Event triggered high-gain feedback

J. Peralez, V. Andrieu, M. Nadri, U. Serres

October 27, 2016

J. Peralez, V. Andrieu, M. Nadri, U. Serres Event triggered high-gain feedback



Problem Statement

Problem Statement

Consider a physical process described by a dynamical system with x in R”
x(t) = f(t,x(t), uk) , t € [t, tks1) , F(t,0,0) =0
where

@ The sequence (tx)ken is the sampling times

@ The control uy is modified at the time instant tx
= The control is constant between two sampling times!

Control Problem:

Based on the model, find the sequence (t, uk)ken such that the origin is
globally and exponentially stable.
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Problem Statement

Problem Statement

The selection of the sequence (t)xen follows an event
This is event-based control

The event may depend on
@ the state at time t, x(t)
@ an output at time t, y(t)

@ some new additional variable

Interest of this problematic:

Computation time on embedded systems

Actuator limitation

Network utilization

o Battery power
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Problem Statement

Event triggered state feedback

Event based control:
@ Very active topic of research.

@ Main contributor: M. Heemels, R. Tabuada, R. Postoyan, D. Nesic, A.
Girard, A. Tanwani, C. Prieur, A. Teel, L. Zaccarian, A. Seuret, N.
Marchand...

@ Usual techniques are based on hybrid dynamical system theory of Teel and
coworkers.

@ It is assumed known a continuous time control law. Sampling is made and
handled by robustness.

In our work:

@ We don’t assume that we know a priori a state feedback for the
continuous time case.

@ The design of the triggered mechanism and the state feedback are made
jointly.
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Problem Statement

Mathematical formulation

Class of nonlinear systems : We consider a dynamical system in a specific form

1 = x4+ A(t,x)
% = x3+ h(t,x1,x)
Xn = Ukt f(t, X1, ..., Xn)

which can be rewritten

x(t) = Ax(t) + Buk + f(t, x(t))

The functions f; may not be well known for the design of the control.
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Problem Statement

High-gain approach

The model can be rewritten :
x=Ax+Bux + f(t,x)
— SN——"

Chain of integrator part Nonlinearities = Disturbances

HIGH GAIN IDEA: Consider the nonlinear terms as disturbances

Two steps for the design of the sequence (tx, Uk )ken
@ In a first step we synthesize a robust controller for a linear system.

@ Amplify the convergence and robustness to deal with f.
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Problem Statement

Outline of the presentation

@ The linear case
o General linear system
e a chain of integrator

@ The nonlinear case
o with linearly bounded nonlinearities
o The most general nonlinear case

© An example
@ Output feedback design

Event triggered high-gain feedback
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For linear systems

For the linear parts

Consider a (general) linear system x = Ax + Buy

Step 1: Let K be such that A + BK is hurwitz.

Theorem : A well known robustness result

There exists a strictly positive real number 6* such that for all 4 in [0; %) the
sampled state feedback (tx, ux)ken defined as

to=0, tkyn =t + 6
uy = Kx(tk)

makes the origin a globally and asymptotically stable equilibrium.
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For linear systems

For the linear parts

Sketch of the proof : If A+ BK is Hurwitz, the origin of the discrete time
linear system

5
Xk+1 = {exp(Aé) +/ exp(A(d — s))BKds | xx,
0

is asymptotically stable for § sufficiently small.

Result is well known and based on the robustness of a given controller
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For linear systems

For the chain of integrator

Consider the chain of integrator system x = Ax + Buk

Step 1: Let K be such that A+ BK is hurwitz.

Theorem :

There exists a positive real number o™ such that for all  in [0, &™) and for all
0 > 0 the sampled state feedback (tx, uk)ken defined as

to =0, tky1 = tk+0

= K™ Lx(t) , L= diag (% L %) =%

makes the origin a globally and asymptotically stable equilibrium.

= For the chain of integrator, we can choose § as large as we want !
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For linear systems

Sketch of the proof : With the change of coordinates:

X=Lx=[2 % .. Ln]/

12 In
It yields for all t in [tk, tkt1):

X(t) = L(AX(t) + BKXy)

Which gives
s
Xiy1 = {exp(ALé) +/ exp(AL(S — s))LBde} Xk
0

_ |:exp(Ao¢)—|— /0 " exp(A(ar — s))Bde} Xe.

= This is the same discrete dynamics then in the robustness result
= With the previous theorem, there exists a positive real number o™ such that
X =0 (and thus x = 0) is a GAS
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For nonlinear systems

Adding the nonlinear disturbances

We consider now the nonlinear system

x=Ax+ Bux + f(t,x)

Step 2: Let K and « be given in Step 1 for the linear part part. We consider
the controller (uk)ken

ue = KL Lx(t) , L= diag (%%) , Vk

It remains to select L and the sequences (tx)ken
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For nonlinear systems

Nonlinear systems

We consider now the nonlinear system
X = Ax + Buk + f(t, x)
We consider two contexts
@ The (well known) linearly bounded context
(8, x(0) < e (bal + -+ [x])
@ The time varying bound context
I6i(t, x(£)] < cOa) (bal + Pl +-- -+ )

with
c(x1) = a0+ alx|?
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For nonlinear systems

The linearly bounded context

The closed loop system is
x=Ax+ BKL"™ ' Lx(te) + f(t,x) , t € [tx_1, tx)
where £ = diag (%, ey B )

T

Proposition: Continuous discrete state feedback for linearly bounded systems

There exists a positive function Lmin (+), such that
o for all L > Lmin(cL)

@ with the sequence (tx)ken defined as

to=20, tk+1:tk+(5,5:%

the origin is a globally and asymptotically stable equilibrium.

J. Peralez, V. Andrieu, M. Nadri, U. Serres Event triggered high-gain feedback



For nonlinear systems

Sketch of the proof : With the change of coordinates:
x=cx=[3 3 - 3

It yields for all ¢ in [ti, tis1):
X(£) = L(AX(2) + BKX: +6(1)) , A(8) = T (£,.£72X(0))
if L>1, we have
At < (X (0] + Xe(0)] + -+ 1X(0))

Which gives

@

Xip1 = [exp(Aa) n /0 " exp(A(or — s))Bde} X + /0 exp(Ala — s))A (%) ds

Stabilizing part get small if L is large

With a Lyapunov analysis we get the result if L is large.
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For nonlinear systems

The linearly bounded context

Some remarks on the linearly bounded context

(6, x(O)] < e (bal+-- -+ Ix)

@ The parameter L has to be larger then a function of the linear bound ¢,

@ If L is large then ¢ is small = you need to actuate the controller more
frequently

How can we do when the linear bound is time varying?
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For nonlinear systems

Time varying linear bound

We consider now the case
Ifi (£, x(t))] < cOa) (al + el + -+ [x])

with
c(x1) = co+ alxi|?

@ Now the linear bound is time varying.

o L will have to follow a function of the linear bound.

= We need to adapt the high-gain parameter L
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For nonlinear systems

The proposed event triggered control law

The event triggererd state feeddback is

Uy = K(Lk)"+1£kx(tk)

with £(t) = diag(ﬁ7 e L(%)")

The sequence (tk)ken is
to =0, tikr1 = tk + Ok R Ok = min{s € Ry ‘ SL((tk +s)_) B a}

where L(t7) = lim L(7)

Tt Tt

Updated law for the high-gain parameter

i(t) = alOMa(), LO)>1

Lt = Etoenis VB Elliz
Ltx) = L)1 —-ae)+aie, ara <1

{ M(tk) = 1.
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For nonlinear systems

Main Theorem

Theorem (Main theorem):

There exist positive numbers a1, a2, as, a gain matrix K and o™ such that for
all & in [0, @], the self-triggered feedback initiated from L(0) > 1 and

M(0) = 1 renders x = 0 a globally and asymptotically stable equilibrium.
Moreover there exists a positive real number dmin such that dx > dmin for all k
and so ensures the existence of a minimal inter-execution time.
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For nonlinear systems

Some remarks on this algorithm

The model of the high-gain parameter, is composed of two things

@ The continuous-time part

{ L(t) = al(t)M(t)c(x(t)), L(0)>1

M(t) = asM(t)c(x(t)) Vit € [ty tis1) s

= Learning and upperbounding the linear bound
@ The discrete-time part

L(tk) = L(tk_)(]. — 31(1) + a1, aqa <1
{ M(tk) = 1.

= Stabilizing the high-gain parameter
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For nonlinear systems

Some remarks on this algorithm

Note that we have for instance,
L((Sl) = L((S;)(]. — 3151L((5;)) + 21(51L((5;)

and if 47 is small, we have

{ ﬁ/(lzg)::aiL(t)M(t)c(xl(t)) = L(57) ~ L(0) + a2L(0)c(0)d:

Keeping only first order terms in d1, we get
L(81) ~ L(0) + 6, L(0) [al(l —L(0)) + a2c(0)]

= This is the same structure then the one in Praly 2003 in the continuous
time output feedback context:

L= L{al(l - L)+ azC(Xl(t))]

= Inspired from a Riccati equation !
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For nonlinear systems

Sketch of the proof

To prove the theorem, we have to show:
@ Selection of K
@ The existence of the sequence (xk, tx, Lk, Mi)ken
© The decrease to zero of some scaled coordinates
@ Boundedness of the time varying high-gain parameter L
© Existence of a dwell time and convergence to zero of x
O Stability analysis.
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For nonlinear systems

Sketch of the proof

Step 1 : Selection of K.
Let D = diag(b,1+ b,...,n+ b —1). Let P be a SPD matrix and K a vector

such that
P(A+BK)+ (A+ BK)' P < —I,
pll < P < p2I7
pP < PD+ DP < psP,
with p1, ..., psa positive real numbers.

It can be shown that there always exist a solution
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For nonlinear systems

Sketch of the proof

Step 2 : Existence of the sequence (xk, tx, Lk, Mk)ken

Proposition : Existence of the sequence

Let a;, a3 and « be positive, and ax > %. Then, the sequence
(tk, Xk, Ly Mi)ken is well defined.

@ With a Lyapunov analysis, it can be shown there is no blow up of x before
a blow up of L

A .
Ix()] &~ c(xa(t)) [x(2)] , L(t) = axL(t)M(t)c(a(t))
In some sens, L grows at least faster than x

@ There exists tx11 since L is strictly increasing and tx11 = tx + dx and,

0k =min{s € Ry | sL((tx + ) ) = a}

It remains to select a1, az, a3 and «
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For nonlinear systems

Sketch of the proof

Step 3 : Decrease of scaled coordinate Let

X(t) = S(t)x(t)

S(t) = diag (L(:;)b T L(t)3+b—1> = L(t)libﬁ(t)

where b > 0 is such that bg < 1 with g

Decrease of scaled coordinates

Let V(X) = X" PX. There exist positive real numbers a; (sufficiently small),
a (sufficiently large), and o such that for a3 = 2n and for all « in [0, @*] the
following property is satisfied:

V(Xis1) — V(Xe) < — (;)2 V(Xe).

= implies that V/(Xx) goes to zero
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For nonlinear systems

Sketch of the proof

This doesn’t imply that V(X(t)) is decreasing

Lyapunov function

t, 2 7

Fig.: Time evolution of Lyapunov function V.

This doesn’t imply that x(t) goes to zero since L(t) may go to infinity.

J. Peralez, V. Andrieu, M. Nadri, U. Serres Event triggered high-gain feedback



For nonlinear systems

Sketch of the proof

Step 4 : Boundedness of L

Updated law for the high-gain parameter

{ () = 2LOM), L(0)>1

' Yt € [t tir)
M) = aM(t) (co+a |50 15) [te, ti)
Ltx) = L)1 —-ae)+ae, aa <1

M(t) = 1.

@ It can be shown that for Ly large enough
Liv1 < F(Lk)

F(Ly) = exp (1/) (aL‘;"*I) - 1) Li(1 — ara) + ara.

with 7 a continuous function such that (0) = 1.
@ It can be shown that for L sufficiently large

Hence L is bounded.
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For nonlinear systems

Sketch of the proof

Step 5 : Conclusion With L bounded

@ It implies that 6, = ﬁ is lower bounded.

= There is a dwell time !
o It implies

lim t =+
k—+4o00

and
lim |x(t)]=0

t—+oo

Stability requires a bit of work.
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For nonlinear systems

An example

Consider the unknown nonlinear systems

>'<1 = X2
)'<2 = X3
X3 = 9x12X3 +u

where 0 is a unknown constant parameter with 6 < Omax.
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For nonlinear systems

An example
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For nonlinear systems

An example
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Output Feedback

What about output feedback

What about output feedback ?

@ The control is based on an output measurement.

@ The measurement follows an event
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Output Feedback

What about output feedback

u(t) y(t) y(6),L(t)
Plant > Dynamic gain
uk J;k ] J' yk
- Controller |€«——— Estimation [¢&—— €]
t f
1 1
1 1
1 1
i R i
e e 4 Event-triggering fo————————__ -
| _mechanism i

Fig.: Event-triggered output feedback control schematic.
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Output Feedback

What about output feedback

We consider a dynamical system in a specific form

1 = x4+ A(t,x)
2 = x3+ h(t,x,x)
X = U+ f(t, X1, ..., Xn)

with
yie = x1(tk)

which can be rewritten

x(t) = Ax(t) + Buk + f(t,x(t)) , vk = Cx(t«)

J. Peralez, V. Andrieu, M. Nadri, U. Serres Event triggered high-gain feedback



Output Feedback

The proposed event triggered control law

The event triggered output-feedback (uk)ken is
uk = K(Lk)"™™ Lk ()

where .
%(t) = AR(t)+ Buk, VtE€ [tu, tisr)
X(tk) Kt ) + 01 Ly Ko(CR(8) = yi)

The sequence (tk)ken is

to =0, tikt1 = tk + O R ok = min{s € Ry ‘ SL((tk +S)_) = a}

Updated law for the high-gain parameter

i(t) = al(OMDa(), LO)>1

Lih = oy VB ElliEzall
Ltx) = L)1 —-ae)+ae, aia <1

{ M(tk) = 1.

Depends on xi(t) and not on yx
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Output Feedback

Main Theorem

Theorem (Output feedback theorem):

There exist positive numbers a1, a», as, a gain matrix K, K, and o* such that
for all « in [0, a*], the self-triggered output feedback initiated from L(0) > 1
and M(0) =1 renders x = 0 a globally and asymptotically stable equilibrium.
Moreover there exists a positive real number dmin such that dx > dmin for all k
and so ensures the existence of a minimal inter-execution time.
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Conclusion

Conclusion

@ A new method to design a high-gain event triggered control law.
@ Design based on a continuous discrete riccati equations

@ It is possible to adress the output feedback case following the same route.
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