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AC-OPF model

Minimize active power injections of an alternating current
transmission network under physical + operational constraints

Artificial version of the control problem for electricity
transmission network
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AC-OPF model: polynomial optimization

Network = Graph with buses N, from edges E, to edges ER

Generators at bus i = Gi, with power demand Sd
i

Vi and Sg
k = voltage at bus i and power generation at generator k

Kirchhoff law: Ii = ∑(i,j)∈Ei∪ER
i

Iij + Igr
i

Ohm law:

(
Iij

Iji

)
= Yij

(
Vi

Vj

)
Relation power-voltage-current: ∑k∈Gi

Sg
k − Sd

i = Vi Ii
?

 leads to power-flow equations
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AC-OPF model: polynomial optimization



inf
Vi ,S

g
k∈C

∑k∈G(c2k(<(S
g
k ))

2 + c1k<(S
g
k ) + c0k)

s.t. ∠Vr = 0

Sgl
k ≤ Sg

k ≤ Sgu
k ∀k ∈ G

υl
i ≤ |Vi| ≤ υu

i ∀i ∈ N

∑k∈Gi
Sg

k − Sd
i − Yk

i |Vi|2 = ∑(i,j)∈Ei∪ER
i

Sij ∀i ∈ N

Sij = (Yij
∗ − i

bc
ij

2 ) |Vi |2
|Tij |2

− Yij
∗ ViVj

∗

Tij
∀(i, j) ∈ E

Sji = (Yij
∗ − i

bc
ij

2 )| |Vj |2

|Tij |2
− Yij

∗ Vi
∗Vj

Tij
∗ ∀(i, j) ∈ E

|Sij| ≤ su
ij ∀(i, j) ∈ E ∪ ER

θ∆l
ij ≤ ∠(ViVj

∗) ≤ θ∆u
ij ∀(i, j) ∈ E
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AC-OPF model: existing methods

local solvers: interior-point (IPOPT, KNITRO) for
large-scale (' 105 nodes)

relaxations SOCP/SDP (' 105 nodes)

Global solutions with branch & bound, Moment-SOS
hierarchy (' 300 nodes) [Kocuk et al. ’14, Godard ’19]
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AC-OPF model via polynomial optimization

Exploiting sparsity
few terms [Reznick ’78] or few correlations [Lasserre, Waki et al. ’06]

Correlative sparsity: few products between each
variable and the others
 x1x2 + x2x3 + . . . x99x100 1 2 3 10099

Term sparsity: few terms
 x99

1 x2 + x1x100
2

Correlative sparsity n ' 103 [Josz et al. ’18]
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Moment-SOS hierarchies

Correlative sparsity

Term sparsity
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Moment-SOS hierarchies

NP-hard NON CONVEX Problem fmin = inf f (x)

Theory

(Primal) (Dual)

inf
∫

f dµ sup λ

with µ proba ⇒ INFINITE LP ⇐ with f − λ > 0

[Lasserre ’01] HIERARCHY of CONVEX PROBLEMS ↑ fmin

Based on representation of positive polynomials [Putinar ’93]

7 Numerical Solvers

7 degree d, n vars

=⇒ Approx Certificate

=⇒ (n+d
n ) SDP VARIABLES
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Moment-SOS hierarchies

NP-hard NON CONVEX Problem fmin = inf f (x)

Practice

(Primal Relaxation) (Dual Strengthening)

moments
∫

xα dµ f − λ = sum of squares

finite number ⇒ SDP ⇐ fixed degree

[Lasserre ’01] HIERARCHY of CONVEX PROBLEMS ↑ fmin

Based on representation of positive polynomials [Putinar ’93]

7 Numerical Solvers

7 degree d, n vars

=⇒ Approx Certificate

=⇒ (n+d
n ) SDP VARIABLES
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Moment-SOS hierarchies: an example

NP hard General Problem: fmin := min
x∈X

f (x)

Semialgebraic set X = {x ∈ Rn : gj(x) > 0}

X = [0, 1]2 = {x ∈ R2 : x1(1− x1) > 0, x2(1− x2) > 0}

f︷︸︸︷
x1x2 =

−1
8
+

σ0︷ ︸︸ ︷
1
2

(
x1 + x2 −

1
2

)2

+

σ1︷︸︸︷
1
2

g1︷ ︸︸ ︷
x1(1− x1) +

σ2︷︸︸︷
1
2

g2︷ ︸︸ ︷
x2(1− x2)

Sums of squares (SOS) σj

Quadratic module: M(X)d =
{

σ0 + ∑j σjgj, deg σj gj 6 2d
}
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Moment-SOS hierarchies

Hierarchy of SDP relaxations:
λd := sup

λ

{
λ : f − λ ∈ M(X)d

}

Convergence guarantees λd ↑ fmin [Lasserre ’01] whenM(X)
is Archimedean:

N −∑ x2
i ∈ M(X) for some N > 0

Can be computed with SDP solvers (CSDP, SDPA, MOSEK)

“No Free Lunch” Rule: (n+2d
n ) SDP variables
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Moment-SOS hierarchies

Correlative sparsity

Term sparsity



Correlative sparsity

Exploit few links between variables [Lasserre, Waki et al. ’06]
x2x5 + x3x6 − x2x3 − x5x6 + x1(−x1 + x2 + x3 − x4 + x5 + x6)

Chordal graph G

6

4

5

1

23

maximal cliques Ik

Average size κ ; κ2d vars

I1 = {1, 4}
I2 = {1, 2, 3, 5}
I3 = {1, 3, 5, 6}
Dense SDP: 210 vars
Sparse SDP: 115 vars
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Correlative sparsity

Theorem [Griewank Toint ’84]

Chordal graph G with maximal cliques I1, I2
QG < 0 with nonzero entries at edges of G
=⇒ QG = P1

TQ1P1 + P2
TQ2P2 with Qk < 0 indexed by Ik

Sparse f = f1 + f2 where fk involves only variables in Ik

Theorem: Sparse Putinar’s representation [Lasserre ’06]

f > 0 on {x : gj(x) > 0}
chordal graph G with cliques Ik =⇒
ball constraints for each x(Ik)

f = σ01 + σ02 + ∑
j

σjgj

SOS σ0k “sees” vars in Ik
σj “sees” vars from gj
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Term sparsity

[Postdoc Wang ’19-21] ANR Tremplin-ERC

f = x2
1 − 2x1x2 + 3x2

2 − 2x2
1x2 + 2x2

1x2
2 − 2x2x3

+ 6x2
3 + 9x2

2x3 − 45x2x2
3 + 142x2

2x2
3

[Reznick ’78]→ Newton polytope method

f =
(
1 x1 x2 x3 x2x1 x3x2

)
Q︸︷︷︸
<0



1
x1
x2
x3

x1x2
x2x3

 6×7
2 = 28 “unknown” entries in Q

Replace Q by QG′ with nonzero entries at edges of G′

 6 + 9 = 15 “unknown” entries in QG′
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Term sparsity

At step d of the hierarchy, one considers vector vd of
monomials with degree at most d

The tsp graph G has edges E with

{xα, xβ} ∈ E⇔ xα+β ∈ supp( f )
⋃
∪j supp(gj)

⋃
{x2α | xα ∈ vd}

 support extension

 chordal extension G′

By iteratively performing support extension & chordal extension

G(1) = G′ ⊆ · · · ⊆ G(`) ⊆ G(`+1) ⊆ · · ·

Two-level hierarchy of lower bounds for fmin on X, indexed by
sparse order ` and relaxation order d
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Two-level hierarchy of lower bounds for fmin on X, indexed by
sparse order ` and relaxation order d
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Term sparsity

CONVERGENCE GUARANTEES

handles Combo with correlative sparsity

1 Partition the variables w.r.t. the maximal cliques of the csp graph

2 For each subsystem involving variables from one maximal
clique, apply the iterative procedure to exploit term sparsity

two-level hierarchy of lower bounds for fmin: CS-TSSOS hierarchy

Julia library TSSOS→ solve problems with n = 103

choice of the CHORDAL EXTENSION: min / max
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A few benchmarks on AC-OPF instances

mb: max block size
gap: the optimality gap w.r.t. local optimal solution

n m
CS (d = 2) CS+TS (d = 2, ` = 1)

mb opt time gap mb opt time gap
20 55 28 1.754e4 0.56 0.05% 22 1.754e4 0.30 0.05%
114 315 66 1.344e5 5.59 0.39% 31 1.339e5 2.01 0.73%

344
971 153 4.224e5 758 0.06% 44 4.207e5 96.0 0.48%
1325 253 − − − 73 1.047e5 169 0.50%

1112 4613
231 4.241e4 3114 0.85% 39 4.240e4 46.6 0.86%
496 − − − 31 7.239e4 410 0.25%

4356 18257 378 − − − 27 1.395e6 934 0.51%
6698 29283 1326 − − − 76 5.985e5 1886 0.47%
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Conclusion and perspectives

SPARSITY EXPLOITING CONVERGING HIERARCHIES to minimize
large-scale polynomials

FAST IMPLEMENTATION IN JULIA: TSSOS

Combine correlative & term sparsity solves problems with
thousand variables
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Conclusion and perspectives

Solving Alternative Current OPF to global optimality
→ benchmarks [PGLIB ’18] with up to 25 000 buses!

COMPLEX vs REAL hierarchy of relaxations?
[D’Angelo Putinar ’09, Josz et al. ’18, Magron Wang ’21]
6515_RTE → n = 7000 complex variables (14000 real variables)
solved at 0.6% gap within 3 hours on PFCALCUL at LAAS

SDP have CONSTANT TRACE PROPERTY [PhD Mai ’19-22]

Replace interior-point solvers by 1st-order methods
⇒ handle matrices of size up to 2000 with more than 1.5
million constraints. . . in 1 hour!

Victor Magron AC-OPF Solutions via CS-TSSOS 16 / 17



Conclusion and perspectives

Solving Alternative Current OPF to global optimality
→ benchmarks [PGLIB ’18] with up to 25 000 buses!

COMPLEX vs REAL hierarchy of relaxations?
[D’Angelo Putinar ’09, Josz et al. ’18, Magron Wang ’21]
6515_RTE → n = 7000 complex variables (14000 real variables)
solved at 0.6% gap within 3 hours on PFCALCUL at LAAS

SDP have CONSTANT TRACE PROPERTY [PhD Mai ’19-22]

Replace interior-point solvers by 1st-order methods
⇒ handle matrices of size up to 2000 with more than 1.5
million constraints. . . in 1 hour!

Victor Magron AC-OPF Solutions via CS-TSSOS 16 / 17



Conclusion and perspectives

Solving Alternative Current OPF to global optimality
→ benchmarks [PGLIB ’18] with up to 25 000 buses!

COMPLEX vs REAL hierarchy of relaxations?
[D’Angelo Putinar ’09, Josz et al. ’18, Magron Wang ’21]
6515_RTE → n = 7000 complex variables (14000 real variables)
solved at 0.6% gap within 3 hours on PFCALCUL at LAAS

SDP have CONSTANT TRACE PROPERTY [PhD Mai ’19-22]

Replace interior-point solvers by 1st-order methods
⇒ handle matrices of size up to 2000 with more than 1.5
million constraints. . . in 1 hour!

Victor Magron AC-OPF Solutions via CS-TSSOS 16 / 17



Conclusion and perspectives

Solving Alternative Current OPF to global optimality
→ benchmarks [PGLIB ’18] with up to 25 000 buses!

COMPLEX vs REAL hierarchy of relaxations?
[D’Angelo Putinar ’09, Josz et al. ’18, Magron Wang ’21]
6515_RTE → n = 7000 complex variables (14000 real variables)
solved at 0.6% gap within 3 hours on PFCALCUL at LAAS

SDP have CONSTANT TRACE PROPERTY [PhD Mai ’19-22]

Replace interior-point solvers by 1st-order methods
⇒ handle matrices of size up to 2000 with more than 1.5
million constraints. . . in 1 hour!

Victor Magron AC-OPF Solutions via CS-TSSOS 16 / 17



Take-away

Why should you do polynomial optimization to solve AC-OPF?

powerful & accurate MODELING tool

CERTIFICATION cost ' optimization cost

EFFICIENCY guaranteed on structured applications
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Thank you for your attention!
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