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Ellipsoidal Approximation of the Stability

Domain of a Polynomial

Didier Henrion, Dimitri Peaucelle, Denis Arzelier, Michael Šebek

Abstract

The stability domain in the space of coefficients of a polynomial is a non-convex set in general. In

this paper, we propose a new convex ellipsoidal inner approximation of this set derived via optimization

over linear matrix inequalities. As a by-product, we obtain new simple sufficient conditions for stability

that may prove useful in robust control design.

Index Terms

Polynomials, Linear Systems, Algebraic Stability Criteria, LMI.

I. INTRODUCTION

Consider an nth degree monic polynomial x�s� � x0�x1s� � � ��xn�1sn�1�sn. The problem of

finding simple conditions in the n-dimensional Euclidean space of real coefficients x0�x1� � � ��xn�1

under which the roots of x�s� are located in a given region (half-plane, disk) of the complex

plane has strong implications in stability theory [17]. The deep study of relationships existing

between the roots of a polynomial and its coefficients has led to the development of the so-called

parametric approach to systems control [2], [5].
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The main hindrance to the development of efficient analysis and design tools based on

parametric methods is the well-known fact that the stability domain in the space of polynomial

coefficients is non-convex in general. For example, when the stability region in the space of

polynomial roots is the unit disk (the so-called discrete-time polynomials), the stability domain

in the space of coefficients of a polynomial of degree n� 3 is a set delimited by two hyperplanes

and a non-convex hyperbolic paraboloid, see Figure 4 in [1].

The basic idea to overcome non-convexity of the stability domain in the coefficient space is

to approximate this set with another simpler set. Outer approximations give rise to necessary

conditions of stability or, equivalently, sufficient conditions of instability. On the other hand,

inner approximations yield sufficient conditions of stability. When the root location region is

the left half-plane (the so-called continuous-time polynomials), a well-known necessary stability

condition is that polynomial coefficients belong to the positive cone x0 � 0� x1 � 0� � � � �xn�1 � 0.

In [27] it was shown that the continuous-time stability domain is bounded by two hyperplanes

of dimensions n�1 and n�2. In the case of discrete-time polynomials, a well-known sufficient

stability condition is that polynomial coefficients belong to the diamond jx0j� jx1j� � � �� jxn�1j�
1. In [8] it was shown that that the convex hull of the discrete-time stability domain is a polytope

whose vertices correspond to the n�1 polynomials with zeros equal to �1 or 1. Regions of root

locations such that the convex hull of the corresponding domain of stability in the coefficient

space is a polyhedron were investigated in [33]. Root locations of some specific polytopes of

discrete-time polynomials were also studied in [12].

Since most of the design problems in control can be formulated as optimization problems

in the coefficient space, convexity of the approximate stability domain is of paramount impor-

tance. Early references on the use of mathematical programming methods in control design are

[14], [15], where the authors used a Chebyshev minimax method [38, Chapter 3] to imbed

a sphere of maximal radius in a stability domain delimited by linear inequalities. This paved

the way for the standard design methodology consisting in assigning characteristic polynomial

coefficients in convex domains instead of assigning polynomial roots directly. In the scope of

robust control, this is the approach pursued in [31] in the continuous-time case with the help of

Kharitonov’s rectangles. Polyhedral stability domains were also used more recently for robust

design in [16] and [25]. A procedure for generating polytopes of stability in the discrete-time

case with applications in robust design was proposed in [21], [22] with the help of Schur-
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invariant transformations. Besides polyhedral domains, one of the simplest convex set one can

think of is the hypersphere. It was used in [30] to provide necessary stability conditions. The

ideas lying behind these conditions and their applications in design were reviewed in great detail

in [29]. For more details on the technique of imbedding spheres in parametric space domains, the

reader is referred to the textbook [5]. More sophisticated continuous-time approximate stability

domains were proposed in [19], based on stability conditions for polynomials of fifth degree.

Unfortunately, these sets are bounded by non-convex hyperbolic surfaces which restricts their

use in most of the design methods, even though a purely graphical approach has been proposed

recently based on these conditions [20].

When working with convex inner approximations of the stability domain, a natural objective

is to enlarge as much as possible the volume of the domain approximation. There is no closed-

form expression for the volume of a polytope, thus polyhedral domains are not well suited for

this purpose and one must resort to optimization over scaling parameters only. Moreover, an

initial polytope guess is required [31]. The same kind of problems occur when working with

hyperspheres, since the radius is the only optimization parameter and an initial guess on the

hypersphere center is also required [30]. If the center is chosen close to the stability boundary,

then there is little freedom in enlarging the volume of the polytope or hypersphere [29].

The objective of this paper is to describe a new convex inner approximation of the stability

domain that circumvents most of the difficulties mentioned above. The inner approximation

has the shape of an ellipsoid, a geometrical object described by only one (quadratic convex)

constraint. This has obvious advantages over polytopic approximations, for which several (affine)

constraints are required. Optimization over linear matrix inequalities (LMIs, see [7]) is then

used to enlarge the volume of the ellipsoid as much as possible while keeping the degrees of

freedom in the choice of ellipsoid axes and center. Generally speaking, note that the problem

of approximating a convex or non-convex multi-dimensional set with ellipsoids has been widely

studied in the literature, see e.g. [7, §3.7]. The basic idea behind the approach is in recalling

that the stability conditions can be formulated as non-convex quadratic matrix inequalities in

the space of coefficients. Convex LMI approximations of these conditions are then derived via

standard relaxation techniques.

Notations: The fields of real and complex numbers are denoted by R and C , respectively. s̄

is the conjugate of complex number s. The notations A � 0 and A � 0 mean that matrix A is
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positive definite and positive semi-definite, respectively. Finally, In denotes the identity matrix

of dimension n and � stands for the Kronecker product.

II. PROBLEM STATEMENT

Let D � fs � C : a� b�s � s̄� � css̄ � 0g be a given region of the complex plane, where

a�b�c�R. Let x �
h

x0 x1 � � � xn�1

i
�

and x �
h

x0 x1 � � � xn�1 xn

i
�

be vectors of real

coefficients of the polynomial x�s� � x0�x1s� � � ��xn�1sn�1�xnsn. In the sequel, it is assumed

without loss of generality that x�s� is monic, i.e. xn � 1.

The location of the roots of x�s� is captured by the following well-known result, which is a

reformulation of the standard Routh-Hurwitz or Schur-Cohn stability criteria, see e.g. [13, §3.1]

or [23, §1.3.3].

Lemma 1: The roots of polynomial x�s� belong to region D if and only if

H�x� �
n

∑
i�0

n

∑
j�0

xix jHi j � 0 (1)

where Hi j � H �

ji �Rn�n are constant matrices depending on region D only.

In the control literature, matrix H�x� is sometimes referred to as the Hermite matrix of polynomial

x�s�. Entries of matrix H�x� can be obtained as follows [18]. Define the polynomial x̃�s� � ��b�

cs��
p

b2�ac�nx���a� bs���b � cs�� associated with polynomial x�s�, and the corresponding

coefficient vector x̃. Further define Rl � �In 0n�1� and Rr � �0n�1 In�. Then the n�n�1��2 entries of

Hermite matrix H�x� satisfy the linear system of equations xx�� x̃x̃�� aR�lH�x�Rl �b�R�lH�x�Rr�

R�rH�x�Rl�� cR�rH�x�Rr consisting of n�n�1��2 non-redundant equations.

Inequality (1) is a quadratic matrix inequality describing a set

S � fx : H�x� � 0g (2)

which is non-convex when n � 3 [1]. Our objective is to find a vector xC � Rn and a positive

definite symmetric matrix P �Rn�n such that ellipsoid

E � fx : �x� xC�
�P�x� xC�� 1g (3)

is a convex inner approximation of non-convex set S , i.e. such that

E � S � (4)
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III. MAIN RESULT

First, quadratic matrix inequality (1) can be written as

H�x� � �In�x��H�In�x�� 0 (5)

where matrix H �Rn�n�1��n�n�1� is built from the matrices Hi j of Lemma 1. Second, quadratic

inequality (3) can be written as

P�x� � x�Px � 0 (6)

provided symmetric matrix P is partitioned as

P �

�
� P11 P12

P�12 P22

�
� (7)

and sub-matrices P11 � Rn�n, P12 �Rn and P22 �R are such that [7, §3.7]

xC � �P�1
11 P12

P � �P11��P22�P�12P�1
11 P12��

(8)

Ellipsoid E is well-defined (non-empty and bounded) if and only if P11	 0 and P22�P�12P�1
11 P12 �

0. The later inequality being non-convex in the problem unknowns P11, P12, P22, we can overcome

this difficulty

(a) either by specifying a given vector xP in ellipsoid E , enforcing
�
� xP

1

�
�
�
�
� P11 P12

P�12 P22

�
�
�
� xP

1

�
�� 1� P11 	 0� (9)

The first constraint is an affine (hence convex) scalar constraint in the problem un-

knowns (the right hand-side can be any positive scalar, it is normalized to one without

loss of generality);

(b) or by specifying the center xC of ellipsoid E , enforcing

P11 ��P 	 0� P12 � PxC� P22 � 1� x�CPxC (10)

which are linear (hence convex) constraints in the problem unknowns, the new decision

variable being positive definite matrix P.

Given respective representations (5) and (6) of sets S and E , a necessary and sufficient condition

for set inclusion (4) is that

H�x� � 0 for all vectors x such that P�x� � 0� (11)
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In other words, set inclusion (4) is equivalent to some quadratic inequality holding when some

other quadratic inequality holds. This problem is frequently encountered in robust control. It

is traditionally approached with the so-called S -procedure, developed in the seventies in the

soviet control literature [7], [37]. The S -procedure consists in replacing the (generally non-

convex) necessary and sufficient conditions on quadratic inequalities with a convex sufficient

linear matrix inequality condition. The S -procedure can be applied to our problem as follows.

Lemma 2: If there exists a symmetric block matrix

G �

�
������

0 G�

21 � � � G�

n1

G21 0 G�

n2
...

. . .
...

Gn1 Gn2 � � � 0

�
������

(12)

made up of skew-symmetric matrices Gi j � �G�

i j � R�n�1���n�1� and a symmetric matrix D �
Rn�n satisfying

D� 0� �D� In�1�H � H�D� In�1�� �D� In�1�H� In�P�G (13)

then implication (11) holds.

Proof: We can check that the above LMIs imply that �In� x����D� In�1�H��In� x� � �D�
x��H�D� x� � �D� In�1�H�x� � �In � x���In �P �G��In � x� � In �P�x�. Denoting by F a

symmetric square root matrix of D�1, it holds �F� In�1���D� In�1�H�x�� �In �P�x����F�
In�1� � 0. From [36, Fact 51], the eigenvalues of the left hand-side matrix are equal to the

eigenvalues of �F� In�1��F� In�1���D� In�1�H�x���In�P�x��� �H�x��D�1�P�x� and hence

H�x��D�1�P�x� for any vector x. Since matrix D is positive definite, implication (11) holds.

In the above development, the use of additional degrees of freedom reflecting the particular

problem structure (here symmetric positive definite matrix D and skew-symmetric matrices Gi j)

is similar to the use of scalings in robust control, see [11], [28] for recent overviews.

Recall that our objective is to obtain an ellipsoid E as large as possible. Since the volume

of E is proportional to the product of the square roots of the reciprocals of the eigenvalues of

P [7], we can indirectly enlarge the volume of E by maximizing the trace of matrix P11 under

constraints (9 or 10). Proceeding this way, we do not necessarily obtain the maximum volume

ellipsoid included within the stability domain, but we preserve convexity of the problem.
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Theorem 1: Let D be a stability region with associated matrix H. Solve the convex problem

of maximizing the trace of P11 subject to LMI constraints (7), (9 or 10), (12), (13). In this LMI

problem, decision variables are ellipsoid matrix P and scaling matrices D and G. Build xC and P

as in equations (8). Then any vector x such that �x�xC��P�x�xC�� 1 parametrizes a polynomial

x�s� with all its roots in D .

At this point it is important to recall that well-definiteness and non-emptyness of approximation

ellipsoid E can be ensured either (a) by specifying a given vector xP belonging to E through

equation (9); or (b) by specifying the center xC of E through relations (10).

Case (a) is particularly suited for robust design problems, where xP is the nominal closed-

loop characteristic polynomial obtained by some standard design technique (pole placement, LQ

control..), and ellipsoidal stability domain E captures degrees of freedom one has to ensure

closed-loop stability in the presence of uncertainty. Robust stabilization is out of the scope of

this paper, extension of our techniques to robust design will be covered elsewhere.

Case (a) is also suited to approximate stability domains that are bounded, for example in the

case of discrete-time polynomials in the backward shift operator. Vector xP corresponds to a

given stable polynomial (e.g. the origin for discrete-time polynomials) and one can enlarge the

volume of ellipsoid E by letting its center xC vary freely. Since the exact stability domain is

bounded, its inner approximation E is bounded too, and the volume maximization problem is

well-posed. In particular, there will be no infinite directions (degenerate ellipsoids) corresponding

to vanishing eigenvalues of matrix P. See examples IV-A and IV-B.

Case (b) is more suited for stability domains that are unbounded, for example in the case of

continuous-time polynomials. By fixing its center xC, ellipsoid E cannot be enlarged indefinitely

because of symmetry. The volume maximization problem will then be well-posed, see example

IV-C.

IV. ILLUSTRATION

In all the following numerical examples we handled polynomials with the Polynomial Toolbox

2.5 [26] and solved the LMI problems with SeDuMi 1.05 [32] and its user-friendly LMI interface

[24] for Matlab 6.1 running under a SunOS Unix environment.
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Fig. 1. Hyperbolic and ellipsoidal stability domains for a third-degree discrete-time polynomial.

A. Third-degree Schur Stability Domain

Let D be the unit disk (a � �1, b � 0, c � 1) and n � 3. As shown in [8] or [1, Fig-

ure 4], the exact stability domain S is delimited by two triangles V1V2V3, V2V3V4 of vertices

xV1 �
h

1 3 3
i
�

, xV2 �
h
�1 �1 1

i
�

, xV3 �
h

1 �1 �1
i
�

and xV4 �
h
�1 3 �3

i
�

supporting a hyperbolic paraboloid with saddle point xS �
h

0 1 0
i
�

. We solved the LMI

optimization problem described in Theorem 1, setting xP � 0 in constraint (9). We obtained

P �

�
����

2�3189 0 0�4458

0 2�0180 0

0�4458 0 1�7998

�
���� xC �

�
����

0

0�1459

0

�
���� �

As a by-product, a sufficient condition for all the roots of a third degree polynomial x�s� � x0�

x1s� x2s2 � s3 to belong to the unit disk is that 2�3189x2
0�2�0180x2

1�1�7998x2
2�0�8917x0x2�

0�5890x1� 0�9570. Non-convex stability domain S and ellipsoid E � fx : �x�xC�
�P�x�xC�� 1g

are represented in Figure 1.
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B. Volumes of Schur Stability Domains

Let D be the unit disk (a��1,b� 0,c � 1). For different values of degree n, we computed the

volumes of stability ellipsoids E as derived via Theorem 1, enforcing xP � 0 in constraint (9).

We also computed the volumes of the exact stability domains S (computed with Fam’s recursive

formula, see [9]) and the volume of the stability diamonds R � fx : jx0j� jx1j� � � �� jxn�1j� 1g
corresponding to the well-known sufficient stability condition (see the introduction). The volume

of ellipsoid E is equal to the volume of the n-dimensional unit hypersphere over the square root of

the determinant of P. Unit hypersphere volumes can be found e.g. in [35, Entry “Hypersphere”].

In the table below, we can see that volumes of ellipsoids E are always slightly greater than

volumes of diamonds R . Yet they are relatively small with comparison to volumes of exact

stability domains S .

n � 2 n � 3 n � 4 n � 5

Stability domain S 4.0000 5.3333 7.1111 7.5852

Ellipsoid E 2.2479 1.4790 0.7770 0.3176

Diamond R 2.0000 1.3333 0.6667 0.2667

TABLE I

VOLUMES OF COEFFICIENT SPACE DOMAINS FOR DIFFERENT DEGREES n OF DISCRETE-TIME POLYNOMIALS.

C. Second-degree Hurwitz Stability Domains

Let D be the left half-plane (a � 0, b � 1, c � 0). We solved the LMI problem of Theorem

1 for different values of xC, the center of ellipsoidsE . In equation (10) we successively set

xC �
h

1 2
i
�

, xC �
h

4 4
i
�

, xC �
h

9 6
i
�

respectively corresponding to the Hurwitz center

polynomials �s�1�2, �s�2�2 and �s�3�2. We obtained the three ellipses represented in Figure

2. One can notice that the volume of the ellipsoid increases with the norm of center vector xC ,

which is not surprising since the actual stability domain is the positive quadrant.

V. CONCLUSION

We have proposed a new (convex) ellipsoidal inner approximation of the (non-convex) stability

domain in the space of polynomial coefficients. As a by-product, we have obtained very simple
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Fig. 2. Continuous-time second-degree ellipsoidal stability domains for different choices of center polynomials.

sufficient stability conditions expressed as quadratic scalar inequalities in the polynomial coef-

ficients. As another outcome, the convex hull of any set of vertices selected in our ellipsoidal

approximation gives rise to a polytopic inner approximation of the stability domain, in turn

yielding sufficient stability conditions expressed as a set of linear inequalities in the polynomial

coefficients.

In addition to the fact that either a point or the center of the ellipsoidal approximation

must be given to ensure convexity and well-posedness of the optimization problem, the use of

the S -procedure in our approach unavoidably implies some conservatism. Besides using skew-

symmetric matrices reminiscent to multipliers arising in robust analysis, it is unclear to us how to

remove further degrees of conservatism. Quantifying the amount of conservatism, i.e. measuring

the gap between (approximate) sufficient and (exact) necessary and sufficient stability conditions

also remains an open challenging problem.

Note that, once the shape of the ellipsoid is determined, one can still apply the method

described in [30] so as to enlarge the radius (i.e. the scaling factor) of the ellipsoid. Frequency

domain (graphical) necessary and sufficient conditions are available to compute the maximum

radius ensuring robust stability of the ellisoid, see [34] and [4, §15.5].

As suggested by a reviewer, our conditions may prove useful in robust stability analysis,

which is the problem of finding the largest parametric uncertainty region stabilized by a given
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controller.

As pointed out just after the statement of Theorem 1, the most promising application of

our ellipsoidal approximation of the stability domain is probably in robust control design. In

[6], [10], ellipsoidal parametric uncertainty in the coefficient space was introduced as a natural

type of uncertainty arising in the context of parameter estimation for process identification: the

identified parameters are known to belong, with a specified level of confidence, to an ellipsoidal

set characterized in terms of a covariance matrix. Necessary and sufficient conditions for robust

stability of a given ellipsoid of polynomials were then developed via frequency domain methods.

Applications of the approach to robust control design were proposed in [3], where it was shown

that the problem of robust pole-placement in ellipsoidal stability domains of coefficient space

for uncertain systems with ellipsoidal parametric uncertainty is actually a convex problem. Note

however that the ellipsoidal stability domain must be given as input data. In a forthcoming paper

we will show that, with the help of the techniques proposed here, LMIs can be used to solve

efficiently this design problem without previous knowledge of the ellipsoidal stability domain.

This should provide greater flexibility to the designer.
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