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Abstract

The paper deals with static output-feedback design. It adopts a new framework based on the synthesis of ellipsoidal sets
controllers. The contribution is to formulate conditions for robust multi-performance design. The considered performance leve
are defined asl, and/orH, norms on possibly distinct linear time invariant systems. The numerical resolution of the obtained
formulae is done with the help of a cone complementarity algorithm and validated on an illustrative example.
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I. INTRODUCTION

The Static Output Feedback (SOF) design is a central problem in control engineering and is still open [BER 92
[BLO 95], [SYR 97]. It has a most simple formulation. Consider an LTI system with the state-space representation:

{ X(t) = AX(t) + Bul(t) (1)
y(t) = Cx(t) + Du(t)

wherex € R" is the state vector) € R™ is the input control vector ange RP is the output measure vector. A SOF
control law is defined by a constant gain matixsuch that:

u(t) = Ky(t) (2)

The closed-loop system is composed of two interconnected opekaamidK . In the sequel, such an interconnectionis
denoted® % K. By definition, the LTI systenx is said to bestabilisablevia static output-feedback if and only if there
exists a gain matriX such tha& ¥ K is stable. The design problem is to find such a stabilising ain

The framework adopted in this paper is based on the Lyapunov theory and uses matrix inequality based formulatior
A matrix inequality, such a#& > B, is defined using the Laxier partial order on symmetric matrices and reads for
example asA— B is symmetric positive definite. Such matrix inequality formulations proved to be most effective to
derive valuable results in the past years. In particular, it has been shown that linear matrix inequalities (LMIs) for whicl
decision variables enter affinely in the formulae lead to convex optimisation problems that can be solved with efficier
semi-definite programming tools (see [BOY 94], [ELG 00] for surveys on this topic).

Within the adopted framework, the stabilising SOF design writes as:

Theorem 1.
The LTI systent is stabilisable via static output-feedback if and only if there exist two matRce$ " andK ¢ R™P
such that:

P>0
{ (A+BK (1 —DK)~C)'P+P(A+BK(1-DK)"IC) < 0



Theorem 1 implies to solve non-linear matrix inequalities with respect to the variables written in bold-face. At our
knowledge, there does not exist any exact solution to this problem. Perhaps one of the first papers dealing with tt
problem is [LEV 70] where a non-linear programming approach was proposed. Another well-known necessary ar
sufficient condition for static output-feedback stabilisability is given in [IWA 94]:

Theorem 2:
The LTI system> (with D = 0) is stabilisable via static output-feedback if and only if there exist two matRece$"
andQ ¢ S" such that:
P>0 CLAP+PACt<0
Q>0 BLQA+AQBL<0
PQ=1

where the rows oB' andC+* form a basis for the null space Bf andC' respectively.

The difficulty holds in the non-linear elemenBQ = 1. In [IWA 95], [GRI 96] different numerical approaches are
proposed to address this difficulty.

Yet another SOF synthesis condition was published in [PEA 02] and was associated to a sub-optimal algorithi
inspired from [ELG 97]. Let the two matrices:

1 0 C D
a=las|  t=[0 7]
Theorem 3:

The LTI systemZ is stabilisable via static output-feedback if and only if there exist four matices5", X € SP,
Y € RP*MandZ € S that simultaneously satisfy the following matrix inequalities:

X<YzZ-ly! Z>0 P>0
3)
0 P X Y (
L’l[P ®]L1<L'2[Y, Z]Lz

Although the results of theorems 1, 2 and 3 seem quite equivalent since they all write as matrix inequalities involvin
one particular non-linear element, it appears that the last formulation has major theoretical and practical features.

First, it is closely related to topological separation [SAF 80], [GOH 95]. The SOF design is shown to be equivalen
to the design of a quadratic separator that defines a whole ellipsoidal set of controllers. A detailed investigation of tt
theoretical implications can be found in [PEA 03].

Second, the stabilisability result can be easily extended for important related applicative problems. In [PEA 02
fragility, bounded controller and pole location issues are exposed. Here, we focus on new contributioesi poial
output-feedback sets with two orientations:

» Robustness with respect to parametric uncertainties.
Dissipative non-structured uncertainti®sire considered. The system’s model is assumed to be a rational function of
the uncertain parameters. This dependency is represented via a Linear Fractional Transform (LFT) interconnectit
The contribution of the paper is to give design methods such that the obtained controller guarantees the closed-lo
performances whatever the uncertainty realisation.

» He andH, performances.
Both theH,, and theH; induced norms of LTI systems are considered. These criteria prove to be important tools to
characterise input/output performances such as noise and perturbation rejection as well as for loop shaping. Often, th
two criteria are applied to independent input/output signals that may enter the model via weighting functions. Therefor:
the multi-performance synthesis can be recast as the design of a common controller that gudscemelésH, closed-
loop performances for various distinct systems. Such design specification, that goes beyond the multi-objective probile



of [SCH 97], cannot be tackled with existing techniques. The new adopted framework on the contrary proves to be we
adapted for the robust multi-performance synthesis. The result’s formulation is similar to that of theorem 3.

The paper is organised as follows. First, some notations are defined and the uncertain system modelling is give
The third section is then devoted to the theoretical aspects; In turn the SOF design formulae are given fdrrabdst
H, performances; The section ends with the formulation of the global multi-performance problem. The fourth sectio
is devoted to numerical results that illustrate the contributions. At last, a conclusion suggests directions for prospecti
work.

Il. PRELIMINARIES
A. Notations

R™*N js the set om-by-nreal matrices an@" is the subset of symmetric matricesiA*". A’ is the transpose of the
matrix A. 1 and® are respectively the identity and the zero matrices of appropriate dimensions.

Throughout this paper, a particular set of matrices is used. Due to the notations and by extension of the R8tion of
ellipsoids, these sets are referred to as matrix ellipsoi&soP:

Given threematrices X € SP,Y ¢ RP*Mand Z € 5™,
the {X,Y, Z} —ellipsoid of R™ P isthe set of matricesK satisfying the following matrix inequalities:

Z>0 [1 Kﬂ[éé“i]g@ (4)

By definition, K, 2 _7-1Y'is the centre of the ellipsoid a2 K{ZKo — X is the radius. A matrix ellipsoid is a
compact convex set. An ellipsoid is non-empty if and only if the radRiz Q) is positive semi-definite. More details
can be found in [PEA 02].

B. Robustnesswith respect to dissipative uncertainty

Consider a continuous-time LTI system such as:

Z w
g |=Z(s)| v (5)
y u

The measure output and control input are respectivelRP andu € R™. The input/output performances are defined in
the sequel for the signaggc R™ andv € RP. The inputw € R™ and outputz ¢ RPz define an exogenous feedback of
an uncertainty matrid defined by:

w(t) = Az(t) (6)
For any admissible uncertainfy the uncertain model is an LTI system obtained through the inter-connExdn) =

2t YA, The resulting state-space matrices are rational in the uncertain parameters. The inter-connexion define:
Linear Fractional Transformation (LFT).

The uncertain parameters are all gathered in a unique ndatfihiey are assumed to be constant parametric uncer-
tainties and the uncertainty set is a matrix ellipsoi®8¥*P- defined by:

gt = { Xt Vs » st 1-ellipsoid

Such uncertainty sets are also knowr &g, Yjst, Zit }-dissipative uncertainties. As reported in [MEG 97], [PEA 98],
[SCO 98], [XIE 98], this modelling of uncertainties contains the well-known norm-bounded uncertainties @,



1}-dissipative) and positive real uncertainti¢®,(—1, 0}-dissipative) which respectively lead to the small gain and
passivity frameworks.

In order to guarantee that the nominal sys@&gn(0) is included in the set of realisatioRg; (A), the matrixXy is
assumed to be negative semi-definkg(< 0).

Let Z(A) be a generic uncertain model andany uncertainty set. The general robust stabilisability problem is
defined as follows:

Find again K such that the system X(A) ¥ K isstablefor all uncertaintiesA € A.

In the assumed case of parametric constant uncertainty, it is achieved by exhibiting for each underaingy
parameter-dependent Lyapunov functigfx, A) = X' P, (A)x that proves the stability of the closed-lob\) VK.

The quadratic stabilisability problem is defined as follows:

Find a gain K and a quadratic Lyapunov functionV4(x) = X Pgx such that V provesthe
stability of the system =(A) % K for all uncertaintiesA € A.

Quadratic stabilisability is a particular instance of robust stabilisability where the Lyapunov matrix is unique over
all the set of uncertain parametétgA) = Py. To be more precise, quadratic stabilisability is a conservative (sufficient)
condition for robust stabilisability. It has nevertheless, major advantages as attested by the considerable and valua
work devoted to this notion.

[1l. PERFORMANCE LEVELS
A. H., performance

A common way of measuring robust performance and disturbance rejection is to Useititkiced operator norm.
The H,, norm characterises input/output properties in terms of energy to energy, power to power and spectrum |
spectrum relationships, [ZHO 94]. It can also be used for loop-shaping purpose by introducing weighting transfe
functions.

Let the following state-space representation of a system such as (5):

X(t) = AX(t)+ Baw(t)+ Bw(t)+ Bu(t)
s Z(t) = CX(t) + DawW(t) + DV(t) + Dau(t) )
g(t) = CgX(t) + DgnW(t) + Dgyv(t) + Dguu(t)
(1) = CX(t) + Dya(t) + Dyv(t) +  Dut)

The matrix dimensions are such that R", u € R™ andy € RP. The inputw and the outpuz define the uncertainty

exogenous feedback as in (6). The uncertain system is givaiily= X %A The guaranteed robusst, synthesis
problem is formulated as follows:

Find a stabilisinggain K such that for all uncertaintiesthe closed-loop transfer fromv to g hasan
H. normlessthan some specified level y..: VA€ A | ||Z(D) ¥ K|l < Yeo

Let the four matrices:

0 v,_ | Gz Daw Da Da
2= 1 0 0

1
A 0

[ Cy Dgw Dgv Dg [C Dw Dy D

M?’_[@ M=l 0 o0 1



Theorem 4:
If there exist four matriceBs € 5", X € SP, Y € RP*™M Z ¢ SM and two scalars., Tjs; that simultaneously satisfy the
constraints:

X<yYz-ly!

T >0 To >0 Z>0 Pew > 0
(8)

0 Po Xt Y] -1 0 XY
Mll[Pm 0 :|M]_<T|ftMl2|: II{: Z:ff'i]M2+TmMé[ 0 yzﬂ]Mg—l—Ma[Y, Z]M4

then the{X, Y, Z}-ellipsoid is a set of quadratically stabilising gains such {[¥) YK lleo < Yoo fOrall A € A

Proof : Take any matriX in the {X, Y, Z}-ellipsoid and any uncertainty € Aj. Multiply the left hand side of
inequality (8) by vecto X w VU ) from and the right hand side by it's transpose. Due to system equations (2),
(6) and (7), it writes:

o X Vi [ 1 X Y[t
XPoX 4 XPooX < TjtZ [ 1 A][YI': Z'I‘;ttHA]z—ng’ngvai\/erY[ﬂ K][Y, ZHK]y

By definition of the uncertainties and the controller matrix gain AteendK dependent terms are negative, therefore:
XPooX 4 XPoX < —TooG g+ TeoVBVV

Taking the perturbation-free systam= 0 one gets that the Lyapunov functigiix) = x'P.X proves the stability for all
the uncertainties (quadratic stability). Moreover, taking the time average over the last inequality one gets that:

Tl [9]]% < Twi | VI?
which proves the bound on th&, norm. |
Corollary1: Theorem 4 can be particularised as follows.

« Takev e R®andg € RO, then the conditions correspond to the synthesis of a robustly stabilising SOF gain without
performance specifications.

« Takew € R° andz € R?, then the conditions correspond to the synthesis of a SOF gairHaitherformance
without robustness characteristics.

« Take both, then the condition resumes to that of theorem 3.

+ Takeu € R% andy € RO, then the conditions correspond to the analysis of robusperformance. In that case
it is purely LMI. Moreover, with simple manipulations (divide all variablesta) the conditions are also linear ya..
Hence, it can be formulated as an LMI optimisation problem that gives an upper-bound on thé+rglpestormance
of a given quadratically stable system.

B. H, performance

The input/output performance may also be expressed in terids nbrm specifications. It allows to characterise
white noise response [PAG 97], [PAG 00] and is frequently used in practical situations. Let an LTI system given by it
state-space representation:

Xt = A%+ Buit) + B+ _Bu()

5 - 2(t) = (:’Z)?(t) + PZ\NW(t) + PZVv(t) + ?Zuu(t) 9)
") 0(t) = Gf(t) + Bii(t) + Bylt) + Bgut)
y(t) = CX(t) + Byuit(t) + Dyp(t) + Dut
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The matrix dimensions are such that R ue R™andy € RP. The inputw” and outputzdefine the uncertainty
exogenous feedbaak = AZ whereA belongs to the X, Vi, 4t }-€llipsoid (). The uncertain system is given by
$(3) =5 YA,

The guaranteed robudb synthesis problem is formulated as follows:

Find a stabilisinggain K such that for all uncertaintiesthe closed-loop transfer fromV to § hasan
H, norm less than some specified level yo: YA€ & , |I3(R) % K||, < ya.

Assumption
The H, norm of some continuous-time transfer matrix is only defined if the feed-through matrix is zero. For the
system (9), the closed-loop feed-through matrixz ) YK depends o andK. Some assumptions are required
for 59\,(5, K) be zero whatever the controll&r and the uncertainti are. In this paper, the results are given only
for the case wheDgy, = 0, D, = 0 andDy, = 0. Obviously, other assumptions are possible but they lead to tedious
formulations that we chose to avoid here.

Let the four matrices:

Ny = IE fD ([3 N>, = CZ 52"" 52“

1=l A B, B 2=l 0o 1 0
. ¢ Dy D

Ns=[Cy Dgu Dy ] N4:[® 0 1]

Theorem 5:
If there exist four matriceP, € S, X € SP, Y € RP*™ Z € S™ and two scalarsy, Tj;; that simultaneously satisfy the
constraints:

X <Yz ly!
T >0 72>0 Z>0 Po> 0
Trace(B,P-B,) < 123 10
2
0 P - X Vit X Y
/ ! > N _ 1 /

then the{X, Y, Z}-ellipsoid is a set of quadratically stabilising gains such thatA) ¥ K|, < y2 for all A € Ay
The proof follows the lines of theorem’s 4 proof. It is omitted for conciseness.
Corollary2: Theorem 5 can be particularised as follows.

+ Takew € RO andZ< RO, then the conditions correspond to the synthesis a SOF gaitrwitferformance without
robustness characteristics.

« Takeu € R° andy € RO, then the conditions correspond to the analysis of robysperformance. In that case
it is purely LMI. Moreover, with simple manipulations (divide all variableswy the conditions are also linear ya.
Hence, it can be formulated as an LMI optimisation problem that gives an upper-bound on the+ppastormance
of a given quadratically stable system.

C. Robust multi-performance synthesis

The multi-performance synthesis problem amounts to a collectidh,oindH, specifications, each of which are
defined for possibly distinct uncertain LTI systems. All the uncertain models should have common control input
measure outputdimensions. The design objective is then to find a common controller that satisfies all the specificatio



In order to alleviate the notations, consider only two such specifications. One is atiabbstind specification on
a systenk(A) and the second is a robust bound on a systeri(A). The robust multi-performance synthesis problem
writes as:

For two given levels on the H,, and H, horms, Y. and y» respectively, find a stabilising gain K such that:
VAEA , ||Z(A) ¥ K|, < Ve
vAek , |I5B) ¥ K, <v2

The result is straightforward. It amounts to the collection of all related matrix inequality constraints.

Theorem 6:
If there exist five matriceBs, € S", P, € 5, X € GP, Y € RP*M, Z € S™ and four scalars., Tjs, T2, Tit that simultane-
ously satisfy the constraints (8) and (10), then{KeY, Z}-ellipsoid is a set of quadratically stabilising gains for both
system& andZ such that the performance levels are robustly satisfied.

The theorem illustrates that tledipsoidal output-feedback sets enable to formulate a wide variety of design prob-
lems that may include robust or not specifications such as quadratic stabilipndH, performances. With the help
of results in [PEA 02], these specifications can be enriched with closed-loop pole location as well as constraints on tl
structure of the control lau{ and resiliency characteristics.

All such SOF design problems write as a feasibility problem over matrix inequalities. More accurately speaking
they are all equivalent to finding an admissible soluti@nX, Y, Z) to the constraints summarised as:

L(Q,X,Y,Z)< 0 and X <YZ7yY! (11)

whereQ represents all the stacked variables such as the Lyapunov matieesl other scalang, and wherd_(-) is a
linear matrix operator. The first constralntQ, X,Y,Z) < 0 is convex and there exist efficient numerical tools to solve
such LMI constraints. The main difficulty comes from the non-linear constraint.

IV. NUMERICAL ISSUES AND EXAMPLES
A. Cone complementarity algorithm

The numerical examples are solved using a first order iterative algorithm. It is based on a cone complementar
technique, [ELG 97], that allows to concentrate the non convex constraint in the criterion of some optimisation problen

Lemma 1
The problem (11) is feasible if and only if zero is the global optimum of the optimisation problem:

min traceéTS)

st. L(Q,X,Y,Z)<0

. [ XY (12)
X < X s_[Y,Z]2®
| T T2
T,>1 T_|:T2, T3:|2([)

Proof : The constraint$ > 0 andS> 0 make that tracdd' S) = 0 impliesT S= 0 and therefore:

TX+TY' =0 Y +THhZ=0



Since both matrice$; andZ are non singular under the LMI constraints, it implies:
X=-T Y = -1 {-Thyz Y = vz’

Thus the nonlinear constraint is satisfiéd< X = YZ~1Y".
The converse implication is proved takiXg= YZ~1Y’ andT such thafl S= 0. |

As in [APK 98], [ELG 97], [LEI 01], the optimisation problem (12) can then be solved with a first order conditional
gradient algorithm also known as the Frank and Wolfe feasible direction method. Its properties are not reminded hel
Note only that the non linear objective tra€&) is relaxed as the linear objective tratigg+ TS). The obtained
LMI optimisation is repeated iteratively with matricég and S computed from each previous optimisation step. The
obtained sequence, trade%), is strictly decreasing. There is ho guarantee that the algorithm converges to the global
optimum. It can either stop at a local optimum or due to “plateauing” behaviour.

Remark 1. The stopping criteria of the usual gradient algorithm is either related to slow progress of the optimisatior
objective or to the achievement of trg@e&) = 0. In the first case, the algorithm fails due to “plateauing” behaviour or
because it found a non satisfactory local optimum. The second case correspondsto the expected success of the algori
Unfortunately, due to the constrairfis> 0 andS > 0 the algorithm is more often stopped while trot&) = € where
€ is a chosen accuracy level. The exact non linear constraint may then not be exactly satisfied which is a significa
weakness of the algorithm.

As a matter of fact, since the equality constraint involiliis not the goal of the original problem (11), we adopted
in the numerical examples the following stopping criteria for the conditional gradient algorithm:

« If the progress of the optimisation objective is below a chosen level, then STOP, the algorithm failed.
« As soon ax < YZ-1Y’, STOP, a stabilising ellipsoid is found.

This allows in all tested examples to avoid several optimisation steps which can be highly valuable for large problems

B. VTOL Example

The model is taken from [SIN 84]. It characterises the longitudinal motion of a VTOL helicopter. It is composed of
four states, two control inputs and one measured output. The linearised uncertain model is the same as in [KEE 88] &
additional performance input/output vectors are given following those in [LEI 01].

The robusH, performance is defined for a modesuch that:

—0.0366 00271 00188 —0.4555 00O
A 0.0482 —1.0100 00024 —4.0208 5, — 001
- 0.1002 03681 —-0.7070 14200 110
0 0 1 0 00O
0.0468 0 0.4422 Q1761
5, — 0.0457 Q0099 5_ | 35446 -7.5922
- 0.0437 00011 ~ | —-5.5200 44900
-0.0218 0 0
) 0100 00
=000 1 Diw=0 Dxy=0 Dxy=|0 O
0000 10
. 2 0 00 . . .

C=[010 0] Dw=0 Dy=0 D=0



and the three uncertainties are gathered in a diagonal matrix such that:
A= diag(AplvApszps)
|Ap,| <00.05 |Ap,| <00.01 |Ap,| <00.04

In [KEE 88] the uncertainties correspondae= 1. Here will be considered more important variations of the uncertain
parametersy > 1. The chosen modelling of uncertainties does not allow to take into account the structured nature of

—(00.05)2 0 0
It will therefore be embodied into a larger uncertainty dontgjpdefined as th¢ 0 —(00.02)2 0 ,
0 0 —(00.04)2

0, 1}-ellipsoid.

The robusH., performance is defined for a slightly different model. It is obtained by considering weighting, first
order operatorgi—, applied on the."The resulting mod€l is such that:

a0 S]] e [1] o= C]
C,=[C, 0] Dm=Da Dy=Dpy Dy=Dy
Cy=[Cy 0] Dgy=Dgn Dgy=Dg Dgu=Dgy
C=[C 0] Dyw=Dyy Dy=][0.00039 000174] Dy,=Dgy,
Note that theDy, matrix is non zero as in [LEI 01].

For the models described in this way, several numerical experiments are performed using the cone complementa
algorithm. These tests are realised for various specifications didhperformancey), on theH, performanceyb)
as well as for various uncertainty levets)( Here are presented only few significative cases described in table | where
i ter is the number of the algorithms iteratioi@®®U is the total CPU time (LMIs solved with SeDuMi [STU 99] on a
SUN SunBlade100 computefly,( TS) is the value of the optimisation criteria trd@gS;) at the step when the algorithm
stopped, and, is the controller obtained as the centre of the stabilising ellipsoid.

test| Vo VYo a [iter CPU Tr(TS) K{

(@05 03 3| 4 8s 500 | [0.014 1.55]
(b) |05 03 5| 4 Os 700 | [0.059 2.45]
(co]05 03 7| 4 9s 400 | [0.043 1.93]
(d| 3 3 10| 65 167s 0.006| [-0.68 0.94]
()| 10 10 13| 51 122s 0.02 | [-0.52 1.21]
f | 10 10 14| 65 166s 0.01 | [-0.57 1.27]
(@ | 3 3 14| 36 85s 4 fails

TABLE |
NUMERICAL EXPERIMENTS

Comments:

« The proposed method is conservative, which means that if the algorithm fails it does not mean that there is r
such controller. This can be observed when making the comparison between tests (f) and (g). The last one fails
nevertheless if an analysis step is performed on the solution of test (f) one finds out that:

uy < uy
VA € VT ||Z(A) * Ko(f)||°° <061, ||Z(A) * Ko(f)||2 < 0.17

which means that the solution to (f) could also be a solution to (g), ignored by the algorithm.
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» The synthesis method not only concludes with a stabilising gain but moreover gives a whole set of controller
described by an ellipsoid. All the elements inside the ellipsoid guarantee the same properties. To illustrate this, tal
figure 1 on which the ellipsoids are those obtained for the six successful cases. These ellipsoidal sets can be use
evaluate the resilience of the closed-loop systems as in [PEA 02].

Y

17<i>

L L L L
-08 -06 -0.4 -0.2 0 02

Fig. 1. SOF ellipsoids

V. CONCLUSION

The design of ellipsoidal sets of controllers is a new framework for output-feedback synthesis. Some aspects of
are exhibited in this paper contributing to the design of robustly stabilising SOF controllers that guarantee bounds c
H. andH, performances. Treated problems go from the design of SOF stabilising gains for a unique LTI model, tc
the design of SOF gains satisfying robust performance specifications for multiple distinct models. One would expe
that each of these individual problems have different numerical complexities. But in fact, it appears that they all have
similar formulation composed of a unique non-linear inequality and LMI constraints. The sole numerical difference o
all these problems is the size of the LMIs and the number of variables.

Prospective work will concern other implications of the ellipsoidal sets of controllers. Extensions will be proposed
for robustness with respect to structured uncertainties and dynamic output-feedback. Moreover, we will insist on nt
merical aspects of the adopted algorithm. Intensive experiments on realistic industrial problems will be described.
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