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Motivation: Bell inequalities

Moment polynomials

A complete NPA hierarchy

Back to Bell inequalities



Covariance Bell inequalities [Pozsgay et al. 17]

An interesting application [...] is that they can act as “shared
randomness witnesses”: specifically, the value of the Bell expression
gives device-independent lower bounds on both the dimension and
the entropy of the shared random variable in a local model.

Binary random variables A1, A2, A3 and B1, B2, B3

Covariance
cov(A, B) =

∫
AB dπ −

∫
A dπ ·

∫
B dπ = E(AB)− E(A)E(B)

cov3322 = cov(A1, B1) + cov(A1, B2) + cov(A1, B3)

+ cov(A2, B1) + cov(A2, B2)− cov(A2, B3)

+ cov(A3, B1)− cov(A3, B2)

What is the max of cov3322?
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Covariance Bell inequalities [Pozsgay et al. 17]

cov3322 = cov(A1, B1) + cov(A1, B2) + cov(A1, B3)

+ cov(A2, B1) + cov(A2, B2)− cov(A2, B3)

+ cov(A3, B1)− cov(A3, B2)

What is the max of cov3322?

Concrete Π yields cov3322 = 4.5

Π =
3
8
(+ ++/ +++) +

3
8
(−−+/ −−+) +

1
4
(−+−/ −+−)

(A1 A2 A3/B1B2B3): strategy where Alice and Bob deterministically
output Ax and By for inputs x and y

How to get upper bounds?
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Bilocal Bell inequality [Tavakoli et al. 21-22]

Alice ⇝Source 1⇝ Bob ⇝Source 2⇝ Charlie

Observers hold particles from different sources and therefore a priori
share no correlations

A party that holds multiple shares originating from different sources
can perform entangled measurements to a posteriori distribute
entanglement between [· · · ] systems in the network

When all measurement operators commute

measurements are given by indicator functions on a proba space

state given by the integration w.r.t. a proba

Classical model

Victor Magron Moment polynomials for nonlinear Bell inequalities 3 / 19



Bilocal Bell inequality [Tavakoli et al. 21-22]

Alice ⇝Source 1⇝ Bob ⇝Source 2⇝ Charlie

Observers hold particles from different sources and therefore a priori
share no correlations
A party that holds multiple shares originating from different sources
can perform entangled measurements to a posteriori distribute
entanglement between [· · · ] systems in the network

When all measurement operators commute

measurements are given by indicator functions on a proba space

state given by the integration w.r.t. a proba

Classical model

Victor Magron Moment polynomials for nonlinear Bell inequalities 3 / 19



Bilocal Bell inequality [Tavakoli et al. 21-22]

Alice ⇝Source 1⇝ Bob ⇝Source 2⇝ Charlie

Observers hold particles from different sources and therefore a priori
share no correlations
A party that holds multiple shares originating from different sources
can perform entangled measurements to a posteriori distribute
entanglement between [· · · ] systems in the network

When all measurement operators commute

measurements are given by indicator functions on a proba space

state given by the integration w.r.t. a proba

Classical model

Victor Magron Moment polynomials for nonlinear Bell inequalities 3 / 19



Bilocal Bell inequality [Tavakoli et al. 21-22]

Alice ⇝Source 1⇝ Bob ⇝Source 2⇝ Charlie

Observers hold particles from different sources and therefore a priori
share no correlations
A party that holds multiple shares originating from different sources
can perform entangled measurements to a posteriori distribute
entanglement between [· · · ] systems in the network

When all measurement operators commute

measurements are given by indicator functions on a proba space

state given by the integration w.r.t. a proba

Classical model

Victor Magron Moment polynomials for nonlinear Bell inequalities 3 / 19



Bilocal Bell inequality [Tavakoli et al. 21-22]

Alice ⇝Source 1⇝ Bob ⇝Source 2⇝ Charlie

Observers hold particles from different sources and therefore a priori
share no correlations
A party that holds multiple shares originating from different sources
can perform entangled measurements to a posteriori distribute
entanglement between [· · · ] systems in the network

When all measurement operators commute

measurements are given by indicator functions on a proba space

state given by the integration w.r.t. a proba

Classical model

Victor Magron Moment polynomials for nonlinear Bell inequalities 3 / 19



Bilocal Bell inequality [Tavakoli et al. 21-22]

Alice ⇝Source 1⇝ Bob ⇝Source 2⇝ Charlie

Observers hold particles from different sources and therefore a priori
share no correlations
A party that holds multiple shares originating from different sources
can perform entangled measurements to a posteriori distribute
entanglement between [· · · ] systems in the network

When all measurement operators commute

measurements are given by indicator functions on a proba space

state given by the integration w.r.t. a proba

Classical model
Victor Magron Moment polynomials for nonlinear Bell inequalities 3 / 19



Bilocal Bell inequality [Tavakoli et al. 21-22]

Binary random variables Ai, Bj, Ck

1
3 ∑

i∈{1,2,3}

(
E(BiCi)− E(AiBi)

)
− ∑

{i,j,k}={1,2,3}
E(AiBjCk)

bilocality constraints E(A1 A2 A3 C1C2C3) = E(A1 A2 A3) E(C1C2C3)

+ similar factorization constraints & vanishing constraints

E(Ai) = E(Bi) = E(Ci) = 0 for i ∈ {1, 2, 3}
E(AiBj) = E(BiCj) = 0 for i ̸= j

E(AiBjCk) = 0 for |{i, j, k}| ≤ 2

Tetrahedral symmetry yields 3 What is the max?
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Moment polynomials

Elements of M [x]

real vars x = (x1, . . . , xn) formal moment m(xα1
1 · · · xαn

n )

Evaluates at a proba µ on Rn as
∫

xα1
1 · · · xαn

n dµ

M = sums of moment products = “pure” moment polynomials

m(x2
1x2

2)− m(x1)
4 + m(x1)m(x2)m(x1x2) ∈ M

f = m(x1x3
2)x1x2 − m(x2

1)
3x2

2 + x2 − 2 ∈ M [x]

at a proba µ on R2 with fourth order moments and a pair
X = (X1, X2) ∈ R2, f evaluates as

f
(
µ, X

)
= X1X2

∫
x1x3

2 dµ − X2
2

(∫
x2

1 dµ

)3
+ X2 − 2
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Related business

Trace polynomials tr(x2
1) tr(x2) + tr(x2) with tr(uv) = tr(vu)

entanglement detection in multipartite Werner states [Huber et al. 22]

quantum violations for maximal entangled states [Klep et al. 21]

State polynomials τ(x2
1)τ(x2) + τ(x2) with τ(w) = τ(w†)

scalar extension [Pozas-Kerstjens et al. 19]

inflation/polarization hierarchies [Ligthart et al., Wolfe et al. 21]

quantum violations for entangled states [Klep et al. 23]

Proba is a state ⇒ moment polynomials are state polynomials
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Moment polynomial optimization

Objective function f ∈ M [x]

for Bell f = 1
3 ∑

i∈{1,2,3}

(
m(bici)− m(aibi)

)
− ∑

{i,j,k}={1,2,3}
m(aibjck) ∈ M

Two types of constraints:

s1(X) ⩾ 0 with s1 ∈ R[x]
X ∈ K(S1)

for Bell a2
i = b2

j = c2
k = 1

s2(µ) ⩾ 0 with s2 ∈ M µ proba on K(S1)

µ ∈ K(S1, S2)

for Bell m(a1a2a3 c1c2c3) = m(a1a2a3) m(c1c2c3)

NPA hierarchy to optimize over M [x]

Victor Magron Moment polynomials for nonlinear Bell inequalities 7 / 19



Moment polynomial optimization

Objective function f ∈ M [x]

for Bell f = 1
3 ∑

i∈{1,2,3}

(
m(bici)− m(aibi)

)
− ∑

{i,j,k}={1,2,3}
m(aibjck) ∈ M

Two types of constraints:

s1(X) ⩾ 0 with s1 ∈ R[x]
X ∈ K(S1)

for Bell a2
i = b2

j = c2
k = 1

s2(µ) ⩾ 0 with s2 ∈ M µ proba on K(S1)

µ ∈ K(S1, S2)

for Bell m(a1a2a3 c1c2c3) = m(a1a2a3) m(c1c2c3)

NPA hierarchy to optimize over M [x]

Victor Magron Moment polynomials for nonlinear Bell inequalities 7 / 19



Moment polynomial optimization

Objective function f ∈ M [x]

for Bell f = 1
3 ∑

i∈{1,2,3}

(
m(bici)− m(aibi)

)
− ∑

{i,j,k}={1,2,3}
m(aibjck) ∈ M

Two types of constraints:

s1(X) ⩾ 0 with s1 ∈ R[x]

X ∈ K(S1)

for Bell a2
i = b2

j = c2
k = 1

s2(µ) ⩾ 0 with s2 ∈ M µ proba on K(S1)

µ ∈ K(S1, S2)

for Bell m(a1a2a3 c1c2c3) = m(a1a2a3) m(c1c2c3)

NPA hierarchy to optimize over M [x]

Victor Magron Moment polynomials for nonlinear Bell inequalities 7 / 19



Moment polynomial optimization

Objective function f ∈ M [x]

for Bell f = 1
3 ∑

i∈{1,2,3}

(
m(bici)− m(aibi)

)
− ∑

{i,j,k}={1,2,3}
m(aibjck) ∈ M

Two types of constraints:

s1(X) ⩾ 0 with s1 ∈ R[x]
X ∈ K(S1)

for Bell a2
i = b2

j = c2
k = 1

s2(µ) ⩾ 0 with s2 ∈ M µ proba on K(S1)

µ ∈ K(S1, S2)

for Bell m(a1a2a3 c1c2c3) = m(a1a2a3) m(c1c2c3)

NPA hierarchy to optimize over M [x]

Victor Magron Moment polynomials for nonlinear Bell inequalities 7 / 19



Moment polynomial optimization

Objective function f ∈ M [x]

for Bell f = 1
3 ∑

i∈{1,2,3}

(
m(bici)− m(aibi)

)
− ∑

{i,j,k}={1,2,3}
m(aibjck) ∈ M

Two types of constraints:

s1(X) ⩾ 0 with s1 ∈ R[x]
X ∈ K(S1)

for Bell a2
i = b2

j = c2
k = 1

s2(µ) ⩾ 0 with s2 ∈ M µ proba on K(S1)

µ ∈ K(S1, S2)

for Bell m(a1a2a3 c1c2c3) = m(a1a2a3) m(c1c2c3)

NPA hierarchy to optimize over M [x]

Victor Magron Moment polynomials for nonlinear Bell inequalities 7 / 19



Moment polynomial optimization

Objective function f ∈ M [x]

for Bell f = 1
3 ∑

i∈{1,2,3}

(
m(bici)− m(aibi)

)
− ∑

{i,j,k}={1,2,3}
m(aibjck) ∈ M

Two types of constraints:

s1(X) ⩾ 0 with s1 ∈ R[x]
X ∈ K(S1)

for Bell a2
i = b2

j = c2
k = 1

s2(µ) ⩾ 0 with s2 ∈ M µ proba on K(S1)

µ ∈ K(S1, S2)

for Bell m(a1a2a3 c1c2c3) = m(a1a2a3) m(c1c2c3)

NPA hierarchy to optimize over M [x]

Victor Magron Moment polynomials for nonlinear Bell inequalities 7 / 19



Moment polynomial optimization

Objective function f ∈ M [x]

for Bell f = 1
3 ∑

i∈{1,2,3}

(
m(bici)− m(aibi)

)
− ∑

{i,j,k}={1,2,3}
m(aibjck) ∈ M

Two types of constraints:

s1(X) ⩾ 0 with s1 ∈ R[x]
X ∈ K(S1)

for Bell a2
i = b2

j = c2
k = 1

s2(µ) ⩾ 0 with s2 ∈ M µ proba on K(S1)

µ ∈ K(S1, S2)

for Bell m(a1a2a3 c1c2c3) = m(a1a2a3) m(c1c2c3)

NPA hierarchy to optimize over M [x]

Victor Magron Moment polynomials for nonlinear Bell inequalities 7 / 19



Moment polynomial optimization

Objective function f ∈ M [x]

for Bell f = 1
3 ∑

i∈{1,2,3}

(
m(bici)− m(aibi)

)
− ∑

{i,j,k}={1,2,3}
m(aibjck) ∈ M

Two types of constraints:

s1(X) ⩾ 0 with s1 ∈ R[x]
X ∈ K(S1)

for Bell a2
i = b2

j = c2
k = 1

s2(µ) ⩾ 0 with s2 ∈ M µ proba on K(S1)

µ ∈ K(S1, S2)

for Bell m(a1a2a3 c1c2c3) = m(a1a2a3) m(c1c2c3)

NPA hierarchy to optimize over M [x]

Victor Magron Moment polynomials for nonlinear Bell inequalities 7 / 19



Moment polynomial optimization

Objective function f ∈ M [x]

for Bell f = 1
3 ∑

i∈{1,2,3}

(
m(bici)− m(aibi)

)
− ∑

{i,j,k}={1,2,3}
m(aibjck) ∈ M

Two types of constraints:

s1(X) ⩾ 0 with s1 ∈ R[x]
X ∈ K(S1)

for Bell a2
i = b2

j = c2
k = 1

s2(µ) ⩾ 0 with s2 ∈ M µ proba on K(S1)

µ ∈ K(S1, S2)

for Bell m(a1a2a3 c1c2c3) = m(a1a2a3) m(c1c2c3)

NPA hierarchy to optimize over M [x]

Victor Magron Moment polynomials for nonlinear Bell inequalities 7 / 19



Hierarchies for polynomial optimization

NP-hard NON CONVEX problem fmin = inf f (X)

Theory

(Primal) (Dual)

inf
∫

f dµ sup λ

with µ proba ⇒ INFINITE LP ⇐ with f − λ ⩾ 0

LASSERRE’S HIERARCHY of CONVEX PROBLEMS ↑ fmin
[Lasserre ’01]

degree r & n vars =⇒ (n+2r
n ) SDP VARIABLES
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Hierarchies for polynomial optimization

NP-hard NON CONVEX problem fmin = inf f (X)

Practice

(Primal Relaxation) (Dual Strengthening)

moments
∫

Xα dµ f − λ = sum of squares

finite number ⇒ SDP ⇐ fixed degree

LASSERRE’S HIERARCHY of CONVEX PROBLEMS ↑ fmin
[Lasserre ’01]

degree r & n vars =⇒ (n+2r
n ) SDP VARIABLES
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A simple example

fmin = min f (X) over K(S)

Semialgebraic set K(S) = {X ∈ Rn : s(X) ⩾ 0, s ∈ S}

K(S) = [0, 1]2 = {X ∈ R2 : X1(1 − X1) ⩾ 0, X2(1 − X2) ⩾ 0}

f︷ ︸︸ ︷
X1X2 =

−1
8
+

σ0︷ ︸︸ ︷
1
2

(
X1 + X2 −

1
2

)2

+

σ1︷︸︸︷
1
2

s1︷ ︸︸ ︷
X1(1 − X1) +

σ2︷︸︸︷
1
2

s2︷ ︸︸ ︷
X2(1 − X2)

Sums of squares (SOS) σj

Quadratic module: QM(S)r =
{

σ0 + ∑j σjsj, deg σj sj ⩽ 2r
}
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Hierarchies for polynomial optimization

fmin = minX∈K(S) f (X)

P(K(S)): proba on K(S)

quadratic module QM(S) =
{

σ0 + ∑j σjsj, with σj SOS
}

Infinite-dimensional linear programs (LP)

(Primal) (Dual)

inf
∫

K(S)
f dµ = sup λ

s.t. µ ∈ P(K(S)) s.t. λ ∈ R

f − λ ∈ QM(S)
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Hierarchies for polynomial optimization

fmin = minX∈K(S) f (X)

Pseudo-moment sequences y up to order r

Truncated quadratic module QM(S)r

Finite-dimensional semidefinite programs (SDP)

(Moment) (SOS)

fr = inf ∑
α

fα yα = sup λ

s.t. Mr−rj(sj y) ≽ 0 s.t. λ ∈ R

y0 = 1 f − λ ∈ QM(S)r

Victor Magron Moment polynomials for nonlinear Bell inequalities 10 / 19



Hierarchies for polynomial optimization

Moment matrices are indexed by monomials

M1(y) =

1 x1 x2


1 1 | y10 y01
− − −

x1 y10 | y20 y11
x2 y01 | y11 y02

Victor Magron Moment polynomials for nonlinear Bell inequalities 11 / 19



Hierarchies for polynomial optimization

Theorem [Putinar 93, Lasserre 01]: positive polynomials

For f ∈ R[x], S ⊆ R[x], if N︸︷︷︸
>0

−∑i x2
i ∈ QM(S) then

f > 0 on K(S) ⇔ f ∈ QM(S)

Consequence: fr ↑ fmin

Positivity certificates⇝ complete hierarchy

✓ Can be computed with SDP solvers (CSDP, SDPA, MOSEK)
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A complete NPA hierarchy

Objective function f ∈ M [x]

for Bell f = 1
3 ∑

i∈{1,2,3}

(
m(bici)− m(aibi)

)
− ∑

{i,j,k}={1,2,3}
m(aibjck) ∈ M

Two types of constraints:

s1(X) ⩾ 0 with s1 ∈ R[x]
X ∈ K(S1)

for Bell a2
i = b2

j = c2
k = 1

s2(µ) ⩾ 0 with s2 ∈ M µ proba on K(S1)

µ ∈ K(S1, S2)

for Bell m(a1a2a3 c1c2c3) = m(a1a2a3) m(c1c2c3)

moment matrices & quadratic modules
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A complete NPA hierarchy

fmin = minX∈K(S1),µ∈K(S1,S2)
f (µ)

Pseudo-moment sequences y up to order r

Truncated quadratic module QM(S1, S2)r

Finite-dimensional semidefinite programs (SDP)

(Moment) (SOS)

fr = inf ∑
α

fα yα = sup λ

s.t. Mr−rj(sj y) ≽ 0 s.t. λ ∈ R

y0 = 1 f − λ ∈ QM(S1, S2)r
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A complete NPA hierarchy

Moment matrices are (slightly) more complicated than in R[x]

M1(y) =

1 x1 x2 m10 m01



1 1 | y1000 y0100 y0010 y0001
− − − − −

x1 y1000 | y2000 y1100 y1010 y1001
x2 y0100 | y1100 y0200 y0110 y0101
m10 y0010 | y1010 y0110 y0020 y0011
m01 y0001 | y1001 y0101 y0011 y0002
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A complete NPA hierarchy

Quadratic module QM(S1, S2) is also more complicated

∑ m(p2s) : s ∈ {1} ∪ S1 p ∈ M [x]

∑ q2s : s ∈ {1} ∪ S2 q ∈ M

Theorem [Klep-M.-Volcic 23]: positive moment polynomials

For f ∈ M , S1 ⊆ R[x], S2 ⊆ M , if N︸︷︷︸
>0

−∑i x2
i ∈ QM(S1) then

f > 0 on K(S1, S2) ⇔ f ∈ QM(S1, S2)

Consequence: fr ↑ fmin

Positivity certificates⇝ complete hierarchy
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Back to Bell inequalities

Binary Ai, Bj

cov3322 = cov(A1, B1) + cov(A1, B2) + cov(A1, B3)

+ cov(A2, B1) + cov(A2, B2)− cov(A2, B3)

+ cov(A3, B1)− cov(A3, B2)

f = m100100 − m100000 m000100 + m100010 − m100000 m000010 + · · ·

S1 = {±(1 − a2
i ),±(1 − b2

j )} S2 = ∅

r = 2: SDP with 4 146 variables f2 = 4.5 fmax = 4.5
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f = m100100 − m100000 m000100 + m100010 − m100000 m000010 + · · ·

S1 = {±(1 − a2
i ),±(1 − b2

j )} S2 = ∅

r = 2: SDP with 4 146 variables f2 = 4.5

fmax = 4.5
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Back to Bell inequalities

Binary Ai, Bj, Ck

1
3 ∑

i∈{1,2,3}

(
E(BiCi)− E(AiBi)

)
− ∑

{i,j,k}={1,2,3}
E(AiBjCk)

satisfying bilocality constraints

E(A1 A2 A3 C1C2C3) = E(A1 A2 A3) E(C1C2C3)

+ similar factorization constraints & vanishing constraints

E(Ai) = E(Bi) = E(Ci) = 0 for i ∈ {1, 2, 3}
E(AiBj) = E(BiCj) = 0 for i ̸= j

E(AiBjCk) = 0 for |{i, j, k}| ≤ 2
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Back to Bell inequalities

[Tavakoli et al. 21-22] Tetrahedral symmetry yields 3

sup
1
3 ∑

i∈{1,2,3}

(
m(bici)− m(aibi)

)
− ∑

{i,j,k}={1,2,3}
m(aibjck)

s.t.

m(a1a2a3 c1c2c3) = m(a1a2a3) m(c1c2c3)

a2
i = b2

j = c2
k = 1 and m(ai) = m(bj) = m(ck) = 0

m(aibj) = m(bjck) = 0

m(aibjck) = 0 for |{i, j, k}| ≤ 2

r = 3: SDP with 31 017 variables f3 = 4 = fmax attained with

η0 = (1 1 1 1) η1 = (1 1 -1 -1) η2 = (1 -1 1 -1) η3 = (1 -1 -1 1)

Ai = η0 ⊗ ηi Bj =

(
η0 ⊗ η0 − 2

4

∑
i=1

ei ⊗ ei

)
· ηi ⊗ η0 Ck = ηk ⊗ η0
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