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SDP for Polynomial Optimization

NP-hard NON CONVEX Problem f* = inf f(x)

(Primal) ! | (Dual)
inf /fdy sup A

with pproba =  INFINITELP <with p—A2>0
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SDP for Polynomial Optimization

NP-hard NON CONVEX Problem f* = inf f(x)

(Primal Relaxation) ! | (Dual Strengthening)
moments / x* dp f — A = sum of squares

finite number = SDP <« fixed degree

LASSERRE’'S HIERARCHY of CONVEX PROBLEMS f; 1 f*
[Lasserre/Parrilo 01]

devgirrese a — (") SDP VARIABLES V‘
n . J "

Numeric
Solvers —> Approx Certificate
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Success Stories: Lasserre’s Hierarchy

MODELING POWER: Cast as co-dimensional LP over measures

‘V"STATIC Polynomial Optimization
Optimal Powerflow 1 ~ 10° [Josz et al 16]

Roundoff Error n ~ 10 [Magron et al 17]

'V'DYNAMICAL Polynomial Optimization
Regions of attraction [Henrion et al 14]

Reachable sets [Magron et al 19]

A | APPROXIMATE OPTIMIZATION BOUNDS! |
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Two-player Games: Optimizers vs Solvers

MOTZKIN POLYNOMIAL

o

sums of squares = X

1
f= ﬁ+x2y4—|—x4y2—x2y2
f>=0butf¢Xx
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Two-player Games: Optimizers vs Solvers

MOTZKIN POLYNOMIAL

o

sums of squares = X

1
f= ﬁ+x2y4+x4y2—x2y2
f>=0butfé¢Xx

S

f :(x?)lenmzf(x,y) =0for |x*| = |y*| = 3

Lasserre’s hierarchy:
m order 3 ~» f3 = —oco unbounded SDP = f Z &
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Two-player Games: Optimizers vs Solvers

MOTZKIN POLYNOMIAL
sums of squares = X

o

1
f= ﬁ+x2y4+x4y2—x2y2
f>=0butfé¢Xx

S

* = i , = 0 for * = x| =
f (xgl)lenwf(x y) =1y =3
Lasserre’s hierarchy:
m order 3 ~ f3 =
m order4 ~ f; = —oo

—oo unbounded SDP — f ¢ X
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Two-player Games: Optimizers vs Solvers

MOTZKIN POLYNOMIAL

o

sums of squares = X

1 24 a2 229

f—27+xy+xy x“y
f>=0butfé¢Xx

= mi ,y) =0for [x*| = |y*| =
f (xgl)lenwf(x y) x| = ly”]

*|S

Lasserre’s hierarchy:
m order 3 ~» f3 = —oco unbounded SDP = f Z &
m order4 ~ f; = —o0
m order 5 ~ fo ~ —0.4
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Two-player Games: Optimizers vs Solvers

MOTZKIN POLYNOMIAL

sums of squares = X
f= 1 ey
57 y vy -
f>=0butfé¢Xx
* * 3
fr= min f(xy)=0for|x’|=|y"| = ==
(xy)ER 3
Lasserre’s hierarchy:
m order 3 ~» f3 = —oco unbounded SDP = f Z &
m order4 ~ f; = —oo

m order 5 ~ fo ~ —0.4
m order 8 ~~ f& ~ —10~8¢ extraction of x*, y* | Paradox |?!
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Two-player Games: Optimizers vs Solvers

APPROXIMATE SOLUTIONS

sum of squares of a> — 2ab + b*? (1.00001a — 0.99998b)!

N\

a* — 2ab + b* ~ (1.00001a — 0.99998b)>
a? — 2ab + b* # 1.0000200001a% — 1.9999799996ab + 0.99996000045>
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Optimization Game



Inaccurate SDP do Robust Optimization

f* =inf Zf“ x©

Moment matrix M;(y)ap = Yo' p

Accurate SDP Relaxations

(Primal Relaxation) (Dual Strengthening)
inf Z faYa sup A
L
s.t. My(y) =0 f—-A=c
Yo = 1 ogEX,

Victor Magron Two-player games between polynomial optimizers & SDP solvers 5/21



Inaccurate SDP do Robust Optimization

f* =inf Z fax*
13
Moment matrix M;(y)ap = Yo' p

Md(Y) = Z By ya

Accurate SDP Relaxations

(Primal Relaxation) (Dual Strengthening)
inf Zf“ Ya sup A
L
s.t. Md(y> =0 fzx —Aly—o = <B,x, Q>
vo=1 Q=0
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Inaccurate SDP do Robust Optimization

fr=inf ) fux*

Moment matrix M;(y)ap = Va1 p
My(y) =) BaVa
o

Inaccurate SDP Relaxations

(Primal Relaxation) (Dual Strengthening)
sup A
| fo = Moo — (Bo, Q) [< €
Q= —nl
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Inaccurate SDP do Robust Optimization

f*=inf ) fux"

Moment matrix M,;(y)ap = Vaip

M;(y) =) BuVa

Inaccurate SDP Relaxations

(Primal Relaxation)  (Dual Strengthening)
inf ) foyu +7(Ma(y), T) +ellyllh - sup A
4

s.t. Md(y) = 0 | fzx - Altx:O - <B0¢/ Q> |< €
=1 Q3> —-yl
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Priority to Trace Equalities: ¢ = 0

fzfﬂ%sz’3

Inaccurate SDP Relaxations

(Primal Relaxation) (Dual Strengthening)
inf ) fuyu +7(Ma(y), 1) sup A
o

st. My(y) =0 fu—Alg=o — (B4, Q) =0
yo=1 Q= -l
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Priority to Trace Equalities: ¢ = 0

fzfﬂ%sz’3

Inaccurate SDP Relaxations

(Primal Relaxation)  (Dual Strengthening)
inf ) foyu +7(Ma(y), 1) sup A
o

s.t. My(y) =0 fu—Ma=0 — (By,Q —7I) =0
vw=1 Q>0
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Priority to Trace Equalities: ¢ = 0

f=F+n), %
p
Inaccurate SDP Relaxations
(Primal Relaxation) (Dual Strengthening)
inf ) FuYa sup A
Yo
s.t. My(y) =0 f-A=c

yo=1 oE Xy
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Priority to Trace Equalities: ¢ = 0

Boo(f,77) := {f+9§><2’g 16 |<n}
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Priority to Trace Equalities: ¢ = 0

Boo(f,17) = {f+9§><2’3 10 1<n}

Theorem [Lasserre-Magron 19]

Inaccurate SDP relaxations of the robust problem

“max min f(x)
feB(f) X
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Priority to Trace Equalities: ¢ = 0

Theorem [Lasserre 06]

For fixed n, any f > 0 can be approximated arbitrarily closely by
SOS polynomials.

Victor Magron Two-player games between polynomial optimizers & SDP solvers 8/21



Priority to Trace Equalities: ¢ = 0

Theorem [Lasserre 06]

For fixed n, any f > 0 can be approximated arbitrarily closely by
SOS polynomials.

f

x f=f+n), =

|Bl<d
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Priority to Trace Equalities: ¢ = 0

Theorem [Lasserre 06]

For fixed n, any f > 0 can be approximated arbitrarily closely by
SOS polynomials.

f

x f=f+n), =

|Bl<d

At fixed 7, whend 7, f € I

f+107 ) ¥ ex
Bl <4

\ Paradox Explanation ‘
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Priority to SDP Inequalities: # = 0

Inaccurate SDP Relaxations

(Primal Relaxation) (Dual Strengthening)
inf ), fayu+ellylh sup A
s.t. Md(}’) =0 | foc — AMy=0 — <BDU Q> |< €
vo=1 Q=0
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Priority to SDP Inequalities: # = 0

Boo(f,€) :={f : I/ — fllo < €}
Inaccurate SDP Relaxations

(Primal Relaxation) (Dual Strengthening)
inf ) | fuya +ellyl sup A
Yy i AF
s.t. My(y) = 0 | fo—fal<e
Yo = 1 f —AEXy
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Priority to SDP Inequalities: # = 0

Theorem (Lasserre-Magron)

Inaccurate SDP relaxations of the robust problem

“max min f(x)
feBu(fe) X
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A Two-player Game Interpretation

max — min ROBUST OPTIMIZATION
Player 1 (solver) picks f € B (f) ~ SDP leads
Player 2 (optimizer) picks an SOS ~ User follows
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A Two-player Game Interpretation

max — min ROBUST OPTIMIZATION
Player 1 (solver) picks f € B (f) ~ SDP leads
Player 2 (optimizer) picks an SOS ~ User follows

Convex SDP relaxations — ‘max — min = min — max
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A Two-player Game Interpretation

max — min ROBUST OPTIMIZATION
Player 1 (solver) picks f € B (f) ~ SDP leads
Player 2 (optimizer) picks an SOS ~ User follows

Convex SDP relaxations — ‘max — min = min — max

min — max ROBUST OPTIMIZATION
Player 1 (robust optimizer) picks an SOS ~- User leads
Player 2 (solver) picks f € Beo(f) ~ SDP follows
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Certification Game



From Approximate to Exact Solutions

Win Two-PLAYER GAME

»

’sum of squares of f? ‘

\
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From Approximate to Exact Solutions

Win Two-PLAYER GAME

E ‘¥ Hybrid Symbolic/Numeric Algorithms

’sum of squares of f — €? ‘

\

Error Compensation
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Rational SOS Decompositions

m f € Q[X]NX[X] (interior of the SOS cone)

Existence Question

Does there exist f; € Q[X],c; € Q7% s.t. f=Y,c; f2?
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Rational SOS Decompositions

m f € Q[X]NX[X] (interior of the SOS cone)

Existence Question

Does there exist f; € Q[X],c; € Q7% s.t. f=Y;c; fi2?

Examples

owoe=(s02) () (s02) e

1+ X+ X2+ X34+ X4 = <X2+ X+ +4 )

2
<\/10+2\/§Z\/10_2\/5X+ \/104—2\/5) o
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Round & Project Algorithm [Peyrl-Parrilo 08]

) f € 3[X] with deg f = 2D
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Round & Project Algorithm [Peyrl-Parrilo 08]

) f € 3[X] with deg f = 2D

® Find O with SDP at tolerance § satisfying
f(X)~vpT(X)Qvp(X) Q=0
vp(X): vector of monomials of deg < D
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Round & Project Algorithm [Peyrl-Parrilo 08]

) f € 3[X] with deg f = 2D

® Find O with SDP at tolerance § satisfying
f(X)~vpT(X)Qvp(X) Q=0
vp(X): vector of monomials of deg < D

QExaCt Q - f“_t,_ﬁ - ZIX'-HS/:tX-‘rﬁ QD(/,,B/
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Round & Project Algorithm [Peyrl-Parrilo 08]

) f € 3[X] with deg f = 2D

® Find O with SDP at tolerance § satisfying
f(X)~vpT(X)Qvp(X) Q=0
vp(X): vector of monomials of deg < D

QExaCt Q - f“_t,_ﬁ - ZIX'-HS’:tX-‘rﬁ QD(/,,B/
Rounding step Q + round (Q, )
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Round & Project Algorithm [Peyrl-Parrilo 08]

) f € 3[X] with deg f = 2D

® Find O with SDP at tolerance § satisfying
f(X)~vpT(X)Qvp(X) Q=0
vp(X): vector of monomials of deg < D

VExact Q = foip= Yo +p=atp Qo p
Rounding step Q + round (Q, )
Projection step
Qup — Qup — W(wa':aw Qu g — fatp)
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Round & Project Algorithm [Peyrl-Parrilo 08]

) f € 3[X] with deg f = 2D

® Find O with SDP at tolerance § satisfying
f(X)~vpT(X)Qvp(X) Q=0
vp(X): vector of monomials of deg < D

VExact Q = foip= Yo +p=atp Qo p
Rounding step Q + round (Q, )
Projection step
Qup — Qup — W(wa':aw Qu,p — fatp)
‘V'Small enough 5,6 = f(X) =vp(X)Qvp(X)and Q =0
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Our Alternative Approach

o —

PERTURBATION idea

V" Approximate SOS Decomposition

f(X)-eXpeppn X =0+u
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RealCertify with n = 1 [Chevillard et. al 11]

feQ[X],deg f=d=2k f>0

f=1+X+X*+ X34+ X*
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RealCertify with n = 1 [Chevillard et. al 11]

feQX],deg f=d=2k f>0

V" PERTURB: find ¢ € Q s.t.

fe =

Victor Magron

Pe

k ‘ J}L(l+x2+x4)
f—e) X*>0

X

i=0
F=14+X+X2+ X3+ x*

1

T4

1
f>3‘(1+X2+X4)
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RealCertify with n = 1 [Chevillard et. al 11]

feQ[X],deg f=d=2k f>0 P

V" PERTURB: find ¢ € Q s.t. Pe

fg::f—siX2i>O

i=0

V" SDP Approximation: J P47+ xh)

X

k
f—sZXZZ =0+u
i=0 F=14+X+X2+ X3+ x*

. 1

V" ABSORB: small enough ; ‘71

= eYr o X¥ +u SOS fo>laresxy
1
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RealCertify with n = 1: SDP Approximation

f o,e,u
k .
fef—e) X* & <sdp(fe,0)
. =0 1 Ufe—0
£ .
€5 026
while while
fe<0 [ugiv1] + |uaia]

e < Upi

2
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RealCertify with n = 1: Absorbtion

[(X+1)2—1-X?]
(X =12 -1-x]

VX =
Y —X =

N[=N—
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RealCertify with n = 1: Absorbtion

[(X+1)2—1-X?]
(X =12 -1-x]

VX =
Y —X =

N|=N[=

gy X2 = ‘”212“‘ [(Xi—H +sgn (i) X2 — X2 — X2i+2]
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RealCertify with n = 1: Absorbtion

[(X+1)2—1-X?]
(X =12 -1-x]

VX =
Y —X =

N|=N[=

g X2 = M [(Xi—H +sgn (1151) X )2 — X2 — X2i+2]

2
} t } } u
2i—2 2i—1 2i 2i+1 2i42
‘ ko
t eyl o X
€ € € Lizo
18/21
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RealCertify with n = 1: Absorbtion

[(X+1)2—1-X?]
(X =12 -1-x]

VX =
Y —X =

N|=N[=

g X2 = M [(Xi—H +sgn (1151) X )2 — X2 — X2i+2]

2
} } } } u
2i—2 2i—1 2i 2i+1 2i+2
| ey K o X%

€ € €

|ugis1| + |t2i-1] k 2i
&> 5 —Mzz‘:>€ZX +u SOS
i=0
18/21
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RealCertify with n > 1: Absorbtion

Victor Magron

f(X) - eXpep X =0+u

Choice of P?

e U3
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RealCertify with n > 1: Absorbtion

f(X) - eXpep X =0+u

Choice of P?

0 1 2 3 4 5
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RealCertify with n > 1: Absorbtion

f(X) - eXpep X =0+u

Choice of P?
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RealCertify with n > 1: Absorbtion

f(X) - eXpep X** =0 +u

Choice of P?

f=axhy + 22— xy? + P
spt(f) ={(4,6),(2,0),(1,2),(0,2)}
Newton Polytope P = conv (spt(f))

Squares in SOS decomposition C % N IN"
[Reznick 78]
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RealCertify: Benchmarks

m RAGLib (critical points) [Safey El Din]

m SamplePoints (CAD) [Moreno Maza-Alvandi et al.]

d n d RealCertify RoundProject RAGLib | CAD
7 (bits) £ (s) T (bits) £ (s) | t3(s) | ts(S)
foo 2 20| 745419 110. | 78949497 141. 0.16 0.03
M 3 8 17232 0.35 18831 0.29 | 0.15 0.03
o 2 4 1866 0.03 1031 0.04 | 0.09 0.01
fo 6 4 56890 0.34 475359 0.54 598. =
fi 10 4 | 344347 245 8374082 4.59 = =

Victor Magron
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Two-player Games: Perspectives

OPTIMIZATION GAME
Solvers OUTPUT inaccurate certificates = extract solutions

z f=f+n), @ =

|Bl<d
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Two-player Games: Perspectives

OPTIMIZATION GAME
Solvers OUTPUT inaccurate certificates = extract solutions

z f=f+n), @ =

|Bl<d

CERTIFICATION GAME
Optimizers INPUT inaccurate f = f — 1 ¥ j5<q x*
— exact certificates

Victor Magron Two-player games between polynomial optimizers & SDP solvers 21/21



Two-player Games: Perspectives

OPTIMIZATION GAME
Solvers OUTPUT inaccurate certificates = extract solutions

z f=f+n) =

|Bl<d

CERTIFICATION GAME
Optimizers INPUT inaccurate f = f — 1 Yg<q X%
— exact certificates

V" Better arbitrary-precision SDP solvers
V" Extension to other relaxations, sums of hermitian squares

Victor Magron Two-player games between polynomial optimizers & SDP solvers 21/21



Two-player Games: Perspectives

OPTIMIZATION GAME
Solvers OUTPUT inaccurate certificates = extract solutions

f
@ - Fofen g
|Bl<d

CERTIFICATION GAME
Optimizers INPUT inaccurate f = f — 1 Yg<q X%

— exact certificates

V" Better arbitrary-precision SDP solvers
V" Extension to other relaxations, sums of hermitian squares

Crucial need for polynomial systems certification
Available PhD/Postdoc Positions

Two-player games between polynomial optimizers & SDP solvers
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End

Thank you for your attention!

gricad-gitlab:RealCertify
https://homepages.laas.fr/vmagron

[4 Lasserre & Magron. In SDP relaxations, inaccurate solvers do
robust optimization, SIOPT. arxiv:1811.02879

[ Magron & Safey El Din. On Exact Polya and Putinar's
Representations, ISSAC’18. arxiv:1802.10339

[4 Magron & Safey El Din. RealCertify: a Maple package for
certifying non-negativity, ISSAC’18. arxiv:1805.02201


https://gricad-gitlab.univ-grenoble-alpes.fr/magronv/RealCertify
https://homepages.laas.fr/vmagron
http://arxiv.org/abs/1811.02879
http://arxiv.org/abs/1802.10339
http://arxiv.org/abs/1805.02201
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