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Low dimensional system behavior

Consider the following dynamics :

{ u(t) = aru(t) + byv(t)

ev(t) = cu(t) + div(t) © € [tk o), K € N

and

{ eu(t) = apu(t) + bov(t)

(t) = cou(t) + dav(t) ©© [t2k+1, tok+2), k € N

with slow manifolds

cru(t) + div(t) = 0 and asu(t) + bpv(t) = 0.
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Low dimensional system behavior

B

FIGURE — In blue the slow manifold associated with first mode and in
red the slow manifold associated with the second mode. The dashed lines
represent the asymptotic behavior of the overall system with initial state
(uo, vo) when ¢ — 0 and no dwell-time (or O(e) dwell-time) is imposed.
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Analyze and better understand the behavior of the general class of
singularly perturbed switched impulsive systems with switch
dependent nature of the state variable.
m rewrite the general class under study as a traditional system
with switch independent nature of the state variable
m appropriate methodology for stability analysis in this
framework
m characterization of the minimal dwell-time between two events
that ensures the stability
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Dynamics under consideration

Do X(t) = A%X(t), Vt € [tx, tyr1), k €N
with impulsive dynamics :
X(tx) = 3" X(t, ), Vk=>1

0=tg < t; <... are the times of switches and/or impulses
ok €L and v, € J with Z and J finite sets of indices

D’ diagonal matrices whose diagonal elements belong {¢,1}
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Dynamics under consideration

t € [tk, tkr1),

{ u(t) = aru(t) + byv(t)

ev(t) = cru(t) + div(t)

DX(t) = AX(t), Vt € [ti, tit1),
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D*X(t) = A%X(t), Vt € [tx, txt1), k€N
X(te) = I X(t,), Vk>1

includes
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D*X(t) = A%X(t), Vt € [ty txs1), k €N
X(te) = I X(t,), Vk>1
includes

m singularly perturbed switched impulsive linear systems
(D'=D,VieI)
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D*X(t) = A%X(t), Vt € [ty txs1), k €N
X(te) = I X(t,), Vk>1
includes

m singularly perturbed switched impulsive linear systems

(D' = D,Vi € 7)
m singularly perturbed switched linear systems
(7 ={1}, St =1)
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D*X(t) = A%X(t), Vt € [ty txs1), k €N
X(te) = I X(t,), Vk>1
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D*X(t) = A%X(t), Vt € [ty txs1), k €N
X(te) = I X(t,), Vk>1
includes

m singularly perturbed switched impulsive linear systems

(D' = D,Vi € 7)
m singularly perturbed switched linear systems
(7 ={1}, St =1)

m singularly perturbed impulsive linear systems (Z = {1})

m singularly perturbed linear systems

(Z={1}, 7={1}, )' =1
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Variable reordering - Traditional hybrid framework

Introduce the permutation matrix S; such that

S;DfslT:( I, 0“X7"2>, Viel

0n,n €ln,

and define the change of variable

< ;Eg > = Sy, X(t), Vt € [tx, tks1)-

Let also
Ak & S NokS] gk 2 S IS

Ok’ Tk—1"

leading to
< ;z'((tt) ) =A% ( ;Eg > , V€ [tk tisn), kEN

)
() - (2] v
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Classical singular perturbation analysis

Let
(5) X(t) = A11X(t) + Algz(t)
82(1‘) = A21X(t) + Aggz(t)
with (x(0),z(0)) = (x0,20) and Azz non-singular.
The associated reduced order & boundary layer systems are

%s(t) = Aoxs(t) o
{ z5(t) = AZ_21A21XS(t) o & z(t) = Axpze(t)

with XS(O) = xp and Zf(O) =Zzy — A;21A21X0
Then, Ap and Az Hurwitz guarantee that (S) is stable. Moreover
x —xs=0(e) and z — zr — z; = O(e).
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Change of variable

. i i .
ForiEI,jGJ,IetA’z(A,11 A,p),ﬂz(
Ay A

S
s
N———

Assumption

AL, is non-singular for all i € T.

For all i € Z we define

P: = < i Inx . 0nX7nZ > P.*l — < .Inx i OnX7nZ )
: (Ah) Ay Iy, o —(Ap) 1ALy, '

and perform the following time dependent change of variable :

( ;Eg > =P ( 253 > , Vt € [t tis1), k€N
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Continuous dynamics in x, y variables

x(t) \ _ [ A Br* x(t)
ey(t) )\ eBj* A3 +eBs* y(t) )’
Vt € [tk, tk+1), keN
where for all i € 7 one has

Al = Aly — Al (Ah) TAY,

BI{ = ’127

B5 = (Aby) Tt AL A,

B = (Aby) T A Al
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Jump map in x, y variables

(30 ().

where for all i, i’ € Z, j € J,

RI*)I RI‘H

Ly .
RN =Pyl Pt =
Rél—ﬂ RI—)I
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Main assumptions

For all i € Z one defines Al = Aj; — Al,(Ab,) 1A}, and impose
the following :

Aé and Aég are Hurwitz for all i € T.

Assumption

Consequently, 3Q. > 1,,, Qi >1,,, i € T and A\s >0, A¢ > 0 such
that :

Al QI+ QAL < —2),Q!
Ay QE + QAL < —2X¢ Q)
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Stability parameters

Let v11, 712, 721, Y22 be defined as :

= max [(Q)FRET(Q)7E,

i,i'eL jeJ
2= max [[(Q):RT QN
iieT.jed s 12 f ’

N pidsit o Aiy—1
= R
721 hi,;“fjﬁejH(Qf)z 21 (Qg) 2

)

= max [I(QF):RET(@F) 2|
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Reduced order model

Original system :
x(t) \ _ [ A By x(t)
ey(t) )\ eBy* AJ5+eB3* y(t) )’
( X(tk) ) — RO’k_lﬂ()O'k < X(tl:) )
y(tk) y(t)
Corresponding reduced order model :

x(t) = AgFx(t), Vt € [t, tkr1), k€N

_ o180y —
x(tx) = Ry; x(t,), Vk>1.
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Analysis ideas

Consider the slow and fast Lyapunov functions :

{ Wis(t) = /x(t) T QZ*x(t)

. Yt € [ty tira), k € N.
Wi(e) = (o7 @Fry(e) * 1 et K€

Introduce

r— < 71 712 > M. — ( e ™7 + f3 (ﬁz + B3) )

Y21 Y22 ef T4+ ef

Let 74 = txy1 — tk. We show that :

(3 ) <o (B ) o

(1) =r (355
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Analysis ideas

Choose 7 > 0 such that the positive matrix M« is Schur.
For e sufficiently small and (tx)«>0 sequence of event times
satisfying the dwell-time property 7, > 7%, for all k € N one has

(Wit ) < e (i) )

leading to
(W) = oo ()

Therefore we have to characterize 7* that renders M.« is Schur.
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Stability analysis results

TABLE — Summary of the main results establishing dwell-time conditions
for the stability of the original system.

Y11 Y125 V21, Y22 dwell-time condition
Y11 > 1 - T*>%+O(8)
1 - 7> % In(e) + O)

12 =0 ™ > O(e)
711 < 1 12721 *
Y22 <1, T (—2) <1 ™ >0
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Stability analysis results

TABLE — Summary of the main results establishing dwell-time conditions
for the reduced order system .

Y11 dwell-time condition
> 1 7+ > )
Y11 s
71 <1 T >0
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lllustration on scalar fast and slow dynamics

Consider again the system with the following two modes

{ u(t) = aru(t) + byv(t)

€V(t) = Clu(t) + le(t) te [t2k) t2k+1), keN

and
ei(t) = apu(t) + bov(t)
{ v(t) = cou(t) + dav(t) t € [tok+1, tokt2), k €N
Notice that \
11 d17 11 P
and 11 < 1 if and only if
b d
Zl<g< |2,
az c
Q2
where g = (| .
q Qsl
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lllustration on scalar fast and slow dynamics
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FIGURE — In blue the slow manifold associated with first mode and in
red the slow manifold associated with the second mode.
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Numerical examples

Consider :

al b1 . —1 0.5 d» b2 o —25 —4
1 d1 o -3 =2 ’ (@) d2 o 1 0.5 )
The two slow manifolds are :

{ —3u(t) —2v(t) =0

—2.5u(t) —4v(t) = 0.
and
RL72=_15 RY¥T=-16=y;=16>1

We also consider Xo = (2, 1)T, ¢ = 1073.
The required dwell-time equals 0.57 sec.
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Numerical examples

7= 0.2 sec

T = 0.57 sec
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Conclusions and perspectives

Conclusions :

m Stability analysis for hybrid singularly perturbed systems with
switch-dependent nature of the variable

m A characterization of the dwell-time ensuring stability is
presented.

m Time-varying dimension of the state can be considered
provided that we add some artificial state-variables with stable
dynamics.

Perspectives :

m Apply the results to Arcelor-Mital problem.

m Design automatons ensuring stability under pre-defined
dwell-time constraints.
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