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Abstract. The objective of this paper is to present a new abstract state
space for t-time Petri nets which associates with each path in this space
a sequence effectively firable in the net. This means that this state space
has to exactly (in a quantitative way) define the set of constraints which
have to be verified by the firings. After some definitions about the Simple
Temporal Networks, the abstract states are defined as well the generation
of the abstract space. It is shown that this space does not coincide with
the two previously defined spaces (W and A) in TINA.

1 Introduction

For checking some properties of critical embedded systems such as the timeli-
ness property for correct environment interaction, it is frequently necessary to
consider specific scenarios of operations and to analyze the temporal constraints
which have to be verified by the events composing them [Ri 05].

Other properties (related for example to the fact that a state is not reach-
able) imply the exhaustive search for all the states of a system. When tem-
poral constraints exist, the states, in an infinite number, can be covered by a
finite set of state classes for bounded Petri nets. In this case, a graph of state
classes can be built in order to study the system, where nodes are state classes
and the arc from a class C to a class C′ is labeled by the transition t (lead-
ing from C to C′). Several kinds of classes have been proposed according to
the kind of properties to be proven (properties expressed in LTL or in CTL
for instance) [Me 85, Yo 98, Be 04, Ca 05]. Some approaches allow deriving the
temporal constraints associated with a given scenario, directly from the Petri
net [PR 99, Ri 01, Ri 05]. However, they cannot be used efficiently for t-time
Petri nets with strong semantics and interleaving. In order to correctly delimit
the domains of the variables attached to the firing dates in a transition firing
sequence, it is necessary, in the case of a t-time Petri net with strong semantics,
to know the transition enabling dates. This implies that, for each transition, the
date of the firing which has produced the last token is known. In consequence, it
is necessary to proceed in the context of interleaving semantics and therefore to
explicitly consider states and firing sequences (in contrast with [PR 99, Ri 01]
where the approach is based on scenarios i.e. partial orders).
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It is clear that it is always possible, given a firing sequence possibly derived
from a graph of classes, to obtain a set of constraints delimiting the firing dates
by considering both the Petri net and the graph of classes [Sc 04]. In this paper,
the proposed approach is to construct a graph of classes with sets of constraints
attached to its arcs, such that the constraints which have to be verified by the
firing dates for any sequence in the net, are directly derived by concatenating
the constraints attached to the arcs covered by the corresponding sequence in
the graph of classes.

2 Basic Notions

2.1 Simple Temporal Network

Definition 1 (Simple temporal network). A simple temporal network N is
composed of a finite set V of variables vi and a finite set C of binary constraints
Cij(vi, vj) defined as convex intervals [cmij , cMij ] delimiting the possible distance
between two variables vi and vj of V . Each Cij is therefore equivalent to: cmij ≤
vj − vi ≤ cMij vi, vj ∈ V.

Definition 2 (Complete network). A simple temporal network N is complete
iff a constraint Cij is associated with each pair of variables.

Definition 3 (Minimal network). A complete simple temporal network N =
(V, C) is minimal iff ∀vi, vj ∈ V and ∀c ∈ Cij (cmij ≤ c ≤ cMij), there is an
assignment of values to all the variables of V which verifies all the constraints
and such that vj − vi = c.

The Floyd-Warshall algorithm, derives a complete and minimal simple tem-
poral network from any consistent (having at least one solution) simple temporal
network [De 91, Gh 04]. After applying this algorithm, the new resulting con-
straint Cij = [dmij , dMij ] is such that dmij is the best possible lower bound, dMij

is the best possible upper bound and these bounds are actually reached for at
least one set of assignments of all the variables of V verifying all the constraints
of C.

Definition 4 (Intersection). The intersection of two simple temporal net-
works N = (V, C) and N ′ = (V ′, C′) is the simple temporal network N” =
N ∩N ′ = (V ”, C”) such that: i) V ” = V ∩V ′, ii) ∀vi, vj ∈ V ”, C”ij = Cij ∩C′

ij .

The constraints are given by the intersection of the intervals. If one of these
intersections is empty, the simple temporal network N” is inconsistent in an
obvious way.

Definition 5 (Union). Let us consider two temporal networks N = (V, C) and
N ′ = (V ′, C′) such that: ∀vi, vj ∈ V ∩V ′, Cij = C′

ij. The union N” = N ∪ N ′ is
a simple temporal network (V ”, C”) such that: i) V ” = V ∪V ′, ii) C” = C ∪ C′.

It has to be pointed out that as for any pair of variables vi and vj belonging
both to N and N ′, the constraints Cij and C′

ij are the same in N and N ′, and
the union of the sets of constraints C and C′ is always consistent.
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2.2 t-Time Petri Nets

Definition 6. A t-time Petri Net [Be 91, Be 04] is a 3-tuple < N , M0, I >
where:

– N =< P, T, Pre, Post > is a Petri net,
– M0 : is the initial marking,
– I : T → (Q+ ∪ 0) ∗ (Q+ ∪ ∞) is the static interval function.

The static interval function I associates with each transition ti a temporal
interval [ai, bi] (see figure 1) that represents the set of its possible firing dates
counting from its enabling date.

Fig. 1. Example of a t-time Petri net

Typically, for t-time Petri nets, the operational semantics includes the so-
called strong semantics which enforces the firing of one of the enabled transitions
before the earliest of all the latest firing dates for the enabled transitions. This
means that a transition cannot remain enabled without being fired after the end
of its firing interval. In this paper, it is assumed that there is no memory of
the enabling time of a transition in the past and transitions may be enabled
concurrently.

In a t-time Petri Net, the following events associated with a transition (and
the corresponding temporal variables) must be taken into account: the enabling
date, begin/end of the firing interval and firing date. The following constraints
must be verified between the variables corresponding to these events:

– the enabling date of a transition is equal (not greater) to the firing date of
the last transition which has contributed to its enabling,

– the transition firing date should be included in its firing interval I.

These relations can be expressed by simple binary constraints when the op-
erational semantics is such that only firing sequences (totally ordered) are con-
sidered (interleaving semantics). In consequence, simple temporal networks are
an adequate framework to analyze the temporal constraints generated by t-time
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Petri nets. In the following, only two types of variables are considered: xk
i which

is the variable denoting the date of the kith firing of transition ti and yi which
denotes the upper bound of the firing interval of enabled transition ti.

3 Definition of States and State Classes

3.1 State of a t-Time Petri Net

Let us consider the execution of a firing sequence σ = t1 ; · · · ; ti ; tj ; · · · ; tn in
a t-time Petri net. A transition can be fired several times in a sequence. We
consider a firing of transition ti which is the oith firing of this transition and the
next firing in σ is the ojth firing of tj . The corresponding variables are xoi

i for ti
and xoj

j for tj .
Given a specific execution of σ, the state after the firing of ti is the obtained

marking associated with the current clock value and the firing dates of all the
transitions preceding ti in σ in order to compute the remaining firing intervals
for each enabled transition.

3.2 State Classes

A class is composed of all the states which are reachable by an execution of σ
after the firing of ti and before that of tj . The class has to allow the accurate
definition of all the constraints which have to be verified by the firing date of
transitions tj and by the following ones in σ. This means that it is necessary to
be able to derive not only the distance of xoj

j and xoi
i , but also the distance of

xoj
j with all the preceding firing dates in σ.

In order to have a finite number of classes, it is necessary to forget a part of
the past. Instead of keeping all the variables corresponding to the past transition
firings and the corresponding simple temporal network, it is possible to only keep
a fragment of it.

After having defined this fragment, the paper gives the procedure of construc-
tion of the temporal constraints which variable xoj

j must verify. These constraints
are attached to the arcs of the graph of classes under the form of a simple tempo-
ral network. Then it is proven that the fragment is sufficient, i.e. that considering
more variables and more constraints about the past events would not modify the
simple temporal networks attached to the arcs.

Definition 7. The initial state class C0 is defined by the tuple (M0, Nc0) where:

– M0 is the initial marking of the net; it is assumed that n0 transitions are
enabled by M0,

– Nc0 is the temporal network composed only of the variable x0 representing
the time origin.
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The time origin is the event that has enabled all n0 enabled transition at class
C0 and in a certain way, it is the beginning of the world.

Let σ be a firing sequence t1 ; · · · ; ti of a t-time Petri net, ti the last fired
transition in σ and ts(k) the transition that has enabled a transition tk.

Definition 8. The state class C, obtained after the firing of transition ti, is
defined by the pair {M, Nc} where:

– M is the current marking of the net; it is assumed that n transitions are
enabled by M ,

– Nc is the minimal and complete simple temporal network composed of the
following variables and constraints :
1. the variable xoi

i associated with the last transition firing (ti firing),
2. for each enabled transition tk from M , the variable associated with the

firing of transition ts(k) which has enabled tk, xosk
s(k) (k = 1, . . . , n),

3. the temporal constraints between these variables (minimal and complete
network).

If Cp is the class from which transition ti has been fired, C is the class obtained
by the firing of ti at date xoi

i and Nti,cp the simple temporal network delimiting
ti firing, figure 2 describes the relationships between classes and simple temporal
networks.

Fig. 2. A piece of a graph of classes

For all classes C 	= C0, the representation of the past includes the last transi-
tion firing and the firing which has enabled each one of the n enabled transitions
at C. There are two cases:

– two transitions t1 and t2 have been enabled by the same transition ta, the
corresponding variables xos1

s(1) and xos2
s(2) are the same, xos1

s(1) = xos2
s(2) = xoa

a ;
– the last transition firing (represented by variable xoi

i ) is also the event that
enables a transition tj in this class (represented by variable xosk

s(k)), these
variables are the same, xoi

i = xosk
s(k).

In the sequel if a transition ti appears only once in a sequence σ (oi=1), the
corresponding variable is noted xi instead of x1

i .
For example, let us consider the t-time Petri net in figure 1, with the firing

of sequence t2; t3; t1 from initial class C0 with initial marking p1p2p3 and the
temporal network Nc0 given by x0. The class C reached by the firing of this
sequence has the marking p4p5p6. The transitions enabled by this marking are
t4 and t5. The following events must be considered in order to construct Nc:
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– the last transition fired in the sequence is ti = t1, and the corresponding
variable is x1;

– t4 has been enabled by t1 firing, so s(4)=1, and xos4
s(4) = x1;

– t5 has been enabled by t3 firing, so s(5)=3, and xos5
s(5) = x3.

The complete definition of the temporal network Nc requires the constraint
values associated with variables x1 and x3. Nc is a fragment of the temporal
network delimiting the last transition firing (t1 in this example). The definition
of the temporal network Nt delimiting the firing of a transition t is defined in
the sequel.

3.3 The Temporal Network Delimiting the Firing of tj

In a reachable marking graph obtained from a classical Petri net (without tem-
poral information), a node corresponds to a marking and an arc between two
nodes (n1, n2) is labeled by the transition whose firing leads from n1 to n2. In
the graph of classes obtained from a t-time Petri net, an arc between two classes
must be labeled, besides the transition, by temporal information delimiting the
firing date of this transition. According to the definition of class and the corre-
sponding definition of temporal information attached to the arc, several graphs
of classes have been proposed allowing to prove different properties of a t-time
Petri net ([Be 91, Yo 98], etc). In our approach, an arc, labeled by a transition
tj , is also associated with a temporal network Ntj,i delimiting the firing date
of tj from Ci. These constraints reflect the memory of the past necessary to
characterize the future events.

Let tj be a transition among the n enabled transitions at class C = (M, Nc)
(def. 8), with Nc = (V c, Cc), and let tl, l 	= j be the other n − 1 enabled
transitions at C.

Definition 9. The simple temporal network Ntj,c = (V t, Ct) delimiting the
firing of tj from class C is composed of the following variables and constraints:

1. all variables and constraints from Nc, V t = V c, Ct = Cc,
2. the variable xoj

j (firing date of tj) and the static interval I(tj) as a constraint
between xoj

j and xosj
s(j),

3. the variable yol
l corresponding to each enabled transition tl and the singleton

[dMl, dMl] (the upper bound of static interval I(tl)) as a constraint between
(xosl

s(l), y
ol
l ),

4. the constraint [0, ∞[ between xoi
i and xoj

j to express the fact that tj must be
fired after ti,

5. the constraint [0, ∞[ between the pairs (xoj
j , yol

l ), l 	= j, to express the fact
that tj must be fired before the upper bound of the firing interval of transi-
tions tl.
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The minimal and complete Ntj,c is obtained after applying Floyd-Warshall
algorithm. All variables yol

l and the constraints to which they are directly con-
nected can be deleted (proved in section 3.4).

Step 1 indicates that Nc is a fragment of Ntj,c, Nc ⊆ Ntj,c. By the way,
variables xosj

s(j) and xosl
s(l) in Steps 2 and 3 respectively belong to Nc (def. 8), since

they correspond to transitions which have enabled one of n enabled transitions
in C. Step 4 is imposed by the interleaving semantics and step 5 is imposed by
the strong semantics. If the network is not consistent, it means that tj cannot
be fired before the other n − 1 transitions tl.

Let us consider the initial class C0 of the net in fig. 1, with M0 = p1p2p3 and
Nc0 : x0. Let us consider the firing of t2 (at date x2), delimited by Nt2,0. At the
beginning, Nt2,0 = Nc0 : x0 (step 1); node x2 and arc (x0, x2)=[0 0] are added
(s(2) = 0, step 2). As t1 and t3 are also enabled at C0, nodes y1 and y3 as well arcs
(x0, y1)=(x0, y3)=[3 3] are added (s(1) = s(3) = 0, step 3). Arc (x0, x2)=[0 ∞[
(i = 0, step 4) is also added, as well (x2, y1)=(x2, y3)=[0 ∞[ (step 5), leading to
Nt2,0 of fig. 3.a. After Floyd-Warshall algorithm, the obtained Nt2,0 is the one
of fig. 3.b. The final Nt2,0 is represented by the dotted arc of this figure.

Fig. 3. Temporal network Nt2,0 delimiting t2 firing from C0

It is important to remark that the simple temporal network Nc′ of the class
C′ reached after the firing of tj is also included in Ntj,c. In fact, all n′ enabled
transitions at C′ have been enabled by the firing of tj (xj ∈ Ntj,c) or the firing
of a previous transition t in the sequence leading to C (x ∈ Nc ⊆ Ntj,c).

3.4 Proofs

Proving that yol
l can be Deleted. After Floyd-Warshall execution, variables

xosl
s(l) and yol

l are redundant because the constraints connecting them are sin-
gletons. Indeed knowing the constraint connecting xs(l) (event that has enabled
transition tl) to xk is sufficient to derive the triangle in figure 4.a, because:

dmkl = dM − dmsk and dMkl = dM − dMsk (1)

Proving that the Past can be Forgotten. Let us consider the class C′

obtained from the firing of tj , characterized by the temporal network Nc′ in
fig. 4.b, with a variable xk belonging to the forgotten past. The proof that a
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Fig. 4. Temporal network Nt illustrating the proof

part of the past can be forgotten, upon which the definition of class is based,
relies on the assumption that xk cannot restrict the constraints between xj and
the other nodes.

As underlined in section 3.3, the temporal network Ntj,c (delimiting the firing
of a transition tj from a class C) is constructed from the temporal network Nc of
the class C (obtained from the firing of a precedent transition ti in the sequence).

So, if the variables yl are not deleted in step 7 of the procedure given in
section 3.3, the obtained class C′ is composed by 3 kind of constraints: 1) between
xj and xs(j) (event that has enabled transition tj), 2) between xj and xi (the
last transition fired before tj , interleaving semantics) and 3) between xj and yl,
l 	= j (strong semantics). Only y1 is represented in the figure, the other nodes yl

are identical. The constraints Ckj is initially equal to [0, ∞[.
The longest path of xk towards xj thus passes necessarily by xs(j), xi or

one of nodes xs(l). Let us suppose that it is going through xs(j), so dmkj =
dmks(j) + dms(j)j and dMkj = dMks(j) + dMs(j)j . Can this constraint restricts
[dmij , dMij ], for example? (An arc (xi, xj) = [dmij , dMij ] corresponds to two
arcs (xi, xj) = dMij and (xj , xi) = −dmij = dmji.) In this case:

dmij = dmik + dmkj = dmik + dmks(j) + dms(j)j (2)

dMij = dMik + dMkj = dMik + dMks(j) + dMs(j)j (3)

As the temporal network Nc characterizing the class C is complete and minimal,
dmis(j) ≥ dmik +dmks(j) and dMis(j) ≤ dMik +dMks(j), so the lower bound of the
path going directly through xs(j) is equal or bigger than the one going through
xk (eq. 2), and the upper bound is equal or smaller than it (eq. 3).

The other cases are analogous. Let us take into account the case where the
longest path between xj and xk goes through xs(j) and the one between xk and
yl goes through xs(l). If xk can reinforce the constraint between xj and yl:

dmjl = dmjk + dmkl = dmjs(j) + dms(j)k + dmks(l) + dms(l)l (4)

dMjl = dMjk + dMkl = dMjs(j) + dMs(j)k + dMks(l) + dMs(l)l (5)

But dms(j)s(l) ≥ dms(j)k + dmks(l) and dMs(j)s(l) ≤ dMs(j)k + dMks(l) , so the
lower bound of the path (xj , xs(j), xs(l), yl) is equal or bigger than the one going
through xk, and the upper bound is equal or smaller than it.
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It is proved that the firing date xk do not constraint the distance between
other nodes, so it can be forgotten in the network construction.

3.5 Restricted Class

The constraints between the events of a class C are obtained from the set of
constraints having to be checked by the transition firing leading to C. Indeed,
the temporal network Nc of class C, reached from ti firing, is a fragment of the
network Nti,cp characterizing the firing date of ti (from a previous class Cp).

During the construction of a temporal network Ntj,c from the class C, some
constraint Ck,l between two nodes xk and xl can become more restricted than
its initial value in the network Nc of C. This means that transition tj can only
be fired from the states of C for which variables xk and xl verify this new,
more restricted constraint Ck,l. This defines a sub-class Crj restricted in order
to permit the firing of tj .

Let C = (M, Nc) be a class, let tj be a transition which can be fired from C
and whose firing date is delimited by the Ntj,c. If Ntj,c ∩ Nc 	= Nc (see definition
4) then it is necessary to define a restricted class.

Fig. 5. Restricted class Cr of class C

Definition 10. The restricted class Crj = (Mr, Ncr) of class C is defined by

– Mr = M ,
– Ncr is the network Ntj,c ∩ Nc after application of Floyd-Warshall

The class Crj characterizes the states from where the transition tj is firable;
these states have been reached by the firing of ti (preceding tj in the sequence
τ = t1; ...; ti; tj) whose firing date has to be consistent with Crj (fig. 5). This
means that this date is delimited by the network Nt′i,cp

= Nti,cp ∩ Ncr, which,
after a new application of Floyd-Warshall may be such that Nt′i,cp

∩ Ncp 	= Ncp

and require so a restricted class Ci
pr for Cp and so on.

3.6 Equivalent Classes

Definition 11. Two classes C = (M, Nc) and C′ = (M ′, Nc′), differing from
the initial class C0, with Nc = (X, C) and Nc′ = (X ′, C′) are equivalent if:
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1. they have the same marking, M = M ′,
2. there exists a bijection τ between the elements of X and X ′ such that

– x
′ok
k = τ(xoi

i ) implies k = i (the variables are firing dates of the same
transition)

– if x′
i = τ(xi) and x′

j = τ(xj) then C′
ij (constraint between x′

i and x′
j) is

equal to Cij (constraint between xi and xj)

Definition 12. A class C = (M, Nc) is equivalent to the initial class C0 =
(M0, x0) if:

1. they have the same marking, M = M0,
2. the set of variables X of Nc is a singleton, X = {xk} (no past memory).

In the above definition, the firing of transition tk leads the system back to
the initial marking M0 and enables all transitions at this marking. That is why
it is equivalent to the beginning of the world.

3.7 Graph of Classes

The graph of classes is composed by classes C = (M, Nc) (def. 7 and 8) and the
arcs connecting them. An arc (C, C′) is labeled by the transition t (leading from
C to C′) and Nti,c delimiting this firing (section 3.3). The graph generator (in
Java) can be downloaded at http://www.irit.fr/∼Janette.Cardoso/feria
as well the algorithm description (AlgoGraphC.pdf) and the manual (readme).

3.8 Sequence Characterization

The temporal network of a sequence σ = t1; ...; ti; tj ; ...; tn from a class C is
given by the union (see definition 5) of the temporal networks delimiting each
transition firing in σ: Ntσ = Nt1,c ∪ . . .Nti,ci ∪ Ntj,cj ∪ . . . ∪ Ntn,cn.

It must be pointed out that this expression is consistent with the union of sim-
ple temporal networks because by construction Nti,ci ∩ Cj = Cj , Ntj,cj ∩ Cj = Cj

and Nti,ci ∩ Ntj,cj = Cj. This means that the constraints between variables be-
longing both to Nti,ci and Ntj,cj are equal, they are those of Cj .

A same sequence σ can be associated with more than one path in the graph
of classes. A particular case appear when σ = t1; ...; ti and the firing of last
transition ti leads to a class C and also to its restricted class Cr. It means that
Cr was created in such a way that another transition tj can be fired after ti.
Two network are obtained, N1

σ leading to C and N2
σ leading to Cr, but N1

σ ⊇ N2
σ

and so the network characterizing σ is N1
σ (see the example in section 4.2).

4 Example

4.1 Construction of the Graph of Classes

Let us consider the example of figure 1, presenting a deadlock and also infinite se-
quences. Table 1 shows the classes (marking and temporal network Nc) obtained
with the proposed approach and figure 6 represents the graph of classes.
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Temporal networks Nti,k of ti from Ck

Nt1,0,(x0, x1)=[0 0], Nt2,0,(x0, x2)=[0 0]

Nt3,0,(x0, x3)=[0 0]

Nt2,1,(x0, x1)=(x0, x2)=(x1, x2)=[0 0]

Nt3,1,(x0, x1)=(x0, x3)=(x1, x3)=[0 0]

Nt1,2,(x0, x2)=[0 0],(x0, x1)=(x2, x1)=[0 3]

Nt3,2,(x0, x2)=[0 0],(x0, x3)=(x2, x3)=[0 3]

Nt1,3,(x0, x3)=(x0, x1)=(x3, x1)=[0 0]

Nt2,3,(x0, x3)=(x0, x2)=(x3, x2)=[0 0]

Nt3,4,(x0, x2)=[0 0],(x0, x3)=(x2, x3)=[0 2]

Nt4,4,(x0, x2)=[0 0],(x0, x4)=(x2, x4)=[1 2]

Nt2,5,(x0, x3)=(x0, x2)=(x3, x2)=[0 0]

Nt3,6,(x0, x1)=(x0, x3)=[0 3],(x1, x3)=[0 2]

Nt1,7,(x0, x3)=(x0, x1)=[0 3],(x3, x1)=[0 2]

Nt5,7,(x0, x3)=(x0, x5)=[0 3],(x3, x5)=[0 2]

Nt2,8,(x0, x1)=(x0, x2)=(x1, x2)=[0 0]

Nt1,9,(x0, x2)=[0 0],(x0, x1)= (x2, x1)=[0 2]

Nt5,9,(x0, x2)=[0 0],(x0, x5)=(x2, x5)=[0 2]

Nt4,10,(x2, x3)=(x3, x4)=[0 2],(x2, x4)=[1 2]

Nt5,10,(x2, x3)=(x0, x1)=(x2, x1)=[0 2]

Nt4,12,(x2, x4)=[1 2], Nt5,12,(x2, x5)=[0 2]

Nt4,13,(x1, x3)=(x3, x4)=[0 2],(x1, x4)=[1 2]

Nt5,13,(x1, x3)=(x1, x5)=(x3, x5)=[0 2]

Nt3,14,(x0, x4)=(x0, x3)=[1 3],(x4, x3)=[0 2]

Nt5,15,(x3, x1)=(x3, x5)=(x1, x5)=[0 2]

Nt1,16,(x0, x5)=(x0, x1)=(x5, x1)=[0 3]

Nt5,17,(x2, x1)=(x2, x5)=(x1, x5)=[0 2]

Nt1,18,(x0, x5)=[0 2],(x0, x1)=(x5, x1)=[0 3]

Nt6,20,(x5, x6)=[0 2] Nt6,22,(x1, x6)=[0 2]

Nt′
1,2

,(x0, x2)=[0 0],(x0, x1)=(x2, x1)=[0 2]

Nt4,24,(x3, x1)=[0 1],(x3, x4)=(x1, x4)=[1 2]

Nt′
1,7

,(x0, x3)=(x0, x1)=[0 3],(x3, x1)=[0 1]

Nt4,25,(x2, x1)=[0 1],(x2, x4)=(x1, x4)=[1 2]

Nt′
1,9

,(x0, x2)=[0 0],(x0, x1)=(x2, x1)=[0 1]

Fig. 6. a)Graph of classes preserving firing constraints, b) Temporal networks on arcs

Let us consider the sequence σ1 = t2; t3; t1; t4 in the graph of figure 6, leading
to a deadlock M19 = p6p7. The initial class C0 (see table 1) is defined by the
initial marking M0 = p1p2p3 and the network Nc0 composed by a unique node
x0 corresponding to an initial event creating the tokens of the initial marking.
It represents the time origin.

Considering the firing of t2 (at the date x2) from C0, the final temporal
network Nt2,0 delimiting this firing is represented by the dotted arc in fig. 3.b
(as explained in section 3.3. The network Nc2 of the new class C2, reached with
t2 firing (obtained from Nt2,0) is also represented by the dotted arc in fig. 3.b.

Transitions t1 and t3 are enabled at C2. Let us consider the firing of t3. The
network Nt3,2 delimiting t3 firing (fig. 7.a) brings the system from the class C2
to class C7. The networks Nc2 and Nc7 are represented in figure 7.a respectively
by C02 (the bold arc) and C03 (the dotted arc).

Let us consider now the firing of t1 from C7. The minimal and complete
network Nt1,7 delimiting the firing date x1 is given by fig. 7.b. The reached class
is C15 (bold dotted arc in fig. 7.b).

The firing of t4 from C15 is defined by Nt4,15 delimiting the firing date
x4(fig. 7.c). The minimal network Nt4,15 has the constraint C′

31 = [0 1] (on arc
(x3, x1)), that is a reduced value in relation to that defined by Nc15 (C31 = [0 2]
or 0 ≤ x1 − x3 ≤ 2) of class C15. So, t4 can be fired after t1 only if t1 is fired
no more than [0 1] unities of time after t3. The arc (x3, x1) defines a restricted
class C24, with M24 = M15, and Nc24 given by C′

31 = [0 1]. This class gathers all
the states reached from the initial state by the firing of the sequence t2 ; t3 ; t1
knowing that transition t4 can be fired.
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Table 1. Classes preserving the constraints

Class Marking Constraints Nc Class Marking Constraints Nc

C0 p1p2p3 x0 C13 p4p5p6 0 ≤ x3 − x1 ≤ 2
C1 p2p3p4 0 ≤ x1 − x0 ≤ 0 C14 p3p7 1 ≤ x4 − x0 ≤ 3
C2 p1p3p5 0 ≤ x2 − x0 ≤ 0 C15 p4p5p6 0 ≤ x1 − x3 ≤ 2
C3 p1p2p6 0 ≤ x3 − x0 ≤ 0 C16 p1p7 0 ≤ x5 − x0 ≤ 3
C4 p3p4p5 0 ≤ x2 − x0 ≤ 0 C17 p4p5p6 0 ≤ x1 − x2 ≤ 2
C5 p2p4p6 0 ≤ x3 − x0 ≤ 0 C18 p1p7 0 ≤ x5 − x0 ≤ 2
C6 p3p4p5 0 ≤ x1 − x0 ≤ 3 C19 p6p7 x4

C7 p1p5p6 0 ≤ x3 − x0 ≤ 3 C20 p4p7 x5

C8 p2p4p6 0 ≤ x1 − x0 ≤ 0 C21 p6p7 x3

C9 p1p5p6 0 ≤ x2 − x0 ≤ 0 C22 p4p7 x1

C10 p4p5p6 0 ≤ x3 − x2 ≤ 2 C23 p3p4p5 0 ≤ x1 − x0 ≤ 2
C11 p3p7 1 ≤ x4 − x0 ≤ 2 C24 p4p5p6 0 ≤ x1 − x3 ≤ 1
C12 p4p5p6 x2 C25 p4p5p6 0 ≤ x1 − x2 ≤ 1

Fig. 7. Temporal networks a)Nt3,2, b)Nt1,7, c)Nt4,15 and d)Nt′
1,7

Once the restricted class C24 was created, a new arc coming from the previous
class C7 to C24 must also be created, labeled by the temporal network delimiting
the firing of t1 (considering that transition t4 can be effectively fired). This
network is given by Nt′1,7 = Nt1,7 ∩ Nc24 (fig. 7.d). As Nt3,2 ∩Nc7 = Nc24, the
backward propagation stops.

The class C15 is kept in the graph as well as the network Nt1,7 labeling the
arc (C7, C15), but there is no output arc from C15 labeled by t4. Instead only the
pair (C24, t4) is appended to the list of hanging nodes.

The firing of t6 from classes C20 and C22 leads the system to a class C with
M = M0 and Nc given by x6 (no past memory). Using definition 12, this class
is equivalent to the initial class C0.

4.2 Temporal Network of a Sequence

Let us consider the sequence σ1 = t2; t3; t1; t4 whose temporal network (fig. 8) is
obtained by the union of Nt2,0, Nt3,2, Nt′1,7 et Nt4,24. Some arcs are represented
twice in order to point out that they belong to two networks delimiting firing
dates. There is indeed only one value and one constraint. For example, as Nt′1,7∩
Nt4,24 = Nc24, the arc (x3, x1) belongs to two networks and is represented by
two doted lines.

Let us now consider the sequence σ2 = t2; t3; t1. Two paths in the class
graph and in consequence two networks are obtained: N1

σ2
= Nt2,0∪Nt3,2∪Nt1,7
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Fig. 8. Temporal network of the sequence σ1

(leading to C15) and N2
σ2

= Nt2,0∪Nt3,2∪Nt′1,7 (leading to C24). But N1
σ2

⊇ N2
σ2

,
so the network characterizing σ2 is given by N1

σ2
.

The figure 9 shows the temporal network Nσ3
for the sequence σ3 = t2; t3; t5;

t1; t6; t2; t3 where t2 and t3 fire twice in the sequence, and the second firings of
t2 and t3 are represented by x2

2 and x2
3 respectively in the temporal network.

Fig. 9. Temporal network of the sequence σ3

5 Related Work

Several approaches have been proposed to reduce the potentially infinite state
spaces of real time systems to finite states spaces in order to analyze such systems
[Me 85], [Be 91], [Yo 98], [Be 04]. All approaches are based on the equivalence
of state classes. A first difference with these approaches is that, in the approach
presented here, simple temporal network are used instead of geometrical region
to deal with temporal information.

[Be 91] and [Be 04] have proposed the tool Tina, with two types of graph of
classes, one is called Linear mode (W) and the other Atomic mode (A). They
allow LTL and CTL property model checking, respectively. In the W mode, a
class is given by its marking, the temporal domain of enabled transitions and the
(non redundant) constraints existing between these transitions in the past. In the
A mode, a class is given by its marking and a clock for each enabled transition
(clock(t)=0 if t is newly enabled, otherwise it takes the previous value). Some
classes in this mode correspond to a partition of the ones in W mode. Figure 10
represents both modes for the t-time Petri net of figure 1.

The objective of the A mode is different from the one presented here. In
consequence, it differentiates the states for which there is a conflict between two
transitions from the states where only one of both are firable. Let us consider
classes C15 et C24 (fig. 6 and table 1). Transition t5 can be fired from the states
of C15 (whatever t4 can or cannot be fired). But C24 (the restricted class of C15)
has been defined in order to characterize the temporal constraint that must be
verified to fire t4 and so t5 does not appear as an output of this node. Using
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Fig. 10. Graph of classes in Tina : a) linear (W), b) atomic (A)

A mode1, Class A14 in fig. 10.b gathers up the states where there is a conflict
between t4 et t5, and A15 the ones where only t5 can be fired.

Another difference appears in the way the past is memorized. For example,
C20 and C22 correspond2 to a same class W5 in fig. 10.a. The corresponding
temporal constraint networks Nc20 = x5 and Nc22 = x1 allow to preserve the
name of the transition which has enabled t6. The memory of the past can goes
back beyond the last event. For example C13 and C10 are different even if the
last transition fired is t3. Besides x3, Nc13 has variable x1 (t1 has enabled t4)
and Nc10 has variable x2 (t2 has enabled t4). But in mode W and also A, there
is only one class (W3 and A3 respectively).

[Yo 98] is closer to our approach. There are two differences. In our approach,
when a restricted class Cr is created, the initial class C is conserved instead of
replacing it for a class that is complementary to Cr. Another difference is that
in our approach a class does not keep all the constraints in the past, but only
the ones that are necessary to characterize it, as proved in section 3.4.

6 Conclusion

The presented approach presents a graph of classes that allows obtaining the
exact temporal constraints that have to be verified by each transition firing with
respect to a given firing sequence. A state class in the graph is defined by a
marking and a temporal network; an arc between two classes is labeled by a
1 Correspondence between A and C: W2 = (A2, A10, A12), W6 = (A6, A11), W8 =

(A8, A14, A15), W10 = (A13, A17, A19), W11 = (A16, A20), W12 = A18. For i =
0, 1, 3, 4, 5, 7, 9, Wi=Ai.

2 Correspondence between W and C mode: W2=(C6, C23, C4); W3=(C13, C10);
W4=(C19, C21); W5=(C20, C22); W6=(C14, C11); W7=(C5, C3); W8=(C15, C24, C12,
C17, C25); W10=(C7, C9); W11=(C16, C18); W0=C0; W1=C1; W9=C2; W12=C3.
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temporal network Nti delimiting the firing date of a transition ti. The temporal
constraints verified by a firing sequence are obtained by the union of the temporal
constraints Nti attached to each arc along the corresponding path on the class
graph. This set of constraints can only be derived after some transformations and
calculations in the case of the other graphs of classes in the literature (it was not
their objective). It is important to underline another point: the very knowledge of
the temporal network associated with a firing sequence is not necessary to answer
whether or not a property is verified, but it is absolutely necessary to help the
designer to adjust the parameter values such that the property be verified.

Further research should consider the following issues: i) translate this ap-
proach to the p-time Petri nets, ii) extend the graph of classes to deal with
fuzzy time Petri nets, that associate with a transition a fuzzy interval of firing,
allowing to evaluate a possibility and necessity degree of transition firing.
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