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What is Semidefinite Optimization?

m Linear Programming (LP):

. T
mm ¢ z
z

st. Az>d.

m Linear cost ¢

= Linear inequalities “Y; A;;z; > d;” Polyhedron
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What is Semidefinite Optimization?

m Semidefinite Programming (SDP):
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P:min ¢ z
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s.t. ZFi zi =Fp .
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m Linear cost ¢

m Symmetric matrices F, F;
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m Linear matrix inequalities “F = 0”
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Example

P: min {z;+2 :
z

34+2z14+2p z1—5 ] %0}

s.t.
z1—b5 z1 — 22

or, equivalently

P: min {z;+2 :
z

— 2
st [ 3o

11

1 0

+ 2z 0 -2

5 0 + 22

V%
e}
—
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lts DUAL is the convex optimization problem:

P :max{(Fo,Y)| Y>>0, (F,Y) =¢, i=1,...,n}
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Example (continued)

The dual of

P: min {z1+2z :
z

st 3 -5
- -5 0

2

+ z1 11

+ 22
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is the semidefinite program

. 3 -5 2 1],
Ph: max {<Y’_ 5 0 ]> Y| 1]>_1’
A _"2]>=1}

or, equivalently
P*: max {-3y1+10y2 : 2y1+2y2 +ys =Ly —2y3 =1;

y=| V2|0
Y2 Y3
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P and its dual P* are convex problems that are solvable in
polynomial time to arbitrary precision € > 0.
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P and its dual P* are convex problems that are solvable in
polynomial time to arbitrary precision € > 0.

= generalization to the convex cone S,/ (X 3= 0) of Linear
Programming on the convex polyhedral cone R (x > 0).

Indeed, with DIAGONAL matrices
Semidefinite programming = Linear Programming!
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P and its dual P* are convex problems that are solvable in
polynomial time to arbitrary precision € > 0.

= generalization to the convex cone S, (X = 0) of Linear
Programming on the convex polyhedral cone R (x > 0).

Indeed, with DIAGONAL matrices
= !

Several academic SDP software packages exist, (e.g. MATLAB
“LMI toolbox”, SeduMi, SDPTS, ...). However, so far, size
limitation is more severe than for LP software packages.
Pioneer contributions by A. Nemirovsky, Y. Nesterov, N.Z. Shor,
B.D. Yudin,...

Victor Magron The Moment-Sums of Squares Hierarchy for Polynomial Optimization 7 /44



Consider the polynomial optimization problem:

P: f"=min{f(x): gi(x)>0,j=1,...,m}

for some polynomials f, g; € R[x].
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Consider the polynomial optimization problem:

P: f"=min{f(x): gi(x)=0,j=1,...,m}

for some polynomials f, g; € R[x].

Why Polynomial Optimization?

After all ... P is just a particular case of Non Linear
Programming ( )!
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True!
... if one is interested with a optimum only!!
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True!
... if one is interested with a LOCAL optimum only!!

When searching for a local minimum ...

Optimality conditions and descent algorithms use basic tools
from REAL and CONVEX analysis and linear algebra
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True!
.. if one is interested with a LOCAL optimum only!!

When searching for a local minimum ...

Optimality conditions and descent algorithms use basic tools
from REAL and CONVEX analysis and linear algebra

The focus is on how to improve f by looking at a
NEIGHBORHOOD of a nominal point x € K, i.e., LOCALLY
AROUND x € K, and in general,
no GLOBAL property of x € K can be inferred.
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True!
.. if one is interested with a LOCAL optimum only!!

When searching for a local minimum ...

Optimality conditions and descent algorithms use basic tools
from REAL and CONVEX analysis and linear algebra

The focus is on how to improve f by looking at a
NEIGHBORHOOD of a nominal point x € K, i.e., LOCALLY
AROUND x € K, and in general,
no GLOBAL property of x € K can be inferred.

The fact that f and g; are POLYNOMIALS does not help much!
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BUT for GLOBAL Optimization
... the picture is different!
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BUT for GLOBAL Optimization
... the picture is different!

Remember that for the GLOBAL minimum f*:

ff=sup{A: f(x) —A >0 VxeK}

(Not true for a local minimum!))
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BUT for GLOBAL Optimization
... the picture is different!

Remember that for the GLOBAL minimum f*:

ff=sup{A: f(x) —A >0 VxeK}

(Not true for a local minimum!))

and so to compute f* ...
one needs to handle EFFICIENTLY the difficult constraint

f(x)=A >0 ¥xeK

i.e. one needs
on K
for the polynomial x — f(x) — Al
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Global Optimization

Consider the GLOBAL optimization problem

(B) f* = min{ f() | () >0, j=1,...,m}

where f, ¢j(x) : R" — R are all real-valued functions. Let

K:={xeR"| gi(x) >20,j=1,...,m}
be the feasible set.
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Two dual points of view

I: THE PRIMAL SIDE

f* is a global minimum if and only if

(*) f*= min {/fdul n(K) =1}

neM(K

i.e. one optimizes over the set P(K) C M(K) of probability
measures with support contained in K.

f2f= [ fanz [ fan= £ e P
On the other hand, with x € K and y := 6y, [ fdu = f(x)
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Two dual points of view (continued)

... But also: II. THE DUAL SIDE

f* is a global minimum if and only if:
ff=sup{A: f(x)—A >0 VxeK}
A

and in particular, x — f(x) — f* is nonnegative on K.
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Two dual points of view (continued)

... But also: II. THE DUAL SIDE

f* is a global minimum if and only if:
ff=sup{A: f(x)—A >0 VxeK}
A

and in particular, x — f(x) — f* is nonnegative on K.

Observe that these two characterizations are proper to the
global optimum f*, and are NOT valid for a local minimum!

Victor Magron The Moment-Sums of Squares Hierarchy for Polynomial Optimization

13 /44



BUT ... this is just LP-Duality

The optimization problem

fr= min ([ fap | p)=1)

ne MK
is the infinite-dimensional LP

f*= min {<fu>\ (Ly=Lpu=>0}

neM(K
where :
- M(K) is the space of finite signed Borel measures on K,
and

- (-, -) is the duality bracket between C(K) and M (K):
) = [ fdu ¥FEC(K), pe M(K)
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As in the finite dimensional case ...., the dual LP reads:

fr=max{ 7 | f-71¢€C(K)}
veR
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As in the finite dimensional case ...., the dual LP reads:

fr=max{ 7 | f-71¢€C(K)}
veR

or, equivalently:

fr=max{ 7 [ f(x)—7 >0 Vxe K}
7ER
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IS0

Hence, to solve (or at least approximate) either LP, one
needs:

relatively simple and tractable characterizations of:
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IS0

Hence, to solve (or at least approximate) either LP, one
needs:

relatively simple and tractable characterizations of:
e measures u with support contained in K, ... or

e functions (e.g. f — ) nonnegative on K.

1w~ Not possible in general .... BUT ...
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Concerning the primal LP, NOTICE that if f is a polynomial, i.e.,
fx) =} fax" (= Y fa X?---x‘i"l)

then /fdpt = Zf(x/X“dH =) faYu
K o K o
\—v—/

:yﬂ
and so the primal LP reads:

f* = min {Zfaya Y =1 yEA},

where A = {y = (va) : Ip € M(K) st. yu = [ x*dp, Ya}.
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Concerning the primal LP, NOTICE that if f is a polynomial, i.e.,
fx) =} fax" (= Y fa X’i‘l---x‘i‘”>

then /fdpt = Zf(x/X“dH =) faYu
K o K o
\—Vg

:yﬂ
and so the primal LP reads:

f* = min {Zfaya Y =1 yEA},

where A = {y = (va) : Ip € M(K) st. yu = [ x*dp, Ya}.

— a FINITE-DIMENSIONAL CONVEX optimization problem!!
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SIMILARLY for the dual LP, NOTICE that if f is a polynomial of
degree d, then the constraint of the dual LP

fx)—y >0 VxeK

is the same as stating that the polynomial f — 1 belongs to
the FINITE-DIMENSIONAL convex cone

O; ={g<€R[x]; : g=00nK}.
and so the dual LP reads:

ff=max{y: f—71le Q4},

— a FINITE-DIMENSIONAL CONVEX optimization problem!!
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First good news ...
When:

m K C R" is the compact semi-algebraic set
K:={xeR"| gi(x) 20, j=1,....m}

with {g;} C Rlxy,..., %] ...
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First good news ...
When:

m K C R" is the compact semi-algebraic set
K:={xeR"| gi(x) 20, j=1,....m}
with {g;} C Rlxy,..., %] ...

m and f is a POLYNOMIAL
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POWERFUL results of real algebraic geometry provide

m 2 CHARACTERIZATION of polynomials POSITIVE on K.
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POWERFUL results of real algebraic geometry provide

m a CHARACTERIZATION of polynomials POSITIVE on K.

— which is what we need to solve the dual LP!

m a CHARACTERIZATION of real sequences v = (y.),
« € IN", such that

Yo = / x* dy, Yo € N”,
K

for some Borel Measure ;. on K.
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POWERFUL results of real algebraic geometry provide
m a CHARACTERIZATION of polynomials POSITIVE on K.
— which is what we need to solve the dual LP!

m a CHARACTERIZATION of real sequences v = (y.),
« € IN", such that

Yo = / x* dy, Yo € N”,
K

for some Borel Measure ;. on K.

— which is what we need to solve the primal LP!
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Second good news ...

In both cases ... these conditions can translate into Linear
Matrix Inequalities (LMI) on :
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Second good news ...

In both cases ... these conditions can translate into Linear
Matrix Inequalities (LMI) on :

u The Yo 1= / xtdjof i (Primal side)
K
m The of some sum of squares (s.0.s.)
{a;}1Lo € R[x], for the of a

polynomial positive on K.
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Second good news ...

In both cases ... these conditions can translate into Linear
Matrix Inequalities (LMI) on :

u The Yo 1= / xtdjof i (Primal side)
K
m The of some sum of squares (s.0.s.)
{a;}1Lo € R[x], for the of a

polynomial positive on K.

— PRACTICAL COMPUTATION is possible!
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Other and (not based) representations of positive
polynomials are available (Krivine, Handelman, Vasilescu).

t They lead to Linear Inequalities instead of LMIs and so

... to LP-relaxations instead of SDP-relaxations

.. but less efficient and ill-behaved ... despite so far, LP
software packages are more powerful than SDP packages!!
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Putinar’s Positivstellensatze

Let K C R" be the basic semi-algebraic set:

K:={xecR":gi(x) 20, j=1,...,m}
for some polynomials {g;} C R[x].
and with gy being the constant polynomial 1,
define the
m
Q(g1,---,8m) = {SER[X]: g = ];)(f/gj},

where the ((7]-)}“:0 are s.0.s. polynomials.
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o f e Q(g1,...,9m) is also an obvious certificate of
nonnegativity on K.
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o f e Q(g1,...,9m) is also an obvious certificate of
nonnegativity on K.

e It requires m + 1 s.0.s. weights o;.
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Assumption 1:
For some M > 0, the quadratic polynomial M — ||x||> belongs
to the Q(g1,---,8m)
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Assumption 1:

For some M > 0, the quadratic polynomial M — ||x||> belongs
to the Q(g1,--+,8m)

Theorem (Putinar-Jacobi-Prestel)
Let K be compact and Assumption 1 hold. Then
[feR[x] and f>00nK] = feQ(g1,...,9m), ie,
f(x) = oo(x)+ ) _ 0i(x) gj(x), Vx € R"
j=1

for some s.o.s. polynomials {(Tj}}n:o-

Victor Magron The Moment-Sums of Squares Hierarchy for Polynomial Optimization 25/ 44



o If one fixes an on the degree of the s.o.s.
{0}, checking f € Q(g1,...,4m) reduces to
solving an SDP!!
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o If one fixes an on the degree of the s.o.s.
{0}, checking f € Q(g1,...,4m) reduces to
solving an SDP!!

e Moreover, Assumption 1 holds true if e.g. :

- all the g;'s are linear (hence K is a polytope), or if
- the set { x| gj(x) > 0} is compact for some j € {1,...,m}
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o If one fixes an on the degree of the s.o.s.
{0}, checking f € Q(g1,...,4m) reduces to
solving an SDP!!

e Moreover, Assumption 1 holds true if e.g. :
- all the g;'s are linear (hence K is a polytope), or if
- the set { x| gj(x) > 0} is compact for some j € {1,...,m}

o If x € K= ||x|| < M for some (known) M, then it suffices to

add the redundant quadratic constraint M2 — ||x||? > 0, in the
definition of K
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A representation in terms of s.o.s. (sums of squares) is
interesting BECAUSE checking whether some given polynomial
f € R[x] is s.0.s. reduces to solving an SDP ... that one may
solve efficiently to arbitrary precision, in time polynomial in the
input size!
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A representation in terms of s.o.s. (sums of squares) is
interesting BECAUSE checking whether some given polynomial
f € R[x] is s.0.s. reduces to solving an SDP ... that one may
solve efficiently to arbitrary precision, in time polynomial in the
input size!

Indeed, let
va(x) = (x), | :=) a; < d

be a basis of R[x],; (polynomials of degree at most d)

Let f € R[x]ps be a s.0.s. polynomial, that is, f = Y5_; qx(x)?,
for some polynomials {g;};_; C R[x].
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Denote also g = {gx. }xenr, the vector of coefficients of the
polynomial g, in the basis v;(x), that is,

q(x) = (o va(x)) = Y Grax”

laf<r

and define the real symmetric matrix Q := Y}_; qxq. = 0.
S

(0u(), Qo) = Llaw ) = La? = )

k=1
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Denote also g = {gx. }xenr, the vector of coefficients of the
polynomial gy, in the basis v;(x), that is,

qk(x) <‘7k1 Ud Z qkax

laf<r

and define the real symmetric matrix Q := Y}_; qxq. = 0.

S

(0u(), Qo) = Llaw ) = La? = )

k=1

Conversely, let Q = 0 be a real s(d) x s(d) positive semidefinite
symmetric matrix (s(d) is the dimension of the vector space
R[x]4). As Q = 0, write Q = Y} qxq} , so that

S

f(x) = (va(x),Qua(x)) = Y (qk, valx ZQk

k=1

iS s.0.s.
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Next, write the matrix v;(x) v;(x)T as:

0i(x)0s(x)7 = Y Bux’,

n
a€NY,

so that checking whether

f(x) = (va(x), Qua(x)) = (Q,va(x) va(x)"),

for some Q = 0 reduces to checking the LMI

{(BmQ> — f, xEeN" |a| <2d
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Example

Lett — f(t) = 6 +4t +9t2 — 413 + 6t*. Is f an SOS? Do we

have
T
1 a b ¢ 1
f(t) = t b d e t
t2 c e f t2
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Example

Lett — f(t) = 6 +4t +9t2 — 413 + 6t*. Is f an SOS? Do we

have
T
1 a b ¢ 1
f(t) = t b d e
t2 c e f t2

We must have:
a=6;2b=4,d4+2c =9 2e=—4f =6.

And so we must find a scalar ¢ such that

6 2 c
Q=12 9-2¢c -2 | =0.
c -2 6
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With ¢ = —4 we have

6 2 —4
Q=1|2 17 -2 =0.
—4 -2 6
and
V272 [ vare ] 2/3 2/3 '
Q=2 0 0 +9| —-1/3 1/3
V2/2 V2/2 —2/3 -2/3
1/,/(18) 1/,/18) 1
+18 | 4/+/(18) 4/,/(18)
-1/+/(18) —~1/+/(18)

Victor Magron
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and so

f() = A+2)2+ 2 —t =202+ (1 +4t — 12)?
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II. DUAL side: The K-moment problem

Let {x"} be a canonical basis for R[x], and let y := {y.} be a
given sequence indexed in that basis.

The K-moment problem
Given K C R", does there exist a measure u on K, such that

ya:/x“d],t, Yo € N" 2
K

(where x* = x{' - - x3").
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Giveny = {v.}, let L, : R[x] — R, be the linear functional

f(:Zfax“) = Ly(f) = Z fa Ya-

aeIN"

Moment matrix My (y)
with rows and columns also indexed in the basis {x"}.

Ma(y)(w, B) == Ly(x**F) = yarp, a,pEN", |a| || <d.
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1 X X
PNy
Y00
Forinstance in R? :  M;(y) = - - -
yvio | v0 yn
voo | yn Yo

Importantly ...

My(y) =0 <= Ly(h*) >0, VheR[X]
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Localizing matrix

The “Localizing matrix” My;(fy) w.r.t. a polynomial
6 € R[X]

with x — 6(x) = ¥, 6, x7, has its rows and columns also
indexed in the basis { X“} of R[x|;, and with entries:

Ma(0y) (@, ) = L,(6x*+F)
a, € IN"
= Y 0, Yuipiy { lal, || < d.

YEN"

Victor Magron The Moment-Sums of Squares Hierarchy for Polynomial Optimization 36 /44



For instance, in R?, and with X — 0(x) := 1 — x3 — x3,

1 X1 X2

?00 — Y20 —Yo2 Yio — Y30 — ]/1; Yo1 — Y21 — Yo3
Yio — Y30 — Y12 Y20 — Y40 — Y22 Y11 — Y21 — Y12
Yo1 — VY21 —Yo3 Yi1 — VY21 —Yi2 Yo2 — Y22 —Yo4

M;(0y) =

Importantly ...

My(0y) =0 <= L,(h*0) >0, VheR[x),
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Putinar’s dual conditions

AgainK := { xeR" | gi(x) > 0,j=1,...,m}.

Assumption 1:
For some M > 0, the quadratic polynomial

M — ||x||? is in the quadratic module Q(g1, ..., gm)
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Putinar’s dual conditions

AgainK := { xeR" | gi(x) > 0,j=1,...,m}.
Assumption 1:
For some M > 0, the quadratic polynomial

M — ||x||? is in the quadratic module Q(g1, ..., gm)

Theorem (Putinar: dual side)

Let K be compact, and Assumption 1 hold. Theny = {y.} has
a representing measure p on K if and only if

(#x) L,(f7) =20, Ly(fg)=0, Vi=1,...,m; Vf c€R[x].
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Checking whether (**) holds for all f € R[x]| with degree
<d

reduces to checking whether M, (y) = 0 and My(g;y) i 0, for
alj=1,...,m!

— m + 1 LMI conditions to verify!
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A Hierarchy of SDP Relaxations

Recall the PRIMAL LP

fro= min ([ fpp<)=1)

neM(K

where M (K) is the space of Borel measures on K
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A Hierarchy of SDP Relaxations

Let deg g; = 2v; or 2v; — 1. The SDP-relaxation Q , d € IN,
reads:

ps=min Ly(f) (— think of/fdy)

0, st Mo (gjy) 0, j=0,...m

necessary conditions for y,= [ x*du

Ly(1) =1 (— u(K) =1)
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A Hierarchy of SDP Relaxations

... whose dual is the SDP

( 05 =max A
T M)

Q;Fl s.t. f—/\:ZO'kgk
k=0

{0y} are s.o.s.; degop, degoy g < 2d
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A Hierarchy of SDP Relaxations

Recall that K C R" is the basic semi-algebraic set
K:={xeR"| gix) 20,j=1,...,m}.

Assumption 1:
For some M > 0, M — ||x|*isin Q(g1,...,gm)
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A Hierarchy of SDP Relaxations

Recall that K C R" is the basic semi-algebraic set

K:={xeR"| gix) 20,j=1,...,m}.

Assumption 1:

For some M > 0, M — ||x|*isin Q(g1,...,gm)

Theorem (Lasserre 01)

Let K be compact, and let Assumption 1 holds. Then:
m o) < pg<frforalld and o, 0.7 fFasd — co.
m /[fintK # @, thenp; = p} and the “sup” is attained.
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Global optimality check & extracting solutions

Exactness of a particular SDP-relaxation
Let y be an optimal solution of Q4 and let 2v > max; deg g;. If
rank M;(y) = rank My_,(y) (=: s)
then p; = f~

and one may exiract s GLOBAL MINIMIZERS
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Moments, Positive Polynomials
and Their Applications

Many important problees in global cptimization, algebea,
crarol ey,

a5 a particular instance of the Generalized Moment roblm
().

This book introdeces, in a unified manual, a mew gereral

Moments, Positive
Polynomials and
Their Applications

and basic semi-algebeak sets. This combines
semidefinie programming with recent results from real
algebraic geometry 10 provide a hierarchy of

relasaticns comverging t the desired optimal vake. Agplied

nicaly mxpevsses the daliy betwoen momeres and povitve
poynomiah.
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appic
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mathematical finance, multivariate integration, etc., and
examples are peovided for each parsicular application.
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MATHEMATICS
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Optimization
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See in particular the Chapter by M. Laurent
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&) Printed book

Hardcover
»> 199,95 €| £180.00 | $279.00
» *213,95 € (D) | 219,94 € (A) | CHF 287.00

&) eBook

For individual purchases buy ata
lower price on springer.com.

Afree preview is available on
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M.F. Anjos, Polytechnique Montréal, QC, Canada; J.B. Lasserre, LAAS, Toulouse Cedex 4,
France (Eds.)

Handbook on Semidefinite, Conic and Polynomial Optimization

ternational Series in Operations Research & Management Science

Seri

» Summarizes research and developments of last ten years and brings
field up to date

» Individual sections covering theory, algorithms, software and
applications

» Editors are quite prominent in the field.

Semidefinite and conic optimization is a major and thriving research area within the
optimization community. Although semidefinite optimization has been studied (under
different names) since at least the 1940s, its importance grew immensely during the 1990s.
after polynomial-time interior-point methods for linear optimization were extended to
Solve semidefinite optimization problems.
Since the beginning of the 215t century, not only has research into semidefinite and
conic optimization continued unabated, but also a fruitful interaction has developed with
algebraic geometry through the close connections between semidefinite matrices and
polynomial optimization. This has brought about important new results and led to an
even higher level of research activity.
This Handbook on i Conic and Polys provides the reader
witha snapshot of the sate-of-the-artn the growing and mutually enriching areas of
conic ion, and polynomial It contains a
compendium of the recent research activity that has taken place in these thrilling areas,
and will appeal to doctoral students, young graduates, and experienced researchers alike.
The Handbook’s thirty-one chapters are organized into four partsTheory, covering
significant theoretical developments as well as the interactions between conic
optimization and polynomial optimization;Algorithms, documenting the directions
of current algorithmic development;Software, providing an overview of the state-of-
the-art;Applications, dealing with the application areas where semidefinite and conic
optimization has made a significant impact in recent years.
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