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1. INTRODUCTION

Dynamic systems are characterized by their structures and parameters:

Linear: Nonlinear:
5 . x=A(0)x+B(0)u+d; s . x =f(x,u,d,0);
"ly=Cx+Du+v, “ly=hx,u)+v,

X 1s state vector, u 1s control input, d is disturbance, y is output, v 1s noise, 0 1s parameters.

Control system design steps:

u
{ u y 3. Imp.lemen- u y
ﬂl. Modeling P fation {

P

u y r;
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2. Control —> A —

P,e {22} uncertainty Stability, robustness,
performance???
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design
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a. Main properties

Parameter estimation is to use a collection of available system signals y and u, based on

certain system structure information X; or X,, to produce estimates 0(7) of the system
parameters 0 = Appears on the step 1.

Adaptive parameter _estimation is a dynamic estimation procedure that produce updated
parameter estimates on-line = Appears on the step 2&3.

Adaptive parameter estimation is crucial for indirect adaptive control design where
controller parameters 0. (¢) are some continuous functions of the estimates 0(z):

V4 V4 Oc(t

A
N
A

y

P, (0) )

The general scheme of adaptive control. ~ The scheme of indirect adaptive control.
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Key issues in the classical adaptive parameter estimation:

— linear parameterization of system models,

— linear representation of parametric error models,
— stable design of adaptive estimation algorithms,
— analytical proof of system stability,

— parameter convergence,

— robustness of adaptive estimation.

Realization:

— continuous-time,

— discrete-time.

£05¢5



b. Running example

Moving vehicle:

F>F,

V is velocity (regulating variable), ¥ = dV / dt is acceleration, m is unknown vehicle mass,

F, 1s engine force, F, = kN,, where N, i1s torque, k 1s unknown conversion coefficient,

F f 1s friction force, F’ = pV , where p 1s unknown friction coefficient,

F;j 1s load force (unknown, dependent on the road profile).

The first order dynamics (Newton's Second Law):

mV =F,—(Fr+F)=kN,—pV —F.
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Define the state variable x =V, the control input u = N, the disturbance d =—F; / m:

Xx=—-ax+bu+d, (1)
y=x+v,

where y is the output, v is the measurement noise, a=p/m, b=k / m.

Note: the engine from the introduction lecture has the same model {w = —fw + Ku

Features:

— the constant parameters a >0 and b > 0 are unknown = (1) 1s a variant of %;;

— the time-varying signals d and v are unknown, but bounded;
— the unperturbed noise-free case: d =v =0,

— the reference signal » =V, , where V,; — desired velocity.

Control problem (the asymptotic tracking):

xX(t) — r(t) with £ — +oo.
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A variant of the solution:

U= b_l[ay—amy+bmr],
where a,, >0 and b, are parameters of the reference model:
Xy ==y Xy +bp 7.
The closed loop system has form:

x:—amx+bmr+c?, c?:d+(a—am)v.

In the noise-free case (d =v =0 = d =0) the variable x has the desired dynamics!

U

To design the control u we have to estimate the unknown parameters a and b!

Let us try to solve this problem for the noise-free case. We will analyze the robustness issue
later. In this case the model (1) can be rewritten as follows:

y=—ay+bu. (17)
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2. ADAPTIVE PARAMETER ESTIMATION

a. Parameterized system model
Consider a linear time-invariant SISO system described by the differential equation:
P(s)[y1(t) = Z(s)[ul(r), 2)

y(t)e R, u(t) e R are the measured output and input as before;

P(s)=s" +pn_lsn_1 +...+ p1s+ po,
Z(s)=z,,s" + Zm_lsm_l +...+z185 + 20,

are polynomials in s, with s being the differentiation operator
s[x](2) = x(2);

p;,i=0,n—1and z Iz j =0,m are the unknown but constant parameters to be estimated.

Note: n=1, m=0 = (1") with pg =a and zy =b.

The objective: estimate the values p;, i=0,n—1 and z o J= 0,m using available for on-line

measurements signals y(¢) and u(¢) (no a priori accessible datasets).
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Parameterization:

let A(s)=s"+A,_ 1" +...+ ;s +Ag be a stable polynomial (all zeros are in Re[s] < 0).

Then (2) can be represented as follows:

P(s) _Z(s) _A(s) P(s) _ Z(s)
AGs) [y](t)—A(S) [u](r) = (1 A(S))[y](t)JrA(S) [v1() AGs) [u](t) =
_ Z(s) A(s)— P(s)
v =~ ) [w]() +——+ o) [¥1(0). (3)

Define parameter vector
%k
0 =[z0,21, s Zp—1>Zp> My = POs M = Plse-os My = Pp—2>My—1 = P

]T c Rn+m+1

and regressor function

T

m n—1
| 1 V()| e Rn+m+l.

S S
AG) [M](t),---A(S) [u](), AG) [y](t),---A(S)

0(¢) =

Then (3) can be expressed in the equivalent form

) =8"To). 4)

FU55 10



In (4):

# :
— the vector @ contains all unknown parameters of the system (2);
[

— the regressor ¢(¢) can be computed using the filters AG) i=0,n—1.
s
Another variant of implementation:
0 () = Ay 0 (?) +bu(?),
@) (1) = Ay @, (1) + by (1),
where o (1)e R”, 0, (t)e R" and
0 1 0 - 0 0 | 0
0 0O 1 0 0 :
Ay =| 1 r s,b:(')
0 0 -0 .- 0 1 |
Ao Ao Ay Ay -

Then, we generate the regressor ¢(¢) from
o) =[{Cpoy )} ., )" 1",
where C,, =[L41.0(m+1)x(n—m-1 1€ R (0(t) =[oy ()", 0p()" 1" for m=n-1).
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b. Linear parametric model

Linear parametric model has the form

Y6 =0"To(), > 1, 4)

where @ € R is an unknown parameter vector, y(f)e R is a known (measured) signal,

®(t)e R is a known vector signal (regressor), ng =n+m+1 1s the dimension of the model.

Features:

1) The model (4) 1s commonly seen in system modeling when unknown system parameters
can be separated from known signals.

2) The components of ¢(¢) may contain nonlinear and/or filtered functions of y(¢) and u(z)
(or some other system signals).

3) Adaptive parameter estimation based on y(7), u(¢) < Linear parametric model.

Let 0(¢) be the estimate of 0 obtained from an adaptive update law, 0(¢) = 0(¢) ~0 s the
parametric error, then define the estimation error

e(1) = 0(t) 0(1) — y(£) = 0()" o(t) -8 " o(1) = 8(1) 6(2). (5)

£0515 12



Example 1

y=—ay+bu.

It has the form (2) for P(s) =s+ pg, Z(s) =zg with pg=a, zo =b, m=n-1, n=1.

11

The filter = .
A(s) s+1

The parameter vector 0 = [GT,GZ]T = [b,l—a]T € Rz, ng =2.

The regressor O(?) = { 1 [u](?), —[ ](t)} e R?.

The fast implementation ¢(¢) =[w; (?), mz(t)]T for

o= O +u®),
i (£) = oy (1) + y(p), M+~ 1 P=L

The estimation error for the estimate 0(¢) =[6(¢),0, (t)]T e R?:

£(1) = 0()" 0(1) — y(t) =|oy ()8, (1) + 5 ()8, (1) — ¥(¢)
= oy ()8 (1) = b) + 0y (1)(8,(1) — 1+ @) = () ¢(2).

F05Y5
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¢. Normalized gradient algorithm

How to update 0(¢) ? How to minimize the error €(¢) = O(t)T o) — y(t) = ()(t)T O(2)?

The 1dea 1s to choose the derivative of 0(7) in a steepest descent direction in order to minimize
a normalized quadratic cost functional

_ e _ 00" 000 0 _ 0()-0)" o))" (0()-0")
J(2,0) - - : ,
2m(t) 2m(t) 2m(t)

where m(¢) 1s a normalizing signal not depending (explicitly) on 0(¢).
The 1dea of m(¢) choice: (1)(t)(|)(z‘)T / m(t)2 has to be bounded (return later to this 1ssue).

_0J(t,0) &) ot — (1) O(2)

3 = 5 therefore:
00 m(z) 00 m(t)

The steepest descent direction of J(¢,0) 1s

0(¢) = —e(0)T q)(t)z , 0(1) =0, t > 1, (6)
m(t)

where T=T! >0isa design matrix gain, @ 1s an initial estimate of 0 .

FO5(5 14



For (6) an admissible choice of the normalizing function m(?) is

m(e) =1+ x0T 0(0),

where K > 0 is a design parameter.
Example 1

The estimation error and the regressor:

£(1) = 0y (1)8) (1) + 0 (10, (1) — ¥(£), &(2) = [} (1), 0 ()] .

The cost functional and derivative:

J(1.0) = EO°__[008 (0 +008, () =" 0J(10) _ __£() [ow)]
T 2m(r)? 2m(t)> 08 m(t)> L2 ()

The normalized gradient algorithm for I' = yI,, y>0 and x=1:

(1) [O)l(f)}.

1+ 0f () + 03 () L2

0(1)=—y

F05Y5
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Lemma 1. The adaptive algorithm (6) guarantees:

(i) 0(¢), 0(¢) and €(t)/ m(t) are bounded (belong to L,);
(ii) () / m(t) and O(¢) belong to L.

Proof. Introduce the positive definite (Lyapunov) function ¥ (0) = o' l“_l(), then (6 =0)

nl’
7 =20Tr"16 =207 | —e(r-2) ) — e(1 )LW) _ 80" 121, (7)
m(t)’ m(t)” m(t)
Since ¥ <0 we have: V(t)e L, = 0(¢)e L, = 0(¢) e L., = all these signals are bounded.
The boundedness of &(¢) / m(¢) follows the boundedness of 6(¢) and the inequality
e 1807601 1901 g1
O koo o) 1+ xllo)]

Then boundedness of 0(¢) follows from the inequality

OOy lOOI [(0)
4T <T|
m(t) - m(?) JLe ] o) P M@

e()I —— o )

m(t)

18]= .= (i)

£05Y5 16



Lemma 1. The adaptive algorithm (6) guarantees:

(i) 0(¢), 0(¢) and €(t)/ m(t) are bounded (belong to L,);
(i) £(t) / m(t) and O(t) belong to L, .

£(1)”

5= —V(¢) and integrate it:
m(t)

Proof. Let us rewrite the equality (7) in the form 2

—2jf 8(0 L V(6)dt =V (ty) =V () SV (ty) = (0 —0%) T71(0) — 0%) < o0, 1 2 1,

e(t)

m(t)

therefore € L,. From the inequality

10)<|T || ——L2O1 180
) \/1+ K| o) > ™)

we obtain that 0(¢) belongs to L,. = (ii) = The Lemma 1 1s proven. m

Note:
We did not prove that Iim,_,_, 0(¢) = 0!

FO5(5 17



Discussion:

1) The algorithm has equilibriums when || 0(¢) ||= 0, from (6) we have || 0(?) ||=|| €(£)T (1)(t)2 IE
m(t)

16 IE0 = ||0(N)|=0] = e(1) =0 < 0(1) =0 !
0(¢) = 0 isnot unique equilibrium of (6) (the usual drawback of any gradient algorithm)!

2) V()= é(t)T F_lé(t) 1s a measure of deviation of 0(¢) from 9*, and from (7)
V(t)<0 = [0()— 0% T [0(r)— 0] =V (1) <V (ty) =[0y —0*]' T"'[0, — 0%].

3) From Lemma 1 we have that &(¢) / m(¢)e L., N Ly and lim,_, . €(¢) / m(¢z) = 0.

4) From (7) we have that the function is nonincreasing (¥ (¢) <0) and bounded from below
(V' (t) 2 0), thus there exists lim,_, ., V' (¢) =V, for some constant V_, =2 0:

~ ¥, =0 = lim,_,.,0(:)=0;

—V,, >0 % lim,_,. 0(¢) =0, for some constant vector 0, € R"0.
t—

5)if 0(t) € L, = O(t)€ L., N Ly (Lemma 1) = lim,_,,. 0(t) =0 % lim,_,., 6(r) =0,,.

0(r) =sin(Wr +1), 6() =052V D) e 1 AL, Tim,_,_ () =0, lim,_,_0(t)="?
\/m 2 - -

£0515 18



Example 1

Plant: y=—-ay+bu.

- - C e — 01001 (1) + @y ()8, (1) — y(¥) ﬂh(f)} aoy (¢) =~y (¢) +u(?),
Adaptive estimator:  0(¢) =—Yy - colz(t) N oo% 0 [002 ) " 6oy () == (1) + ().
Simulation 1: a=0.5,b=1, y=20 and u(z) =sin(z),

0 5 10 15 20 0 5 10 15 20

Simulation 2:

£05Y5 19



Simulation 3: a=15,b=2,v=20and u(t)=1-¢"cos(?),

1.5 T T T | 1.5 T T T
y 1 = 61 1 ]
u 92
0.5 m —_—0.5]" m
0 1 1 1 0 1 1 1
0 5 10 15 20 0 5 10 15 20
t t
0.25 T T T
0.2 m
vV 0.15[ 7]
0.1 =
0.05 ' : :
0 5 10 15 20

Conclusions:

— the convergence of adjusted estimates 0(¢) to their ideal values 0 depends on the input u;

— y, u are oscillating = 0(z) — 9*; y — const, u — const (set-point) = 0(¢) ><> 0.

F05Y5



d. Normalized lease-squares algorithm

00 = -e() 2D “g(19)= 0y, 121, (8)
()
T
P(1)=- P)o )2(;2) PO  P(19)=Py =P >0, 121, (9)
m

m(r) =1+ x0T PO)O() .

where K > 0 1s a design parameter, 0 is the initial estimate of 0 and Py 1s the initial value of
the gain matrix P(t)e R"0*"0

Note:

—1if P(z) =T forall # 2 ¢, then (8) = (6);

— the dimension of (6) 1s ng = n+m +1, as far as the dimension of (8), (9) 1s ng + nez,

Example 1

T
e | Auo+ A0y | o 1| Ao+ A0y ) Ao+ A oo,
Py o+ P ooy | P oy + 5 hmy || B0 + 5 o)

2 2 2
m~ =1+ F 0] + B 010 + P 1010 + P ,03.

6=

m? m*

FO5(5 21



Lemma 2. The adaptive algorithm (8),(9) guarantees:
(i) P(¢) = PT(t) >0 for all t > ty, P(1), P(t) are bounded,

(ii) O(¢) and €(t) / m(t) are bounded (belong to L), where m(t) = \/ 1+ (l)(l‘)T o) ;

(iii) €(¢) / m(1), e(t) / m(t) and O(t) belong to Ly;

(iv) there exist a constant matrix P., € R and a constant vector 0, € R"® such that
lim;_,., P(t) =P, lim,_,.,0(r)=0.

Proof. First, P(¢) = pl (¢) and P(¢) is bounded by the algorithm (9) construction:
T
P(t) - _ P(f)q)(t)(b(f) P(f) .

L+ x0()" P(£)0(2)
Second, the identity P(z‘)P(t)_1 = I”e implies
<P ) =Py P@PO™ =m()0000)

then integrating this equality we obtain:
P(1)"' =P +] t’o m(t) 2 o(r)o(t)! dr, 1> 1. (10)

P(1)) >0 = P@#) ' 2P())"' >0 = P(r)>0 and P(¢) is bounded. = (i)

FO5(5 22



Consider the positive definite function V' (¢,0) = o’ P(t)_lé, then (e(¢) = é(t)T d(?))

v =0 P(r)"10(t) + 00 P(t) ' 0(r) + B(r)T (P(t)_l)ﬂ(t)—

T
N0 P(t)P(t)_lﬂ(t) o) P(r)! (t)P(t)d)(t) B(t)T¢(t)¢(t) 0= (11)

m(t)? m(1)* m(t)?
T T
200 _ 0 00 b0 w00 b __e0?
m(t) m(t) m(t) m(t)

Hence, V' (¢) = V[z,0(¢)] is bounded, and using (10) we obtain:
V(t)=00) Pty) ' 0(t) +6(r)" ( | ;0 m(7) 2 o(T)d(t)! dt)é(t) <oo, 121,

Therefore
()(t)T P(to)_lé(t) is bounded = 0(¢) and 0(¢) are bounded.

Boundedness of &(¢) / in(¢) follows the proven property 0(¢) € L., and the inequality

e _ 100 00| _ 0O 4 iy
— = < 16() . = (i)
(0 JironT o) 1+00)7 o)

£05Y5 23



Rewriting the equality (11) in the form 28(t)2 / m(t)2 = —J/(¢) and integrating it, we obtain:

2
-2 &0 gy = jjo V(t)dt =V (tg) -V () SV(tg) = (0 —0%) Py L0y —0%) < oo, £ >1,,
m

() _ 80 m@) | &), m@)_, _ &)

) m@)m@) m@) Zom@) o m()

€ L2 .
Since P(¢) = P(t)T 1s bounded and P(7) = P (¢)P,(¢) (P, (?) 1s also bounded) we have

P(0)o(1)

m(t)*

POOO e _
J1+ 00T Po)o | O
_ P ()P (1)(?) |8(t)|:||P o [P (OO ]| |e@)]
1+ w00 (0P, (00| ") JL k[ P (00(0) [P ™D

therefore, 0(¢) L, . = (iii)

16(t) [I=|le()

F05Y5



The integration of the differential equation (9) gives for ¢ 2 ¢j:

¢ PO P 4o ) s (f POODOD P,

P(1)=P(tg) - |

o m? o m?
T
For any ze R"® we have o > z! P(ty)z > j tt z! P(T)q)(T)q)(? P(V zdt = 0, consequently, the
0 m(T)
T
scalar function f(¢,z) = Lto 2! P(T)(l)(’c)q)(;) P zd7 has properties:
m(T)

— 1t 1s a nondecreasing function of ¢ = ¢;
— 1t 1s upper and lower bounded,

then there exists f, € R such that lim, .., f(¢t,z) = f,. = lim,_,. P(t)=P.,, P e R"0°"0
Note that ((¢) = 0(¢)” 0(¢))

0=6=—"2e=—L2¢TPP16= P16 = () = P()P() B(1p) =
m m

lim, ,..0()=0 +lim,_,.. P()P(t5) '0(t5) =0 +P.P(ty) '0(t5)=0.,cR"™. =

FU55 25



Discussion:

1) The algorithm (8)—(9) can be presented in the form

0(1) = P(OP™ ()(1) = At )B(1), 8(1) = P(1)P(1) ™ 8(1p),
thus it is a linear time-varying system!!! The same as the algorithm (6):
0(r) = 0(r) = —e(nr-2)_ - _p QU )q’(t ) 8(t) = B()0(7).

m(t)* m(t)*

2) Uniform stability: || 0(¢) |=l| P(6)P(19) " 0(1y) |I< co || 0(z) || for some ¢ > 0.

3) The least-squares algorithm (8), (9) minimizes a cost function which is an integral of
squared errors at many time instants with a penalty on the 1nitial estimate 0(#y) = 0;:

0.0y = L7 QOO 4o oo, 5100001

m(’c)

/ E(T) FdT+— O(fo)T P; '0(1).
m(1)°
: : : 1 z—:(t)2
Compare with the gradient descent algorithm (6): J(z,0) = 5 5
m(t)

FU55 26



Plant:

Estimator:

Simulation 1;

0=-—
BP0 + P o0

Example 1
y=—ay+bu.

B o + P h0

a=0.5,b=1, Py =20I, and u(¢) =sin(¢),

m2

T
H 0+ H 0 } P _L{ A0+ H 0 }{ H 0+ H 09
’ Py oy + Py ho)

Simulation 2:

T T 1 T I
0.8 -
T / 9;0,6— n
9 04F o ]
o -
0.2 -
| | 0 | | |
0 10 15 20 0 5 10 15 20
t t
a=1.5,b=2, Py =501, and u(z) =sin(¢),
| | 2 | [
Ik i
0, I =
o /| -
)
- — 0 ]
************************************ 1=
| | 1 | | |
0 10 15 20 0 5 10 15 20

F05Y5
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Simulation 3: a=1.5,56=2, P,

Conclusions:

=501, and u(r) =1—¢ " cos(t), o(t) =|| P(?) ||,

1.5

=

y

u
0.5[7

0

20

0.09
0.08
0.07
V. 0.06
0.05
0.04

0.03
0

|

0.8
9;0.6
% 04

0.2

0

55

50

401

35
0

T
10

15

20

— the rate of convergence 1n the algorithm (8), (9) 1s a more complex issue than in (6);

— the convergence of adjusted estimates 0(¢) to their ideal values @ depends on the imnput u;

— y, u are oscillating = 0(¢) — 9*; y — const, u — const (set-point) = 0(7) 7\§ 0.

F05Y5
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e. Discrete-time version of adaptive algorithms

Continuous time ¢ =27y = Discrete time ¢ € {ty,ty + 1,1 +27...}, T >0 1is the period.

The normalized gradient algorithm:

O(t + 1) = O(f) —TI q)(t)g(zt) , O(fo) = 90, 21719 >I = FT >0,
m(t)

m(t) = \/K+¢(t)T(l)(t), K> 0.

The normalized least-squares algorithm:

0+1)=0(t)-P(z-1 (|)(t)8(2t) , 0(29) =0,
m(t)

Hl
2

P() = P(—1) - P(t—) XD p; 1y pry—1)=Py =P >0,

m(t)

m(t) = \/ K+ 0 Pt=1)d(), k>0.

Proprieties:

—0(2), (t)/ m(t), e(t)/ m(t) and P(t)=P()! >0 are bounded:
—€(t)/ m(¢), €(t)/ m(t) and 0(¢ +1) —0(¢) belong to L,.

£05Y5 29



3. IDENTIFICATION AND ROBUSTNESS

— identification < parameter convergence;
—robustness < ||d|[#0, || v|[#0.

a. Parametric convergence and persistency of excitation

Lemma 3. For the gradient algorithm (6) or least-squares algorithm (8)—(9), if m(t)e L,

and §(t) € L., then lim, . £(t)=0.

Proof. ((t)) elr,NL, and O(t) B(t)e L., from lemmas 1, 2 . Since €(¢) = q)(t)T 0(¢) we have
m

£(1) = 6()T 0(r) + o(t)T 0(r). Hence: d(r)e Lo, = [e(r) e L), m(t)e L, = e()e L, "L, m

Under conditions of lemma 3 asymptotically &(¢) = z?e [0,(¢) — 9?](1)1- (1)=0,t214:
a) o(z)=[1,0 ] = 0,(¢)— 91 0, 0,(t) for 2<i<ng —?
b) 0(1) :[1,1,...,1]T = 27006;(1)~6;1=0 -

¢) 0; (1) =sin(wit), i =1,ng, ©>0 = Y"0[6;(r) - 6; Isin(wit) =0 = 6;(1)=6;, i = 1,ng.

FO5(5 30



Definition 1. 4 bounded vector signal ¢(t)e R?, q =1, is exciting over the finite time interval

(60,00 +0p], 89 >0, 6¢ =19, if for some ay >0

)
jg(‘))+ 0 o(t)o(t)! dt> ol O

Definition 2. 4 bounded vector signal ¢(t)e R?, g >1, is Persistently Exciting (PE) if there

exist 0 >0 and o > 0 such that

IG+8

Teme) drzal,, Vo1, 5

o(t)e R? isPE < 3p >0, §>0: L’O PP dT=p(t — 1), Vi =15+

(positive definite in average).

The idea: rank[(1)(t)] 1=1, ¢ >ty = rank]| ti;>+5(p(r)(p(r)T dt]=gq.

Example 2.

o) =[L1] = o)) = B ﬂ = jg(p(r)(p(r)TdT = B ”6 > (0 = not PE.
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_e O

o) =[Le" T = [Some dt { 0

= exciting over some finite intervals.
—e0 —0.5¢72°

o T 5 T , ") —c0s(0)
o) =[Lsm()] = IO POP()” dT= |:—COS(8) —0.50-0.25 sin(ZB)} = MO,

. . 7
A(O) = 60— s;n(28) — \/[28 +5in(20)] + cos(S)2 >p0, p=0.4 for 0>5:

64

— PE!!!

1|8+0.55in(28)  sin(®)* |

Lo
— —[0 —sin(d)]I, = PE.
2| sin5)?  8-05sin(25) | 2 2

o) = [COS(”} = [Rpmom)] du=

sin(t)
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Normalized gradient algorithm (6) (0(r)=0(t) -0, £(¢) = d(t)’ 0(¢)):

0() =l0(t) = —e(1)T ¢() . 0 o7 8(1) = B()B(1). B(1) = rq’(f)q’(f)

m(t)” m(t)’ m(t)’

Let ®(#y,?) be the state transition matrix of the linear time-varying system (6), then

—0(t) = D(ty,)0(p);

—[0(2) is PE= &(£) / m(), m(z) = \/1 +10() 0(r) is PE = n(1) = D(z9.2) o)/ m(7) is PE:
p>0,8>0: jjo neem dr=p -1, Vi =1 +8.

I’le’

Consider the Lyapunov function V() = o'T1o:

T
p—_ 8" S(t) —26(t)T q)(f)q)(tz) ()(t) — _zégn(t)n(t)Téo,
m(t) m(t)

integrating this equality for z > 7y + O we obtain (V' (¢y) = 65 F_léo):

~

V(6)=V (19) =283 [; n(om(1) dg <V (19) = 2p(¢ ~19)8 8 = By [T —~2p(r ~10)18p =
lim, .,V (£)=0 = lim,_,.,0(t)=9 .
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Normalized least-squares algorithm (8)—(9):

0(1) = P()P(ty) ' 0(t0)\, £ = 1.

Properties:

— lim, ., P()=0 & lim,_,_, 0(¢) = 0;

T
—P()=P(zy) - Jtto P(’C)(])(’c)((l)()*;) P(V dt, P(t) = p! (#) >0 for all £ = #y;
m(T

~[0(7) is PE|= 0(¢) / m(t), m(t) = \/1 +xd(2)" 0(¢) is PE = n(t) = P()d(¢) / m(t) is PE:
3p >0, 8>0: jjo neme! de=pt -, , Vit +86.

n9’

Then
0<P@)=P(ty) - Li) T](’C)T](’L')Td’l? <P(ty)—p(t - tO)Ine <0 for some t 2t =

lim, _,...0()=0".

U

Lemma 4. For the gradient algorithm (6) or least-squares algorithm (8)—(9), if ¢&(¢) is PE,
then lim,_,.. 0(£) =0 . .
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Discussion:

What is PE property of the regressor ¢(¢):

0(1) = [{C o (0} 0y () 17,
where m;(t)e R”, 0, (¢)e R” and for a Hurwitz matrix A :

O (1) = Ay o (¢) + bu(z),
) (1) = Ay @y (7) + by ().

U

PE of ¢(¢) < PE of w;(¢) and ®,(¢) < PE of u(¢) and y(¢).

U

(2) 1s a linear system = PE of y(¢) is determined by the input u(?)!

U

PE of u(t) = PE of (¢)

(that we already observed in the example).

F05Y5
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Example 1

Plant: y=—ay+bu,
a=0.5,b=1 and u(¢) =sin(z).
Gradient algorithm: v=20
Least-squares algorithm:

u(t) =sin(t) = y() = asin(t +B) = o;(1) = a;sint +B;) dueto . o4 )

0(t) = [0 (1), 0, ()]" = @(t) =[cos(t),sin(r)]" = PE.

FO5(5

oy () =~y () +u(0), _
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b. Robustness of adaptive algorithms

Before the noise free case with d(¢) =0 and v(¢) =0 has been considered for
5 . x=A(0)x+B(0)u+d;
"ly=Cx+Du+v.

What happens if d(z) #0 or v(¢) #0?
(only the case d(¢) # 0 will be considered)

Example 1
Plant: y=—ay+bu+d(t),
a=1.5,b=2 and u(t) =sin(¢),|d(¢) = 0.5sin(3¢).

! | | _r
2

3 T T
0.08 T 40|
0.06f~ T 30f]
v c
0.04] T 20[]
0.02] - ]0_‘
1 1
0 100 200 0

¢(¢) is PE = Robustness!!!

£055
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u(t)=1-e " cos(?)

(6) #)-0)

1
200

1.5
y y
I 1
u
051 o5
| L 1 0
0 100 0 100 200 0 100
0.1 T T 5
0.1 40
0.08 R 301
v c
—0.06f R —20r
0.04 R 10F
0.01 L L 0.0 L L
0 100 200 0 100 200 0 100

u(t) =sin(t), d(t) = 0.5sin(z)

1
200

(6) ®-) :
1 0 b b 1 ‘ 2f fffffffffffffffffffff b
1
v ! ] v |
0 1 off 1
0
ey | = 1 | =
1 0 1 Ok
1 1 1 1 | L L
_ -1 _ _q
0 100 200 0 100 200 0 100 200 0 100 200
1 0.1
0.08 40)
0.1
0.06 30
v v
— —0.04 —20)
0011
0.02 10
110~ L L 0 0 L
0 100 200 0 100 200 0 100 200

Conclusion: the disturbance can seriously modify the system behavior.
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Linear parametric model with modeling errors:

Y (0)=0)" 0" +8(r), £ > 1,

*k . .
where 8 € R" is an unknown parameter vector, ¢(¢)e R"® is a known regressor, y(¢f)e R

is a measured output, 0(¢) € R represents system modeling errors:

[0(D) IS cp | 9(2) [ +¢2, ¢ >0, ¢ >0.
Let 0(¢) e R be the estimate of 0 and define the estimation error

e(t) = 0(t)" 0(1)— (1) = 0(t) 0(1) +8(1), £ 2 1,

where é(t) =0(¢) - 0 is the parametric error.

Modified gradient algorithm (6):

0(¢) = —()I q’((t))z HIE(2), 8(ty) = 0, m(t) = \/1 +xk0) o), k>0, 1215,  (12)
m(t

where T=T! >0 isa design matrix gain, f(¢)e R"® is the modification term for robustness.
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Stability & robustness analysis for nonlinear systems < Lyapunov function theory

2
V() = %GT r1, y =20 2000 gy
m(t) m(t)

Note:
0D all¢@l+e _a & _a .
0~ fexlon V<m0
Then
e e’ | a | o |0 67's
P m(t)* J{JE " m(t)} m(t) PO,
and

e q , o _e(t)2 Na | o |l .7
0 "N 0 m? LEW@)} ey S0

The simplest modification:

(1) = ¢(t)2fs(t),fs(t)={o if | e(t) | /m(t) 2 ¢ 1Nk +ey I m(D), _ <

m(t) (1) otherwise. — 0(7)= 0!

0505~



The simplest modification:

£(5) = 20 10, 130 = {e(r) if| e(t) | /m(t) < ey Ik +cy I mD), _ o
m(t ) otherwise.
A dead zone modification:
_0(r) e(r) if|e(?)|/m(t) < q /K + cy / m(t),
f(¢)= <0.
“ m(t)2 Ja (- Jat0) = {[clm(t) / \/E + ¢y |sign[e(t)] otherwise. = V<0
o
=
G(t) =T q)(t)2 [e®)-f;,(0)] = efe) | Vi
m(t -2 1 0 1 2
e—f4(¢)
-
—

o-Modification:

f(t) =-00(t) =|0(t) = —ol'0()-T ¢(( )) e(t) = 0(t)e L,
m(t

F05Y5
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Projection: assume that the set of admissible values for 0 is given, 1.€.

0 cQ={0ecR™:||0|<M!, M>0.

Projection has to ensure that 0(¢) € Q for all ¢ = ¢, therefore

f(r) =+

ro@em’ - o)

FO5(5

() TO(r) m(r)?

e(t) otherwise.

A6,

(O if || 0(¢) |[< M or ||0(¢) ||= M and O(t)TF o) e(t) <0,

m(t)*

Y

0= M

Inside the circle
doing nothing.

On an attempt to
exit the circle.
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The properties:
— boundedness of 0(7), 0(¢) and £(¢) / m(t) (belong to L. ;
(), 0(z) and &(z)/m(t) (belong to L) } ROBUSTNESS!

— &(t) / m(¢) and 0(¢) belong to L;
— in the noise-free case (d(¢) = 0) the quality is preserved? = ESTIMATION?

Example 1
y=—ay+bu+d(t),

Plant:
a=05,b=1land u(t)=u(t)=1- e! cos(?); (6) with y=20.

] o :

05k LO.SE **************************** IES:

1
200

1
200
t

£05(5

43



Dead zone algorithm:

Projection (M = 1.5):

0505~

0.5 sin(0.3¢)

d(7)

44



Dead zone algorithm:

0.8 4 T
°
o1 oqf T ‘
— 1= -— : —61
0y o4k | -1 0 1
0.2 T 4
0 : ' I
0 100 200

o-Modification (6 = 0.01):

il
T
15 0 1 _()1 4:::\
N’
-1 '?:3

t
Projection (M = 1.5):
1.5 T T Iez
o+
o, 1 b
0, 1 0 1 _61
—__ ] 1=a
1
% 150 250 !
t
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SUMMARY

1. Adaptive parameter estimation:

a. Parameterized system model y(t) = d)(t)TO*.

b. Linear parametric model £(t) = &(t)T 0(¢) — y(t) = ()L 0(¢), 0(t)=0(1)—0 .

c. Normalized gradient algorithm ﬂ(t) =—e(O)I ol )
m(t)*
T
d. Normalized least-squares algorithm 0(t) = —e(t) —————= P(t)q)(t ) P =— P(f)(b(f)(b(f) P(f)
m(t)* m(t)

e. Discrete-time version of adaptive algorithms.

2. Identification and robustness:

f. Parametric convergence and PE (PE = convergence/estimation = robustness).

g. Robustness of adaptive algorithms (robustness <><> estimation).
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Example 2

Oscillating pendulum:

@€ [-m, ) is the pendulum angle, f € R 1s the (controlling or exciting) input applied to the
support, d € R 1s the disturbance influencing the support also.

Nonlinear model:

=~ sin(y) — py +beos(y) £ (1) + d (1), (13)

y=@e[-mn) 1s the measured angle, yeR and ye R are the angle velocity and
acceleration; p > 0 is an unknown friction coefficient, ® > 0 1s an unknown natural frequency,
b >0 1s an unknown control gain.

3 unknown parameters + . = Define u; =sin(y) and u, =cos(y)u:

4 pi = —0%uy (¢) + bu () + d(f) = (2) for n=2, m =1 and a vector u =[u,u,]" .
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Define the polynomials:

P(s)=5+pis, p1=p; Z)(s) =20 =—0"; Zy(s) =279 =b,
then the noise-free model (13) has the form P(s)[y](¢) = Z;(s)[u1(2) + Z5 (s)[ur 1(2).

Parameterization for A(s) = s~ + As+Ay:

10 = )+ 225
AG), o PO 7
IO+ 30 A()[ 0+ 728

A(s) = P(s) Zi(s) Z5(s) Syvevie
o IO+ S0+ 52 Sl =50 =60 o]

the parameterized system model for y(¢) = y(t) — kOA_ ()[1(0), 0 = [A) — p,—oo2 ,b]T and

0= S5y 310. Vi1 Va2 | =102.011,05, 17 5= 50) gm0,

@ (7) = Ay 09 (1) + by (1),
0 0 A, {o 1}1)_{0}

“luy)(1) =

(-

()=

Wy () = Ay o (¢) + buy(2), =| o Lb=lt
0y (£) = Ay (1) + buy (£), Ao M 1
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w=1,p=0.1,56=0.5, f(t)=sin(3r), Ay =1, Ay =2, y=100.

d(t)=0 d(t) = 0.5sin(0.3¢)
0.4
0.2 T
9o y
-0.2I 7]
-04
-1 1
Y - L\
=
ffffff i 3
6, = <
_— ] T
0, A b:\o =
— i VE :
3
el NS
A : =0
—1 — S S
S
_ 1 1 1 1 é
0 20 40 60 80 100
: =

Dead zone
modification
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4. INDIRECT ADAPTIVE CONTROL

Adjustment of control parameters:

— direct (from an adaptive control law/Lyapunov analysis); @)

— indirect (from adaptive estimates of the system parameters). | y
: . " P,(0")

Indirect adaptive control design:

v

1) adaptlveT estimation of the plant parameters; T —
2) calculation of control parameters. estimation

a. Model reference control
The main steps:

1) adaptive estimation algorithm design;
2) reference model selection;

3) controller structure construction;

4) controller parameter calculation;

5) stability and robustness analysis.

F05Y5

0.(1)

Control
parameter
derivation

0]
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Example 1

Plant: y=—ay+bu+d.

Adaptive estimation algorithm (9* = [GT,GZ]T =[b,1- a]T ):

oo E) | oy (1) _ 2 2 Op(f) =—0 (1) +u(?), _ _
0(7) = —ym(t)z [mz(t)}, m(r) = \/1+(01 O+, ! = 1)+ (), A2 =L D=1

Reference model: Yim ==V + 0,7 ()
where r(f) € R 1s the reference signal to be tracked, a,, > 0 (the reference model is stable).

Controller structure: U= b_l[(a —a,,)y+b,rl = y=-a,y+b,r+d.

Controller parameter calculation:

u=0{y+05r, 65=07"(1-6,—a,,), 65=067"b,,.

Division on 0; = projection modification of the adaptation algorithm:

. 0 1£0¢(¢)> b,y OFr 01(¢) =b;ry and €(2 t) =0,
o) =420, Bl(?Hﬂét)} £ :{ 1(0)> by O 01(0) =i and e()y (1)
m(t)? L@2(0) Ye(H)w (H)m(t)"> otherwise.
Dimin > 0 1s the low bound for b, 1.e. b 2 by, -
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1.5 T T T
Ny
1 _
— = 3
u — - —
s d(t)=0
2
r } i —_—
— |0 5 10 15 20 0 N\,
L | ] | .
- -0.5 ==
0 5 10 15 20

d(t) = 0.5sin(3¢)

d(t) = 0.5sin(0.3¢)
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The general procedure:

P)y](@) =kpZ(s)[ul(t)+d(1), t 20, (14)

y(t)e R, u(t) e R are the measured output and input as before;

P(s)=s" -|‘]9,,,_1Sn_1 +...+ pis+ po, Z(s)=s" +Zm_1Sm_1 + ...+ zZ185 + 2,

k

p> Pi»i=0,n—land z;, j=0,m—1 are the unknown but constant parameters.

Assumption 1. The constant | k, |2 ki > 0 and sign(k,) are given. = Necessary.

Assumption 2. k <k, <k; pispisp;,i=0n-1z;<z;<z; j=0,m—-1. = Desired.

1) Adaptive estimation algorithm design:

ig [](t) + A(SESJ)D(S) IO, A)=5" + 215" ot Mys+hg =

() =k,
% %
YO =0"0(t), 0" =[ky20sesk pZim_1.K ko = Posees Ayt = Ppa]’

0(t) =[{Cry (O} (01", Cpy =[L041.0ms1)x(n—m—1) )
(1) = A 0 (1) + bu(?), (15)
@ () = Ay, 0 (1) + by (0).

9
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Normalized gradient algorithm with projection (assumption 2):

0(t)=g(t)+£(¢), 0(0) =0, 1 >0, (16)
MO ey =0) 0(6) = y(2), m(t) =1+ k0T 0(1)

m(t)?

g(t) = —e()I

(0 if 6, <0, (t)< 6, or

= >
£l = 0, (7) gk and g; ()20 or’ k=Tng.
0, (1) =0 and g; (1) <0,

|—gy (¢) otherwise,

Properties:
0(z), 0(¢), e(t)/ m(t) € L., and 0(¢), €(t) / m(t) € L,.

2) Reference model selection:
By () ym @) =r(1), (17)

where P, (s) 1s a stable polynomial of degree n—m and r(¢) is a bounded and piecewise

continuous reference input signal.
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3) Controller structure construction:
u(t) = of () 6f + w3 (1)" 65 +65y(1) +037(1), (18)

where 6] € R”, 85 R”, 85€ R, 03 € R are the controller parameters,

¢ a(s) c a(s) n—-2+T
oy (7) = [u](2), w3 (1) = V1), a(s) =[Ls,...s" “]",
A (s) Ac(s)
and A,(s)=s"T+AS "2 .+ ASs -_k?uf) is a stable polynomial. A variant of realization:
0 1 o - 0 0 0
: 0 0 1 O 0
o (1) = Ay dj (1) + b u(?), A€ ; ; S : ; b¢ :
. . 7\‘ ju— . . . . . . 0 —
3 (1) = Aj @5 (1) + b (1), 0 0 -« - 0 1 (1)
T Y T L
ld(r)
O e 0 O L P =k Z@Nule) +d (o) -2
ool @]
! Ac(s) . ‘w(z?(t) Cl(S) ’ ~ (15)
2 A |
05 |
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The controller parameter equation:

a(s)T 6 P(s) +[a(s)T 05 +85Ac()Tk pZ(5) = Ao (5)[P(s) — k 83 Z(5) Py ()]

Multiply (19) on y(¢) and|substitute (14)|for the case d(¢) =0:

a(s)" Of PO+ [a(s)T 05 + OSA(, Z()DND = _
= A ()PSO k ,03A ($)Z(5) B, () V()

a(s) 5k ,Z()[ul(t) +[a(s)T 85 +B5A () Tk ,Z()[V1(1) =
= A (K pZ()u)() ~ Kk yOGA () Z($) By () V1(0).

Now divide both sides on A, (s)kpZ (s) (Z(s) and A_,(s) are stable polynomials):

a(s)! 6f
A, (s)

T AcC c
(£ L BRI 65 P, ()[V1(0), =
N A

04 (1)1 65+ 85(1) = u(t) — 658, (s)[¥1(1).

Substitution of the control (18) gives

of (1) 6§ +

(19)

035, ()[Y1(6) =047(1) = 045, ()V1(1) = 035, () ¥, (1) = By ($){VIO) = [y 1(1)} = 0.

FO5(5
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4) Controller parameter calculation:

05 = k;l = B(s)=A_.(s)[P(s)—Z(s)P,(s)], then (19) takes the form:

a(s)" Of P(s) +[a(s)" 85 +O5A()k ,Z(5) = B(s).

The right hand side 1s a polynomial of degree 2n —2 with coefficients linearly dependent on
07, 65 and 65. The left hand side is a polynomial of degree 2n — 2 with constant coefficients.

Equating the coefficients with the same powers of s we obtain the solution:
Of = ®l(pn_1,...,po;Zm_l,...,ZO;xn_z,...,ko), 95 = @1(pn_1,...,7ho), Gg = @1(pn_1,...,7bo)

U

* *k *
Of =®1(0 ;7\‘”_2,...,7\.0), 95 = @1(0 ;7\‘”_2,...,7\‘0), Og =®1(0 ;7\%_2,...,7\.0).
Example 1: 0] = 91_1(1 -0, —ay,,), 05 = Ol_lbm.
Theorem 1. Under assumption 2 and that all zeros of Z(s) are stable:

(i) y(0), 8(1), (1), (1), ()€ Leos
(i) Y(t) = Y (D)€ Ly, limy . [3(t) = y,, (] =0. .
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b. Pole placement control
The pole placement equation:

A (s)=C(s)Q(s)P(s) + D(s)Z(5), (20)
where A*(S) is the desired polynomial of the closed loop system; C(s) and D(s) are

polynomials of the pole placement control:

u(t) = {Ac(5) = C()0()IAZ ()ul(0) + DAL () = ¥1(0), (21)
where r(¢) 1s a bounded and piecewise continuous reference input signal, O(s)[7](#) =0 =
(@) r(t)=0= 0(s) =1;

D) r(t)=c#0 = QO(s)=s;
() r(t)=ce ™ = O(s)=s+a, a>0.

According to (21) the control is a dynamical system:

C(s)Q()[ul(®) = D(s)[r = y1(@). (22)

Controller structure (a;(s) = [1,S,...,Sn9+n_2]T ):

u(t) = 677 ay () A ()[u](t) + 05" ay (s)Ac ()y — ¥1(0) + 85 {3(1) — (1)}
(OS5 38



Properties:

1) multiplying both sides of (20) on y(#) we obtain:

A ()Y = C()Q$)P(S)[Y1(0) + D($)Z()[Y](0) =
= C(s)Q(s)P(s)[y](t) + Z(s)1D(s)[r](2) — C(s)Q(s)[u] ()} =
=Z(s)D(s)[r](®).

r(t)e L., and A" is stable = y()e L.
2) multiplying both sides of (20) on u(#) we obtain:

A" ($)[ul(r) = C()Q()P()[u](t) + D(s)Z(s)[u](r) =
= P(s)D(s)[r = y1(t) + D(s)Z(s)[u](r) = P(s)D(s)[7](2)-

r(t)e L., and A" is stable = u(t)e L.
3) using (20)—(23) we get:
A S)|y-rlt)=0= lim;,_,  {y()—r#)}=0.
Assumption 3. O(s)P(s) and Z(s) are coprime.

Theorem 2. Under assumption 3 all signals are bounded and lim;_, [ y(¢)—r(t)]=0.

F05Y5
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SUMMARY

- 0.(7) .
C(o,) - « Cc@,) -
u ¥ y u ¥ y
1P,(0,) 1P,(07)
0(2)
Direct adaptive control Indirect adaptive control
Structure + -
Parameterization - +
Restrictions (minimum phase)

U

Certainty equivalence




Example 1

Indirect adaptive control & Robust control

Plant: y=—ay+bu+d.

Assumption: 0<a<a,0<b<b+a,>0,r()=0.

iyt

Normalized gradient descent algorithm with projection.

Robust control: u =ky, k = min{Q_l(g —-a,,),0}.

=5,d(t)=0, v(t)=0.

0.06 0.08 0.1

0 0.02 0.04 0.06 0.08 0.1
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£05(5

a,=1,d@)=0,v()=0.

0.4 0.6 0.8

ey
e,
T
y 0 S
a T
0.6 T
v, ~—
0. T
Ym
— 0.
0 02 0.4 0.6 0.8
t

t

a, =1, d(t) = 5sin(5t), v(t) = 0.

Ya;\\ u L A ALA A
L NN NI

Yr
u

T

-1

a, =1, d(t)=0, v(¢) = 0.1sin(t).
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5. ADAPTIVE OBSERVERS

A nonlinear system in state space presentation:

x =Ax+B(y)u+¢(y), y =Cx, (24)

xe R", ue R”, ye R? are the state, the input (control) and the measurable output;

A, C are constant and known, the functions B(y) and ¢(y) are continuous and known.

gt

Everything 1s known except the state x (it is not measurable) = the state observer design:

X =AX+B(y)u +o(y) + L[y - Cx],

x 1s the estimate of x; L is the observer matrix gain, A — LC is Hurwitz.

Assumption 1. x(¢)e L., u(?)e L, forall 1 = 0.

The estimation error e=xXx—X:

¢ =— X = {AX+B(y)u+o@(y)}—{Ax+B(y)u+¢(y)+ L[y —Cx]} =[A —-LCle.

The matrix A —LC 1s Hurwitz (design of L) = x(¢) € L., lim,_, [X(¢) — x(¢)] = 0.
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A nonlinear system with parametric uncertainty:

X =Ax+B(y)u+¢(y) +G(y,u)0, y =Cx,

0 RY is the vector of parameters, G(y,u) 1s a known continuous function.

The adaptive observer:

% = AX + B(y)u + 0(y) + L[y — Cx] +/G(y,u)0 — Q0.

Q=[A-LC]Q-G(y,u),

0=—y c[y-Cx], y>0

»

0 c RY is the estimate of 0, Qe R is an auxiliary filter variable.

The state estimation error e=x—X:

¢=[A—LCle+G(y,u)[0—0]+ Q0.
A —LC 1s Hurwitz + Properties of é(t) and 6(t) = Properties of e(?).

F05Y5
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The auxiliary error 6 =e+ Q[0 —0]:

5 =[¢+ 00— 0]- Q0 =
={[A —LCle + G(y,u)[0 — 0]+ Q6}
A - LC 1s Hurwitz = 8(¢) € L., lim;_,.,6(¢) =0.

+{[A-LC]Q - G(y,u)}[0—0]— Q0 =[A — LCI5.

A —-LC is Hurwitz + y(¢) € L., u(t) € L., (assumption 1) = Q(¢)e L.

The parameter estimation error 0(¢) =0 — 0():
0=-0=v2"C[y-cx]=yelc’ce =y cTC[s - Q0.

 Tlim, _,.. 8() =0 = 0 = —yh()h(1)T 8, h(t) = Q7 (1)C for ¢ > 0 big enough.

Assumption 2. h(¢) is PE: 3p >0, 0> 0: jéh(’c)h(’c)Td’c > ptInq , Vt20.

+ properties of 8(¢) = e(¢) e L., lim, . e(#)=0.

Assumption 2 = 0(¢t)e L, lim,_,,, 0(t)=0
Theorem 1. Under assumptions 1 and 2 all signals in (25)—(28) are bounded and

lim, ,.[X(¢)—x(£)] =0, lim,_,_.[0()—8]=0.
65
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Example 2

Oscillating pendulum:

. 2 . :

V=-0"sin(y) —py+bcos(y) f (1) +d (1), (13)
y=@e[-n,m) 1s the measured angle, yeR and ye R are the angle velocity and
acceleration; p >0 is an friction coefficient, ®> 0 1s an unknown natural frequency,

b >0 1s an unknown control gain.

Presentation in the form (25) for xy =y, xp =y, u=f and d(¢)=0:

X = = T
Xl = .X2, y = xl, 0 1 |

= A= > C= s B — 09 — Oa
Xy =—PXy — (Dz sin(xy) + b cos(xy )u(z). [O —p} I:():| (») o(»)

0 0 2
G(y’“):[—sin(y) cos(y)u} Gzh }

Both assumptions are satisfied for this example.
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w=1,p=0.1,b=05, £(t)=sin(3t), L=[2,1]", y=1000.

d(t)=0

d(t) = 0.5sin(10¢)

d(t) = 0.5sin(6¢)

0505~
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