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Abstract: The static output feedbacksynthesisfor LTI systemsis consideredlt is shavn
to have analogieswith robust analysis,in particularthe existenceof an outputfeedback
gainis equivalentto the existenceof somequadraticseparatorTheseconsiderationgeadto
formulatethe problemasthe synthesisf an ellipsoidalsetof stabilisingcontrollers.Based
onthisformulationimportantissuesaredevelopedfor fragility, restricteccontrollersandalso
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1. INTRODUCTION

The Static Output FeedbackSOF) designis a cen-
tral problemin control engineeringandis still open
(Bernstein,1992; Blondel et al., 1995; Syrmos et

al., 1997).In (Fu and Luo, 1997) a formulation of

the SOF problembasedon the non corvex relation
XP =1, is shavnto beNP-hard Somepapergpropose
thereforenumericaklgorithmswith noglobalguaran-
teedconvemgence,(El Ghaouietal., 1997;El Ghaoui
and Niculescu,2000). Neverthelesssome examples
shav thenicecornvergenceproperties(deOliveiraand
Geromel 1997),andaresatisfactonfor someapplica-
tions.Theaim of this papelis to rely onthesepractical
algorithmsand discussthe opportunityto solve the

SOFproblemwith variousconstrainton the closed-
loop systemandon the matrix gain.

As in the paperscited above, we explore the SOF
synthesisbasedon LMI formulations.All synthesis
objectivesareexpressedvith LMIs, constrainedy a
singlenoncorvex inequalityX < YZ 1Y’

The key resultis closely relatedto topologicalsep-
aration (Goh and Safonw, 1995). This framework
amountgo tacklethe stability of interconnectedys-
tems(figure 1) via the existenceof atopologicalsepa-
rator betweenthe graphof the first system(Z;) and

the inverse graph of the other (£;). Basedon this
framavork, major contritutions have beenmadefor
robust control, (lwasakiand Hara, 1998; El Ghaoui
andNiculescu,2000;Peaucell@ndArzelier, 2001).
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Figurel. Interconnectedystems
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For the SOF problem,we considerthe separatiorbe-
tweenthe open-loopsystemand the controller con-
stantmatrix gain (22 = K). In this case (Iwasakiand
Hara, 1998) shavs that the separatoican be chosen
without conseratism amongreal constantmatrices.
Thesynthesiof astaticoutputfeedbaclgainis there-
fore equivalently replacedby the synthesisof some
guadraticconstanseparatothatcharacterisea setof

stabilisingcontrollers.

A by-productof the proposedframeavork is to in-
troduceextra decisionvariables.Thesenew “slack”
variableshave anequialentstatusasthoseintroduced
in (Geromektal., 1998;deOliveiraetal., 1999;Peau-
celleetal., 2000). They createextra degreesof free-



dom,thatmaybeexploitedfor nonconserative multi-
objective androbustnespurposes.

The existing SOF resultsin literature focus mainly
on stabilisabilityandfew performancebjectivessuch
as Hy or H, norms are discussed(lwasaki, 1999;
Gahinetand Apkarian, 1994). The proposedframe-
work may be applied for most of the performance
criteriathat have analysiscorvex LMI formulations,
(Boyd et al., 1994; Peaucelle2000). For concise-
nessreasonsll criteriaarenot consideredn the pa-
per. Only pole locationin LMI regions, (Chilali and
Gahinet,1996),is detailed.

In addition,the adoptedapproachs particularly ap-
propriatefor specifyingconstraintn the controllers.
The first issueis the fragility asintroducedin (Keel
and Bhattacharyya1997). Having defineda set of
admissiblecontrollers,the stability and performance
objectives are assessewhate/er someuncertainties
ontheSOFgain.Thesecondssueconcernstructural
constraintson the controller Somenon conserative
LMI basedyropertiesallow to restrictthe SOFgainto
someboundedset.

The outline of the paperis thefollowing. First, some
notationsareintroduced.The third sectionis devoted
to the centralresult of the paper Next, someexten-
sionsto fragility and constraineccontrollersexplicit

thepropertief thenawv SOFdesign Thefifth section
is devotedto pole location design.Finally, the sixth

sectionexposessomeadapted_MI-basedalgorithms
testedon telling examples.

2. PRELIMINARIES

NotationsarestandardS" (S ) is the subsebf sym-
metric (positive definite) matricesin R™". A is the
transposef the matrix A andA* is its transposeon-
jugate.1 and 0 arerespectiely the identity andthe
zeromatricesof appropriatelimensionsFor symmet-
ric matrices,> (>) is the Loénerpartial order i.e.,
A> (>)Bif andonly if A— B is positive (semi)defi-
nite. o' AB denoteghe symmetricproductof matrices:
B'AB. @ is theKroneckemroductof matrices.

Throughoutthis papey a particularsetof matricesis
used By extensionof the notionof R" ellipsoids,this
typeof setis referredto asmatrix ellipsoidsof R™<P,

Definition1. GiventhreematricesX € SP,Y ¢ RP*™
andZ € 3™, the{X,Y, Z} —ellipsoid of R™*P is theset
of matriceK satisfyingthefollowing matrixinequal-
ities:

Y Z|[K

z>0 [1 K’][XY] [1]<® )

By definition,Kq £ _7-1Y'isthecentreof the ellip-

soidandR 2 K{ZKo — X its radius.The inequalities
(1) write alsoas:

Z>0 (K—Ko)Z(K—Ko)<R (2

Somepropertiesof thesesetsare pointedout in the
followinglemma:

Lemmal.

i) The{X,Y,Z}—ellipsoidis non-emptyif andonly
if theradius(R > 0) is positive semi-definite.
i) A matrix ellipsoidis acompacicorvex set.
iif) The volume of a matrix {X,Y,Z}—ellipsoid of
R™P is relatedto the volumeof the matrix unit
ball by:

VOL({X,Y,Z} —ellipsod)
VOL({-1,0,1} —ellipsoid

det(R)
det(Z)

5 (3)

Proof Conditioni) is direct from (2). Moreover, it
illustratesthatthesetis closedandboundedApplying
a Schurcomplemenamgumenttheinequality(1) also
hasanLMI formulation:

X+ YK +K'Y' K'Z
z  -z|=S0 @)

whichis oneway to prove corvexity, ii) .

The volume is definedin R™P with the Lebesgue
measureSincelLebesguaneasurds invariantunder
translationthe volumeof the ellipsoiddefinedby (2)
is the sameasfor ellipsoidsuchthatK’ZK < R As
Z andR arepositive definite, takerespectiely Sz and
Sk theirpositive definitesquareoots(in theparticular
casesvhenRis singular det(R) = 0 andthevolumeis
zero;this partof the proof is omittedfor conciseness
reasons)Thelastinequalitywritesas:

(KK (SKKH <1 (5)

Sincethe linear transformationK — SK andK —
KS: multiply Lebesguemeasureby det(Sz)P and
det(Sr)™ respectiely, the measureof the ellipsoid is
det(S2)™™ - det(R)P timesthe measureof K'K < 1
which is the matrix unit sphereandalsothe setof all
linearcontractions. a

3. STABILISABILITY OFLTI SYSTEMS

This sectionis devotedto the static outputfeedback
(SOF) stabilisability of linear time invariant (LTI),
continuous-timeystemsConsideisuchasystenwith
the state-spaceepresentation:

. [ X(t) = AX(t) + Bu(t)
> { % = Cx(t) + Du(t) (6)

x € R" is the statevector u € R™ is the input vector
andy € RP is the outputvector A SOFcontrollaw is
definedby a constangainmatrix K, suchthat:

u(t) = Ky(t) (7



> xK is theclosedoop systemdefinedby (6), (7).

Definition2. The LTI systemZ is saidto be stabilis-
ableby staticoutputfeedbackf thereexists a matrix
gainK suchthatZxK is stable.

The stabilisability is tackledin this papervia Lya-
punor theory The stabilisabilityof theopen-loopsys-
temis attestedy the joint searchor a quadratid_ya-
punor functionV (x) = x'Px andfor the SOFgainK.

Theoeml. ThelTIl systemX is stabilisableby static
outputfeedbackf andonly if thereexist four matrices
Pe 3", X e3P Y e RP*MandZ € SMthatsatisfythe
following LMI constraints:

P>0
Z>0

.,®P 10 <.,XY CD (8)
PO||AB Y'z||01
andsimultaneouslyhe nonlinearconstraint:

X<vyz=ly! (9)

Under theseconditionsa set of stabilising gainsis
givenby thenon-empty{ X, Y, Z}-ellipsoid.

Proofof suficiengy Assumeconditions(8) and (9)

hold for some choice of P, X, Y and Z. Choose
V(x) = XPx as Lyapuna function. Take ary matrix
K that belongsto the {X,Y,Z} —ellipsoid definedby

(). The ellipsoidis non empty dueto condition (9)

and lemma 1. The elimination lemma (Skelton et

al., 1998) appliedto condition (1) implies that there
existsastrictly positive scalart > 0 suchthat:

XY K’
[Y’ z] ST [—1
For this choiceof K andt, onegets:

.'[gg] [f\g] <t [K ~1] [g 51)] (11)

whichimpliesfor all non-zerovectors(x u')’ # 0:
2XP(Ax+Bu) < Te' (KCx+KDu—u) (12)

[K —1] (10)

Along the trajectoriesof > K the vectorsx and
u are suchthat x = Ax+ Bu and u = KCx + KDu.
The derivative of the Lyapune function,V(x), along
the trajectoriesof the closed-loopsystemis definite
negative. Thestabilityis provedfor ary matrix gainof
the{X,Y, Z}—ellipsoid. 0

Proofof necessity Let K be a stabilising gain and
V(x) = XPx be a Lyapunw function that provesthe
stability of Z+ K. TheinequalityV (x) < 0 alsowrites

- CYTRe] [o o] [na] (5) <0 a9

for all nonzerovectors(x' u')’ # 0 suchthat:
X
[KC KD—JL](U)_O (14)

or equialentlyfor all (X u')’ # 0 suchthat:

G enafsel ()ee oo

Applying the S-procedurdYakubawitch, 1971),there
existsascalart > 0 suchthat(8) with:

X=1K'K Y=-1K' Z=11 (16)
Thisprovesthenecessityvith thestrictly satisfiedhon
linearconstraintX = YZ~1Y’, o

Remarkl. As alreadydiscussedn the first section,
theoreml is closely relatedto quadraticseparation,
(Goh and Safona, 1995; Iwasakiand Hara, 1998).
The symmetricmatrix composedf X, Y andZ is a

topologicalseparatobetweerthegraphof thesystem
> and a stabilising set of controllers.On way to

demonstratéhis is to apply the Kalman-Yakubaich-

Popw lemma.Theinequality (8) implies that for all

wWe RU{owo}:

T[] e

whereZ(s) = D+C(sL — A)~!Bis thesystentransfer
matrix. Inequalities(1) and(17) composehe separa-
tion result.It demonstratethatthequadraticseparator
proves simultaneouslythe stabilisability with respect
to awholesetof controllers.

4. SOMERELATED ISSUES
4.1 Fragility issues

An importantissueof theoreml concernghefragility
of the controllaw. By extensionof robuststability we
definethe notionof resilience:

Definition3. Let K, be a stabilisinggain for the sys-

tem X andlet Ak be a setof additive uncertainties
on the control law Ky. The controlleris said to be

fragile to Ak if for somelAx € Ak the closedloop

> %K with K = Kq + Ak, is unstable.On the con-

trary, the controlleris saidto be non-fragile,(Yang

and Wang, 2001), or resilient (Corrado and Had-

dad,1999),if the closed-loopis stablefor all uncer

taintiesAx € Ak .

Resiliencehasthe samestatusasrobustnessThe lat-
ter notion concernghe propertiesof the closedloop
systemwith respectto misknavings on the system



model,while theformerdealswith possibleuncertain-
tiesthatmay occurwhenimplementinghe computed
controllermodel.

Corollary 1.  AssumehematricesP, X, Y andZ sat-
isfy the constraint48) and(9). The centralcontroller
Ko is resilientto all additive uncertaintyAx suchthat:

K = Ko+ Ak MZN <R (18)

Proof The proof is direct since a single Lyapunw
functionV (x) = X Px provesthestability of all closed-
loop systemsThefragility issuesarea by-productof
thequadraticseparatiorasdiscussed remarkl. O

The resultof corollary 1 illustratesthe fact that the
ellipsoidal output feedbackdesignis appropriateto
dealwith fragility. It givesanadmissiblesetof uncer
taintiesattheendof thedesignprocedureThevolume
(seelemmal) of the resulting{X, Y, Z}-ellipsoid
canbeusedto compareéSOFsetsandappreciateheir
respectie resilience Unfortunately the volume does
not take the geometryinto account.Whena particu-
lar geometryis wanted the two following corollaries
shav how to modify theinitial matrixinequalityprob-
lem.

Corollary 2. Assumethe matricesP, X, Y andZ
satisfy(8) with the constraints:

Z=1 0<pl<YY' =X (19)

thenthe centralcontrollerK, = —Y’ is resilientto all
additive normboundeduncertaintysuchthat:

K = Ko+ Ak N Ak < pl (20)

Corollary 3.  Assumethe matricesP, X, Y andZ
satisfy(8) with the constraint:

X< (1-&)Yz-ly (21)

thenthecentralcontrollerK, = —Z~1Y' is resilientto
all multiplicative uncertainty (Corradoand Haddad,
1999;YangandWang,2001),suchthat:

K = Ko+ 8Ko 18] < & (22)

4.2 Boundeccontmoller issues

For implementatiorpurposesit is importantfor some
applicationsto look for controllers with bounded
gains.Controllerswith high amplificationgainsare
quite difficult to implementin practice. Therefore,
considetthe constrainion thenormof thecontroller:

K'K < px1 (23)
where ,/pk boundsthe controller's norm. Equiva-

lently, it correspond$o look for controllersbelonging
to the{—px 1, 0, 1}-ellipsoid.

As ageneralisationgonsiderestrictionssuchas:

Find a stabilisinggain K belongingto a specified
{Xk, Yk, Zx }-ellipsoid

In thispapersframavork, suchaspecificatioramounts
to find a stabilising{X, Y, Z}-ellipsoid includedin
the specified{Xx, Yk, Zk}-ellipsoid. The resulting
synthesigproblemwith ellipsoidal constraintson the
feedbaclgaincanthenbesolvedasfollows.

Theoem?2. If thereexist four matricesP € S", X €

8P, Y € RP*M, Z € 8™ and a scalarv that satisfy
simultaneouslythe constraints(8), (9) and the LMI

constraint:

v>0
X< Vi XY (24)
{"[Yé Zi] = [Y’ Z]

then the non-emptymatrix {X,Y,Z}—ellipsoid is a
subsetof the { Xk, Yk, Zk}-ellipsoid and eachof its
elementss stabilisingfor theLTI system>.

Proof Conditions(8), (9) ensurethat the {X, Y,
Z}-ellipsoid is a setof stabilisingcontrollersdue to
theorem1. Moreover, condition (24) writes for all
gainsK of the{ X, Y, Y}-ellipsoid as,v > 0, and:

o[ 5[] (£ Y 2] oo

K belonggo the{ Xk, Yk, Zx}-ellipsoid. a

5. POLELOCATION

Finding easytestableconditionsfor a dynamicalsys-
temto have all its polesin a sub-rgion of the com-
plex plane,hasbeenthoroughlyinvestigatedin the
lastyears.A majorresultis proposedn (Chilali and
Gahinet,1996).It extendsLyapune matrix inequali-
tiesfor a new classof corvex subrgionsnamedLMI

regions.We focuson thistypeof regions,with arevis-
ited formalismpresentedh (Peaucelletal., 2000).

Definition4. Let Xg, Yr and Zr be squarecomple
valued matricesof samedimensions(e €9%9) and
assumehat:
XRYR]  [X%R R]'
[Yr’é ZR] ARG ZR] ZR20 (26)
The {Xg, Yr, Zr}-region of the complex planeis the
convex opensetof comple scalarsuchthat:

{seC : Xp+sYr+SYR+5SZr< 0} (27)
Examplesof the mostcommonlyused{Xg, Yr, Zr}-

regionsareall of orderd = 1 andcorrespondo usual
specificationson stability, decayrate or oscillation



damping.Regions of order greaterthand = 1 are
mainlyusedor specifyingintersectionsf lowerorder
regions,(Chilali andGahinet,1996).

Definition5. An LTI systemis saidto be {Xgr, Yr,
Zg}-stableif all its polesbelongto the {Xg, Yr, Zr}-
region. It is saidto be {Xgr, Yr, Zr}-stabilisableby
staticoutputfeedbackif thereexists a matrix gain K
suchthat> K is {Xg, Yr, Zr}-stable.

Note that the definition of {Xgr, Yr, Zr}-stability in-
cludegheusualstability of continuougime ({0, 1, 0}-
region) anddiscreteime systemg{—1, 0, 1}-region).

Theoem3. The LTI systemX is {Xg, Yr, Zr}-
stabilisableby static output feedbackif and only if
thereexist four matricesP € 5", X € SP, Y € RP*™
andZ € S™ that satisfythe non linear constraint(9)
andsimultaneouslyhefollowing LMI constraints:

P>0 Z>0
N XRRP YR P 1 0
YeoP ZroP| [10A10B
11X 1Y 1C 1D
<*liey1ez|| 0 1

The{X, Y, Z}-ellipsoid is thena setof { Xr, Yr, Zr}-
stabilisinggains.

Proof Themajorpartis omitted.It followsthe proof
of theoreml andis basecn polelocationLyapuna-
like results,(Chilali andGahinet,1996). a

6. AN LMI-BASEDALGORITHM AND
EXAMPLES

Thenumericalexamplesaresolvedusinga first order
iterative algorithm called the cone complementarity
linearisationalgorithm, (El Ghaouiet al., 1997).Its
propertiesare not remindedhere. Justnote that the
algorithm hasno guaranteedonvergencebut works
nicely ontheexampleswe tested.

To tacklethe specificitiesof the nonlinear constraint
of this paperan unknavn matrix is added,X. As-
sociatedto this matrix the following inequalitiesare
added:

X < (1- )X

XY
Y' Z

]2@ (29)

and the algorithm is usedto make X corverge to-
wardsY’Z~1Y. The algorithmis stoppedas soonas
(21) is satisfied.Note that the exact corvergenceof
X is not required.If = 0 the stoppingcriteriais the
non-emptinessf the{X, Y, Z}-ellipsoid. Otherwise,
(0 # 0) theresilienceregardingto multiplicative un-
certaintyis assessed.

(28)

All following testswere performedusing the solver
(Sturm,1999).Lessthan10iterationsof thealgorithm
whereneededindthecomputatiortime wasabout10s
onaSunUltra’5 computer

This algorithm has beentestedfor the VTOL heli-
coptermodel,(lwasaki,1999).First, fragility with re-
spectto multiplicative uncertaintyis consideredvith-
outary otherconstraintsFor = 0,0.25and0.5, three
different{X, Y, Z}-ellipsoids are obtained.Theseel-
lipsoids are plotted in figure 2 wherek; andk, are
respectiely thetwo componentsf thematrixgainK.

Figure2. SOFellipsoids

Theinteriorof eachellipsoidis asetof SOFstabilising
gains. Among these,the centreof eachellipsoid is
assessetb be a nonfragile controlleraslong asthe
uncertaingain Ko + AK doesnot exit the ellipsoid.
As prescribedby corollary 3, the “size” of the ellip-
soidsgrows with 3. In this example,their volumeis
respectiely 5-1074, 4.1073 and 9- 1072 time the
volume of the unit ball. The lessfragile controller,
Ko = [ —0.3567 0.7547]', is the centreof the ellip-
soidfoundfor = 0.5.

In thesecondxperimentatioranadditionalpoleloca-
tion constraintandanadditionalellipsoidalrestriction
onthecontrollerareconsidereduchthat:

Xr=03 Yr=1 Zr=0 (30)
Xk =100 Yk = [—10 —10] Zx =1y

The pole location constraintimposesthe poles to

have a real part lessthan —0.15 and the ellipsoidal
constrainbnthecontrolleris adisk (plottedin dashed
line on figure 3). For eachresiliencespecificatiorthe

algorithm corvergesto different{ X, Y, Z}-ellipsoid

thatareplottedonfigure3.

Here againthe volume of the SOF ellipsoidsis aug-
mentedwhentaking & large. All controllersincluded
in theseellipsoidsarestabilisinggains Moreover, they
all belongto the { Xk, Yk, Zk}-ellipsoid andthey en-
surethe closed-loopsystemto have all its polesin
the{Xgr, Yr, Zr}-region. In termsof fragility, the best
SOF ellipsoid is found for = 0.5. Its volumeis 2
times the volume of the unit ball and its centreis
Ko = [2.2307 10.9023]'. Computingthe polesof all
closed-loopsystemssuchthat (22) with = 0.5, one
getsthatall the poleshave theirrealpartlessthan0.2.
Thepolelocationconstraints strictly satisfied.
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Figure3. SOFellipsoids
7. CONCLUSIONS

This paperexposesa new approachof static output
feedbackdesign.It is proved to have importantis-

suesin particularfor non-fragileandrestrainedcon-

troller design.Moreover, it is promisingfor synthesis
with performanceriteriaandafuture papemwill deal

with robust multi-objective design.Anotherprospec-
tive pointis to build algorithmsparticularlydedicated
to dealwith thennonlinearconstraint.
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