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Abstract

Stability analysis of uncertain time-delay systems is considered in a quadratic
separation framework. Results are formulated in terms of linear matrix inequalities
(LMI) which prove to be conservative. But this conservatism is significantly re-
duced by combining several tools: First, a discretization of the delay is performed
thus introducing knowledge on the functional defining the current state of the sys-
tem. Second, a Taylor series approximation of the delay operator is performed and
the Taylor remainder is explicitly taken into account with a new uncertainty-type
approximation. Thanks to LMI formulation, and with the use of slack variables, ro-
bustness is guaranteed for all uncertainties and all delays included in some bounded
interval which may not include zero.
Keywords: Linear time-delay systems, Stability, LMIs, Robustness, quadratic
separation, Taylor series.

1 Introduction

Functional differential equations of retarded type with constant delays are often used
for modelling practical issues in the engineering field as well as for biology, economics
or ecology (see [11] for examples). Stability analysis and stabilization of such systems
is therefore an important research topic and several approaches have been successfully
proposed. For the important case of linear systems one can focus on three techniques.

The first classical technique relies on the study of the roots of the associated char-
acteristic equation, a quasi-polynomial in s, the derivative operator, and e−hs, the delay
operator. Even if very effective in practice (see [13, 14] and the monograph [7]), these
techniques are often restricted to nominal stability analysis and cannot extend to ro-
bustness issues or design problems.
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A second popular method, adapted from the non-delayed case, relies on a Lyapunov-
Krasovskii functional. For linear systems, the general structure of the Lyapunov-
Krasovskii functional is provided but is hard to handle in practice. According to the
important literature devoted to this subject [16, 19], conservative results can still be
formulated in terms of linear matrix inequalities (LMIs) if making some restrictions on
the Lyapunov-Krasovskii functional.

Yet another important framework is derived from robustness analysis. The core
idea is to model the time-delay system as a nominal system connected to an uncertain
operator composed as combinations of s−1 and e−sh. The sources of conservatism are
twofold: description of the uncertain operator as member of an uncertainty set and the
robustness analysis tools converting the formulated problem into LMIs. This technique
is adopted in the current paper and the focus is made on improving uncertainty set
description.

An initial simple approach is to describe e−sh as member of the unit disc when
s has positive real part and h is positive. Based on such description, independent
of delay results are derived. These are conservative due to robustness analysis tools,
but conservatism may be reduced asymptotically to zero [2]. An interpretation of the
conservatism reduction is given in [15] in terms of artificial model augmentation where
the differential equations are further derived thus introducing the knowledge of delay
being constant.

A second approach [20, 4], proposes to introduce the operator (1−e−hs)s−1 which
is member of the circle centered at zero with radius h. It thus allows to derive delay-
dependent results but is limited to the analysis of systems stable for zero delay. Again,
the result is conservative due to robustness analysis tools, but conservatism may be
reduced by fractioning the delay [4]: (1−e−hs/q)s−1 is bounded in a smaller disc with
radius h/q. Fractioning does not allow to reduce asymptotically conservatism to zero
but may be combined to model augmentation with higher derivatives as done in [6].
Combining fractioning and artificial model augmentation is one of the contributions of
the paper.

An alternative to higher order derivatives model augmentation is Padé approxima-
tion of e−hs as done in [21, 3]. Similarly to model augmentation, it introduces extra
dynamic equations corresponding to the transfer function of the Padé approximate op-
erated on all the system states. Of course Padé approximation is not exact, but the gap
is modeled as an uncertainty which needs to be properly described, making operator
description a key issue.

Although of practical importance in engineering fields like combustion [1], chat-
ter stability in machining [9] and others, only recently stability of time-delay systems
which are unstable for zero delay (interval delay stability) has proved to have LMI con-
servative solutions. One of these is based on the Padé approximate approach [10]. An-
other one is based on Taylor series approximation [6]. It takes advantage of the system
augmentation via derivatives of the state, to explicitly introduce an operator represent-
ing the Lagrange remainder. This operator happens to be exactly e−hs for zero degree
Taylor series expansion and (1− e−hs)s−1 for first degree expansion. While in [6] all



the remainders were described in discs centered at zero, the current paper improves the
uncertainty description with other discs reduced in size.

Following the ideas developed in [4, 6], quadratic separation techniques (see [8]
and extensions in [15]) are used to derive LMI conditions for uncertain models. The
models are those obtained while applying both fractioning of the delay and higher order
derivatives. The uncertain operators are the Lagrange remainders and are bounded in
properly adapted discs. The LMI results are proved to be less and less conservative as
the fractioning and the order of derivatives grow.

The paper is organized as follows. Next section is devoted to some preliminaries
about quadratic separation. Then section III formulates precisely the Taylor series and
fractioning schemes. The following section gives the central results of the paper and
discusses conservatism reduction. Section V extends the results to robust stability with
interval delays.

2 Preliminaries

2.1 Notations

For a two symmetric matrices, A and B, A > (≥)B means that A − B is (semi-)
positive definite. AT denotes the transpose of A. 1n and 0m,n denote the respectively
the identity matrix of size n and null matrix of size m× n. If the context allows it the
dimensions of these matrices are often omitted. For a given matrix B ∈ Rm×n such
that rank(B) = r, we define B⊥ ∈ Rn×(n−r) the right orthogonal complement of B
by BB⊥ = 0 and B⊥B⊥T > 0. The set of complex numbers of the right-half of the
complex plane is denoted C+ = {s ∈ C : s + s∗ ≥ 0}. The notation 〈A〉 stands for
the symmetric matrix A + AT . For block-diagonal matrices the following notation is
adopted

diag

 A
B
C

 =

 A 0 0
0 B 0
0 0 C

 .

2.2 Review of quadratic separation

Well-posedness of feedback systems provides a fertile framework for stability analysis
of non-linear and uncertain systems. Major results for robust stability analysis has been
given in [8] and references therein. The purpose of this section is to briefly recall some
new tools on quadratic separation developed for robustness issues of descriptor systems
[15], which is needed for the main theorem of this paper.

Consider two possibly non-square matrices E and A and an uncertain constant,
complex valued, matrix ∇ with appropriate dimensions that belongs to some set ∇.
For simplicity of notations we assume in the present paper that E is full column rank.
We make no assumption on the uncertainty set ∇.
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Figure 1: Feedback system

Theorem 1 [15] The uncertain feedback system of Figure 1 is well-posed if and only
if there exists a Hermitian matrix Θ = Θ∗ satisfying both conditions[

E −A
]⊥∗Θ

[
E −A

]⊥
> 0 (1)

[
1 ∇∗

]
Θ

[
1
∇

]
≤ 0 , ∀∇ ∈ ∇ . (2)

If E and A are real matrices, the equivalence still holds with Θ restricted to be a real
matrix.

A simple corollary of that result is for LTI system stability analysis. The system
ẋ(t) = Ax(t), where x(t) ∈ Rn, is stable if A has all its eigenvalues in the left half
plane, which is equivalent to the well-posedness of the feedback system of Figure 1
with E = 1n, A = A and ∇ = { s−11n , s−1 ∈ C+ }.

Another corollary is for delay-independent stability analysis of time-delay systems
described by the equation

ẋ(t) = Ax(t) + Adx(t− h) .

Stability of that system whatever h ≥ 0, can be recast as the well-posedness of the
feedback system of Figure 1 with

∇ =
{ [

s−11n 0
0 e−sh1n

]
, s−1 ∈ C+ , h ∈ R+

}
and appropriate E andAmatrices. Such LMI results can be found in [7] (and references
therein) and are known to be conservative due to the lossly choice of separators Θ.

The goal of the current paper is to extend these results for reducing conservatism
and proving robust stability of time-delay systems with unknown delays in an interval.



3 Approximating the time-delay operator

3.1 Taylor series and Lagrange remainder

Let s ∈ C and consider the function τ → e−sτ . Its Taylor series about the point τ0 = 0
writes as

e−sτ =
k−1∑
i=0

1
i!

(−sτ)i + Rk(s, τ) (3)

where Rk(s, τ) is the Lagrange remainder. For any continuous time signal v(t) recall
that the e−sτ and si operators are such that

e−sτ [v(t)] = v(t− τ) , si[v(t)] = v(i)(t) .

Define as well the operator δi(s, τ) = i!(−sτ)−iRi(s, τ) and the ri(t) signal such that

i!(−τ)−iRi(s, τ)[v(t)] = δi(s, τ)[v(i)(t)] = ri(t) .

The Taylor series expansion imply for all i ≥ 0 the following formulas relating v(t−τ)
and the v(i)(t), ri(t) signals:

v(t) = v(t− τ) + τr1(t)
v(i)(t) = ri(t) + τ

i+1ri+1(t)
(4)

which indicates that in order to take advantage of the Taylor series expansion of the
delay operator one needs:

• To artificially augment the system model with higher derivatives of the state. The
notations involved in this model augmentation are given in the following section.

• To have some knowledge on the remainder representative δi(s, τ). The informa-
tion to be used in the following is of norm-bounded type. But at the difference
of [6] a thinner bounded approximation is considered.

For i = 0 one has δ0(s, τ) = e−sτ which sweeps the whole unit circle for s ∈ C+

but for i ≥ 1 the domain in which the δi(s, τ) operators lies is reduced and not centered
at zero. For i = 1 and i = 2 these regions (their border is obtained for s = jω) are
plotted on Figure 2. The circle centered at c1 = 0.249 with radius α1 = 0.751 includes
the region where lies δ1(s, τ) as proved in [22].

Lemma 1 If for all s ∈ C+ and all θ ∈ [ 0 τ ] the complex number δi(s, θ) belongs to
the disc centered at ci with radius αi, then the same property holds for δj(s, θ) with
j ≥ i.

Proof : Assume δi(s, θ) is in the disc centered at ci with radius αi:

α−1
i (δi(s, θ)− ci)2 ≤ αi .
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Figure 2: Feedback system

Apply a Schur complement argument to get[
αi δi(s, θ)− ci

δi(s, θ)− ci αi

]
≤ 0

which also writes as Λi(s, θ) ≥ 0 where:

Λi(s, θ) =
[

αiθ
i/i! (−s)−iRi(s, θ)− ci

(−s)−iRi(s, θ)− ci αiθ
i/i!

]
.

Note that ∫ θ̂

0
Ri(s, θ)dθ =

∫ θ̂

0
e−sτ −

∑k−1
i=0

1
i! (−sτ)idθ

= (−s)−1Ri+1(s, θ̂)

hence taking the integral of Λi(s, θ) gives for any θ̂ ∈ [ 0 τ ]

0 ≤
θ̂∫

0

Λi(s, θ)dθ = Λi+1(s, θ̂)

which with the converse Schur complement argument implies that δi+1(s, θ̂) belongs
to the disc centered at ci with radius αi. By induction the property holds for all j ≥ i.

�

Definition 1 Two vectors c =
(

c1 . . . ck

)
and α =

(
α1 . . . αk

)
are said

to be Taylor-remainder valid if |δi(s, τ)− ci| ≤ αi for all s ∈ C+ and all i = 1 . . . k.



In the numerical examples treated in the last section the vectors are such that ci =
0.249 and αi = 0.751. They are Taylor-remainder valid due to lemma 1.

3.2 Fractioning the delay

The quality of the truncated Taylor series at order k depends on the approximation
of the δk(s, τ) representative of the remainder which is exposed upper. Yet another
property of Taylor series is that the truncation is less and less conservative as τ tends
to zero. For this purpose, assuming a delay h, the methodology is applied to a fraction
of the delay τ = h/q. As in [5], based on the property that

v(t− h) = e−sh/q[v(t− (q−1)h
q )]

= e−s2h/q[v(t− (q−2)h
q )]= · · · = e−sh[v(t)],

the fractioning implies to augment the system model with all v(t − lh
q ) signals were

l = 0 . . . q. [4] demonstrates that these augmented signals allow implicitly to prove
stability with Lyapunov functions involving the q samples v(t− lh

q ) of the signal v(θ)
for θ ∈ [t− h t]. The whole state of a time-delay system defined as x(θ), θ ∈ [t− h t]
can hence be taken into account asymptotically as q goes to infinity.

4 Main result

4.1 Augmented model

Let the following time-delay system with one delay h assumed constant:{
ẋ(t) = Ax(t) + Adx(t− h), ∀t ≥ 0
x(t) = φ(t), ∀t ∈ [−h, 0] (5)

where x(t) ∈ Rn is the instantaneous state and φ is the initial condition. To reduce
numerical complexity of the results in case Ad is not full rank, let any factorization
Ad = BC. The effectively delayed part of the state is denoted v(t− h) = Cx(t− h)
with v ∈ Rp: {

ẋ(t) = Ax(t) + Bv(t− h)
v(t) = Cx(t) . (6)

The augmented model with Taylor series stopped at degree k with delay fractioning
q which includes all possible relations described above is now defined. First, let the
vectors of all derivatives up to order k − 1:

x̃(t) =


x(k−1)(t)

...
ẋ(t)
x(t)

 , ṽ(t) =


v(k−1)(t)

...
v̇(t)
v(t)

 .



Second, let the vector of delayed signals for all delays of the fractioning:

v̂(t) =


ṽ(t− q−1

q h)
...

ṽ(t− 1
q h)

ṽ(t)

 .

Finally, let the vectors of remainder signals with their derivatives and the vectors of
signals on which apply the operators δi:

r̃i(t) =


r
(k−i)
i (t)

...
ṙi(t)
ri(t)

 , ṽi(t) =


v
(k)
i (t)

...
v
(i+1)
i (t)
v
(i)
i (t)

 .

The relationships between these vectors can all be formulated in terms of a feedback
connected system of Figure 1. Choosing the vectors

z =


˙̃x(t)
v̂(t)
ṽ1(t)

...
ṽk(t)

 , w =


x̃(t)

v̂(t− h
q )

r̃1(t)
...

r̃k(t)

 ,

the ”uncertainty” that gathers all involved operators is defined as

∇ = diag


s−11nk

δ0(s, h
q )1kpq

δ1(s, h
q )1kp

...
δk(s, h

q )1p

 (7)

and the matrices E and A are constructed by the following equations:

• Augmented system equations (6)

˙̃x(t) = (1k ⊗A)x̃(t)
+(1k ⊗B)

[
1kp 0kp,kp(q−1)

]
v̂(t− h

q )[
0kp,kp(q−1) 1kp

]
v̂(t) = (1k ⊗ C)x̃(t)

(1k ⊗ C) ˙̃x(t)− ṽ1(t) = 0



• Internal relationships between the signals:[
0(k−1)n,n 1(k−1)n

] ˙̃x(t)
=

[
1(k−1)n 0(k−1)n,n

]
x̃(t)[

1kp(q−1) 0kp(q−1),kp

]
v̂(t)

=
[

0kp(q−1),kp 1kp(q−1)

]
v̂(t− h

q )[
1(k−i)p 0(k−i)p,kp

]
ṽi(t)− ṽi+1(t) = 0

• Equations obtained from the Taylor series formula (4)[
0kp,kp(q−1) 1kp

]
v̂(t)

=
[

0kp,kp(q−1) 1kp

]
v̂(t− h

q ) + h
q r̃1(t)[

0(k−i)p,kp(q−1) 1(k−i)p 0(k−i)p,pi

]
v̂(t)

=
[

0(k−i)p,p 1(k−i)p

]
r̃i(t) + h

(i+1)q r̃i+1(t)

The obtained matrix E is full rank.

4.2 LMI conditions for stability analysis

Based on the modeling described above, Theorem 1 can be applied.

Theorem 2 Given k the upper degree of Taylor series, q the delay fractioning and
(c, α) a Taylor-remainder valid couple, let L(k, q, c, α) be the LMI problem obtained
applying Theorem 1 with Θ =

diag


0

−Q0

(c2
1 − α2

1)Q1

...
(c2

k − α2
k)Qk

 diag


−P
0

−c1Q1

...
−ckQk



diag


−P
0

−c1Q1

...
−ckQk

 diag


0
Q0

Q1

...
Qk




(8)

where the matrices P , Qi are all symmetric, P is positive definite and the Qi are
positive semi-definite. The time-delay system (5) is stable if L(k, q, c, α) is feasible.



Proof : Take Θ as (8) with ∇ defined in (7):

[
1
∇

]∗
Θ

[
1
∇

]
= diag


−(s + s∗)P

(e−2sh/q − 1)Q0

(|δ1(s, h
q )− c1|2 − α2

1)Q1

...
(|δk(s, h

q )− ck|2 − α2
k)Qk


which proves (2) for s ∈ C+. �

Note that stability proved by Theorem 2 corresponds implicitly to some Lyapunov
function V (x) such that

V̇ (x) = −
(

z∗ w∗
)
Θ

(
z
w

)
.

It depends both on the k first derivatives of the state and on the delayed state evaluated
for the q fractions of the interval [ t− h t ].

Numerically, the LMI problem L(k, q, c, α) has the following characteristics:

• The constraint (1) has n + kpq rows and columns. The additional constraints
P > 0, Q0 ≥ 0 and Qi ≥ 0 have respectively nk, kpq and (k − i + 1)p rows
and columns. The overall size of the LMIs is

(k + 1)n + (2q + (k + 1)/2)kp .

• The decision variables are the symmetric matrices of Θ. The number of scalar
decision variables is kn(kn + 1)/2 for P , kpq(kpq + 1)/2 for Q0 and (k − i +
1)(k− i + 2)/2 for the Qi matrices. The overall number of decision variables is

kn

2
(kn + 1) +

kpq

2
(kpq + 1) +

kp

6
(2k2p + 3k(p + 1) + p + 3) .

These comments on the dimensions of the LMI problem L(k, q, c, α) clearly indicate
that even if one can prove some asymptotic property as both k and q grow to infinity,
it would be numerically intractable. Still some properties with respect to conservatism
reduction can be produced.

4.3 Conservatism reduction

Proposition 1 Let two couple of vectors (c, α) and (ĉ, α̂) such that, for all i, the disc
centered at ĉi with radius α̂i is included in the disc centered at ci with radius αi. In
such a case, if L(k, q, c, α) is feasible, L(k, q, ĉ, α̂) is feasible as well.

Proof : δi lies in the circle centered at ci with radius αi is and only if the following
quadratic constraints holds(

1 δi

) [
c2
i − α2

i −ci

− ci 1

](
1
δi

)
≤ 0 .



S-procedure indicates that the conditions assumed on (c, α) and (ĉ, α̂) imply that there
exists a positive scalar εi such that[

ĉ2
i − α̂2

i −ĉi

− ĉi 1

]
≥ εi

[
c2
i − α2

i −ci

− ci 1

]
which suffices to conclude taking Θ̂(ĉ, α̂) defined by P̂ = P , Q̂0 = Q0 and Q̂i = εiQi

for all i = 1 . . . k. �

Proposition 1 indicates that by improving the approximation of the δi operators, the
LMI conditions become less conservative. The results exposed here are therefore less
conservative than those of [6] in which all the δi operators were restricted to lie in the
unit circle centered at zero.

Proposition 2 If L(k, q, c, α) is feasible then for all larger degrees of the Taylor series
k̂ ≥ k, L(k̂, q, c, α) is feasible as well.

The proof is identical to that in [6] and is therefore omitted for space reasons. The
sketch of the proof is starting from a separator for degree k to build the separator for
degree k̂ = k + 1 of the type (8) with variables build with structure

P̂ =
[

εP 1 0
0 P

]
, Q̂i =

[
εi1 0
0 Qi

]
where εP and εi are small enough positive scalars.

Proposition 3 IfL(k, q, c, α) is feasible then for any thinner fractioning q̂ ≥ q,L(k, q̂, c, α)
is feasible as well.

Proof : Let M be the
[
E −A

]
matrix for a fractioning q and M̂ be the same

matrix for fractioning q̂ = q + 1. Let θ be a solution to the LMI problem L(k, q, c, α).
Due to inverse elimination lemma [17] applied to (1), there exists a matrix Y such that

Θ > Y M + MT Y T .

With properly arranged rows, M can be partitioned as

M =
[

0 1kp(q−1) 0 −1kp(q−1) 0
N1 0 N2 N3 N4

]
and according to this partitioning define

Y T =
[

Y11 Y12 Y13 Y14 Y15

Y21 Y22 Y23 Y24 Y25

]
.

Let as well the partitioning

Q0 =
[

Q01 Q02

QT
02 Q03

]
,

Q01 ∈ Rkp×kp

Q03 ∈ Rkp(q−1)×kp(q−1) .



For the fractioning q̂ = q + 1, M̂ is exactly 0 1kp 0 0 −1kp 0 0
0 0 1kp(q−1) 0 0 −1kp(q−1) 0

N1 0 0 N2 0 N3 N4

 .

Let the matrix Ŷ T = 0 − 1
2Q01 − 1

2Q02 0 − 1
2Q01 − 1

2Q02 0
Y11 − 1

2QT
02 Y12 Y13 − 1

2QT
02 Y14 Y15

Y21 0 Y22 Y23 0 Y24 Y25


and let Θ̂ be such as (8) with matrices P̂ = P and Q̂i = Qi equal to those of Θ for all
i = 1 . . . k, and with

Q̂0 =

 Q01 0 Q02

0 Q01 Q02

QT
02 QT

02 Q03

 .

The matrices defined in this way happen to satisfy

Θ̂ ≥ Ŷ M̂ + M̂T Ŷ T

compared with the inequality for fractioning q it simply corresponds to insertion of
zero rows and columns. Inverse elimination lemma and a small perturbation argument
gives (1) for q̂ = q + 1. The result extends to any q̂ ≥ q by induction. �

4.4 Some important sub-cases

One major sub-case of time-delay systems is when stability is independent of the value
of the delay (IOD-stability). The apparently delay-dependent LMI formulations given
above do allow to handle this case.

Proposition 4 If L(k, q, c, α) is feasible with a Θ matrix restricted to have Qi = 0 for
all i = 1 . . . k, then the system is stable whatever the value of the delay h.

This result is based on the fact that the LMI conditions become delay-independent
when Qi = 0 for i = 1 . . . k. A particularity is that the fractioning does not reduce
conservatism in such a case: one can restrict to q = 1. Aside from that, introduc-
ing higher order derivatives by increasing k does reduce conservatism. The problem
L(k, 1, c, α) with Qi = 0 for all i = 1 . . . k happens to be exactly that of [2]. Note as
well that L(0, q, c, α) can be feasible only for IOD-stable systems. If stability depends
of the delay, the LMI conditions may be feasible only if k ≥ 1.

A second major sub-case is known as ”delay-dependent” stability (DD-stability).
It corresponds to systems stable for zero delay, the problem being to find the maximal
delay h such that the system is stable for all 0 ≤ h ≤ h.



Proposition 5 If L(k = 1, q, c, α) is feasible for a delay h, then the system is stable
whatever h ∈ [ 0 h ].

This result is demonstrated in [5]. It also shows that if the system is not stable for
h = 0, then L(k, q, c, α) cannot be feasible unless k ≥ 2. Only for k ≥ 2 the LMI
conditions can prove interval-delay stability.

5 Robustness issues

As for most analysis problems formulated in terms of LMIs, the results of the previ-
ous section may be extended including robustness issues. In the current paper, affine
polytopic uncertain models with interval time-delays are considered:{

ẋ(t) = A(ξ)x(t) + B(ξ)v(t− h)
v(t) = C(ξ)x(t) (9)

with h ∈ [h h ] and [
A(ξ) B(ξ)
C(ξ) 0

]
=

N∑
i=1

ξi

[
A[i] B[i]

C [i] 0

]

where ξ =
(

ξ1 . . . ξN

)
belongs to the set Ξ =

{
ξi ≥ 0 ,

∑N
i=1 ξi = 1

}
. Note

that the E and A matrices are linear with respect to both the model parameters A, B
and C and with respect to the delay h. More precisely, denote M(ξ, h) the parameter
dependent

[
E −A

]
matrix. It can decomposed as

M(ξ, h) = M0 + M(ξ) + hMd = M0 +
N∑

i=1

ξiM
[i] + hMd .

Theorem 3 If there exist 2N separators (Θ[i],Θ
[i]

) structured as (8) and a matrix Y
such that the following LMIs hold for all i = 1 . . . N

Θ[i] >
〈
Y (M0 + M [i] + hMd)

〉
Θ

[i]
>

〈
Y (M0 + M [i] + hMd)

〉 (10)

then the time delay system (9) is robustly stable.

Proof : Define the parameter-dependent separator

Θ(ξ, h) =
N∑

i=1

ξi

(
h− h

h− h
Θ

[i]
+

h− h

h− h
Θ[i]

)



The inequalities (10) are all linear with respect to Θ[i], Θ
[i]

, M [i], h and h therefore
taking linear combinations of these inequalities implies that

Θ(ξ, h) > 〈Y (M0 + M(ξ) + hMd)〉 = 〈Y M(ξ, h)〉

holds for all ξ ∈ Ξ and all h ∈ [h h ]. Post and pre multiply the last inequality by
M⊥(ξ, h) and its transpose respectively to get (1) which concludes the proof. �

6 Numerical examples

The latest version of SeDuMi [18] (SeDuMi 1.1 available at http://sedumi.mcmaster.ca/)
is used to solve the LMIs along with the parser YALMIP [12]. Computation is done on
a Linux PC computer with i686 processor and 2GB memory.

6.1 First example

Theorem 3 is applied to the academic example ÿ(t)−0.1ẏ(t)+2y(t) = y(t−h) taken
from [7] for which analytical analysis indicates ] 0.10016826 1.7178 [ is the actual
stabilizing open interval. Only h is assumed uncertain. It is chosen to lie in the interval
[h h ] with h = 0.101 fixed. The goal is by dichotomy to find the maximal h. Results
for various values of k and q are given in Table 1. The LMIs fail for k < 2 as expected
(see section IV-D). Tests are limited to problems with less than 160 decision variables.
For this example conservatism reduces faster for growing values of fractioning q than
with respect to Taylor series degree k.

The number of variables of each LMI problem is given in Table 2. The computation
time is less than 2 minutes for all individual LMI problems.

Table 1: h obtained by Theorem 3 for first example

q=1 q=2 q=3 q=4 q=5
k = 2 0.7062 1.6997 1.7137 1.7163 1.7171
k = 3 1.5689 1.7026 1.7147 1.7166 1.7172
k = 4 1.5689 1.7038

To evaluate the conservatism of Theorem 3 compared to Theorem 2, a dichotomy
line search is performed for k = 3 and q = 5 to find the maximal value of h that makes
L(k, q, c, α) feasible: h = 1.7174. As expected it is better than the robust values
obtained with Theorem 3, but it proves nothing for the interval [ 0.101 1.7174 ].



Table 2: Number of decision variables (Theorem 3)

q=1 q=2 q=3 q=4 q=5
k = 2 55 67 79 91 103
k = 3 91 109 127 145 163
k = 4 133 157

6.2 Second example

The DD-stable system of [22] is tested for K = 1. The same procedure as above is
adopted with h = 0. Results are reported in Table 3. For this example increasing the
Taylor series degree has a major contribution for getting close to the actual maximal
bound 1.4247.

Table 3: h obtained by Theorem 3 for second example

q=1 q=2 q=3 q=4 q=5
k = 1 0.2518 0.2531 0.2533 0.2534 0.2535
k = 2 1.0570 1.2946 1.3340 1.3454 1.3496
k = 3 1.2325 1.3997 1.4190

The interesting feature of Theorem 3 is that stability is guaranteed for all the in-
terval [ 0 h ]. If removing this robustness specification and searching by dichotomy the
maximal stabilizing delay with the help of Theorem 2 gives even better bounds (higher
values of k can be tested because numerical complexity is about 10 times lower). Tests
are done for various values of k = q and for two choices of the (c, α) Taylor-remainder
valid vectors. Results are given in Table 4. As expected due to Proposition 1 proper
approximation of the regions where lie the δi(s, τ) operators has a non negligible effect
on conservatism. This effect seems to vanish for large values of k and q but this is at
the expense of increasing the numerical burden.

Table 4: h obtained by Theorem 2 for second example

k=q=1 k=q=2 k=q=3 k=q=4 k=q=5
(ci, αi) = (0, 1) 0.1268 1.1644 1.3844 1.4019 1.4236
(ci, αi) =
(0.249, 0.751) 0.2518 1.2947 1.4197 1.4233 1.4243



7 Conclusions

A novel method for stability analysis of time-delay systems is provided in the quadratic
separation framework. Inherent conservatism of LMI-based methods is reduced by the
means of three techniques. One is fractioning of the delay. The second is Taylor series
representation of the delay operator. The third is norm-bounded representation of the
Taylor series remainders in circles not centered at zero. This last representation may
be further improved as illustrated in Figure 2: there is a wide gap between the δ2(s, τ)
region and the circle we used. Further developments in this direction will be proposed
in the close future.
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