properties to analyze the interconnections. We will study more complex
interconnections in hybrid setting in the next chapter. Since the primary contribution
of this chapter is to study Lyapunov function based conditions for stability of switched
systems, let us conclude this chapter by pointing out two research directions that we have
partly investigated recently, which one could associate with an open problem formulated
in [101]; see also [47] for a recent overview.

Converse results for constrained switching

We only presented our work describing sufficient conditions where the switching is either
constrained by ADT/AAT, or as some function of the state. For these cases, there are
in general few converse results in the literature [225, 45]. In the case of time-dependent
constrained switching, the interest for studying necessary conditions lies in quantifying
the best possible bounds that are necessary for stability of the switched systems. The
sufficient condition proposed in this chapter are somewhat easier to derive for a broad
class of systems but, in general, they tend to be conservative. For example, with ADT
constrained switching signals, we may get very large lower bounds on ADT that ensures
stability. While some work has been done to compute tight lower bounds in the linear
case [225, |45, there are still several questions that need to be explored. In a recent work
[64], we develop a converse counterpart of Theorem when the switching signal is only
constrained by ADT. Further investigation is being carried out about using such results
to get tight lower bounds numerically.

For the case of state-dependent switched systems, we saw the use of a generalized notion
of derivative for developing ISS characterization. This relies on finding a nonpathological
Lyapunov function and a particular notion of derivative. We do not yet know if the given
conditions are also necessary, that is, the converse results using this generalized notion of
derivative have not yet been developed. These converse results also provide an indicator
for developing algorithms that can be used for computing Lyapunov functions, which also
remains an interesting direction of research.

Computing Lyapunov functions

The statement of Theorem [2.5] says that, a certain stability property of interest holds if
the inequality is satisfied. The parameters describing this inequality are actually
obtained from the Lyapunov functions and the system data. So, a somewhat natural ques-
tion that arises here is to compute Lyapunov functions that provide us the optimal values
of the parameters appearing in . Once again, we have investigated this question for
ADT constrained switching signals in our paper [88], where we use linear programming
based techniques to find Lyapunov functions, while simultaneously minimizing the lower
bounds on ADT which is expressed as a nonlinear function of the variables in the optim-
ization problem. At the same time, we have recently seen different numerical techniques
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using neural networks [85] for computation of Lyapunov functions. Interestingly, the pa-
per [85] proposes a decomposition of an ODE into several subsystems and uses small-gain
conditions to find Lyapunov functions in compositional form. Such works open up the
possibility of using neural network architectures for computation of Lyapunov function
and it needs to be seen whether the kind of Lyapunov functions studied in this chapter
could also benefit from such computational techniques.

Here, we also consider the possibility of computing Lyapunov functions for the state-
dependent switched systems. The proposed class of piecewise differentiable functions
includes as a subclass the functions obtained by taking pointwise maximum or minimum
of Lyapunov functions associated to the subsystems, which is commonly used in analysis
and design of switched systems. To develop a framework for computing such Lyapunov
functions, one could consider studying algorithms which implement Clarke generalized
gradient but this can be conservative for certain classes of switched systems. The other
approach is to use the generalize Lie derivative proposed in Definition [2.11]



3

Singularly Perturbed Hybrid
Systems and Networks

Decision making in multiagent systems has been an important topic of research over the
years and different tools have been developed in the research community for analysis
and control of such complex systems [108, (150, [29, |131]. One important question in
studying these networks is to ensure certain level of performance despite the uncertainty
in communication between the agents. In the work presented in this chapter, we are
particularly concerned with the case where the communication graph between dynamic
agents in a network may switch from one configuration to another, and we develop tools
which allow us to understand the asymptotic behavior of such systems. This way we
make transition from somewhat simpler interconnections presented in Chapter [2| to more
complex interconnections where the coupling rule between the agents and the structure of
the underlying graph plays a role in the analysis as well.

We adopt the framework of hybrid systems to model the system with aforementioned
characteristics [80]. The proposed model describes an interconnected hybrid system where
one subsystem has stable continuous dynamics, and the other subsystem is modeled by a
discrete-time switching system and possibly unstable continuous dynamics. The particular
structure that we consider in our work is analyzed using singular perturbation methods.
The basic idea is to see the system as a perturbation of a nominal system that comprises
the boundary-layer system (describing the limit of fast dynamics) and the quasi-steady-
state system (described by slow system with limiting value of fast dynamics). This sort
of decomposition into slow and fast dynamics has been used for analyzing robustness of
input-to-state stability to slowly varying parameters and rapidly varying signals in [216].

For the class of interconnected hybrid systems analyzed in this chapter, we analyze
stability with respect to a parameter in system description which governs the frequency of
jump dynamics and plays the role of a singular perturbation parameter. In particular, as
the parameter gets smaller, the frequency of jumps increases. This viewpoint was adopted
by the authors in [212] and our recent submission [213] generalizes that framework in
several directions with new proof techniques. For such systems, it is natural to consider
the decomposition of dynamics in the so-called quasi-steady-state (QSS) system and a
boundary-layer (BL) system. With appropriate stability assumptions on these subsystems,
we can analyze practical stability of the interconnected system for small enough value of
the perturbation parameter. An interesting element of this decomposition is that our
boundary-layer system is described by a discrete-time switching system, and the stability
of this system is formulated in terms of Lyapunov functions which is consistent with several

44
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studies in the literature [3, |7§].

As an application of theoretical results, we also provide a case study on practical syn-
chronization of nonlinear oscillators connected via an undirected graph, where the agents
may reset their states based on the information received from their neighbors. Dynam-
ical systems with resetting controllers have been studied for certain applications [173].
For multi-agent systems with diffusive coupling and continuous-time heterogeneous agents
[122], [161], it is observed that the agents achieve practical convergence if the coupling
strength is large enough. One can view the coupling parameter as a singular perturba-
tion parameter. More recently, we have also seen the use of discontinuous coupling for
synchronization of networked system in [52]. These discontinuities in the couplings can
be interpreted as changes in the graph topology being used to describe the connections
between agents, and consensus problems with time-varying graphs have gathered signi-
ficant interest in the literature; see [108| 39] and references therein. In particular, our
work provides analysis of networked systems where the discontinuity in coupling arises
due to time-sampled information exchange between neighbors and the average value of
the sampling interval plays the role of the singular perturbation parameter. The change
in the graph topology at communication times is conveniently modeled using the frame-
work of discrete-time switched systems. Under natural assumptions on the connectivity
of the switching communication graph and dynamics of the agents, we show practical
synchronization of the agents’ trajectories under sufficiently frequent communication.

3.1 System Class

In this chapter, we consider hybrid dynamical systems described by ordinary differential
inclusions over a flow set, and difference inclusions over a jump set. The peculiar feature
of our models is that they are singularly perturbed, that is, there is a parameter ¢ > 0
which affects the qualitative behavior of the trajectories and we analyze stability of the
system for small enough values of this parameter.

3.1.1 Timer with frequent jumps
An important modeling aspect for us is to consider a timer with the following dynamics

€T € [o1,09], T € [0, No] (3.1)

t=7r-1, T € [1, No). '
The evolution of the timer 7, determined by the parameters Ng € N*, 0 < ¢ < 1, and
0 < 01 < 09, describes the interplay between the flow and the jump. In our work, we
will consider hybrid systems where the jumps are triggered only by the timer 7. We are
particularly interested in the case where the parameter € is very small, and we refer to €
as the singular perturbation parameter.

In the literature on hybrid systems, we find different setups where time-triggered jumps
play a crucial role in the stability of the hybrid system. As we saw in the previous chapter,
the notion of (average) dwell-time [153] 99| is used for putting an upper bound on how
frequently the jumps can occur, whereas the notion of reverse average dwell-time [102] is
used for imposing a lower bound on the frequency of jumps. The timer in has the
property that it simultaneously puts a lower and upper bound on the number of jumps
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over an interval (s, t], that is,

o1(t —s)

oa2(t — s
1+ — Np < J(s,t] < No+ M (3.2)
where J,; denotes the number of jumps in the variable 7 over the interval (s,t]. It
readily follows that, with such a timer, there is no accumulation time for jumps (i.e., there
are finitely many jumps in any finite continuous-time interval) and the domain of every

complete solution has unbounded continuous-time element.

3.1.2 Overall model

We are interested in modeling the evolution of two variables (z,y) € R™ x R™. The
dynamics of z variable are modeled by an ordinary differential equation. For the evolution
of y-dynamics, in addition to a flow map described by a differential equation, we have a
collection of jump maps to define the jump dynamics. The times at which these jumps
occur is modeled by the timer 7 in (that is, the jumps occur whenever 7 jumps), and
the jump map for y is indexed by a variable p belonging to a finite set P.

The state variables for the overall system are (z,y,7,p) € R" x R™ x R x P, and we
consider a closed set C, contained in an open domain Z,, C R" xR™. The state variables
evolve inside the flow set

C = Cyy x [0, No| x P,

and go through an instantaneous change inside the jump set
D= C$y X [1,N0} x P.

The underlying equations that describe the evolution of the state variables are:

T = f:v(xvya E)a
y‘ = fy(xay’ 6)7 for (l’,% T, p) c 67 (33&)
€T € [01702]7
p =0,
v =ux,
+ pu—
Yy 9y(, Y5 ), for (z,y,7,p) € D. (3.3b)
7—+ =T — 17
p+ € Gp(p)a

For the timer dynamics, the positive constants ¢; and o9 are such that g9 > o1 > 0.
We assume that the vector fields f; : Zyy X R>0 — R", fy : Zpy X R>g — R™ and the
jump maps g, : Zyy X P — R™ are continuous. The set-valued map G : P = P allows
non-deterministic behavior for the variable p at jumps. The solutions of system are
defined over a subset of R>¢ x N*, called hybrid time domain [80, Chap. 2]. In what
follows, we use the notation (zo,yo) := («(0,0),%(0,0)) to denote the initial condition for
(z,y)-dynamics.

For the problems studied in this chapter, the parameter € appearing in is taken
to be small, which implies that the jumps occur frequently, and thus, the evolution of y
relies heavily on the jump dynamics. Since the jumps correspond to rapid evolution, we
call x the slow variable and y the fast variable.
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3.1.3 System decomposition

We are interested in studying the behavior of system when the parameter e is suffi-
ciently small and takes values close to zero. It turns out that the evolution of trajectories
(z(+),y(+)) can be approximated by two different dynamical systems. The first system is
called the boundary-layer system, which is given by

+ _

X = X
vy =gy(x,y,p) (3.4)
p+ € Gp(p)

for (x,y) € Cyy, and p € P. Recalling the expression of the timer dynamics, we ob-
serve that a small value of ¢ corresponds to many jumps in the trajectories of system
within a small continuous-time interval. This means that, from an initial condition
((0,0),y(0,0)), while the solution z(-) remains close to z(0,0), the solution y(-) evolves
like a solution to the discrete-time system . In order to define an equilibrium point for
the discrete-time system , we let C denote the natural projection of Cy, on R", that
is, Cp := {x € R" : Jy s.t. (x,y) € Cyy}; and we stipulate that there is a continuously
differentiable function A : R™ — R™ such that

gy(x, h(x),p) = h(x), VxeC,, VpeTP, (3.5)

where C,; denotes the closure of C;,. We assume that (x, h(x)) € Cyy for all x € C,;, in order
for the problem to be well-posed. Imagine that y(¢, j) rapidly approaches h(x(0,0)) after
some jumps, and remains near h(x(t,j)) as time goes on. Then, the behavior of x(¢, )
can be approximated by the quasi-steady-state system defined as

x = fz(x,h(x),0), x& Cy, (3.6)

which is the evolution of z(-) on the slow manifold {(x,y) € R x R™ : y = h(x)}, when
e = 0. We associate a compact forward invariant set A, with (3.6]) so that if x(0) € A,
then for every solution of (3.6]), we have x(t) € A,.

3.1.4 Stability notions

The primary focus of this chapter is the stability analysis of system . In particular, we
are interested in developing bounds on the (x,y) trajectories, when the initial conditions
belong to a given compact set and the perturbation parameter € tends to 0. This stability
notion is formalized in the following definition:

Definition 3.1. For the hybrid system , with boundary-layer system and quasi-
steady-state system (3.6), the compact set A := {(x,y) € Cyy : x € Ay, y = h(x)}x [0, Np] %
P is two-time-scale semiglobally practically stable, or TSPS for short, if for a given compact
set Iy, C Cyy, there are a positive number €*, class KL functions 3, and f,, and class K
functions x, and x, such that, for any 0 < € < €* and for any (x¢,yo) € Iy, the solution

(x(t,7),y(t, 7)) to satisfies the following,
(8, 9)|a, < Br(lzola,,t) + Xa(e), (3.7a)
ly(t, ) = h(z(t,5))] < By(lyo — h(zo)l, t/€) + xy(e), (3.7b)

for all (¢,j) € dom(z,y,T,p).
For the results developed in this chapter, we impose some stability assumptions on the

boundary-layer system and the quasi-steady-state system. This will allow us to establish
the property stated in Definition for the coupled system ([3.3)).
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3.2 Main Result

To establish the property described in Definition for system (3.3), we impose some
stability assumptions on the quasi-steady-state system and the boundary-layer system.

Assumption 3.1. There exists a continuously differentiable function V, : 2, = {z :
Jy s.t. (z,y) € Zuy} — R such that, for all x € C,

a(X[a,) < Va(x) < @a(lx|a,), (3.8)
Vi Ve (X) - fo(x, h(x),0) < —ay(Vi(x)), (3.9)

where o, and @, are class Ky functions, and «; is a class K function.

Following Assumption [3.1} we use [135, Lemma 4.4] to get a class KL function 82 from
o, appearing in (3.9). Let/"

s dr
x = e TN f 07
N2 (5) /1 min{r, ozx(r)} or s >

and
Nyt (ne(s) +t), for s >0,

3.10
0, for s = 0. ( )

/62(57 t) = {

For certain applications, such as the one considered later in Section [3.3] the switching
may be constrained and we may only have Lyapunov functions which decrease after a
certain number of jumps. In this section, we formulate the stability result which is partic-
ularly suited for such cases. More precisely, for each (x,y,p) € Cyy X P, let us introduce
the notation

(950, y5P), Gp(P)" := {(y,9) : (,9) = (Yr, Pr); (40, P0) =
(¥, P), (i1, Pit1) € (9y (%, i, Pi), Gp(pi)), 0 < i < r —1}.

Assumption 3.2. For every compact set K, C C,, there exist a positive integer n,
continuously differentiable functions V, : Z,, x P — R, class K functions a, and @,
and a non-negative constant 7, < 1 that satisfy the following items:

(BL-M1) for every (x,y,p) € {(x,y) € Cpy : x € Kz} x P,
a,(ly = h(x)]) < Vy(x,y,p) < ay(ly — h(x)]),

(BL-M2) there exists a set P C P, such that,
o every solution of (p € P,p" € Gp(p)) reaches P in at most n steps,

o forevery (x,y,p) € {(x,y) € Cypy : x € K} x P, there exists r € {1,...,n}, such that
for every (g,q) € (gy(x,y,p),Gp(p))", we have that q € P and

%(X7g7q) S ’YmVy(Xda p) (311>

With the two aforementioned assumptions, we arrive at the following main result of
this chapter.

!One can also take 7, (s) = — fs —dr_ for s > 0, if it holds that lim,_,o+ 7s(s) = +o0.

1 ag(r)’
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Theorem 3.2. For the hybrid system (3.3)), suppose that the boundary-layer system (3.4))
satisfies Assumptz'on and the quasi-steady-state system (3.6 satisfies Assumption .
Then, the set A is TSPS, and the estimate (3.7a)) holds with

Ba(st) = a; " (max {87 (262(@(s), 1), max{0,¢ — 1}) , B2(@.(s), ) }) (3.12)
and holds with

1

By(s,7) = Cy oyt (29w @, (s)) (3.13)
where vy, appears in (3.11), and Cy is a class K function.

The expressions for class K functions x, and x, are derived in the proof of Theorem@
which has been partly developed in Section [3.2.2] The complete proof can be found in
[213).

3.2.1 Boundary-layer system with constrained switching

A natural motivation for Assumption [3.2]is to analyze boundary-layer systems with con-
strained switching where we do not have a common Lyapunov function. To explain how
Assumption [3:2] can be used in such cases, we consider a finite discrete set Q, and a family
of continuous mappings gy(-,,q) : R" x R™ — R™, with ¢ € Q. The mappings gy(-,-,q)
indexed by ¢ € Q would be used in the description of the discrete dynamics, and we are
particularly interested in the case where the transition between the jump maps respects
some pre-specified constraints. To describe these constraints, we consider a set S which
comprises strings (also called words) of finite length formed by the alphabet Q. For a string
s € §, we use the notation s, € Q to denote the t-th letter of that string s, with 1 < v < |s|,
and |s| denoting the total number of letters in 5. We also consider the set-valued mapping
succ : § =% S, where succ(s) C S denotes a nonempty set of admissible successors of s. We
emphasize that the set Q is used as index for different jump maps, whereas the set S is
used to encode the constraints on switching sequence which respect certain assumptions
related to stability. We assume that S is a finite set, and let n := max.cs |s|.

Now, we can model our discrete dynamics with constraints on the switching sequence in
the form of a conventional one-step difference equation by using certain discrete variables.
Indeed, we suppose the jump map g, (-, -, q) is selected by the rule ¢ = s;, where the string
s € §. To embed the variables (s, t) in a Euclidean space of fixed dimension, we consider
the mapping a : S — R" that appends some symbols not in Q to a string s € S to make
it a word of length n, and we let § = a(s). The inverse of this operation is considered to
be well-defined and allows us to recover the string s € S from 5 € R", that is, s = a=1(5).
We can now define the evolution of § and an indexing variable v € N* as follows:

_ _ 5 if v < [a7'(s)]

s e 5iET) = {a(succ(a_l(s))), otherwise (3.14a)
o [{e+1), ife<]ati(s)

¢ e Sl = {{1}, otherwise. (3.14b)

We note that the cardinality of the variable § remains fixed over time, and (5,t) € R" x
[1,n]. We can now apply Assumption[3.2]to the boundary-layer system with p = (s,¢),
P =8x{1,...,n}, and choosing P = S x{1}. This will provide us the sufficient conditions
for asymptotic stability of switched systems with multiple Lyapunov functions in the same
spirit as [3].
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3.2.2 Proof of Theorem [3.2]

For the proof, it is convenient to introduce z := y — h(x) and consider the closed set
Cx :={(z,2) : (z,z+ h(x)) € Cyy}.
With the state (z,z,7,p) € Cx x [0, Ng] X P, we can rewrite the flow dynamics of (3.3)

- b= fo(w, h(2),0) + [folz, 2 + h(x), €) — fulz h(z), 0)
= fo(2, h(x),0) + folx,z + h(x),€),

2= fylz,z+h(zx),€) — %(w)fx(x, z+ h(x),€) (3.152)
=: f.(z,z,¢€),
€T € o1, 03],
p=0,
and the jump dynamics of (3.3), for (z,z,7,p) € Cx x [1,Ng] x P, as

zt =z,
ji - iyixlz +h(x),p) = h(z) = g(=, 2,p), (3.15b)
p" € Gp(p).

For simplicity, define X := col(z, z) so that parts of (3.15)) can be written concisely as

X:”X“:{MQEXS“W

x
Xt =G(X,p) = |- )
(X.p) L}(w,z, p)]
Let P C P be the set introduced in Assumption [3.2l Without loss of generality, we assume
that p(0,0) € P. For a solution of (3.15]), we can extract a sequence from the values
of p-trajectory which corresponds to the change in values of p and also when it enters
the set P. Letting p(0,0) = p?, we label this sequence as p{, pg,...,pgo, pi, p3, .. .,p}nl,

..,p’f,plg,...,p,’fk,plfﬂ,.... In this sequence, p¥ € P for each k € N* and after r, < n

transitions, we arrive at pf™! € P so that [(BL-M2)|in Assumption holds. We let

Ji = Z?:o rj. Consequently, we will use the notation g¥(z, z) := g(z, 2, p*) and GF(X) :=
G (X, pF) with r < r;, < n. For multiple jumps indexed by the discrete variable p, we will

use the notation GF;(X) :=GEoGF_jo-- 0 GY.

Now we look for a compact set over which the trajectories evolve for a while from the
initial conditions. This allows us to find quantitative measures used for ultimate bound
and convergence rate of z, with which we look at the asymptotic behavior of the overall
coupled system.

Recalling our switching model, it follows that, for any j,

Noe No
tivg—t; < — < — =:Tp. 3.16
j+1 j = o1~ oy 0 ( )
Now let ¢(t, Xo) be the solution X at time ¢ to the flow X = F(X,¢) with X(0) = Xj.
Define

(I)p(A) = {G(¢5(t,X0), p) € Cx:Xp€ A,E € [0, 1],t € [O,T()]},
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which is a set of reachable states from a set A within the time 7 when € belongs to [0, 1],
followed by one jump through G(-,p). Note that ®5(A) is compact if A is compact. Let
P* be the set of all sequences of elements of P of length at most n for which
holds, and denote a generic element of P* by p* = p¥ - pk - .. pffk. Define, for p* € P*

Pp(A) =Py o0 D0 i (A),

which is compact when A is compact. Finally, let
Op(A) := Upkeps Pk (A),

which is a reachable set from A under the jumps by any sequence in P* and the flows up
to the time Tyn with € € [0,1]. Since P* is finite, the set ®p(A) is compact whenever A
is compact.

From the given compact set I, C Cy,, we consider the compact set I, := {z €
Cy : dy s.t. (z,y) € Iy}, and the continuously differentiable function V, obtained from
Assumption We let

po=max Vo(z)
and define
Ky ={zcCp:Vy(x) < p+6,} (3.17)

with a small §,, > 0.
Now, with K, in (3.17)), Assumption yields V,,, and using V,, define

- V(2. y.p). 3.18
VIS g V(@) (3.18)

Then, it is obvious that

Iry - {(l’,y) € C:Ey NS I:Eavy(xay7 p) S V,Vp € P}
C{(z,y) € Cpy:xv € Ky, Ap e P sit. Vy(z,y,p) < v}

= zy0-

Let Kx = {(z,2) : (x,z+ h(x)) € Kgy}. For convenience, let V,(x,z,p) := Vy(z,z +
h(zx),p), p € P. Then,

Kx = Upep{(z,2) € Cx : x € K;,V,(x,2,p) < v} (3.19)
Finally, define
Qx = Pp(Kx).
And we keep in mind that, by the construction of Qx,
X(t.§) € Ox, V(g i Je—1) < (7) < (La Ji)s (3.20)

whenever X (t;, ,,Jk—1) € Kx for any k > 1E|
On the compact set Qx x [0, 1] for (z, z,€), one can find M, and M, such that

|fo(z, 2+ h(x),€)| < My, |f.(x,z,€)| < M,. (3.21)

%In the proof, the time inequality such as (ta,a) < (t,5) < (tb,b) should be understood as t, <t < ts,
a<j<b,and (t,j) € dom X, even if dom X is often omitted.
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Define M, := max{M,, M.}. Due to continuity of f, there is a class K, function Ay
such that

|fo(, 2+ h(), €)] < Ap(l2]) + Ap(e), (3.22)

for all (z,z,¢) € Qx x [0,1]. By construction, the mapping X — G(X,p) is continuous
and G(0,p) = 0, for all p € P. Over the compact set Qx, we can find a class K function
Ag such that |G(X2,p) — G(X1,p)| < Ag(|X2 — X1]), for all X, Xy € Qx and all p € P.
We will use the notation )\é = A\g and VG = Ag o )\éfl, for each £ > 2. Also, we let L{;
be Lipschitz constant for V, on Qx and L{, be Lipschitz constant for V,(-,-,p) on Qx for
all p € P.

Suppose that e is sufficiently small. In particular, € is small enough to satisfy the
inequalities (3.24)) given below, for which we define:

=\l o (p+ 5#)
! 2L%, ’

n
Co == V2M,.(Ny/o1), Ch(e) := Zx\é(coe),
/=1
Cy(e) := Coe + Cy(e), Cy(s) := max{s, \&s *(s)},
and choose a positive integer N such that
1 1k
v < 5ay (Cter/2). (3.23)

Then, the inequalities for € are:

0<e<l, (3.24a)
vCa(e) < (1 =)y, (3.24b)
No _ 6,
T —e< £ .24
VMxngle_N, (3.24c)
o+
Loas(e) < & (“; 2 (3.24d)
Ly Ca(e) _ 1 1
T <5, (6100/2). (3.24e)
Cale) < % (3.24f)

With such e, our first claim is the following.
Claim 1: For any k > 1, suppose that Vy(x(t;,_,, Jk—1)) < p+ 6, and X(t;, ,,Jr—1) €
Kx. If Vx(x(tjk, Jk)) < u+ (5,“ then X(t]k, Jk) € Kx.

Proof of Claim 1: By the construction of Qx, (3.20) holds, and so, with (3.16), the

evolution of (3.15)) satisfies
IX(t,) — X(t5,9)] < Coe (3.25)

in the time interval t; < ¢ <t;4; for each j such that J,_; < j < Jj. Now, with

Tkl
we claim that
Vel = X (s, k) = GE (X (s, Tee1))]

Tkl

Tk
< ZAé(Cge) < Ch(e).
(=1

(3.26)
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The last inequality can be shown by induction. To see the underlying argument with
notational simplicity, let us consider the case when k£ = 1. Note that

X (t1,1) = GY(X(0,0))| = [GY(X (t1,0)) — GY(X(0,0))| < Ag(Coe),

and with rq > 2,

X (t2,2) — G31(X(0,0))] < |GHX(t2,1)) — GHX (t1, 1))] + |GHX (81, 1)) — G3,(X(0,0))]
= |G3(X(t2,1)) — GH(X (t1, 1))] + G5 1 (X (t1,0)) — G3,,(X(0,0))]
< g (Coe) + N4 (Coe).

Repeating the arguments, we obtain that

X (£, J1) = G7, 1(X(0,0))] < (Ag + A& + -+ + Ag) (Coe) (3.27)

and (3.26) can be proved similarly. With (3.26)) at hand, we see from Assumption
(3.18), and (3.24b)), that
VZ(X(thv Jk)? p]f) =V, (G];; %(X(th 1 Jr— 1)) + ka pl)
< VLG H(X (tg s Te-1)), PY) + L Y2
< Y Va(X (tg, s Joo1), Py 1) + L Vil
< Amv + L7 Ch(e) < v

(3.28)

Therefore, considering the definition of K, in (3.17) and Kx in (3.19)), we conclude that
X (ty,, k) € Kx under the assumption Vy(z(ts,, Ji)) < p+ 6, //

Claim 2: With N chosen in (3.23),
Vae(z(t,5)) < p+ 0, ¥(0,0) < (5) < (Liy, IN), (3.29)

and for k =0,..., NV,

Ly.C
|2(t,, Ji)| < szl <7,];1/ + 1‘@_;(6)) and (3.30)
|2(t,5)| < Cale) + Cyll2(ts, Ju)),  tr, <t <tj.., Je <J<Jpy1- (3.31)

Proof of Claim 2: We first note that, as long as (z, z,€) € Qx x [0, 1],

oV,
Ox

Therefore, it follows from V,(x(0,0)) < p and X (0,0) € Kx, and from (3.24c|) and (3.16)),
that Vy(x(t, 7)) < p+0,/N for (0,0) < (¢,4) < (t,,J1). Moreover, from Claim 1, we also
have that X (ts,,J1) € Kx. Repeating this argument, we get

Vel = |55 (@) folw, 2 + h(z), €)| < L M. (3.32)

. k ,
Valalt. ) < ot b 9(0.0) < (45) < (L5, ).
which implies (3.29)). Therefore, X (¢, ) € Qx for (0,0) < (t,7) < (tsy, IN)-
In order to prove (3.30]), we proceed further with (| - as

VZ(X(th? Jk), pllc) = VZ(Gf;% (X(thflﬂ Jr-1)) + Yfk? p]f)
< Va(Gr (X (tg gy Je-1)), PE) + L Vil
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< AV X (tg,_ s Tre1), P51 + L3 | Vi
<Y Va(GE2 (X gy To2))s i 1) + i L |Yioi | + L | Vi
<ALV,

rg—2,1

(X (£ gs Ti—2)s PY72) + Y L3 [Yim1 | + L | Vi

k—2

< WZ_IVZ(X(tJU J1)7 p%) + Z 77{1 %/‘?k—d
=0
k—1 N
=0
This means that, since 322274, = 1/(1 — ym) and |Yi| < Cy(e),
-1 k
|2t )| < 0y (Va(X (tg,. i), 0b)) (3.33)
Ly C
< oy (V0,00 ) + B (334
_ L3, Cy(e)
1 k V>~n
< @, (’}/ml/ + 1_%”) R (335)

which yields (3.30)).

While (3.35) indicates the decrease of z as k increases, let us look at the behavior of z
where we may go outside the set P. For this, we note that for every p € P, it holds that
9(z,0,p) =0 and [g(z, z,p)| < Ag(|z]) for all (z,z) € Qx. Thus, it follows that

97 0 Gy_y o0 GRX) < Ma(lz]), 1<r <y,

for X = (z,2) € Kx because, e.g., |g5(G¥(z,2))| < Aa(|g¥(z,2)]) < A%(|z|). Then, for
k=0,...,N,if X(t;,Jr) € Kx, an upper bound of |z(t,j)| for t; < t < tj4q, where
Ji < j < Jgi1, can be found as

2(t, )| < [2(t,5) — 2(t5,9)| + [2(t5,5)]
< Coe + ‘z(tﬁj) - gf © Géc—l ©--:0 Glf(X(thv Jk))‘ + /\JG(‘Z(th’ Jk)‘)

An upper bound of |z(t;,j) — §§? o Géﬂl o---0GK(X(ts,,Jr))| can be obtained similar to
B27) as Mg+ AL+ + Aé)(Coe). Hence, for t; <t <tjiq and Ji < j < Jp41,

J .
[2(t, )] < Coe + D" A(Coe) + Na(|=(t T
=1

< Cole) + Cyl|2(ty,,, J)])-

Similar inequality holds for t;, <t <t;_ , and Jp <j < Ji41 aslongas X(t;,, Jx) € Kx,

which is (3.31)). //

Claim 3: Thanks to (3.24d)), (3.24¢]), and (3.24f]), the inequality (3.29) holds for all (¢, j) €
dom X, and thus, inequalities (3.30) and (3.31f) holds for all £ > 0.
Proof of Claim 3: Let us look at the derivative of V,, on the set Qx with € € [0, 1],

while recalling (3.22)):
Vi = VoVi - ful, h(x),0) + Vo Vp - fula, z + h(z), €)
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< —au(Va(@)) + L{ A7 (12]) + Ly A5 (0)- (3.36)

Then it is seen that, if e satisfies (3.24d)) and |z| < v*, then V, < 0 on the level set
{z : Vo(z) = p+9d,}. In fact, with (3.23) and (3.24€), the inequality implies
that |2(tyy, Jn)| < Cg_l(u*/Q) < v*, and from there, with (3.24f), the inequality
implies that |z(t,7)| < v* for t;, <t < tj,,, and Jy < j < Jyy1. This implies that
Ve(z(t, 7)) < p+ 6, for (0,0) < (t,5) < (tsy,,»JN+1), and this argument repeats. //

Putting altogether, we choose €* in Theorem [3.2|such that all the inequalities (3.24a])—
(3.241) hold with €*. Then, the following arguments lead us to the estimate in ({3.7b)).

For (t,j) € dom X, it follows from (3.16|) that j > (o1/No)(t/€), and therefore, for k
such that Jy < j < Jiy1, we have

o1 t
k>—-. 3.37
~ Ngne ( )
Then, from (3.34)), (3.30)), (3.31)), and Assumption we get
it L}, C,
H(0)] < Cyoay (W m(0.0) + D) w0, ey

Consider the class KL function $y(s,7) in (3.13) and the class IC function

Y€)= Cy o a7 (ngv_Cﬁ) - Cule).

Then (3.38) yields the inequality in (3.7b]) and the derivation of (3.13]) in Theorem is

complete.

For deriving the inequality (3.12)), we note that

Vy = VaVy - falw, h(z),0) + VoV - fo(z, 2 + h(z), €)
< —ag(Va(z)) + Ly (Af(2]) + Ar(e)). (3.39)

The inequality provides a Lyapunov characterization for ISS with z and € as inputs,
but we need to analyze it carefully to get the estimate on z-trajectory independently of
the initial conditions on y-dynamics. From this point onwards, the derivation of is
carried out by using the bound from in and it involves (somewhat lengthy)
arguments based on analysis of comparison functions. The remaining details are being
skipped for keeping the presentation concise.

3.3 Network of Oscillators

As an application of Theorem we study the problem of synchronization of coupled
nonlinear oscillators. In particular, we consider N continuous-time controlled oscillators,
which are connected to each other through an undirected graph. The control action for
each oscillator is chosen as a function of the states of their neighbors at some discrete
times. If this control is updated sufficiently often then we show that all the trajectories of
the oscillators converge to each other in practical sense.

Each of the N oscillators (the agent) has a two dimensional state (w;,&;) € R2, for
1=1,..., N, whose dynamic equation is written in the form of Liénard system as
wi =—w; +&

, (3.40)
§i = ¢iwi, &) = (1 = filwi))(—wi +&) — gi(wi)
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where the functions f; and g; are assumed to be locally Lipschitz. For example, if the agent
i has f;(w;) = pi(w? —1) and g;(w;) = w; with a constant y1; > 0, then the agent i is a well-
known Van der Pol oscillator [121]. If we look at an individual oscillator (3.40)), it may have
a stable or unstable limit cycle. In what follows, we consider a network of such oscillators,
where each oscillator exchanges information about its state £ only with its neighbors at
some discrete times, and consequently, £ gets reset whenever some new information is
received from the neighbors. Our objective is to show that, with an appropriate reset
rule, if the information between the neighbors is exchanged sufficiently often then all the
oscillators in the network practically synchronize and converge practically to the same
limit cycle.

3.3.1 Connectivity graphs

We consider a set of N vertices V = {1,--- , N}, and let Q be the index set for different
collections of edges associated to these nodes, that is, for each ¢ € Q, &; is a set of
unordered pair of vertices that represents one possible collection of edges. An element in
&, is represented by (4, j), for some choice of 4,5 € V, i # j. We call G, = (V,&,) a graph
with nodes V and edges &;. Here, the graph G, is undirected. Agents ¢ and j are neighbors
of each other in graph G, if (i,j) € &. The neighbors of a node i € V in a graph G, are
denoted by N;. Let S be a set of words obtained from the alphabet Q and denote an
element of S by s. We say that the graphs {G,}qes are jointly connected if G; := (V, &) is
connected where & := Uges&y, in which ‘g € 5" implies g € {s1,- -+, 55 }.

Assumption 3.3. The set S is finite, and for each s € S, the collection of graphs {G,}qes
is jointly connectedﬁ

In our setup, the continuous-time oscillators described in (3.40|) represent the nodes
which communicate with another neighboring oscillator only at some discrete time in-
stants. The edges of a graph G, represent communication link between the corresponding
nodes. The motivation for introducing different graphs G, is to allow for different commu-
nication patterns at different times among the oscillators.

With each G,, we associate a doubly stochastic matrix W, € RV*V_ If at a given time
instant, the graph G, is active, then the state §; is updated at that instant as a function
of its neighbors’ state &;, j € N!. In particular, we describe the update model as

+ .
w; = wj

& = Z ngfj (3.41)
JENT

where ng is the (4, j)-th entry of W,. We assume that the graph G, contains the self-loop
for every node, so that i € N}, Vi, and all the diagonal entries of W,, are positive.

Example 3.1. If the graph G, is modeled by a symmetric adjacency matrix A,, and D,
is the diagonal matrix that describes the degree of each node, then W, can be given by
In—pDg+pAy, where ¢ > 0 is chosen small enough such that W, becomes a non-negative
matrix. Then, every row and column sums of W, is 1 by construction.

Example 3.2. Consider a connected graph G = (V,€). Let E denote the total number
of edges in &, and let &; be a singleton which corresponds to a single edge contained

3We consider the case of an undirected graph for simple presentation, but the study in this section can
be transparently extended to the case where {G,}q4es is jointly strongly connected and balanced.
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in €. Welet Q@ ={1,---,FE} and consider strings s from the alphabet Q such that the
collection of graphs {G, = (V, &) }qes is jointly connected. Under connectivity assumption
on G = (V,€&), the set of such strings is nonempty and one possible choice is to take the
strings s as words of length E with distinct letters from the alphabet Q. In this case, we
can choose W, € RNXN g € Q to be a doubly stochastic matrix such that, for the index
(i,7) € &

N S L
_Wji_Wz’z’_Wjj_z

q

WZ]

and w{, =1 for all k£ & {7, j}, and all other elements of W, are zero.

Thus far, in this subsection, we have introduced a family of graphs G, = (V,&,) and a
reset rule for individual agents which depends on the neighbors described by G,. To
specify the times at which an agent resets its state and to describe the index of the active
graph, we consider a timer 7 and a discrete state variable p, whose evolution is described
as,

(7,p) € [0, No] x P : {6; i [(()71’ o2] (3.42)
t=r—-1
(7.p) € [1,No] x P: {p+ € Golp) (3.43)

where Ny, 01, and o9 are some positive constants that determine the frequency at which
the graphs switch from one configuration to another. The mapping G| describes the
evolution of discrete variables according to equation (3.14)).

3.3.2 Coordinate transformation

We now collect the dynamics of individual agents from (3.40)) and the connectivity struc-
ture from Section to write them in the form of the hybrid system (3.3]). This requires
us to introduce a certain coordinate transformation for agents’ dynamics which we describe
next.

Let R € RVX(N=1) e a matrix such that
R'TR=1, and 1YR=0,

where 15 € R is a vector with all entries equal to 1. Associated to each matrix Wy, let
us introduce the matrix A, as follows:

Ay = RTW,R ¢ RIWN-Dx(N=1),

Next, we define a matrix Q as
147
Ql:= [lN R} , sothat Q= ]\&TN )

With the matrix Q, we can write (3.40) and (3.41]) in the form of (3.3)). Let us introduce

the new coordinates (s, () for € := col(¢1,...,&n) € RY as

) = Qe = ~ Ly ¢ (3.44)
¢ RT
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or, in other words
1 N
s = N;ﬁ eR and (=RT¢ erRV L

It also follows that £ = 15+ R(. Let R; be the i-th row of R. Then, the system ([3.40)),
(3.41)) can be written as

w; = —w; + s+ R;(, 1=1,...,N,

N
§= %Z(l — fi(wi))(—w;i + s + Ri¢) — gi(wi)
, =1 (3.45a)
¢ =R"(w, 1ys +R()
€T € [o1, 09]
p=0,
where w := col(w1,...,wn) and

¢1(w1, s + RiQ)
¢(w,1ns+R() =
én(wn, s+ RyC)

with the flow set C := R?Y x [0, Ng] x P, and

w;r:wi, for 1=1,...,N

st =s

¢ =ApC (3.45b)
h=7r-1

pt € Gp(p)

where A, is the notation for A, considering p = (s,t), with the jump set D := RV x
[1, No] x P. Here, if we treat (wi,...,wn,s) = (w, s) as the slow variable and ¢ as the fast
variable with both the flow set and the jump set for (w, s, () being the same as R2N | then
the system is in the form of .

3.3.3 Quasi-steady-state system

For stability analysis, we now consider the QSS system associated to (3.45). The QSS
system is
w; = —w; + 8, 1=1,..., N,
& (3.46)
$=+ > (1= fiwi)(—wi + ) — gi(wi),
i=1

which corresponds to (3.6). The following assumption and lemma assure that this QSS
system satisfies the assumption of Theorem

Assumption 3.4. The second order dynamical system

X0 = —Xo0 + So

0 = (1= f(x0))(—=xo0 + s0) — g(x0) (347
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where N -
f(xo0) = N ;fi(XO)a 9(xo0) == v i:zlgi(XO) (3.48)

has a locally asymptotically stable limit cycle Ay C R2.

The limit cycle Ay in Assumption refers to an isolated periodic orbit, that is, every
solution (xo, o) of system with (x0(0), s0(0)) € Ay is periodic, and (xo(t), so(t)) €
Ay, for all ¢ > 0. Moreover, A is an isolated and compact set. Local asymptotic stability
of Ay ensures that the nearby trajectories converge to this limit cycle in some neighborhood
of Ag. A sufficient condition on f and g for Assumptioncan be found in 166} Sec. 3.8].
We use this assumption to show the existence of a stable limit cycle for system .

Lemma 3.3. Under Assumption the QSS system (3.46) has a locally asymptotically
stable compact set A, C RNTL which is a stable limit cycle for (3.46)), given by

Az ={(x0,-- -, X0, 50) € RN+ (x0, 50) € Ao} (3.49)
In particular, there exists V,, that satisfies (3.8)) and (3.9) on a neighborhood Q. of A,.

Proof. The basic idea behind the proof is to use a coordinate transformation and combine
it with the cascade arguments [191, Proposition 4.1]. Let

1
X = NIEL«) eR, y:=RTweRN!

so that w; = x + R;X. Then, system (3.46) can be rewritten as

)%: _>~<7

X =X + S,
N

) 1 _ _ _

5= 5 2 (L= filk +RX))(s = x = RiX) — gi(x + RiX) (3.50)
=1

1 &
= (L= FON(=x +5) = 900 + 5 2 ¥ilXo X, 9),
i=1
where v); vanishes when ¥ = 0 because

Vi = filx + RiX)RiX + (filx + RixX) — fi(x))(x — 5) + (gi(x) — gi(x + RiX))-

Let On_; denote the vector in RV ~! with all zero entries. Using Assumption we next
show that the set {On_1} x Ao C RV ' is locally asymptotically stable for (3.50)), which
corresponds to the local asymptotic stability of the set A, for system . Indeed, due
to Assumption the set {On_1} % Ap is locally asymptotically stable when the dynamics
of are restricted to the set {(¥,x,s) € R¥*1: ¥ = 0}. From [191, Theorem 2.24], it
follows that {On_1} x Ag is a stable compact set for system . To show that the set
is also attractive, let £y C R? be the region of attraction for the set Ay of system ,
and let Q0> C RY~1 be an arbitrary compact set containing the origin. Due to stability
of {On_1} x Ag C RNVF1 there exists a set 2, C RV*! such that for all initial conditions
in €2, the solutions stay within the set - x Q. With all solutions bounded, and Xx(t)
converging to {Ony_1} as t — oo, it follows that (x(¢), x(¢), s(t)) converges to the largest
invariant set contained in {Oy_1} x o which is the set {Onx_1} x Ap. The existence of a
continuously differentiable Lyapunov function follows from classical converse arguments.
Finally, it is seen from that the behavior of on A, is governed by the behavior
of on Ay, which is a periodic motion. Therefore, A, is a stable limit cycle. ]
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Remark 3.1. In Lemma we did not provide an explicit construction of the Lyapunov
function V,, for the QSS system . However, in the proof we saw that the asymptotic
stability of the set A, is essentially established by using a cascade argument between (, )
dynamics and ¥ dynamics. In some instances, one can explicitly provide a construction
of Lyapunov function V,, from the individual Lyapunov functions associated with (x, s)-
dynamics with respect to Ap, and X dynamics with respect to {Ony_1}. In our conference
paper [212], we provided such a construction under the assumption that Ay is locally
exponentially stable for system . A

3.3.4 Boundary-layer system

The boundary-layer system associated to (3.45) is

w;r:wi, for t=1,...,N
+ ==
S (3.51)
r= ApC
p" € Gp(p).

We note that (-dynamics are completely decoupled from (w;,s) for each ¢ = 1,..., N.
Assumption with A = 0, therefore corresponds to checking the stability of (,p)
dynamics with respect to the set {Oy_1} x P. This follows from the following lemma.

Lemma 3.4. Under Assumption[3.5, Assumption[3.9 holds for the boundary-layer system
(3.51) with
Vy(wa S, Ca p) = CTC

and with vy, = maxges Xi, where \s denotes the largest singular value of the matriz Ay =
Agy ++ Asy

Proof. Since {Gy}qes is jointly connected and the matrix W, is associated with the graph
Gg, it follows that

W5|5\ +"’+W51

is a primitive matrix. On the other hand, by [108, Lemma 2], it holds with ¢, > 0 that

W5 = W5\s\ c 'Wﬁl = Cﬁ(Wﬁ‘s‘ + -+ Wﬁl)’ (352)

where = implies component-wise inequality. This implies W, is primitive (because A = B
with a primitive matrix B implies that A is primitive). Moreover, we have

QW,Q ' = QW,, Q! QW,,Q QW Q!

[ 0 oo
= o A5|s\'”A51 - 0 As .

Now we note that W, is primitive and doubly stochastic whose diagonal elements are all
positive. This implies that limy_, o Wf = 1yc! with a vector ¢ € RY [29]. Since the
matrix 1yc¢! has rank one, the matrix limg_, o Kf should be the zero matrix; that is,
|As]l2 < 1 where || - ||2 represents the induced-two-norm, and thus, 7, < 1. This in turn

implies that CTKJKSC < AmC ¢, for all s € S, and Assumption holds. O
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3.3.5 Stability result

Combining the statements of Lemma [3.3]and Lemma [3.4] we arrive at the following result
about synchronization of trajectories modeled by ((3.45)).

Theorem 3.5. Suppose that Assumptions and hold and consider a compact set
I, C Q and a compact set I, C RN7L for which (w(0,0), (1/N) XN, £(0,0)) € I, and
RTf(O,O) € I,. Then, there are € > 0, class KL functions B, and By, and class K
functions x, and x, such that

[(w(t,4), 5t )4, < Be(l(w(0,0),5(0,0)) |4, ) + Xa(€) (3.53)
1€t )| < By(I€(0,0)], t/€) + xy(e), (3.54)
for all e € (0,€*] and (t,j) € dom (w, s,(). In particular, for each p > 0, there is €* such

that, for each e € (0, €*], the solutions to the multi-agent system (3.40)) with (3.41) satisfy,
foralli,j=1,...,N,

hItIiilolp |(wi(t7j)7§i(t7j)) - (Wj(t,j),fj(t,j))‘ < P (355)
tim sup [(wi(t, ), &i(t )4 < p (3.56)

if dom (w, &) is unbounded in t-axis.

Proof. Proof of (3.53) and is a consequence of Theorem by taking I, =
I, x I,. To show , we note that £ = 1ys + R(. For any ¢ and j, we have that
& — & < & — sl +|s — & = |[Ri¢| + |R;¢|. This in turn implies from that
lim sup;_, o [&i(t, j) —&;(t, 7)| can be made arbitrarily small by taking e* sufficiently small.
Since limsup,_, |(w1,.-.,wn, )4, can be made arbitrarily small by taking sufficiently
small €* by (3.53)), we infer that limsup,_, ., |wi(t, j) —w;(¢, j)| can also be made arbitrarily
small due to the definition of the set .4,. This proves (3.55). The inequality in is
also a direct consequence of the foregoing analysis and the definition of the set A,. O

Remark 3.2. Tt can be seen from the proof of Theorem that, in the current case-study,
the function Cy is given by Cy(s) = Cys with Cp := maxgeg |[blockdiag(In11, AZ ).
Combined with the fact that the functions Vj, are quadratic, the inequality (3.54) takes

the form
o1t

[C(t, 1) < V2Cym " 7 1¢(0,0)] + xy(e)
with some class IC function x,. Also, from the proof, we see that, |§; —&;| < |Ri(|+|R;¢| <
2maxi<i<n || Ri| - ||, which implies that the rate of synchronization for &; is much faster

than that for w; when € is small enough. This behavior can be seen in the bottom left and
bottom right plots of Fig. 3.1] A

Implication of is that the coupled oscillator practically synchronizes un-
der the impulsive coupling . Moreover, implies that the limit cycle Ag is
practically attractive for each oscillator under the coupling. In fact, the limit cycle Ay is
emergent and collective one for all the oscillators in the sense that it is the limit cycle of
the blended dynamics with . This can be seen from the illustrations reported
in the following example.

Example 3.3. We have simulatedlﬂ a network with four Van der Pol oscillators de-
scribed by (3.40) with f;(w;) = pi(w? — 1) where 1 = —.1, ug = 1, pu3 = 2, and

4Source code for the simulation in Example is available at https://github.com/aneeltanwani/
coupled_osc_switching.git.
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Figure 3.1: Plot of (w;(t),&(t)) for four agents. Numbers are time stamps in increasing
order, and all trajectories circulate clock-wise. (Top left): Case of no coupling; Started
from four different initial conditions (time stamps ‘0’), their motions are not synchronized,
and the black agent (agent 1) does not have a stable limit cycle so that it converges to
the origin. (Top right): Coupled with ¢ = 1; Jumps are observed but synchrony is
weak. (Bottom left): Coupled with e = 0.1. The overlapped numbers imply that they
are synchronized to some extent. (Bottom right): Coupled with ¢ = 0.01: approximate
synchronization.

g = 3, and g;(w;) = w; for ¢ = 1,...,4. The oscillators are connected through an
undirected cyclic (and hence connected) graph G = (V,€), where V = {1,2,3,4} and
& =1{1,2),(2,3),(3,4),(4,1)}. To define the reset rule for updating the state £ of
the oscillators according to , we split the graph into four subgraphs G, = (V, &),
qg € Q@ =1{1,2,3,4}, with & = {(1,2)}, & = {(2,3)}, & = {(3,4)}, &4 = {(4,1)}. The
set S comprises strings of length n > 4 such that each string contains at least a single
occurrence of the letters 1, 2, 3, and 4. The weight matrix W, is constructed as in Ex-
ample For the timer, we work with, o1 = 0.5, 0o = 1.5, Ny = 2, and study different
cases for € € {1,0.1,0.01}. The state trajectories of all the agents are plotted in Fig.
for three different values of e. Our proposed reset rule only updates the state &; of the i-th
agent whenever an edge connecting this agent with one of its neighbors is activated. Also,
as we make € smaller, we see that all the agents converge to the same limit cycle and the
distance between their states gets smaller as well.
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3.4 Perspectives

Motivated by the applications of hybrid dynamical systems where frequent jumps are
necessary for stability, we propose analysis of such systems based on singular perturba-
tion viewpoint. The dynamics are decomposed into a continuous-time quasi-steady-state
system and a discrete-time boundary-layer system. Under the assumption that the sub-
systems resulting from this decomposition satisfy appropriate stability assumptions, we
can derive estimates on the norm of the trajectories showing practical convergence. In
the process, we see the trade-offs between the ultimate bound and the parameter describ-
ing the frequency of jumps. An important application of our results is seen in the study
of network control with heterogenous agents where the graph describing the information
exchange between agents is switching.

Several interesting research directions may emanate from the framework adopted in
this work. Firstly, it may be possible to improve the estimates on system trajectories re-
ported in Theorem since the proof involves computation of certain constants over the
compact sets for the general class of nonlinear systems. For some specific system class such
as linear systems, or globally Lipschitz dynamics, one may modify the proof techniques for
getting tighter estimates. Also, it may be possible to identify conditions on system data
under which we can establish asymptotic stability for the limiting value of the perturba-
tion parameter. Naturally, these questions open up the possibility of investigating more
applications where the proposed setup of singularly perturbed hybrid systems is useful for
analysis. This includes especially the control design problem related to stabilization over
networks where frequent jumps in the state of the system contribute to stability of the
system.



4

Maximally Monotone Systems

In this chapter, we make the transition towards a particular class of dynamical systems
involving maximal monotone mappings, and broadly speaking, these systems are described
as,

t € f(x) — M(x), z(0) € dom(M), (4.1)

where f : R™ — R" is sometimes called the drift term, M : R®" = R" is a maximal
monotone mapping, and dom(M) is the effective domain of M, that is, {z € R" | M(z) #
()}. For several applications, and some of the results presented later in this chapter, we
would often look at the case where the drift term is not present. The structure of interest
in these systems arises due to the presence of maximal monotone mapping M, which are
defined as follows:

Definition 4.1 (Maximal monotone mappings). Consider a set-valued map M : R" =
R™. We say that M is monotone if it has the property that

(y1 — yo,x1 — o) >0, forall yo € M(xg),y1 € M(zy1). (4.2)

We say that M is mazimal monotone if no enlargement of its graph is possible in R™ x
R™ without destroying monotonicity. In other words, for every pair (Z,§) € R"™ x R™ \
graph(M), there exists (Z,7) € graph(M) with (§ — 7,2 — %) < 0.

Furthermore, we say that M : R == R" is a-strongly maximal monotone, if it is
maximal monotone and

(y1 — Y2, 21 — x2) > afry — x2\2, Yy, € M(x;),i=1,2. (4.3)

Intuitively speaking, maximal monotone mappings are set-valued mappings which sat-
isfy a monotonicity property (as one observes in several control systems), and in addition,
the maximality refers to some sort of regularity implying that the graph of M does not
have any “holes” in it. These two properties provide the necessary ingredients for proving
the existence and uniqueness of solutions for system ; a classic treatment of such
fundamental issues can be found in [24]. Moreover, for a-strongly maximal monotone
systems, we immediately obtain the following boundedness/convergence property for the

solutions of system (4.1)):

Proposition 4.2. Consider the solutions z1(-), x2(-) to system (4.1) with f = 0 and
z1(0),22(0) € dom(M). Then, for allt > 0, we have

21 (t) — 22(t)] < e™*|21(0) — 22(0)].

64
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Proof. Let us compute the time derivate of |x1(t) — z2(t)|? as follows:

L aa(t) — ()

dt L a1(t) = 2a(t), 21(8) — 22(1))

T oat
= 2(&1(t) — 2(t), w1 (t) — @2(1))

< —2alz1(t) — z2(t)]
and hence |x1(t) — 22(t)|? < e72%%21(0) — 22(0)|%. O
Thus, if the right-hand side of a differential inclusion has a strongly maximal mono-

tone mapping, with a negative sign, all trajectories asymptotically converge to each other
regardless of the initial condition.

4.1 Motivation Based on Constrained Optimization

To see a motivation for the system class (4.1)) in engineering and optimization related
problems, let us consider the following optimization problem:
min  g(z)
subject to = €C
where g : R” — R is a continuously differentiable convex function, and C C R™ is a closed

convex set. We can write the constrained optimization problem as an unconstrained
optimization problem

min  g(x) +ve(2)

where ¢ is an indicator function associated with the set C, and is defined as,

0, ifzecd,
T) = 44
vel@) {+oo, ifx &C. (4.4)
The proxzimal gradient method for solving this optimization problem is
= ProX,y,, (z% — eVg(z")) = proje(z¥ — eVg(z")). (4.5)

Here, prox,; denotes the proximal operator for the scaled function eh, for € > 0, that is,

1
prox.,(v) = arg min {h(a?) + —|lz — U||2} .
x 2¢
When taking h = 1¢, we observe that prox,,(v) equals the projection of v on the set C,
denoted by projq(v).

We can characterize the optimal solution using Karush-Kuhn-Tucker (KKT) condi-
tions. That is, if * is the minimizer, then 0 € Vg(z*) + 0v¢(x*). In other words, z* is
the stationary point of the differential inclusion:

& € —Vg(z) — Oe(x). (4.6)

Here, 0v¢ denotes the subdifferential of ¢¢, which is defined later in (4.8)).

Thus, differential inclusion (4.6)) represents the generalized gradient descent algorithm.
When g is a convex function, and the constraint set C is also convex, it can be checked
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that the mapping (Vg + 9v¢¢)(-) is maximal monotone and presents a special case of .
Algorithm can be seen as one possible time-discretization of the differential inclusion
and the first question of interest is to study whether the solutions of can be
approximated by algorithms of the form with appropriate interpolation and small
enough step size. Secondly, a natural question of interest is to study the convergence of
solutions of to a stationary point, which corresponds to studying the asymptotic
stability of the system. We will discuss these two directions in the following sections.

Relation to complementarity systems: As a special case, let us consider the following
quadratic program

1
min -z Az +b'z
z 2
subject to Cx > ¢
where A € R™*", b € R", and C € R™*", We assume that A is symmetric. In addition, if

A is positive-semidefinite, then the cost function is convex, and we have a convex quadratic
program.

Using KKT conditions, if 2* is a locally optimal solution of the quadratic program,
then there exists A* € R™ such that
Az* +b—CT X\ =0,
>0, Cx*—c>0, )\*T(Cx* —¢) =0.
Such points can be described as the stationary points of the linear complementarity system
i=—Az—b+CTA
0<ANLCx—c>0,

which is actually a particular case of (4.6). We will study formal connections between the
differential inclusion (4.6)) and the complementarity systems in the following sections.

Gradient descent with coupled variables: Consider the following constrained optimiza-
tion problem:
min g(2)
where R" D X 2 Qn {z|Az < b}, for some A € R™*™. We assume that g : R” — R is
strictly convex and ) C R" is convex, hence X is convex. Using the KKT conditions, the
optimization problem is solved by finding a pair (z*, A*) such that

0 € Vg(z*) + No(z*) + ATX*
0eb —I—/\/‘R:_n()\*) — Az™,
where the notation Ng(z) denotes the outward normal cone to a closed convex set S at

x € §. We can study this problem by considering the solution of the following dynamical
system and analyzing the convergence of the state variables to the origin,

€ —(Vg(z) + No(z)) — ATA
Ae—(b+Nem(N) + Az.

Note that, due to convexity assumption, the operators (Vg(z) +Nq(z)) and (b+Ng, (A))
are both maximal monotone. System therefore defines an interconnection of z- and
A-dynamics, and each of these dynamics contain a maximal monotone operator and a
coupling term. Using the properties of the operators that describe subsystem dynamics,
and the interconnection term, we would like to know if the overall system is maximal
monotone. For this example, the answer is indeed affirmative as we will see from later
developments.

(4.7)
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4.2 Nonsmooth Relations

For the system class considered in , and as we saw in the motivating examples in
Section [} the set-valued maximal monotone mapping often arises from taking the sub-
differential of convex functions, and could thus be related to a nonsmooth mapping in the
system description. In this section, let us explore some instances of nonsmooth relations
with which we can associate the maximal monotone property. There are several books
which treat nonsmooth, convex, and variational analysis in depth [180} |152, 104]. We will
focus on a particular class of nonsmooth relations which are mainly covered in [54, {74].

Let us start with defining a generalization of the derivative operator for convex func-
tions, which are not differentiable in the conventional sense.

Definition 4.3 (Proper, lower semicontinuous functions). Consider an extended real-
valued function f : R"™ — [—o0,00]. The effective domain of f is dom(f) := {z €
R™| f(z) < +oo}. We say that f is proper if f(x) < 400 for at least one x € R™ and
f(z) > —oo for all x € R™. The function f is called lower semicontinuous at a point
x € R™if f(x) <liminfy_, f(xg) for every sequence {xj}reny C R™ with z; — .

Definition 4.4 (Subdifferential of a convex function). Consider an extended real-valued
function f : R™ — [—o00, o0], which is proper. Furthermore, assume thatﬂ f is convexr. We
say that v is a subgradient of f at z € dom(f) if

(v,y —2) < fly) = f(z),  forally e R"
The subdifferential of f at = € dom(f) is df(x) := {v € R™ | v is a subgradient of f at x}.
We say that f is subdifferentiable at = € R™ if f(x) # 0.

As an illustration of this definition, let us consider a closed convex set C C R"™, with
its indicator function ¢ as in (4.4). If C is nonempty, then ¢ is proper, and lower
semicontinuous. It can be readily checked that

Mpe(x) ={v eR"| (v,y —x) <0, for all y € C} = Ne(z). (4.8)

That is, the set-valued operator  — N¢(x) is the subdifferential of the discontinuous
function ¢ at x, that is, the outward normal cone to a set equals the subdifferential of
the indicator function of that set. Let us now relate this nonsmooth relation x — N¢(x)
with some other frequently occurring notions.

Definition 4.5 (Variational Inequality). Given a set C C R™ and a mapping F': C — R",
the variational inequality, denoted by VI(C, F'), is to find a vector = € C such that

(y —x,F(x)) >0, VyeC.

It follows from the definition that x solves VI(C, F), if and only if,
F(x) € =Ne(z).

Definition 4.6 (Complementarity Problem). Given a cone K C R™ and a mapping
F : K — R", the complementarity problem, denoted by CP(K,F), is to find a vector
A € K* satisfying the following conditions:

K>\A1LF(\\) €K™,

!Note that, for a proper function f, we say that f is convex if for every a € [0,1], f(az + (1 — a)y) <
af(z)+ (1 —a)f(y), for all z,y € R".
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where K* is the dual cone of K, and is defined as K* := {w € R" | (w, A\) > 0, for all A €
K} If F(A) = MA+ q for some M € R™", g € R", and K = RY is the positive orthant
of R™, then we call it a linear complementarity problem, which is denoted by LCP (M, q).

Proposition 4.7. Let K C R™ be a cone. A wvector x solves VI(K, F) if and only if x
solves CP(K, F).

Thus, we have seen some instances of nonsmooth relations that can be seen as maximal
monotone mappings. These include the normal cone mapping, subdifferential of indicator
functions, variational inequalities, and complementarity problems. The foregoing provided
some discussions about some connections between these relations.

4.2.1 Modeling piecewise linear relations

Piecewise linear relations, such as, saturation or quantization, appear quite often in the
modeling of control systems. Many of these nonlinearities have a certain structure that
can be exploited for analysis. In this section, we will show that we can model piecewise
linear relations using the framework of linear complementarity problems (LCP) and this
allows us to study the properties of nonlinearities in a systematic manner. Also, one of
the advantage of using LCP framework is that there are several numerical solvers available
now for solving complementarity relations.

Definition 4.8. Consider a collection of open sets O; C R™, ¢ € Z, for some finite index
set Z, with the properties that O; N O; = 0, and U;e7O; = R™. We say that a continuous
function f:R"™ — R™ is piecewise linear (PWL) with respect to {O; }iez if

fl(l’) = Az + b@', z e O

for some matrices A; € R™*™ and vectors b; € R™.

On the other hand, the linear complementarity problem that we consider, can be
described by following relations:

y=Ax+BX+Db (4.9a)
w=Cx+DX\+c (4.9b)
0<ALw>0, (4.9¢)

where, A € R™*" B € R™*k b e R™, and C € R¥*™ D e RF*k ¢ e RF,

From complementarity to PWL mappings

When the matrix D in (4.9)) is a P-matrix, we can explicitly solve for A, which will be a
piecewise linear function of xz. To see this, let us first consider a scalar example.

Example 4.1. For d > 0, consider the complementarity relation

w=x+d\+c
0<AXLw>0

Ifx+c¢>0,then A=0. If z4+¢ <0, then A = —(lerc). Thus, A is a piecewise linear

function, where the first piece takes the value —@ over the interval (—oo, —c), and the

second piece is identically zero on the interval (—c, +00).
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If we introduce the notation
R3320 foos(2) = (|2] +2)/2,
then, we can compactly write our solution as
A= fpos(=(z +¢)/d).
Let us next consider a second order example with an aim to provide an intuition for
analysis in higher dimensions.

Example 4.2. Consider the following complementarity relation

wr\ _ |di1 diz| (M a1 () A1
o< (o) =L (o) = (22) = () =0

We have a unique solution if and only if D is a P-matrix. To see the need for this particular
assumption on D matrix, let us solve the LCP.

o If A\; = A2 =0, then we are in the region ¢;(z) > 0 and g2(z) > 0.

o If Ay > 0, Ay = 0, then essentially q;(z) < 0 and we have \; = —qilgf). For the
corresponding region, we also have, wa(z) = do1 A1 + q2(z) = —%ql () 4+ g2(x) > 0.

o If A9 > 0, Ay = 0, then g2(x) < 0 and we obtain Ay = —qéif). To define the
corresponding region, we also have that, wi(x) = digAo+q1(z) = —%qg ()+qi(x) >
0.

o If Ao > 0, A\y > 0, then the corresponding region is ¢i(z) < 0 and g2(x) < 0. We
solve for A1 and Ay using the relation that wy = 0 and we = 0. That is,

At _ |du dae ! q1(x)
Ao)  |da1 da q2(x)

In other words,

di2¢2(x) — da2qa (2) da2
AL = >0, if x) > —q(z
! diidag — daidiz 2(7) d12q1( )
d —d d
o = IR 5 o R0) > gala)

di1dag — dordi2

In all the above cases, we see that, for existence of nonnegative A\; and Ao, it is necessary
that the principal minors of D matrix are strictly positive.

From PWL mappings to complementarity

Let us consider some basic examples of piecewise linear relations modeled via complement-
arity frameworks. Some further examples can be found in [25].

Example 4.3. For some a € R, consider the following piecewise linear function, which
also models the ReLLU activation function:

z+—y = f(x) = max{a,x},
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which basically models ReLLU activation function. We can write it as
y=x+ A w=x+\—a, 0<ALlw>0.

or
y=a-+ A, w=—x+a+ A\, 0<ALw>0.

Example 4.4. Now, let us consider the saturation function:

1, ifz>1
y=f(x)=sat(z) =<z, if —1<x<1
-1, fx<-1

We can write it in complementarity form as
y=—14 XA — Ao, w); = —r+ A — 1, we = —x + Ay + 1, 0<ALw>0.

Example 4.5. The so-called static backlash hysteresis contains functions like [109, Sec-
tion 6],
y = max(u, min(v, w)) = max(u, — max(—v, —w))

which can be rewritten using complementarity relations as
Yy=w— A1+ Ag,
0<M L M+v—w>0,
0<XLl-AM+X—-—utw=>0.

Remark 4.1. One can potentially use the framework of linear complementarity problem
to model piecewise linear functions of the following form:

y:Ai:n%—bi, if Cix+¢; > 0.

Such discussions appear in [130]. An algorithm for encoding PWL relations into more
generic complementarity framework also appears in [218]. However, some questions remain
unaddressed when seeking such generalizations (see |27, Section 3.11]).

4.2.2 Projected dynamical systems

The so-called projected dynamical systems model the trajectories confined to a given set. A
formal treatment of this class of dynamical systems can be found in [156]. For describing
the models of these systems, we will first introduce the tangent cones and then make
connections with related system classes.

Tangent cones
Detailed discussions about different notions of tangent cones can be found in [13]. Here,
we provide some fundamentals that are necessary for our purposes.

Let S be a subset of R™. The following notions of tangent cones are widely used:

Definition 4.9 (Contingent Cone). The Bouligand tangent cone, or contingent cone, to
a set S C R™ at a point z € S, denoted Tg(z), is

Ts(z) = {z € R"|3 {tn,} C Ry, 3 {2z,} C R" such that t, \ 0, 2z, = 2z, + tpz, € S,V n € N}

Ty — X

={zeR"F{z,} C S, F{\.} C R4, N\, \(0,such that z,, — = and — z}.

n
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Definition 4.10 (Clarke Tangent Cone). The Clarke tangent cone to the set S, denoted
by T& (), is defined as follows:

7§ (2) = {2 € RV {2} C S,V {tn} C Ry with 2, — 2,1, \,,

I{z,} € R" with z,, = z,z, + tpz, € S,V n € N}.

In fact, Clarke tangent cone at a point is the inner limit of contingent cone of the
neighboring points, that is, 7 (z) = liminf, Ts(y). In general, it holds that 7 (z) C
Ts(x). We say that S is tangentially regular if Ts(z) = TE (z) for every z € S. Convex
sets are tangentially regular but those are not the only ones.

Projection on tangent cone

Let us now define the dynamical systems using the framework of tangent cones. For that,
we first introduce the projection of a vector v € R™ onto S, denoted by Pg(v), which is
defined as

Ps(v) = argmin ||v — z||. (4.10)
z€S
where || - || denotes the Euclidean distance, and we note that argmin may not have a

unique solution if S is not convex.

Intuition behind projected dynamical systems: Consider the evolution of the
system & = v, with 2(0) = x¢ on the boundary of S. The first-order approximation of the
resulting trajectory gives x(d) = zo + dv, where § > 0 is very small. If we want () to be
in the set .S, one way is to project xg + dv on the set S.

To write a differential equation for the resulting motion, we therefore need to consider
the directional derivative of the operator Pg(-). For a given vector v € R™, II(z;v) denotes
the directional derivative of Pg(z) and is defined as

s (a;v) = lim Ps(w +0v) = Ps(z) (4.11)

—0 1)
We note that
Ps(x + 0v) = & + 0Pry(q)(v) + 0(0)

where 0(0) is such that limg_,o+ @ = 0, and hence
IIs(x;v) = Pry(a)(v)-

System Class: With this motivation, we therefore consider the class of projected dynam-
ical systems, defined as,

i = Tg(a; /() (4.12)
where f: R"™ — R" is continuously differentiable.

More recently, we have seen extensions of this conventional framework which are mo-
tivated by applications in optimization and implementing reset control. The paper [92]
considers such system class using a state-dependent projection metric. An interesting ap-
plication using projection based controllers has been reported in [61, [94], which not only
involves a different projection metric but also considers sets that are neither convex nor
tangentially regular.
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Connections with maximal monotone differential inclusion

We can describe the solutions of the differential equation using a differential inclu-
sion with a normal cone operator, so that the resulting system takes the form . In
particular, the least-norm element of the set-valued mapping describing the differential
inclusion coincides with the right-hand side of . The key to this connection comes
from the following elegant result:

Theorem 4.11 (Moreau’s two-cone decomposition). Let K C R™ be a closed convex cone,
and let K° := {w € R"|(w,v) <0, Yv € K} denote the polar cone. For every z € R", it
holds that

z = PK(Z) + Pgeo (Z)

To use this result, we recall that for a closed, convex set S C R", the tangent cone
Ts(x) is closed and convex, and 7$(x) = Ng(z), for each x € R". We can then write,

f(@) = Pry(@)(f(2)) + Prge) (f ()

or equivalently,

Prs(a)(f(2)) = f(2) = Prg(a) (f (@)
Note that, f(z) — Ppy(z)(f(x)) is just the least norm element of the set f(x) — Ns(x),
that is,

f(@) = Png()(f(z)) = argmin [Jw]].
we f(z)—Ng(x)

In other words, Ig(z; f(x)) is just the least-norm element of f(x) — Ng(z). Therefore,
the solutions of (4.12)) coincide with the slow solutions of
& € f(z) — Ns(z). (4.13)

Since Ng(-) is a maximal monotone mapping, system (4.13) is in the form of (4.1)).

Connections with complementarity systems: In the differential inclusion (4.13)), if
we take S to be a closed convex cone K, then the differential inclusion becomes a cone
complementarity system. Recall that,

ANe-Nkg(z) & K3XlzekK,
where K™ is the dual cone to K. We can thus write (4.13)) equivalently as

T = f(x)+ A,
K3\ 1lzeK.

We have thus seen that a well-known class of projected dynamical systems can be
rewritten in the form of differential inclusion involving maximal monotone mapping, or
dynamical system with complementarity problem. This helps us in better understanding
the motivation for the system class proposed at the beginning of this chapter in . We
will now move in the direction of analysing this system class in the remaining sections.
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4.3 Monotonicity Preserving Interconnections

Until now, in this chapter, we saw some instances of nonsmooth relations which are max-
imally monotone. The examples in Section provided some examples of dynamical
systems where these relations appear, and the overall system described by the sum of a
drift term and the nonsmooth mapping is still maximal monotone because of the monoton-
icity of the drift term. Thus, the sum of two maximal monotone mappings is one example
of an operation that preserves maximal monotonicity (under some appropriate constraint
qualifications). In the previous section, we looked at projected dynamical systems, and
for f monotone, these systems provide another instance of an operation (described by
the projection on to the tangent cone of a closed convex set) that preserves maximal
monotonicity.

In general, it is an interesting question to investigate whether certain operations pre-
serve maximal monotonicity or not. For our purposes, when dealing with dynamical sys-
tems, this question naturally translates to studying interconnections involving (possibly
memoryless) systems with maximal monotone mappings and providing conditions which
preserve maximal monotonicity.

4.3.1 Passive systems with maximal monotone mappings

Let us first consider the feedback interconnection of a passive system with maximal mono-
tone mappings, and show that under appropriate assumptions, the interconnection is also
maximal monotone. The system that we consider are described by following equations:

= Ax + BA
w = Cz + DX (4.14)
w e M(=A)

where the quadruple (A, B, C, D) describes a passive system with input A € R and output
w € R™. System therefore describes the interconnection of a passive dynamical
system with a memoryless maximal monotone mapping M : R” == R™. This system can
be equivalently written in the following form:

i€ —H(z) := Az — B(IM + D)~ }(Cxz) (4.15)
where H : R® = R” is a set-valued mapping with dom(H) = C~!(im(M + D)).
Theorem 4.12 ([38, Theorem 2]). Suppose that
1. The quadruple (A, B, C, D) is passive with storage function x +— x'x
2. The mapping M is mazimal monotone

3. It holds that im C' Nrint(im(M + D)) # 0
then the mapping H in (4.15) is mazimal monotone.

A time-varying version of this result has been developed in [36]. In particular, if the
variable w in is of the form w(t) = Cz(t) + DA(t) + v(t), with v : [0,7] — R™
an external absolutely continuous function, then the mapping H defined above is time-
dependent and in particular, the domain of this mapping varies with time as well. The
resulting differential inclusion is then described by

i(t) € —H(t, z), (4.16)
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where H(t,-) is a maximal monotone mapping for each ¢t € [0,7]. Even though the inter-
connection of the passive time-invariant system with this time-varying complementarity
relation preserves maximal monotonicity for each ¢t € [0,7], studying the existence of
solutions for this system class is challenging and requires careful analysis. In our work
[36], we provide a generalization of proximal-type algorithms (that were presented in Sec-
tion that can be used to simulate the dynamical system and we can study the
convergence of those algorithms with respect to the size of step for discretization.

4.3.2 Maximal monotone systems in feedback

Moving away from the setup of a passive dynamical system with a memoryless maximal
monotone mapping, we now consider the interconnections of the form:

e —My(y,2) (4.17a)
i€ —M.(y,2) (4.17b)
where My (-,2) : R® = R", and M, (y,-) : R™ = R™ define set-valued mappings for a

given z € R™, and a given y € R"”, respectively. We impose the following conditions on
these mappings:

(M1) There exist a,, > 0 and a function 7, : R” x R™ — R such that, for every y} €
My (y1, 21), y5 € My(y2, 22), we have

(Wi — v, 2 — 1) < —oy|ly2 — nill® + YY1, 22) — vy (Y1, 21)
+ Yy (Y2, 21) — (Y2, 22).  (4.18)

(M2) There exist o, > 0 and a function 7, : R™ x R™ — R such that, for every 2] €
M (y1,21), 25 € M4(y2, 22), we have

(2F — 25,20 — 21) < —a|lz2 — 21 ||* + Y2 (w2, 21) — Y=(y1, 21)
+ 72 (y1, 22) — V2 (y2, 22).  (4.19)

(M3) For each z € R™, and every (yf,y1) € R" x R™ that satisfies y7 & My (y1, 2), there
exists (y3,y2) with y3 € M, (y2, z) such that

(Y5 =yt y2 —y1) < 0.

(M4) For each y € R", and every (27, 21) € R™ x R™ that satisfies 2] ¢ M. (y, z1), there
exists (23, z2) with 25 € M, (y, z2) such that

(25 — 27,22 — z1) < 0.
(M5) For each z € R™, dom(My(+,2)) # 0, and for each y € R", dom(M.(y,-)) # 0.

The conditions [(MT1)] and [(M2)] basically describe the (strong) monotonicity of the
mappings M, (-, z) and M (y, -), respectively, for a given z € R™, y € R". We will present
some case studies in this section which would clarify these inequalities further. At this
moment, in it could be readily seen that if y € M,(y;, 2) for some z € R™ and
1 = 1,2, then the inequality reduces to the inequality in . The same observation
can be made for Conditions [(M3)| and [(M4)| basically refer to the maximality of
My (-, z) and M(y,-), respectively, for a given z € R™, y € R™. In this chapter, we use
for simplifying some technical arguments used in the proof of the main result and
it would be natural to think about relaxing this assumption in future work.
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Theorem 4.13. Consider the interconnected dynamical system (4.17) under the condi-

tions [(MT)], [(M2)], [(M3)], [(M4)], [[M5)|. Suppose that the function v, + . is bilinear,

so that there exist Cy, > 0 that satisfies

1wy +92) (w2 < Gyl + 11211%), (4.20)

for all (y,z) € R™ x R™. If, it holds that,

min{ay, a.} > C, (4.21)

then (My, M) 2 M Rvtm = R gy system (4.17) is mazimal monotone. If the
inequality in (4.21)) is strict, then M is strongly mazimal monotone.

Proof. Let 1 2 (y1,21), and xo 2 (y2, z2), where y; € dom M, (-, z;) and z; € dom M (y;, -),
for ¢ = 1,2. Also, let « 2 min{ay, .}, and v = Yy + 7. In the sequel, we will prove

monotonicity and maximality separately.

Monotonicity: To check the monotonicity of the mapping M(-), we consider x] €
M(z1) and x5 € M(z2). We can then write z7 = (yf, 27) with y} € My(y1,21), and
2y € M(y1,21). Similarly, we can write 25 = (y3, 25) with y5 € My(y2,22), and 25 €
M. (y2, z2). It then follows that

(23 —al, 22 —m1) = (Y3 — 91,92 — Y1) + (25 — 21,22 — 21)
> ayllye —ll® + azllze — 2112 + (Y1, 21) = (Y1, 22) + (g2, 22) = V(y2, 21)
= ayllyz — y1l* + azllz2 — z1|® + (Y — y2, 21 — 22)
> allyz — |+ allz — 21* = & (Il = vl + 121 — =)
> (=) (s =l + 122 — 2 |?)
and hence, under the condition (4.21)), the mapping M(-) is monotone, or strongly mono-
tone if the inequality in (4.21)) is strict.

Maximality: Next, we use [(M3)] [(M4)] and [[M5)] to show the maximality of M.
Towards this end, fix any (y1,21) € R” x R™ and any (y7,27) € R™ x R™ such that
(v, 2f) & M(y1,2z1). One of the two statements is true: either yf & My (y1,21), or
27 & M.(y1,21). For definiteness, let us suppose the former, that is, y7 & My (y1, 21).

From dom(My(+, z1)) # 0. It then follows from that there exists (y3,y2) €
graph(My (-, z1)) such that

(Y5 —yT,y2 — 1) <O0.

Consider the point (y2, 21), and once again, using [(M5)] we have that dom (M. (ya,-)) # 0.
If 23 € dom(M,(y2,-)), then we pick zo = 21 and 25 € M, (y2, 21), so that

(25 — 27,220 — z1) = 0.

Else, if z1 € dom(M(y2,-)), then using [(M4)| there exists (23, 22) € graph(M(ya,-))
such that
(25 — 27,20 — 21) < 0.

We thus have (y3, 25) € M(y2, z2) such that
<y§ - yfayQ - y1> + <Z§ - Z{,ZQ - Z1> <0,

which shows the maximality of the mapping M(-). O
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4.3.3 Saddle-point dynamics

As a first instance of the illustration of the interconnection considered in , and
the result presented in Theorem let us consider a saddle function f : R® x R™ —
RU{—00, +0o0}, and the dynamics defined by its subdifferential. In particular, we assume
that f(-,-) satisfies the following:

(SF1) For each z € R™, the function f(-, z) is concave, and upper semicontinuous.
(SF2) For each y € R™, the function f(y,-) is convex, and lower semicontinuous.

(SF3) The function f(-,-) is finite-valued everywhere on R™ x R™.

For such functions, we let 0, f(y, z) denote the subdifferential of the convex function
f(y,-) at z € R™, which is well-defined due to Similarly, for each z € R™, we
let 0, f(y, z) denote the superdifferential of the concave function f(-,2) at y € R™, which
is well-defined due to Condition is somewhat restrictive in the context of
saddle functions as considered in [176], but it simplifies the analysis. We can now introduce
the saddle-point dynamics as follows [79]:

Y € 0yf(y,2) (4.22a)
z2e—0,f(y,2) (4.22b)

Proposition 4.14. Consider the dynamical system (4.22)) with f(-,-) satisfying |(SF1)|
(SF'3)| Then, the set-valued mapping (z,y) — (=0, f(y,2), 0. f(y, 2)) is mazimal

monotone.

Proof. The proof basically relies on showing that the conditions [((M1)H(MS5)| hold, and
so the result follows due to Theorem [4.13]

Consider the points (y;,2) € R" x R™ and (y}, 2F) € —0yf(yi, i) % 0:f(yi, zi). By
definition,
Wiy =) — flyr,21) < —f(y,21), VyeR"
W3,y —y2) = fy2,22) < = f(y,22), VyeR”

This results in
(Wi —v5, 02 —y1) < flyr, 21) — fyr, 22) — f(y2,21) + f(y2, 22) (4.23)

so that [(M1)| holds with c, = 0 and (-, -) = —f(-, ).

Similarly, using the definition of the subdifferential of the convex function, we get
(21,2 —21) + f(y1, 21) < fyr,2), VzeR™
(23,2 = z2) + f(y2, 22) < f(y2,2), Vz€R™

This results in
(27 — 25,220 — 21) < flyr, 22) — fyr, 21) + f(y2, 21) — f(y2, 22) (4.24)

so that [(M2)|holds with o, = 0 and ~,(-,-) = f(-,-).

Recalling the fact that the subdifferential of a proper, convex, lower semicontinuous
function, and the superdifferential of a proper, concave, upper semicontinuous function are

maximal monotone, the statements in|(M3)}[(M4)] [(M5)|follow from |[(SF1)| [(SF2)| and
(SF3) O
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4.3.4 Dissipative interconnection

Consider the dynamical system with state x, input u and output w, described by

&= F(x,u)

o = h(z) (4.25)

for some continuous functions F' : R x R™ — R”, and h : R” — R". We say that the
system (4.25)) is incrementally passive if there exists a continuously differentiable storage
function V, R*® > (x1,22) + V(z1,72) € R such that, g—XIF(:vl,ul) + %F(mz,uz) <
(w1 — wa,u1 — ug), where wy = h(z1) and we = h(x2).

Let us now consider a negative feedback interconnection of two incrementally passive
systems. The first system is described as

Y= Fy(y, uy)v Wy =Y (426)
with F, : R” x R™ — R" continuous. The dynamics of the second system are given by
z2=F,(z,uy), w,=2 (4.27)

with Fy : R" x R" — R" continuous. The interconnection between these systems is
described via the negative feedback as:

Uy = —Wy, Uy = Wy. (4.28)

The interconnection of incrementally passive systems has been widely studied in the liter-
ature, see for example [232], (68| p. 184], [165], |[186} Prop. 2.2.21]. Here we show that such
interconnections are actually maximally monotone. We choose to work with continuous
single-valued functions so that the maximality holds [180, Example 12.7].

Proposition 4.15. Suppose that the system is incrementally passive with output
wy, nput uy, the storage function Vy(y1,y2) = |ly1 — y2|*, and that the system is
incrementally passive with output w,, input u,, the storage function V,(z1, z2) = ||z1—22||%.
Then, the system defined by their interconnection via negative feedback is mazximal
monotone.

Proof. The proof follows once again by an application of Theorem where we can

show that [(M1)H(MS5)| hold. The statement |[(IM1)| basically follows from the incremental
passivity of (4.26) with o, = 0 and ~,(y,2) = (y, 2). Similarly, follows from the

incremental passivity of (4.27) with a, = 0 and v,(y,2) = — (y,2). Thus, v, + 7. = 0.
Statements [(M3)], [(M4)], [(M5)| basically follow from the continuity of the mappings
Fy(-,-) and F,(-,-) over the entire space R™ x R". O

4.4 Stability of Constrained Systems

In the previous sections, we saw that certain classes of nonsmooth systems can equivalently
be written as differential inclusions with maximal monotone mappings. In that form,
asymptotic behavior of trajectories, or convergence to an equilibrium can be analyzed
thanks to Proposition In the general case, for system class , the drift term f is
not necessarily maximal monotone and and the stability of the system needs to be analyzed
differently. When the mapping M(-) is of the form Ng(-) for some set S, the dynamics
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model certain constraints and we are interested in studying stability of such systems in
this section. In particular, we consider the system class:

i€ f(z) — Ns(z) (4.29)

where S is a closed convex set, and Ng denotes the outward normal cone. We have already
seen connections between this system class and other models such as projected dynamical
systems, and systems with variational inequalities. Some of the earlier references in this
direction which study stability problem are due to [81} |37]. The results presented in this
section are mostly borrowed from our paper [197].

Example 4.6. To provide a motivation for the primary question addressed in our stability
analysis, consider the linear complementarity system

. -1 =2
S [_1 _1] x —J\/’Ri(m)

which is of the form (4.29)). For this system, there does not exist a quadratic positive
definite Lyapunov function matrix P such that its derivative along the system dynamics
(for all choices of the vector field) is negative definite. This is because A is not Hurwitz
and 0 € NR2+ (z) for each z € R2. However, the constrained system is asymptotically
stable. A

In general, constrained systems may be unstable even if A is Hurwitz stable. Our
goal in this section is to develop appropriate conditions for stability of the systems with
constraints given in the form (4.29).

Theorem 4.16 (Sufficient conditions with constraints [82]). For a proper, convez, lower
semicontinuous function p : R™ — R, consider the system

z € f(x) — 0p(x), x(0) € dom(dyp), (4.30)

where ¢ : R™ — R is a proper, lower semicontinuous, and convex function with 0 € dp(0).
Assume that there exists a continuously differentiable, positive definite function V (-) such
that

e V(0)=0, and V(z) > c|lz||" for x € dom(dyp),
o For every x € dom(9dy), it holds that
(F@), TV (@) — (0, VV(@) < -AV(2), Ywedp(),  (431)

for some A > 0.
Then the origin {0} is asymptotically stable.

One way to arrive at (4.31]) is the following: if we can ensure that for every x €
dom(0y), we have z — VV (z) € dom(yp), and

(f(z), VV(x)) + oz = VV(2)) — p(z) < =AV(z), Yz e dom(dy), (4.32)

then the inequality (4.32)) implies (4.31]). This is because, by the definition of subdifferen-
tials, w € dp(x), satisfies

(w2 —z) < p(v) —p(z), YveR" zedom(dyp),
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and by taking v = x — VV (z), we get,
(w,=VV(z)) < p(z —VV(z)) —p(x), VveR" zedom(dy).

We can use this later observation to write somewhat simpler conditions for the case
when ¢ is taken to be the indicator function of a set, that is, ¢ = 1)g for some closed and
convex set S. In that case, w € dp(x) is nonzero only when z is on the boundary of the
set.

Corollary 4.17. Take ¢ to be the indicator function of a closed convex set S, that is,
v =g with0 € S and f(0) = 0. Then the origin of system (4.30) is asymptotically stable
if there exists a continuously differentiable, positive definite function V (-) that satisfies the
following

o« V(0)=0, and V(z) > c||z||" for x € S,
o Foreachz e S, (f(x),VV(x)) < -AV(x),

o (z—VV(x)) € S whenever x is on the boundary of S.

4.4.1 Copositive Lyapunov functions

Taking S to be the closed convex cone in R", and taking V' to be a quadratic function, we
can formulate the conditions in (4.17)) in terms of copositive matrices.

Definition 4.18 (Copositive Matrices). A matrix P € R™™" is said to be copositive on
the convex cone K if (Px,z) > 0, for every z € K. A matrix P € R™*" is said to be
strictly copositive on K if there exists ¢ > 0 such that

(Pz,x) > c||z|?, for every z € K.

Proposition 4.19 (Cone-membership conditions for matrices [81]). Consider the system
(14.30) with ¢ = W”l' Assume that there exists a matrizc P = PT € R™™ such that

o P is strictly copositive.
e x— (P+P")x >0, whenever x; = 0.

o —(ATP+ PA) is (strictly) copositive,
then the origin is (asymptotically) stable.

4.4.2 Algorithmic detection

In Proposition[4.19] we provided sufficient conditions for asymptotic stability. By reducing
our search to the Lyapunov functions of the form V(z) = 2" Pz, the proposed sufficient
conditions boil down to checking whether P and some other matrices obtained from P
are copositive or not. Checking whether a given matrix is copositive or not is a problem
that has attracted a lot of attention in the optimization community, and in particular,
Copositive Programming. For an overview of this class of conic optimization problems, the
reader may consult [22} 23].

Let us now provide an algorithm for checking whether a matrix is copositive, or not.
This will help us in writing an algorithm for computing (quadratic) copositive Lyapunov
functions and the developments carried out in this section are based on the papers [30,
31].
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In what follows, it is important to recall the notion of a simplex: An n-simplex is an
n-dimensional polytope A which is the convex hull of its n—+1 affinely independent vertices
{zg,21,..., 2y}, that is, x; — xg, -,y — 1 are linearly independent, and

A= {90160 + o+ Opxy

> 6;i=1 and 6; > 0 for all ie{O,...,n}}.
i=0

The algorithm builds on the following observation:

Proposition 4.20. A matriz P is copositive, if and only if x" Px > 0 for all x € R? with
]| = 1.

In the above statement, we may take any norm. If we choose 1-norm, then the problem
of checking copositivity on R"} boils down to checking copositivity on the standard simplex,
AS:={z € RY : ||lz||; = 1}

Proposition 4.21. Let A = conv{vy,...,v,} be a simplex in R™. If
v Pv; >0, foralli,j€{l,--- ,n} (4.33)

then " Px > 0, for all x € A.

The condition in Proposition [4.21] provides a test for checking copositivity over a
simplex. If the matrix P satisfies such a condition on the set AS, then we are done.
However, this is a very restrictive condition because the vertices v; and v; may be too far.
Therefore, we try to provide a test for copositivity on smaller simplices where the distance
between vertices is not too big. We therefore need to cut our standard simplex A into
small simplices.

Definition 4.22. Let A be a simplex in R”. A family P, := {A!,..., A™} of simplices
satisfying

A= UAi and int A’ Nint AJ =@ for i # j
i=1

is called a simplicial partition of A.

With this definition, we can divide the task of checking copositivity on smaller sim-
plices.

Proposition 4.23. Let P € R "™ be symmetric, and let Py, = {AI,...,A"‘} be a
simplical partition of AS, where of ..., v denote the vertices of simplex A*. If for each

ke{l,---,m}, it holds that (vf)TPv;? >0 foralli,j€{1,...,n}, then P is copositive.

So, if we start with a standard simplex A®, and matrix P does not satisfy (4.33) for all
the vertices in A, then we cut A® into smaller simplices, and check condition (4.33)) only
for the vertices of the smaller simplices. However, this needs to be done for all simplices.

Definition 4.24. For a simplicial partition P,, = {Al,...,A™} of a simplex A, where
vf R ,vfi denote the vertices of simplex AF, the maximum diameter of a simplex in P,,
is defined as

0(Pm) = k_ k.
(Pra) 1= | g [lof —vj]
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Thus, the diameter of the partition quantifies the distance between vertices in each
simplex contained in the partition. Finally, we need to make sure that by making the
partition finer and finer, we are increasing our chances of finding the right answer to
whether P is copositive or not. In other words, we have to be sure that if the matrix P
is copositive then there exists a simplical partition with small enough diameter such that
holds for the vertices of each simplex contained in the partition.

Theorem 4.25. Let P € R™ " be strictly copositive. Then there exists € > 0 such that
for all finite simplicial partitions Pp, = {Al,--- | A™} of AY with §(P) < €, it holds that
for each k € {1,...,m},

(Uf:)TPv;-C >0, foralli,je{l,--- ,n}.

k k

where v¥, ... vF denote the vertices of simplex A*.

4.4.3 Generalizations and converse result

In Example we saw that a positive definite Lyapunov function may not exist for
complementarity systems even if it is asymptotically stable. In other words, the class
of positive definite functions is too restrictive for complementarity systems. We then saw
some sufficient conditions which allow us to find a quadratic copositive Lyapunov function.
One may ask the question whether there always exists a copositive Lyapunov function for
asymptotically stable complementarity systems. We provide an affirmative answer to this
question in [197] and here we recall some results based on that work. In particular, the
notion of copositive Lyapunov functions is generalized for the systems of the form

i€ f(x) — Ng(x) (4.34)

where K is a closed convex cone in R”. One can equally write the system as a comple-
mentarity system, or a projected dynamical system.

Definition 4.26 (Cone-Copositive Lyapunov Function). For system (4.34)) with the equi-
librium at the origin, we say that V' € C'(R",R) is a (global) cone-copositive Lyapunov
function with respect to K, if

e There exist class K, functions «, @ such that
a(lz]) <V(z) <a(lz]), Veek
o It holds that
(VV(x), f(z)) <0, Vzeint(K)
(VV(z), f(x)+mn) <0, Vzebd(K),
and 7 solves the complementarity relation

K*>n L f(z)+ne€ Tg(z), n € bd(K). (4.35)

For brevity, we will use the notation n € LCCP(f(z), I, Tx(x)) for the solution of the
complementarity problem (4.35]).

Theorem 4.27. Consider system having an equilibrium point at the origin, and
suppose that f is Lipschitz continuous, and K C R"™ is a closed convexr cone. If the
origin is globally exponentially stable for system , then there exists a continuously
differentiable cone-copositive Lyapunov function.
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For the proof of Theorem we construct the Lyapunov function for (4.34) by
introducing a function V : R" — R, defined as

V() = [ lalriprojy()] ¥+ dr. (4.30)

where z(7;%) denotes the solution to system at time 7 > 0 with z(0") =z € K, L
is the Lipschitz modulus of f(-), and « is the uniform decay rate for system trajectories.
Note that V is defined for each z € R™ and not just for z € K. When z ¢ K, the
term x(7; projg(z)) can be interpreted as the solution obtained by projecting the initial
condition on K, and then propagating it continuously according to the system vector field.
Thus, for 7 > 0, we have x(7;projg(z)) = z(7; 2z) for each z € R".

Following main steps are involved in proving Theorem

e Get the appropriate lower bounds
e Show that V is Lipschitz continuous

e Compute the infinitesimal change in the value of V' when evaluated along the system
trajectories

e Smoothen V' to make it continuously differentiable

Bounds on Solutions

The following lemma demonstrates the continuity of solutions with respect to the initial
conditions and plays an important role in the remainder of the proof.

Lemma 4.28. Let L be the Lipschitz modulus of f. If x and T are two solutions to system
(4.34) that satisfy x(0) = z € K and Z(0) = z € K, then it holds that, for each T > 0,

|lz(r; 2) — 2(7;2)|| < "]z — 2| (4.37a)

and for some C' > 0,
(5 2)]| > e C7]|z]]. (4.37b)

Proof. It will be assumed without loss of generality that z € K and z € K since
|| proj g (z) —projg (2)|| < ||z —Z||. By definition of the solution to (4.34)) and monotonicity
of the normal cone operator, it follows that, for each y € K,

(G0~ fal)y—o(0)) >0

and similarly, for each y € K,
dz ~ PO
o (B = fE®),y-2(t)) 20,
where we have suppressed the dependence of  and Z on the initial condition for brevity.

Letting y = Z(t) € K, and §y = z(t) € K, we get the following by adding the last two
inequalities:

(f(x(t)) = f(2@)), x(t) — 2(2)), (4.38)
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or equivalently,

D la(t) = 2012 < 2 (F(2() - FED),a(t) - 2(0)).

Because of the Lipschitz continuity assumption, || f(z(t)) — f(Z(¢))|| < L||x(t) — Z(t)||, and

hence,
d

%Hx
The bound in (4.37a)) now follows by integrating both sides, or invoking the so-called com-
parison lemma 121, Lemma 3.4]. To get the bound in (4.37b)), we make use of [197, Pro-

position 19] which ensures that there exists a constant C, > 0 such that |n| < Cy|f(z(t))].
We therefore get

(t) = 2@ < 2Ll|=(t) - Z(®)[I*.

1jtux<t>||2 — 2 )(a(t), f(x(6) + n)] < 2L(1 + Cy) ()]

In particular, % |z(t)[|? > —2L(1+C,)||x(t)||?, and hence, the inequality in ({.37b)) follows
by taking C' = L(1+ Cp). O

To show that V satisfies item 1) of Definition let us first use the bound in (4.37b))
from Lemma so that

V()2 [T e B projy () % ar
0
. 2L
> C| projg (2)[ =+,

for some C' > 0. Also, exponential stability of the origin implies that ||z(7;z2)] <
coe™ 7| proj i (2)|| and hence there exists C' > 0

o —(2L+a)T : 2L
Vi) <en | e I projg (=) = 1 dr
< Tl projg ()] =+,

Local Lipschitz Continuity of V

To show that V' is locally Lipschitz continuous, we need the following two properties [50]:

e V is continuous; and
o its Dini subderivatived satisfies
DV (z;v) < ¢(2)]|v]| (4.39)

for every v € R", every z € R™, and some locally bounded function ¢ : R® — R,
with ¢(z) > 0 for z # 0.

2The Dini subderivative of V at z in the direction v is defined as

DV (z;v) := liminf Viz+ew) = V(a:)

w—v,e—0T €
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The continuity of V' follows directly from Lemma as the exponential bound on the
solutions of the system makes V' a composition of continuous functions. These properties
can again be shown using Lemma Fix v € R™. Consider a sequence of initial
conditions z; = z + exv. We get

DV (z;v) < liminf V(z+erv) —V(z)
er—0 £

1 o0
— liminf - (/ (150 (m: 20) | 2=+ — \x(T;z)H?“)dT) . (4.40)
er—0 Ek 0

Using the mean-value theorem, for each s > 0, there exists £(s) between ||Zx(s; Zx)|| and
||z(s; 2)|| such that

2L 2L . 2L 2L
[Zx(s: Z0) o+ = Nl 2) | < [ l@w(ss 2l = s 2) =

= | €)M (Zx(s: 20l = ll(s: 2)]))|
< &) PP 1@ (55 2) — 2 (s5.2)]). (4.41)

It follows from Lemma that ||Zk(s; 2x) — 2(s;2)|| < el®egllv]|. Substituting these
bounds in (4.40), we get

DV (z50) < ol [~ e"le(s) P4/ ds,

—as”

Due to the exponential stability assumption, ||£(s)|| < ce z||, for some ¢ > 0, and

hence we choose

6(2) =l [ et s,
0

so that the bound (4.39)) is seen to hold. Thus, V' is locally Lipschitz continuous.

Infinitesimal Decrease in V'

As the next step, we show that the function V' decreases along the system vector field. In
what follows, we will denote the right-hand side of (4.34]) by F'(z), so that

F(z) € f(2) = Nk (2).

The function V in (4.36]) is differentiable almost everywhere because it is locally
Lipschitz continuous. We next show that the Dini subderivative of V, along F(z) is
negative definite.

Lemma 4.29. For the function V : R™ — R in (4.36), and z € K,
DV (2 F(2)) < —||z] =+ (4.42)

Proof of Lemma[{.29. To prove (4.42)), we need a bound on V(z) — V(2 +tF(z)) for t > 0
sufficiently small. We will get the desired bounds by rewriting the difference as

V(z+tF(2)) = V(2) = [V(z +tF(2)) = V(z(t; 2))] + [V (2(t;2)) — V(2)] (4.43)

and getting a bound on each of the two difference terms on the right-hand side. The first
term V(z +tF(z)) — V(z(t; 2)) can be analyzed from the following lemma:
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Lemma 4.30. Fort > 0 sufficiently small, it holds that
|z + tF(z) — z(t; 2)|| < o(t) (4.44)
for each z € K.

The proof of Lemma [4.30| will follow momentarily. Using the estimate (4.44]), and the
inequalities (4.40) and (4.41]), we get
V(z+tF(z)) — V(z(t; 2)) < Cgllz + tF(2) — z(t; 2) ||
= O(t)v

for a fixed z € K, and some Cy > 0. For the second term on the right-hand side of (4.43),
it follows from the definition of V' in (4.36)), with z(0) = z, that

! ) 2L o (e 2L g
V(z) = [ [la(r;2)||« T dT + lz(r;2(t;2)||« T dr
0 0

and hence
Vio(ti2) = V() < = [ flalrsz) |5+ (1.45)

Substituting the bounds from (4.44) and (4.45)) in (4.43]), we get

V(z+tF(2) — V() — [l ) =

lim inf < lim inf
t—0+ t t—0+ t
— Bmanf (- N ZHL 2R+
= liminf —[|z(t; 2)]| 2]«
and hence the Dini subderivative of V' is negative definite for almost every z € K. O

Proof of Lemma[{.30. By definition, the solution x of system (4.34)), with z(0) = z € K,
satisfies
(@(t) = f(z(t),2(t) —y) <0, VyeK, (4.46)

for almost all ¢ > 0. For h > 0 small enough, introduce the function z : [0, h] — R™ given
by
Z(t) =z 4+ tF(z) = z+ tf(2) + tns,

where 7, is such that 7, = 0 for z € int(K) and n, € LCCP(f(2), I, Tk (2)) for z € bd(K).
It is readily checked that Z(t) € K for all t € [0,h], and z = £2(¢) = F(z) = f(z) + ..
From the definition of F(z), it follows that <f(z) —Z, - z> <0, for all y € K, or
equivalently,

(Fx)=2.5-201)) < (F(2) = f(2),5(t) = 2), Vj € K.

For t > 0 small enough, we have (z(t) — Z(t) 4+ tZ(t)) € K. Since K is a cone, we can take
J=1(x(t)—Z(t) +tZ(t)) € K to get

(F(z)=2,2() = 2(t) <t (n:,3(t) — 2).
Taking y = Z(¢) in (4.46)), and adding it to the last inequality, we get

(1) = .2(t) = (1)) < (F(@(0)) — f(2)alt) = 2(0) + 1 (= 2(0) = 7). (447)
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To bound the terms on the right-hand side, we observe that
1f(2) = fla(@®)] < Liz — z(®)]]
< Lllz = 2(8)[| + Ll|z(t) — x(2)]]
< Lt|[F(2)[| + LI[Z(t) — ()]

Using [197,, Proposition 19], there is some constant C,, such that

(n:,2(t) — 2) = (N, tF (2)) < tn:|| |[F(2)|| < Cptl|F(2)]].
Consequently, we get

;jt Z(t)|1° = <§— i(t), Z(t) — x(t)>

) —2(
<N f(z) = FE@®) - 12(t) — ()] + Cot?| F(2)]
< Lllz —z()] - [|2(t) — z(®)]| + Cot*| F(2)]

< LH|F(2)||2(t) — 2(t)|| + LIZ() — 2(t)[|* + Cot? (| F(2)|
< C|Z(t) — 2(t)||? + Ca.t?

[l (t; 2

) =
)
where we used Young’s inequality for the product term Lt|F(z)| - ||Z(t) — =(¢)||, and

chose C; = (L + 0.5L?) and Cy, = max{0.5||F(2)||?,Cy||F(2)|}. Solving the differential
inequality, and using the fact that, Z(0) = z(0), we get

t
13() — 2(t)]? < 2Cs. / exp (201 (£ — 5))s° ds.
0
Solving the integral on the right, we get
1Z(t) = 2(t)]]* < Cs.. 8° + o(t?),

for some C'3 , > 0, whence the estimate in (4.44) follows. O

Regularization of V'

The next step is to regularize V' so that we obtain a continuously differentiable Lyapunov
function. The construction given next yields a C*°(R",R) Lyapunov function. This regu-
larization technique is inspired by [49], and we omit the details. It has also been used for
smoothening of locally Lipschitz Lyapunov functions for hybrid systems [80, Chapter 7]
and switched systems [65].

4.4.4 Computational aspects

Under some additional assumptions on the system vector field f, we can get additional
properties for the Lyapunov function which are desirable for computation. In particular,
if f is homogenous, then one can find a homogenous Lyapunov function as well.

Proposition 4.31. Consider dynamical system (4.34) with f homogeneous and the origin
locally exponential stable. Then, there exists a cone-copositive Lyapunov function W for

([4.34)), of class C*=1 on R™\{0}, and it satisfies

W(sz) = s"W(z)
for all x € R™\{0} and s > 0.
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The advantage of the homogenous Lyapunov function is that we can reduce our search
to compute a Lyapunov function over a unit ball. Moreover, we can approximate its value,
and that of its derivative, by a homogenous polynomial Lyapunov function, which can be
parameterized by finitely many unknowns if the degree is fixed.

Proposition 4.32. Let W € C'(R";R,) be a homogeneous function of degree d and ¢ > 0
be a given scalar. There exist an even integer r and a homogeneous polynomial p of degree
r+d, such that

, max
zesSn—1

vaf(x)H} <e

max max
zesn—1

where S™~1 denotes the unit sphere in R™ and W (z) = W (z) — pla)

With such a rational function in hand which approximates the homogeneous func-
tion from Proposition m (in terms of value and gradient) to desired accuracy, one can
establish the existence of a rational homogeneous cone-copositive Lyapunov function.

We can establish the inequalities which will be used in our algorithms to find copositive
homogeneous Lyapunov functions. We restrict our attention to full-dimensional polyhedral
cones, that is, K = {z € R"|Fz > 0} with non-empty interior. By using Proposition [4.32]
let

h(x h(x
Vi) = n( )2r= (Z)T
i =) [l=l2
where 7 is a nonnegative integer, and h(-) is a homogeneous polynomial of degree at least
2r + 1, copositive on K. Here, we used the notation that = = (21, 22,...,2,)' € K.

We now establish the inequalities which will be used in our algorithms to find copositive
homogeneous Lyapunov functions. We restrict our attention to full-dimensional polyhedral
cones, that is, K = {x € R"|Fx > 0} with non-empty interior. By using Proposition m
let

h(z) h(zx)
V(z)= n o 2r
iz [l=l2
where r is a nonnegative integer, and h(-) is a homogeneous polynomial of degree at least
2r 4+ 1, copositive on K. Here, we used the notation that = = (z1,x2, . .. ,:cn)T e K.

As we know, finding such Lyapunov function is equivalent to finding V' that satisfies
the inequalities:

Viz) = ‘f(ﬁ;{ >0, Vo e K\{0} (4.482)
T2
—(VV(x), f(z)+n) >0, Vz e K\{0} (4.48b)

where

—(VV(z), f(z) +m)

_ N3 (Vh(a). J(x) + ) + 2rh() (@, f(z) + )
Jall3 |

with n = LCCP(f(z), I, Tk (z)). The numerator is denoted by
s(x) == —||2l[3 (Vh(z), f(x) +n) + 2rh(z) (z, f(2) +n)
which is a homogeneous polynomial if h and f are homogeneous polynomials. So we have
h
V(z) = (z) >0, Ve e K\{0} (4.49a)

ll3" =
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V@) f@) ) = —E S0 ve e K\{o). (4.49b)

2(r+1
(|5

Thus, finding a copositive V' for system (4.34)) with the structure imposed in Proposi-
tion boils down to finding A and s such that

h(z) >0, Vz € K\{0} (4.50a)
s(z) >0, Ve K\{0}. (4.50b)

Since 7 is nonzero only on the boundaries of K, we replace the second inequality in (4.50))
by inequalities with respect to each face of polyhedron K. Let S; := {x € K| (Fx); = 0},
i €{1,...,nk} denote the faces of K. Let

si(x) = —[z|3 (VA(z), f(x) + m) + 2rh(z) {z, f(z) +m:)
for all x € S; where n; = LCCP(f(x), I, Tk (x)). In the interior of K, we have n = 0 so let

so(a) = —||z[3 (Vh(z), f(z)) + 2rh(z) (z, f(2)).

Consequently, the inequalities used for finding V' can be rewritten as follows:

h(z) >0, Vz e K\{0} (4.51a)
so(z) >0, Vx € int(K\{0}) (4.51b)
si(z) >0, Ve e S;, ie{l,...,nx}, (4.51c)

where S; := {z € K| (Fz); =0}, 7€ {1,...,ng} denote the faces of K.

For computing cone-copositive Lyapunov functions V', we study two techniques for
finding polynomials that satisfy . In what follows, we assume that K = R’}, that
is, K is the positive orthant with n faces so that S; = {v € R} |2; =0}, i =1,...,n.
The more general case of polyhedral cones can be covered with state transformations or
decompositions but such details are being avoided for the ease of exposition.

Discretization Method

The basic idea behind the discretization methods is to select a certain number of points
in the cone R} and evaluate the inequalities with a certain polynomial function
parameterized by finitely many unknowns. This allows us to construct an inner approx-
imation of copositive polynomials with respect to cone R'. In the literature, there exist
algorithms for checking copositivity of a matrix using discretization methods [30, [31} |70]
which we presented briefly in Section [£.4.2] Here, we restrict ourselves to discretization
schemes and generalize the existing algorithms for arbitrary nonlinear polynomials (not
necessarily quadratic functions).

To describe this discretization algorithm, let us first consider the convex cone of co-
positive polynomials

C:= {g € R%z] (4.52)

g is homogeneous and }
g(x) >0 for all z € RY

where R?[x] denotes the ring of polynomials of degree d, over the field of reals, in z € R".
We will establish an inner approximation of C based on simplicial partitions inside cone
R’ To do so, we first need to introduce tensors, which generalize the notion of a matrix,
and will be used for compact representation of polynomials of our interest.
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Definition 4.33. A tensor A of order d over R" is a multilinear form

RPxR"x---xR" — R
1 d2times d - J
(x*,z%, ... x%) = Azt 2

where

n n n
1 .2 d) _ d
Azt 22, 2% = E E E iy i 21"'5‘%
i1=1io=11ig=1

and a;, 4,...i, corresponds to a real number from a table with n? entries, indexed by
i1,12,...,1q € {1,...,n}. We say that A is symmetric if

iy ig,..ig = Aj1,2,.004

whenever i1 + i3+ -+ +iqg = j1 + j2 + - - - + jq, for all possible permutations i1, 2, ..., 4
andjl,jg,...,jd Of{l,...,n}.

A matrix A € R™"™ describes a tensor of order 2 over R™, also called a quadratic
form, where the coefficients of the quadratic form belong to a table with n? entries a;
with 4,5 = {1,...,n}. A general homogeneous polynomial g € R%z], with d > 2, can be
written as ,

g(x) = g(w1,...,20) = Z a;zy -y
i=(i1,yin)
i1+ Fin=d
Using the tensor representation, g can also be compactly written in the form g(z) =
Glz,z,...,x], where G is a symmetric tensor. One can now use the techniques presented
—_———

d times
in Section [£.4.2] to compute the polynomial function g which satisfies the inequalities

characterizing stability over the positive orthant.

4.4.5 Sum-of-squares method

A commonly employed tool for checking the positivity of a polynomial is to write it
in the form of a sum-of-squares (SOS) of other polynomials. While testing positivity
is a computationally hard problem, the question of finding an SOS decomposition of a
polynomial is actually a semidefinite program [169]. The crux of such ideas can be found
in [163] and its application to copositivity is sketched in [164].

The basic idea is to get rid of the constraint x € R’}. We let z; = yf, ie{l,---,n}
be the change of variable where y? is the short-hand for (32,...,52). Clearly we have

h(z) >0, Vo € RT <= h(y?) >0, Vy € R,

Then, the inequalities (4.51)) are rewritten as follows

Py(y) :== h(y?) >0, Yy € R" (4.53a)
Py, (y) == s0(y?) 2 0, y; # 0,¥i (4.53b)
P, (y) == si(y H>0, y;=0, ie{l,..,n} (4.53c)

where h, s,, s; are homogeneous polynomials.

Next, we define the polynomials

PA(y) = [ly]**Pi(y) (4.54a)
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P (y) := ||yl Py, (y) (4.54D)
P (y) := ||yl Py, () (4.54c)

Si

where d is an integer. It is obvious that inequalities (4.53)) are satisfied if and only if

P9y) >0, vy eR" (4.55a)
d .
PO (y) >0, y; #0,Vi (4.55b)
PD(y) >0, y; =0, i€ {1,...,n}. (4.55¢)
Proposition 4.34. For the homogeneous copositive functions h, sg and s;, i € {1,...,n},

there exists d € N* sufficiently large such that the polynomials P,Ed), Ps(g) and Ps(id) are
SOS.

Proof. We will carry out the proof only for h and it will be similar for the other polyno-
mials. Let

K= {heRpa]| P¥ SOS}

Ccd .= {h € Rz P,Ed) has positive coefﬁcients} .

We notice that C¢ C K? because if P,Ed) (y) has only positive coefficients then the polyno-
mial Py, (y) = h(y?) is SOS and since Py (y) is multiplied by [|y||?¢, it follows that P,Ed) (y)
is SOS. So we just need to prove that Pigd)(y) has positive coefficients.

The copositivity of h is equivalent to the positivity of P,. And since h is homogeneous,
this will be also equivalent to the positivity of P, on the unit ball which means P, (y) > 0,
Vy € R™, 31 | y? = 1. By substituting y? by 2;, we obtain Py (2) > 0,Vz >0, >0, 2; = 1.

Let us now recall Pélya’s Theorem, see [129] and [168] for the proof.

Theorem 4.35. (Pdlya’s Theorem) Let f € R[x] be homogeneous. If f > 0 on the
simplex {x > 0| Y1y x; = 1}, then there exists a sufficiently large ¢ € N for which the
polynomial (311 2;)' f(x) has all its coefficients nonnegative.

Applying this theorem to the homogeneous polynomial Pj,(z), we obtain that for suf-
ficiently large d € N, all the coefficients of the polynomial P,gd)(z) = (31 2)9P;,(2) are
positive. Then P,Ed) is SOS in view of the fact that C¢ C KZ. O

To sum up this section, the foregoing result allows us to write an algorithm to compute
the polynomials P,Ed), Ps,(gl ) and Ps(.d) in the form of SOS, the result is then used to get a

K3

homogeneous copositive Lyapunov function.

4.5 Perspectives

In this chapter, we considered a class of dynamical systems which allows us to model con-
straints on the state trajectories. We broadly use the framework of differential inclusion
that includes a drift term and a maximal monotone mapping. In particular, we saw their
utility in modeling piecewise affine relations, relations involving variational inequalities,
and projection-based dynamics. The interconnections of such systems have also appeared
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in the literature in different forms, and we aim to develop analysis techniques for inter-
connections of such systems. The stability analysis itself has some unique characteristics
due to the role of the maximal monotone mapping, and we proposed some numerical al-
gorithms to compute Lyapunov functions for a specific subclass of such systems. Several
interesting research directions emanate from the work reported in this chapter, which
could be grouped as follows:

Stability for broader class of complementarity relations

This chapter addressed the stability analysis for a class of complementarity systems us-
ing the method of Lyapunov functions. Questions pertaining to the existence of cone-
copositive Lyapunov functions were answered in the affirmative for exponentially stable
systems. Some refinements of this result, under certain conditions on the vector field in the
system dynamics, allow us to restrict our search for cone-copositive Lyapunov functions
within the class of homogeneous and rational polynomials. These statements indeed bring
tractability to the numerical methods that have been proposed in this chapter for comput-
ing Lyapunov functions. In particular, two hierarchies of convex optimization problems are
obtained using the methods based on discretization and SOS approximation, respectively.

The first direction of research is to extend our results to broader classes of systems with
maximal monotone mappings as reported in [27]. Lately, we have seen several cases where
the control action is modeled as the outcome of an optimization algorithm, or involves some
neural network architecture based on Rectified Linear (ReLU) activation functions. We
presented several instances of modeling such static relations using the complementarity
framework, or as a particular case of maximal monotone mapping. A natural question
therefore would be to extend the framework of stability analysis to be able to address such
feedback control systems.

Here, we also point out that some extensions at the level of designing algorithms are
also of potential interest. At this moment our algorithms are specifically adapted to the
constraint sets of the form positive orthant or an invertible linear transformation of such
sets. Adapting this technique to more generic sets remains to be seen. Also, in our current
treatment, we have considered discretization algorithms in R? and R?, where it is relatively
straightforward to write algorithms for partition of simplices. It remains to be seen how the
algorithms for simplicial partition in higher dimensions perform in computing Lyapunov
functions.

Optimal control of constrained systems

We did not address the question of designing controllers in this chapter. Knowing that the
proposed framework allows us to model constraints, the question of designing controllers
with constraints on state trajectories and inputs has also been addressed to some extent
in the literature [209, |142, [94]. At the same time, there has been a certain interest in
designing optimal controllers for the systems with normal cone mappings from analysis
perspective |28, 51, 97], as well as numerical side [200, 220, |159].

Our efforts in this direction are based on considering a certain relaxation of the op-
timal control problem in the space of measures [20, [128| |221]. This relies on studying the
evolution of proposed system class in the space of measures where the initial condition
is described by a probability measure. This leads to a description in the form of a con-
tinuity equation and for the particular class of systems addressed in this chapter, we have
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developed this framework in [198] 44]. Our initial investigations about the questions re-
lated to optimal control have been reported in [43]. We are currently investigating several
questions which relate to the existence of optimal solutions, and how one can construct
their approximation via appropriate discretization schemes. Even for the discretized ver-
sion, the problem has to be solved numerically in the space of moments, which is infinite
dimensional. We are currently working on using certain algorithms based on semidefinite
programming that allow us to compute the moments of the optimal solution.

Optimization algorithms

The question of interconnections that we studied in this chapter was primarily motivated
by the idea of looking at the continuous-time version of certain optimization algorithms,
which in steady state converge to the equilibrium points characterized by KKT conditions
for certain programs. Several interesting connections have appeared recently between the
use of optimization algorithms, maximal monotone mappings, and robust control [187,
226]. It remains to be seen whether we can adopt the viewpoint of looking at these
algorithms from the viewpoint of interconnections and develop the analysis tools that
allow us to study the convergence of optimization algorithms and lead to control synthesis
techniques.



Ensemble Filters and Bayesian
Inference

For several applications ranging from robotics to meteorology, filtering algorithms have
been widely used as a reliable tool for estimation purposes with uncertain models and
noisy observations. The early developments in the area of filtering can be traced back
to [115], where the authors provided an elegant recursive closed form solution for op-
timal state estimation in linear stochastic systems. Since this pioneering work, the field
has evolved enormously to develop algorithms for nonlinear dynamical systems, address
different information structures, and provide computationally efficient methods for large-
scale systems. An excellent compilation of different developments on the topic of filtering
appears in [55].

At the same time, stochastic control under information constraints is another relev-
ant direction of research which has grown considerably in the past two decades due to
common use of communication channels between different components of the system. In
such cases, it becomes important to adapt the policies to achieve optimality under given
information structure and analyze the performance of such policies [145| 231, |18]. Mod-
ern control systems often require us to carry out the estimation task remotely, when the
measurements from the sensors are communicated over a network. Thus, an important
research direction is to study the filtering problem with constraints on the information
available for computing the optimal distribution. In particular, motivated by the idea
of implementing filters subject to observations transmitted over networks through some
communication protocols, it is natural to stipulate that the observations arrive at some
random time instants [192} |98]. Some of these algorithms can be expressed by differential
equations with resets at random time instants, and stability analysis for such dynamical
systems has been studied in [9], [8]. We have also seen some results developed for the
continuous-time stochastic optimal control problems subject to randomly sampled state
measurements [2].

With this motivation, in this chapter, we will address some filtering algorithms for
continuous-time stochastic dynamical systems, where the continuous measurements of the
observation process are not available at the remote estimation site. In particular, we
take the abstraction that the transmission over a network can be modeled by a random
sampling process, and we take that process to be a Poisson counter. For such a setup,
we have studied continuous-discrete filters where the estimator resets its state whenever
a new observation is received |110]. We provide the setup in Section and recall some
results about the evolution of expected error covariance and analyzing its asymptotic

93
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behavior. With Poisson sampling, several calculations become tractable and we are able
to characterize the effect of mean sampling rate on the error covariance and convergence
rates of the filter [214] |56]. We then extend this line of thought to discuss two problem
settings where multiple filters interact with each other: the first one being a particular
instance of ensemble filtering where the injection gains are computed from the empirical
distribution of the particles, and the second one involves Bayesian inference to compute
the probability mass of unknown parameters so that the resulting estimate is a weighted
sum of the individual filters that correspond to the possible parameter values.

5.1 System Class and Problem Setup

Let us begin with the description of the system class and the formulation of the basic
filtering problem studied in this chapter. We consider dynamical systems modeled by
linear stochastic differential equations of the form

dzy = Az dt + G dwy (51)

where (z(t))>0 is an R"-valued diffusion process describing the state. Let (€2, F, P) denote
the underlying probability space. It is assumed that, for each ¢ > 0, (w(t))t>0 is a zero
mean R™-valued standard Wiener process adapted to the filtration F; C F, with the
property that E[dw(t)dw(t)"] = I,,dt, for each t > 0. The matrices A € R™ " and
G € R™™ are taken as constant with (A, G) controllable, and the process (w(t));>o does
not depend on the state. The solutions of the stochastic differential equation are
interpreted in the sense of It6 stochastic integral.

Measurement process

Our goal is to study the state estimation problem when the output measurements are
available only at random times. The motivation to work with randomly time-sampled
measurements comes from several applications, such as, communication over networks
which allow information packets to be sent at some discrete randomly distributed time
instants. Thus, we consider a monotone nondecreasing sequence (7,)nen taking values in
R>o which denote the time instants at which the measurements are available for estimation.
We introduce the process N; defined as

Ny :=sup{neN| 7, <t} forteR, (5.2)

and it is assumed that (N;);>0 is a Poisson process of intensity A > 0 and it is independent
of the noise and the state processes. Recall [201, Theorem 2.3.2] that the Poisson process of
intensity A > 0 is a continuous-time random process (), , taking values in N* := NU{0},
with Ny = 0, for every n € N* and 0 = ¢y < t; < --- < t, < +00 the increments
{Ny, — Ny, _, }i_, are independent, and Ny, — Ny, , is distributed as a Poisson-A(ty, —tx—1)
random variable for each k. The Poisson process is among the most well-studied processes,
and standard results (see, e.g., [201, §2.3]) show that it is memoryless and Markovian.

The discretized, and noisy, observation process is thus defined as
Yry, = C(TN,) + Vry, s t>0. (5.3)

where C' € RP*™ ig a constant matrix, and vy, is a sequence of i.i.d. Gaussian noise processes
and vy ~ N(0,V). Equation (5.3]) is motivated by the fact that a continuous observation
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process dz = Cxdt 4 dn for a Wiener process 7 is formally equivalent to y; = Cxy + 14,
with the identifications y; ~ % and vy ~ %, so that 14 is a Gaussian process; see 110,
Chapter 4] for further details. Our goal is to construct the estimate X;, which minimizes

the mean square estimation error, using the observations V; := {y,, |k < N;}.

Optimal filter

The basic problem in filter design is to find an estimate of the state process which minimizes
the mean square estimation error, and is described by the expectation of the state process
(xt)+>0 conditioned upon the measurements observed over the interval [0,¢], that is, V;.
In particular, with the structure imposed on the system dynamics in this section, the
conditional expectation is Gaussian and the two moments are simulated through ordinary
differential equations with updates at times when a new measurement arrives. For an
arbitrary strictly increasing real-valued sequence (7j)ren-, this procedure is also proposed
in [110, Thm. 7.1]. If we specify a sequence (73 )ren+ so that it corresponds to the arrival
times of a Poisson process, we simulate the mean of the conditional distribution as:

X, = AXdt, telrn, TN (5.4a)

X;r == Xt + Kt(yt - C)?t), t= TN (54b)

where the injection gain K; = P,CT(CP,CT + V;)~!, and the error covariance process
(P;)t>0 is described as

P, = (AP, + PAT +GG"), te€[tn, TN (5.5a)

P =P, —PCT(CPCT +V)"'CP, t=r1n,. (5.5b)

To write things more compactly later on, we adopt the formalism of writing the continuous-

discrete equations (5.4a)) and ([5.4b]) together in a single differential equation, when the
jumps are driven by a Poisson counter N; :

Similarly, using this formalism, (5.5a)) and (5.5b)) can be written in a combined form as,
dP, = (AP, + PAT + GGT)dt — PCT(CPCT +V,)"1CPdN;. (5.7)

In the foregoing discussion, one makes the observation that the optimal conditional dis-
tribution is Gaussian for each realization of (N;)¢>o despite the fact that the mean and
covariance are discontinuous along each sample path.

Expectation of moments for the error process

From analysis viewpoint, it is important to look at the expectation of the process (P;)i>0
with respect to the sampling times (7, ):>0. The basic toolset that goes into computing
this expectation is to compute the infinitesimal generator for the function of the error
process to obtain a differential equation for the evolution of moments in expectation, and
this technique is reviewed in Section In our previous work [214], we showed that
the expectation of piecewise deterministic process P;, denoted by P, is described by the
following differential equation:

Py = AP, + PAT + GGT —AP,CT(CP,CT + V) LOP,. (5.8)
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We can now provide conditions in terms of the lower bounds on the mean sampling rate
A > 0 and the structural assumptions on controllability and observability of the pairs
(A,G) and (A, C) that guarantee boundedness of P;. Such results have been reported in
(214, [56).

For the analysis of the first moment of the estimation error, we consider the dynamics
of the error process x: := (¢ — X¢)1>0, which are described as,

dXt = Axtdt + det,
g, =g, ~ Ko (1, ~ 0% ).

= (I — KTNtC> ergt — KT]@ VT];t.
Let us denote by %, := E[x:] the expected error with the expectation taken with respect
to the sampling process N;. Using [100, Theorem 1], or Proposition appearing in the
next section, the evolution of the expected value of the error are given by:

X = (A = MGO)xXy, (5.9)

where K; = P,CT(CP,CT +V)~L.

5.2 Tools for Analysis

In this section, we discuss some analysis tools for stochastic differential equations, which
provide the essential concepts that have been used for deriving the main results in the
following section. To do so, we consider the following differential equation for a stochastic
process (xt)¢>0 evolving in R™:

dzy = f(ay)dt + g(z)dw + h(xy, vy, )dNy (5.10)

where N, is a Poisson process with intensity A > 0, w is a standard Wiener process, and
vy, is a sequence of i.i.d. random variables with probability law .

To study the evolution of a function of the random process (x¢):>0, we make use of the
Ito’s chain rule. The reader may consult [174, Chapter II, Section 7] for detailed exposition
on this topic. Here, the particular form we adopt is tailored for the differential equations
appearing in earlier sections.

Proposition 5.1 (Ito’s chain rule). For a twice continuously differentiable function 1) :
R" — R, it holds that

(o) = [(90(). 1) + str( T2 g0y )

+ (V(@e), gl@n))dw + [ + Az, v,)) — @) | AN (5.11)

Ito’s chain rule describes the evolution of the function ¢ evaluated along the solution
of the stochastic differential equation (5.10). However, to describe the evolution of the
expectation of ¢ in differential form, we need to consider the extended generator as defined
below:



5.3. ENSEMBLE FILTERS 97

Definition 5.2 (Extended generator). Given a real-valued function ¢ : R™ — R, the
extended generator of the process () ¢ described by (5.10)) is the linear operator ¢ — L
defined by B
R" 3 z+— LY(z) e R
o1
L£3(2) = lim — ([ (a(t + 2)) | o(t) = 2] — $(2)).

el0 €

(5.12)

We obtain the expected value of 1 by integrating the generator, which can be seen as
a generalization of the classical Dynkin’s formula:

E[o(e(t))]) = E[p (0] +E[ [ £ute(s) ds). (5.13)

For our purposes, it is useful to compute an explicit expression of the generator which can
then be analyzed for studying the qualitative behavior of E[¢)(z)]. Several references in the
literature derive generator equations for stochastic processes with jumps, see for example
[100] for a derivation in the context of Wiener process driven differential equations with
renewal processes. Here, we provide a statement specifically tailored for our purposes.

Proposition 5.3. If the sampling process (Ni)i>o s Poisson with intensity A > 0, then
the process (x(t))t>0 described in (5.10) is Markovian. Moreover, for any function R™ 2
2 = (2) € R with at most polynomial growth as ||z|| — 400, we have

2 z
£i() = (Vo). f2) + (0D (el
+W/¢@+M%mmmm—¢@ﬂ (5.14)

5.3 Ensemble Filters

In the literature, we find several techniques that provide good approximation of the fil-
tering distribution [4]. Among these, the use of Monte Carlo integration methods for
approximating the optimal distribution have gained significant interest in the literature
[69, [179]. In the same spirit, [72] introduced the technique of ensemble Kalman filters, or
particle filters, to develop filtering methods for large scale applications related to geophys-
ical sciences, so that the error covariance is computed from a collection of state estimators
rather than from a single (Riccati) differential equation. Since then, the use of particle
filters, or ensemble Kalman filters, have had a notable impact where estimation with noisy
data is required in large-scale models. This approach is based on simulating the evolution
of different particles through differential equations that are coupled through the associ-
ated empirical mean and the empirical error covariance. Several review articles [42) 35]
and the books [73] provide an overview of developments in that area. In most of these
works, we do not find much details about the theoretical analysis of the proposed filtering
techniques, and this area of mathematical analysis of the ensemble Kalman filters has
gathered attention only very recently.

Also, over the past decade, we see that the ensemble filtering methods can be viewed
from the lens of mean-field models described by stochastic differential equations, and the
particles are simply the approximations of these mean field models. Recent review articles
which elaborate on this viewpoint are [21, 205]. In fact, the limiting behavior of these
particles is described by a McKean—Vlasov type diffusion process, which is also referred to
as the mean-field process. In the literature, this mean-field process is seen to be chosen in
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different ways, e.g., by adding noise in the prediction term and the correction term of the
Kalman-Bucy process [62], or as a non-diffusion equation that is optimal in the measure
transportation sense [204].

Our primary objective in is to develop particle filters for continuous-time stochastic
processes subject to randomly time-sampled observations. In the literature, we do find
some variants of continuous-discrete particle filters in different settings. The paper [19]
provides one (and possibly the first) such example, where the authors use mollifiers in
the particle equations to smoothen the dynamics, but no statements about the limiting
process are provided. The paper [230] develops particle filters for nonlinear systems using
the time-discretization procedure as a part of the derivation and studies convergence as
the length of the sampling interval converges to zero.

For our purposes, the state process is modeled by linear continuous-time Ornstein-
Uhlenbeck process and the sampling process for the observations is a Poisson counter.
We develop particle filters which update their estimate whenever the Poisson counter
increments, which refers to the arrival of a new measurement from the observation process.
Our objective here is to study a generalization of the so-called vanilla filters: It involves
noise terms in the description of the mean-field process. The presence of noise is motivated
by the fact that it leads to positive definite (and hence invertible) error covariance matrix
that is important for good performance of the particles. However, the presence of noise
terms makes the analysis more challenging and we develop appropriate tools which allow
us to analyze the resulting stochastic processes. In essence, we show that for appropriate
sampling rate, if the number of the particles is large enough then the empirical mean and
the empirical covariance converge to the optimal mean and the covariance.

5.3.1 Mean field process and ensemble filters

In the previous section, we saw that the implementation of conventional optimal filter,
even for linear systems, is computationally heavy since it requires simulating a Riccati dif-
ferential equation to compute the injection gains. For a state process evolving in R”, this
optimal filter involves solving (n? + n)/2 differential equations for the covariance process
(P;)t>0 and n differential equations for the first moment of the estimate ()A(t)tzo. This
can be quite cumbersome for large values of n especially when we take into considera-
tion the additional operations involved in computing these processes. For this reason,
there has been extensive research for other methods to implement optimal filter, or its
approximation. One such technique is based on the use of the ensemble, or particle, fil-
ters. The basic idea of the particle filters is to simulate a collection of particles through
stochastic differential equation which are coupled to each other through joint statistics of
the ensemble.

Description of McKean-Vlasov type process

For the definition of particles in the ensemble, we first describe a diffusion process of
McKean-Vlasov type differential equation. This process is, in particular, continuous-
discrete because our observation process is discrete. In particular, we consider (St):>o0
described as,

dS, == AS;dt + Gdw, + Q,.CT(CQCT + Vi)™t [ys — (CS; + )] AN, (5.15a)
Q: = E[(S; — gt)(st - gt)T | Vi (5.15Db)
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Sy = E[S; | Vi, (5.15¢)

where the processes w; and v are independent copies of the processes w; and 14 respectively,
that were introduced in and . The motivation of working with this particular
diffusion process comes from the fact that the conditional mean S; and the conditional
covariance @) satisfy the same differential equations as the ones obtained for their optimal
counterparts, that is, it can be checked that

dS, = ASydt + Q,.CT(CQ.CT + Vi) Ny, — CS)d N, (5.16)
and
dQ; = (AQ + QAT + GGT)dt — QCT(CQ.CT + Vi)' CQ.ANy, (5.17)

so that, one sees the resemblance with the processes described in (5.6)) and (5.7]), respect-
ively.

Particle filters

From the mean-field process (5.15)), we describe an ensemble of M particles. For ¢ =
1,..., M, the particle S is described by the following stochastic differential equation
conditioned upon the observation process and the Poisson sampling process:

dS¢ = ASLdt + Gdw! + KM (y, — CSE — by dNy, (5.18)

where, for each ¢, wf and v{ represent the independent copies of the processes w; and 14
respectively. The term KtM denotes the empirical gain computed at time instants ¢t = 7y,
as follows:

KM =QMcTcQMcT +v)! (5.19)

in which QM denotes the empirical covariance, which is computed using the empirical
mean SM as follows:

1 M

Q= M;wﬁ - SiO(st =57 (5-20)
oM 1 < 14

One clearly sees that the computational effort in implementing the particle filters
involves solving Mn differential equations. For computing the gain, the empirical mean
and the sample covariance only needs to be updated at discrete times using relatively
simpler arithmetic operations.

Convergence result

The obvious question concerning the proposed filters in is whether they approximate
the optimal filter f reasonably well. In this regard, our main result shows that
if the mean sampling rate satisfies certain conditions, then the difference (in expectation)
between the empirical covariance of the particles and the optimal covariance is
O(ﬁ) Similarly, we can show that, as the number of particles increase, the expectation of

the empirical mean of the particles approaches the expected value of the optimal estimate
X.
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Our main result formalizing these observations is stated next. To avoid technicalities
in the proof, we present the convergence result for the scalar case only, where A is a real
number and G, C' are nonzero scalars (so that the pair (A, G) is controllable and (A, C) is
observable). This allows us to give explicit bounds on the approximation error, and the
conditions on mean sampling rate required for establishing these bounds.

Theorem 5.4. Consider system (5.1]) with optimal estimator (5.6) and the ensemble filter
of M particles described by (5.18). There exists 0 < v < 1, such that if the inequality

A>24/(1—+2), (5.22)

then it holds that

' G? + \v/C?
limsup ||[E[P;] — E[QM] /

o I=30a—2) —24) (5.23)

and moreover,

IE[SM] — E[X{]|| = 0, as M — oo, and t — .

The proof of this result is carried out in Section [5.3.2] The constant v appearing
in the theorem statement actually corresponds to the lower bound on the expectation
of the covariance matrices P, and @}, which actually depend on A. The expression on
the right-hand side of therefore depends on A and it turns out that this inequality
yields upper and lower bounds on the mean sampling rate. Nonzero value of G (and
hence the controllability of (A4, G)) is important for establishing this lower bound. The
lower bound on the mean sampling rate is consistent with what we observe in |211] for
stabilization of linear systems with Poisson-sampled full state feedback, but includes an
additional factor of (1 —~2). We note that, in terms of the quality of approximation of the
optimal covariance by empirical covariance, the bound in increases with increase in
the covariance of process and sensor noises, and decreases as number of particles M gets
large.

Simulation of an academic example
To illustrate the simulation of our proposed particle filters in ([5.18]) and the result reported

in Theorem [5.4] we consider an academic example where the system is described by the
equations:

dSEt == AfEtdt + det (524&)
ka, - C:’UT]C + VTk;7 (524b)
with A = [_(2] 31)2 _%3}, C=11 _01 %], G =[0505 0.5]T, and for each k € N*, v, is normally

distributed with mean (0,0)" and the constant variance V = [J3 J1].

To measure the effectiveness of the particle system, we compare it with the optimal
estimator, and look at the entities that are being compared in Theorem [5.4] for different
values of mean sampling rate. The simulation results reported in Figure [5.1jand Figure[5.2
are consistent with the results in Theorem [5.41
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Figure 5.1: Comparison of mean and covariance for the optimal and ensemble filters with
mean sampling rate A = 5.
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Figure 5.2: Comparison of mean and covariance for the optimal and ensemble filters with
mean sampling rate A = 10.

5.3.2 Convergence of ensemble filters

This section essentially carries out the proof of Theorem[5.4] We first derive the differential
equations for empirical mean and covariance using Ito’s chain rule given in Proposition [5.1
in the process. We then compute the expectations of the processes using the generator
equation stated in Proposition [5.3] which are then used for studying convergence results
stated in Theorem [5.4, We emphasize that the developments in this section are carried
out for the scalar case only.

Differential equations for empirical mean and covariance

We recall that the evolution of the particles is described by the differential equation ([5.18|)
and the corresponding empirical mean is defined in (5.21)). We now write down the evol-
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ution of the empirical mean of the particles in differential form as follows:

~ ~ ~ 1
dSM = ASM GdoM + kM <yt —CSM WZM ) dN;

1
+ -
v M
where we used the notation

M
—— > w{  so that E[da}dw’ 7] = dt
/=1

and
1 M
M= —— Z Vf so that 7 ~ v.

Note that the process 7/ is also i.i.d. Gaussian with covariance equal to V.

Next we write the empirical covariance of the particles, defined in , in differential
form. To do so, we let
g = S; — SM.
It then follows that

1 1
de¢f = Agldt + G <owZ — d@M) — KMcgtdN, — KM <z/ — 5M> dN;. (5.25
qt qt t \/M t t LUaqpAivy t t \/M t t ( )
Consequently, we can use Proposition to get
1 1
d €2:<2A N2 2 - 2>dt ) f(d I d~M)
(at) ()" +G MG +2Gq; | dwy 7@ Wy
1 M2
M M f M ~M 0\2
+ [( - K; th TMKt Vi ) —(q) ]dNt-

Straightforward simplification yields

1 1
Al = (24 + G — 516} v+ 264 (auf - TﬁdatM )

+ [(KM)2C2(gf)? — 2K C(af)? + (KM (vf)? + M(Kt W) = =) v

2
v M
—2(1 - KMC)g KM (vf — WKt )]dNt

Note that, we can write QM = Zé\il(qf)Q. Furthermore, recalling the expression for
empirical gain in (5.19)) we can check that

(K202 —2kMoQY + (KM )V = —KMo)M.

The last two identities allow us to write

1
dM = <2AQtM +G? - G2> dt2GZ q (dwt ——daM )
=1 M

[ BMOQM — (KM + (KM S ()
(5.26)

2 M
+ M(Kt (@)~ (K v
92 M
- (L= KMOKM Y gf(vf — =KM5Y)]dN.

We next use this expression to compute the expectation of E[Q,{V[ | with respect to the noise
terms and, in addition, the sampling times of the Poisson counter.
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Convergence of expected covariance

Using Proposition [5.3], we now turn our attention to computing the expectation of optimal
covariance P, (with respect to sampling times), which was described by a piecewise de-
terministic Markov process in . Similarly, we will use Proposition to describe the
expectation of the empirical covariance (with respect to noise in the particle filters and the
underlying sampling process), which is described by a jump diffusion process in . In
what follows, we use the notation P, := E[P;], QM = E[@M], and similarly, for the corres-
ponding injection gains, we use K; := P,C(P,C?*+ V)~ ! and KM := oM C(QMC? +V)~L.

By applying Proposition to the process (5.7)), we first get
Py = 24P + G — NP2C?(P,C? + V) 7!
= (24 = NP+ G? + A\P(1 — P.C*(P,C? + V)7 (5.27)
= (24 — NP + G* + AP (Pr)
where the mapping Py — ¢(P) is defined as
O(Py) == (1 = P,C*HP,C*+ V).

On the other hand, using the fact that v and 7™ are mean zero processes, the application
of Proposition to the process QM in (5.26)) yields,

Ol =240l + G- @ aQlickaliC v vl ety
1 A :
= 24 -NQY + G +AQM3(Q!) — 7G* + (KM

To analyze the difference between optimal and empirical covariance, let us introduce M :=
QM — P, which satisfies the following equation:

A
M
The following lemma states some important properties that we need in the sequel, and is
stated without proof.

Lemma 5.5. For the equation (5.27)) and equation (5.28), we have the following relations:

1. There exists Cy > 0 (depending on the initial conditions and noise covariance levels)
such that Py > Co and QM > Cy, for each t > 0.

EM = (24— NEM + 2QMH(QM) — APp(Py) — %GQ + (KW (5.29)

2. There exists 0 < v < 1 (depending on Cy) such that for each t > 0, we have

1—v < ||PC3(PC?+ V)| <1,
L—y < QM QMc? +v) | < 1.

Consequently, it holds that ||¢(P,)|| < v and ||p(QM)| < 7.

3. The function ¢ has the property that for each Py and Ps, it satisfies

P(P1) P — ¢(Po) P < ¢(P1) (P — Po)p(P).

Proof. Let us provide a proof for the third item, which is independent of the first two
items. To do so, we introduce the notation

K1 :=PO(PIC? + V)™l Ky:= RC(PRC*+ V)L
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It can be easily checked that

o(P1) =1-KiC;  ¢(P) =1— KxC,
and moreover, we have the identities

(P PC = K1V; ¢(Py)PC = K,V.
The last two equations result in

O(P1)P1 — ¢(P) Py
=¢(P) P+ KiVKy — K1/VKy — ¢(P2) Py
= ¢(P1)P1 + ¢(P1)PICKy — K1¢p(P2) PoC — ¢(Po) Py
= ¢(P1)P1(1 — K2C) — (1 = K1C)p(Ps) Po
= ¢(P1)Prop(P2) — ¢(P1)p(P2) P2
= (1) (P — Po)p(F2)

which is the desired statement in Lemma O

One can now use the statements in this lemma to get a bound on the evolution of &Y.
This is done by looking at the derivative of (£M)?2, that is,

d

L(EM) <224 - NEM + D EM + EMNG + T VIEM|
In the last inequality, the quadratic term in (5tM )2 is negative if
A — 24 > M2
or equivalently,
A 12%. (5.30)

The desired result about ultimate bound on &Y now follows for every finite value of A
satisfying (5.30). In particular,

G? +\V/C?
M1 —~2) = 24)

lim sup Hé'tMH <
t—o0

where we note that the denominator is strictly positive due to the bound on A in (5.30)).

Convergence of expected mean

The last step in the proof of Theorem [5.4]is to analyze the difference between the expected
values of the optimal mean and empirical mean. In this regard, we let SM = E[SM ], and
X, = E[Xt]. Applying Proposition we first observe that

XAt = AXAt + )\K:t(E[yt] - C‘)?t)

and

SM = ASM 1+ AKM (E[y,] — CSM)
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We now look at the asymptotic behavior of XM := X, — gtM , which satisfies
M —~ -~ ~
Xi =AY+ AKi(ye — CX) — MM (Efye] — CS)M)
= (A=A O + MK — KM (Ely] — OX).

The bounds on asymptotic value of X} can now be established by analyzing the derivative
of the following weighted quadratic function:

X' = ()R
We observe that
d _ L B
Qi) = (@) 1M (g
= —2(A- MM O)QM) T - AC @M R 4 V)
_ 1 A
- (@) (624 5,67+ KMV,
Consequently, this last expression yields
d . RPN N _
X ()T = —(@2 A e 4 v) !
_ 1 A
QM) (64 3,67+ xive) |
+20M(Q) TR (I8 — KM (Elye] — O &),

The right-hand side can be seen as a sum of two terms: the first one is negative definite
and is quadratic in x2/; the second term is linear in X} but contains (K; — KM) which
is converging to zero as M gets large. Using simple algebraic manipulations, and noting
that QM is positive definite, it can be shown that ¥ converges to zero, as t — oo and as
M gets large. This completes the proof of Theorem

Bounds on sampling rate

It can be seen that the constant v used in the derivations actually depends on the mean
sampling rate A\. Here we derive the bounds explicitly on A. From the definition of =, it

follows that
P,.C? \%

<1- = .
=T POV T PCEAV
On the other hand, it can be shown that

G2
> mi _— .
Pt_mm{Po’)\ZA}

and, for Gy :== G/(1 —1/M)

G2
Qthin{ éw’A—A;A}’

Letting X := A — 24, we get

1% VX}

< ma , =
T e {min{Po, QYIC?+ V' G2, + VA
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Consequently, the condition
A > A2

holds if
V2 V2X2
(min{ Py, Qo}C? +V)? (G2,C2 + V \)

X>max{ 2}(X+2A).

Using simple algebraic manipulations, the last inequality holds if and only if
2V (X — 24)(AV — G3,C%) < G3,C*,

and

V2 -
A2 (1 " (min{ P, Qu}07 + V)?) |

The first inequality holds if AV < G3,C?, or the measurement noise covariance V is
relatively small.

Summary

In this section, we presented our work on the approximation of optimal posterior dis-
tribution using vanilla ensemble filters for continuous-time linear Gaussian systems with
Poisson-sampled observations. The description of the particles in the ensemble is based
on a continuous-discrete mean field process that contains flow equations with Wiener
processes and jump equations with additive Gaussian noise in the modeled observation
process. Using an extended generator, we compute the expectation of the empirical mean
and empirical covariance of the particles with respect to the sampling process. The main
result shows that for appropriate values of the mean sampling rate, the empirical mean
and covariance converge to the optimal mean and variance, respectively, as the number of
particles tend to infinity.

5.4 Bayesian Inference and Multi-Estimators

We next consider the problem of filtering for continuous-time linear Gaussian systems
with unknown parameters, while the observation process is time-sampled as seen earlier
in this chapter. Kalman filter provides a rather intuitive way of weighing the information
contained in the model and the measurements depending upon the covariance of the noise
driving the state process and the covariance of the measurement noise. The accurate
information of the model and noise statistics is therefore very important for optimal state
estimation, and if this information is not available accurately, the filter can even generate
diverging state estimates [76]. With unknown parameters, the basic solution proposed in
Section cannot be directly implemented in that case. Working under the assumption
that the unknown parameters belong to a finite set, we revisit the idea of using multiple
filters, each of which corresponds to the possible value of the unknown parameter. The
posterior distribution of the unknown parameters conditioned upon available observations
is computed from Bayes’ rule. The resulting state estimate is a weighted sum of the state
estimates generated by multiple filters, where the weights are determined by the posterior
distribution of the unknown parameters. We analyze the performance of the algorithm by
looking at its asymptotic behavior and establishing boundedness of the error covariance
matrix.
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5.4.1 Background on adaptive filtering

For systems with unknown parameters, the state estimation for stochastic systems has
been classically studied under the framework of adaptive state estimation [149]. Several
approaches have been developed in this regard and several monographs, such as [148§],
[224], and the survey article [234] provide an overview of the developments in this area.
Quite naturally, one possible way to study this problem is to compute the estimates of the
unknown parameters from the noisy measurements and use them to update the filtering
equations. One possible approach relies on inference using Bayes’ rule to compute the pos-
terior distribution of the unknown parameters [144], [127]. The approach has the drawback
that computing this posterior, despite being in recursive form, is computationally heavy.
Another approach (seen as a continuation of the Bayes’ estimation) relates to maximizing
different likelihood functions [148, Chapter 10]. This involves computing a tractable form
for the likelihood function and setting the gradient with respect to parameters equal to
zero to find the values which maximize the likelihood function. Analytical solutions can
be derived in certain restrictive cases for steady state operation. Some of these techniques
appear in the book [185], while providing an overview of Bayesian methods in filtering
problem. A rather comprehensive collection of statistical algorithms used for parameter
inference can be found in [40]. The recent work [162] provides one possible solution which
relies on computing gradients backwards to speed up certain computations.

Most of the aforementioned references deal with systems in discrete-time and provide
only the algorithms for optimal state estimation with unknown parameters, based on
tools from information theory and control systems. There are relatively few works that
establish theoretical guarantees of such algorithms, see for example [4, Chapter 10] and
[17], which in turn builds on computing the variance of Bayes’ estimates [136] and proving
the consistency of maximum likelihood methods [34]. The book [224] collects some of these
earlier developments in a succinct form with different assumptions on the set of unknown
parameters. The problem of optimal state estimation under limited information continues
to attract attention but lately, for systems with unknown dynamics, this problem has
been studied using different tools. The paper [178] uses the form of optimal Kalman filter
to compute the injection gain directly from the data using neural networks, and several
other works also try to compute the optimal gain using different techniques [77]. However,
more often than not, these techniques work under very restrictive cases that the full state
measurements are available as ground truth which essentially violates the spirit of state
estimation problems from system-theoretic viewpoint. Some preliminary work based on
the use of stochastic gradient descent methods to compute linear gains minimizing the
square norm of the residual has been presented in [206].

The problem of state estimation for stochastic systems with unknown parameters,
despite being classic, continues to remain relevant as we seek algorithms which require
less information with theoretical guarantees about their long-term behavior. In the re-
mainder of this chapter, we take a step in the direction of studying the filter design for
linear stochastic systems with unknown parameters, and the observations process being
time sampled by a Poisson counter. We work under the assumption that all the unknown
parameters belong to a discrete set. We construct an optimal filter for each value of the
parameter which basically resembles Kalman filter but is driven by randomly-sampled ob-
servations, as proposed in Section[5.1] The optimal state estimate minimizing the variance
of the estimation error is then described by a weighted sum of the estimates generated
by individual filters, where the weights are determined by the posterior probability dens-
ity function of the unknown parameters conditioned upon the observation process. For
the discrete parameter set, we propose a recursive algorithm which allows for computing
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these conditional posterior distributions using the Bayes’ rule. While such methods are
computationally heavy, there are some consistency results in the literature that advocate
their broad applicability. Once the algorithm is designed, we analyze the performance
by looking at the asymptotic value of the expectation of the total error variance. We
show that, if the underlying Bayes’ inference rule is consistent, then the error covariance
converges to the optimal value that arises in the case with completely known parameters.
This chapter is based on our initial investigations into this problem.

5.4.2 Model with unknown parameters

In what follows, we will denote the unknowns by a vector 6, which belongs to a set ©
in some Euclidean space. These unknowns may appear in the system data or the noise
statistics that are used later on for designing optimal filters. We consider the dynamical
systems modeled by linear stochastic differential equations of the form:

where (X¢)i>0 is an R™-valued diffusion process describing the state. The matrices A(f) €
R™ "™ and G(6) € R™™ ™ are constant but may depend on the unknown parameter 6 € ©.
Let (Q,F,P) denote the underlying probability space. It is assumed that, for each ¢ >
0, (wt)t>0 is a zero mean R™-valued standard Wiener process adapted to the filtration
F; C F, with the property that E[dw; dw, | = I,,dt, for each t > 0. The process (w;)i>0
does not depend on the state, and since we allow GG to be unknown, there is no loss of
generality in assuming that the statistics of random process dw are known. The solutions
of the stochastic differential equation are interpreted in the sense of Itd stochastic
integral.

Our goal is to study the state estimation problem when the output measurements are
available only at random times. We consider the process (/V¢);>0 as defined in which
denote the time instants at which the measurements are available for estimation. The
discretized, and noisy, observation process is thus defined as

Yoy, = C(0)X(rn,) + Vrn, s t>0. (5.32)
where C(0) € RP*™ is a constant matrix, and vy is a sequence of i.i.d. Gaussian noise
processes and vy ~ N(0,V(#)). Our goal is to construct the estimate X;, and compute
a probabilistic estimate of the unknown parameter 6, which minimizes the mean square
estimation error, using the observations Yy, := {Y; |k < N.}. For brevity, we will
sometimes write Yy, in place of YTNt.

5.4.3 Filtering algorithm

The estimate of the state process which minimizes the mean square estimation error is
described by the expectation of the state process (X;):>o conditioned upon the measure-
ments observed over the interval [0,¢], that is, Vy,. In the current setting, our task is
complicated by the fact that the system description contains some unknown parameters
which need to be estimated as well.

Using standard results in filtering theory, see for example [55], it follows that the
minimum mean square error (MMSE) estimate X; subject to the the information Yy, is
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given by,

X = ELX | V) = [ Xip(Xe| Vv )dXe
:/Xt/gp(Xt|9,yNt)p(9\yNt)d9dXt, (5.33)
= [ @0)p(0] Yw)ao.

where 7(0) := E[X;]6,Vn,] is the minimum mean square estimate with 6 given; and

p(X¢| Vn,), respectively p(f|)n,), denotes the probability density of X, respectively 6,
conditioned upon the observations received up to time t.

In the sequel, it will be assumed that © is a discrete set, and is described as © :=
{61,02,--- ,01} with L being the total number of unknown parameters. We also stipulate
that the pair (A(#),C(6)) is observable, and (A(#),G(#)) is controllable, for each 6 € O.
In this case, the foregoing equation results in

L
X =Y 2u(0:)p(0: | Y,). (5.34)
=1

That is, X't is obtained by computing z;(6;) for each value of ; € © and taking their
weighted sum as determined by the conditional probability mass function p(6; | Yy, ). The
remainder of this section describes how to compute each of the two terms on the right-hand
side of for a fixed value of 9; € ©.

State estimate for given parameters

Note that the conditional density p(X; |6, Vn,) is Gaussian and Z;(6;) represents its first
moment. It is described by a differential equation with updates at times when a new
measurement arrives. If we specify a sequence (7i)ren+ S0 that it corresponds to the
arrival times of a Poisson process, we compute z,() for § € O as:

T(0) = A(O)Z(0)dt, t € [tn,, Tien,], (5.35a)
T (0) = 2:(0) + Ki(0)(ye — C(0)T4(6)), t=7n,, (5.35Db)

where the injection gain K;(0) is defined as
Ki(0) = P(0)C(0)" M(0)~", (5.36)
M(0) == C(O)P(0)CT(8) + Vi(6), (5.37)

and the error covariance process (P;(0))¢>0 is described by the following equations: for
t € [Tn,, T1+N, [, We solve

P(0) = A(O)P,(0) + P.(0)A(O) T + G(6)G(9) T (5.38a)
and for ¢t = 7p,, we solve
P (0) = Pi(0) — P6)C(0)" M(0) ' C(6)P(6). (5.38b)

To write things more compactly later on, we adopt the formalism of writing the continuous-
discrete equations (5.35a)) and ([5.35b|) together in a single differential equation, when the
jumps are driven by a Poisson counter N; :

dz(0) = A(0)z:(0)dt + K (0)(yr — C(0)7¢(0))dN¢. (5.39)
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Similarly, using this formalism, (5.38a]) and (5.38b)) can be written in a combined form as,

dPi(0) = (A(0)P.(6) + P(0)A(0)T + G(O)G(6) " )dt
— P(O)C(0)"M(0)"1C(0)P.(0)dN;. (5.40)

In the foregoing discussion, one makes the observation that the optimal conditional dis-
tribution with given 6 is Gaussian for each realization of (N¢);>o despite the fact that the
mean and covariance are discontinuous along each sample path.

As a performance metric, we now look at the expectation of the process (P;)¢>o with re-
spect to the sampling times (7n, )t>0. In the previous section, when the system parameters
are known, we have computed the expected covariance for Poisson sampling. That result
can be applied in the current setting to get the expectation of P;(6), for a known value of
0. In particular, we let P;(6) = E[P;(6)] and a direct application of [214, Proposition 4.1]
yields the following result:

Pi(8) = A(O)Pe(8) + Pe()A() " + G(B)G(6) " — AP(6)C(6) " M(8) ' C(0)P(6), (5.41)

where M(0) := (C(0)P(0)CT(0) + V(0)). We can now provide conditions in terms of
the lower bounds on the mean sampling rate A > 0 and the structural assumptions on
controllability and observability of the pairs (A(0), G(6)) and (A(6),C(0)) that guarantee
boundedness of P;(#), see |56} 214]. The boundedness is also important for asymptotic
analysis of the first moment of the error process (X; — )A(t)tzo as its dynamics depends on
the error covariance.

Recursive expression for parameter estimation

The next element required for the computation of (5.34]) is the posterior distribution
p(6|Vn,) for each # € O©. A recursive formula for the computation of the conditional
density p(6 | Yy, ) is obtained from the Bayes’ rule as follows:

PO YN,) =P(0| YN, YN, —1) (5.42a)
_ p(YNt yeﬂyNtfl)p(9|yNt*1)
L p(Ya, 1606, YN, —1)p(0i | YN, —1)

We next find the expression for p(Yy, | 6, Yn,—1) which corresponds to predicting the prob-
ability density of Yy, using the past measurement YVy,—; for a fixed value of 6. Let
yn,(0) == C(0)7ry, (0) and yn,(0) := YN, — Un,(#). When the signal is generated by the
parameter ), we denote the covariance due to innovation by Qy,(0) = E[gNt(Q)gfw (9)].
For each 6; € O, the expression for Qy, (0) can be computed offline and we have,

(5.42b)

Q. (0) = E[in, 0, (0)] = COP(O)CT(0) + V(6), t=rn,.

It can be readily checked that p(Yy, |0, Vn,~1) is Gaussian with mean C(0;)Zr, (0;) and
covariance Qy, (6;), so that

13T (, Vo (6,
POV, |03, V1) = (2m) /262 (03) [/ 20 P00,
Substituting this last expression in (5.42b), we calculate p(6; | V,) recursively as
_1T (g, Vo (6,
p(gz | yNt) _ C|Q]7V3(91)|1/26 QyNt(az)QNi (Gz)yNt(Qz)p(ei |yNt71) (543)

where c is a normalizing constant.
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5.4.4 Performance analysis

For the estimate proposed in (5.34]), we now analyze the performance and in particular the
asymptotic behavior of the error covariance matrices and a posterior probability density
function of the unknown parameters conditioned upon the observation process.

Derivation of error covariance

We recall that the state estimate ()A(t)tzo is defined by equation (5.34]). The following
proposition characterizes the error covariance resulting from this estimate:

Proposition 5.6. Let us consider the error covariance matriz,
P=E[(Xe — Xi) - (X — Xo) T | I, (5.44)
Then, it holds that

L
Pr=3 {Pi(0:) + B™(0:)}p(0: | Yv.), (5.45)
i=1
where for each 0; € ©, Pi(6;) is obtained by the equation (5.40), and P/ (0;) is defined as,

PR(0;) == (Xy — 2(6:)) - (Xy — 22(6:)) 7. (5.46)

Proof. By definition, we have

P, =E[(X,— X)) (X: — X)) | Vn,]
L

= Z Pi(0:)p(0: | YN,),

i=1
where P?(6) is obtained as follows:

P(0) == E[(X¢ — Xy) - (Xe — X0) T [0, V)]
= E[X; X, 10, Vn,] + X; X, — X;E[X," |0, Vn,] — E[X; |0, Vn,] X[
= E[X, X, |0,Vn,] + X: X, — Xi7[ (0) — 7:(0) X,
— E[(X; — 2:(0)) - (X: —2(0) T |0, Vn,] + (Xi — 54(0)) - (Xy — £4(0)) T
= Py(0) + P (0),

which proves the desired statement. O

In the statement of Proposition [5.6] P; is introduced as a performance metric for the
state estimation process with unknown parameters. Equation provides a decom-
position of this quantity in two terms, and the weights of these terms are determined by
the posterior distribution of the parameters. The first of these terms P;(6;) is obtained
from the Kalman-like filter by setting 6 = 6; in the system equations. The second term
P™(0;) denotes the cost of simulating multiple Kalman-like filters with mismatch in the
parameters of the true system. Note that, for each i = 1,..., L, both terms are multiplied
by the posterior distribution of 8;.
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Asymptotic optimality

We can now state the primary result which looks at the asymptotic behavior of expectation
of P; in over sampling times (governed by a Poisson counter). To state our result,
we need to introduce two main assumptions. The first of these assumptions corresponds
to the convergence of posterior distribution for large t.

Assumption 5.1. (Consistency of Posterior) There exists 6* € © such that

tlggo p(6*|Vn,) =1, as. (5.47)

Although, not written explicitly, the condition ensures that, for 0; # 6%, the
posterior distribution p(6;|Vn,) goes to zero as t gets large. Assumption basically
guarantees that the probability that our algorithm finds the true parameter eventually
converges to 1 as we get more and more data. Such statements about the Bayesian
update rules, or maximum likelihood technique are usually called consistency results in
information theory. Some references do appear in the literature which develop conditions
for checking consistency of the maximum likelihood method [34] and Bayes’ inference rule
[17], |4, Chapter 10].

Under Assumption 5.1, we can now develop a qualitative result about the asymptotic
behavior of the total error covariance P; given in (5.45)).

Theorem 5.7. Consider the system (5.31|) with observation process (5.32)) and Ny a Pois-

son counter of intensity A > 0. The optimal state estimate in mean square sense is given
by X; in (6-34), where Z:(6;) is obtained from and p(0; | Yn,) is obtained from
5.43). If Assumption holds, then the estimation error covariance E[P;] defined in
5.44)) converges to the solution of the following equation:

Pu(07) = A0)YPL(67) + P (07) A0 + G(6")G(67)T
CAP(0)C(0%) T M(0%)LC(0*)Py(0%)  (5.48)

where Py (0*) = E[P,(0%)], and 6* is such that (5.47)) holds.

Theorem basically states that, in the long run, as our knowledge of the unknown
parameter increases, we can approximate the error covariance in the same manner as in
the case of known parameter. Further analysis about the rate of convergence and impact
on performance due to good/poor estimation of unknown parameter is a topic of ongoing
investigation.

5.5 Perspectives

In this chapter, we basically considered two classes of filtering algorithms for linear stochastic
systems with Poisson-sampled observations. The results reported in this chapter present
our first approach at analyzing these algorithms from system-theoretic perspective. The
primary aim being to relate the expectation of error moments in these suboptimal filters
with the mean sampling rate of the sampling process, to quantify certain performance
metric for these filters with the available information. There are several questions that
are currently being investigated to formalize the work presented here.
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Generalization of the ensemble filters

In the first part of this chapter, we considered the analysis of so-called vanilla ensemble
filters for continuous-time systems. The main result describing the convergence of em-
pirical moments to optimal moments was stated in the scalar case only. The immediate
extension of our work would be to generalize the proof of Theorem to the systems of
higher dimension.

Moreover, it is also interesting to investigate whether the tools developed in this chapter
can be used to study broader class of ensemble filters with stochastic noise. At this
moment, we only discussed the vanilla case where the mean field process is driven by a
copy of the observation noise and process noise. There are other variants of ensemble
filtering which consider mean field process without the observation noise, and it needs
to be seen how the analysis shapes up in that case and what are the advantages, if any,
that can be obtained from different techniques. Based on our initial investigation, we see
that the trade-offs appear between the asymptotic performance and computational burden
required for implementing these algorithms.

Bayesian inference

In the second part of the chapter, we considered the problem of joint state estimation
and detection of unknown parameters for a class of linear stochastic systems subject to
randomly sampled observation process. We use the techniques based on Bayesian inference
to compute the posterior distribution of the unknown parameters conditioned upon the
available observations. For each value of the unknown parameter, a standard Kalman-like
filter is designed, and the overall estimate is the weighted sum of individual filters. We use
the covariance of the estimation error between the true state and the computed estimate
as a measure of performance. Expectation of this covariance matrix over the sampling
process is computed using the infinitesimal generator, and this allows us to analyze its
asymptotic behavior.

Several interesting questions appear from this initial investigation. One needs to un-
derstand carefully the conditions under which the inference update rule for the unknown
parameters can converge, and provide easy-to-check tests for such conditions. The other
immediate direction of research is to study the case where the set of unknown paramet-
ers is continuous and not necessarily discrete. Some work on adaptive state estimation
under such hypothesis involves quantization of the parameter space and showing that the
inference rule converges to a value closest to the unknown parameter in some appropriate
metric |93, Section 5|. At the same time, one could revisit the question of investigating
other approaches for the search of unknown parameters, for example, the use of machine
learning techniques to address the Bayesian inference question. It could also be inter-
esting to see whether the ideas presented in this chapter could be merged with ongoing
research on developing computationally efficient filtering algorithms, so that the proposed
methodology could be applied to nonlinear systems as well.

Other suboptimal estimation techniques

In this chapter, we studied a suboptimal estimation technique inspired by ensemble filter-
ing. Based on the principle of model predictive control (MPC) [87], we can also consider
an optimal estimation problem and solve it by computing optimal estimates over finite
horizon. Such techniques also provide a suboptimal estimate where the distance to optim-
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ality depends on the length of chosen horizon |154]. We have developed some preliminary
results about stability performance of MPC under randomly sampled measurements in
[210]. Meanwhile, there has been some progress on characterization of suboptimality us-
ing turnpike phenomenon for stochastic MPC [189]. This naturally opens up the question
of investigating MPC based schemes for constructing suboptimal estimation algorithms,
and it remains to be seen how these techniques compare with the ensemble based tech-
niques presented in this manuscript.
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