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Abstract

Thecondition-basedpproach for consensus solvability (that we have in-
troduced in a previous papetcM STOC'01) consists in identifying sets of
input vectors for which it is possible to design a protocol solving the consen-
sus problem fon processes despite the occurrence of upgioocess crashes.
For each value of these conditions actually defines a hierarchy. This paper
continues our investigation of this approach. It has two main contributions.
It first show that it is possible to define conditions from very simple weight
functions. Interestingly any weight function define an acceptable condition,
i.e., a condition that allows to solve the consensus problem. The second con-
tribution is an efficient protocol whose wait-free part has a number of shared
memory accesses upper boundedfg log,( f + 1)) (interestingly, this up-
per bound is rarely attained).
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1 Introduction

Context of the study The Consensuproblem lies at the heart of many dis-
tributed computing problems one has to solve when designing reliable applica-
tions on top of unreliable distributed asynchronous systems. There is a large liter-
ature dedicated to studying theoretical and practical aspects of this problem, that
can be informally stated in terms of three requirements. Each process proposes a
value, and has to decide on a value (termination) such that there is a single decided
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value (agreement), and the decided value is one of the proposed values (validity).
One of the most fundamental impossibility results in distributed computing says
that this apparently simple problem has actually no deterministic solution in an
asynchronous system even if only one process may crash [8]. To circumvent this
impossibility, known as FLP, two main approaches have been investigated. One
of them consists of relaxing the requirements of the problem, by either allowing
for probabilistic solutions (e.g., [3]), or for approximate solutioaggreement

[6], or k-set agreement [5]). Another approach consists of enriching the system
with synchrony assumptions until they allow the problem to be solved [7]. This
approach has been abstracted in the notion of unreliable failure detectors [4].

We have recently introduced a nesndition-based approacto tackle the
consensus problem [9]. This approach focuses on sets of input vectors that allow
n processes to solve the consensus problem despite Lipriacess crashes, in a
standard asynchronous model. Letiaput vectorbe a sizen vector, whose-th
entry contains the value proposed by a progags# condition(which involves
the parametert andn) is a set of such vectors that can be proposed under normal
operating conditions. This approach is interestefl-fault tolerant protocols that
(1) solve consensus at least when such a condition holds, and (2) are always safe.
Safe means that the protocol guarantees agreement, whether the proposed input
vector is allowed by the condition or not. In addition, this approach is also con-
cerned in protocols that make their “best effort” to terminate (for example, they
should terminate in all failure-free executions). This is the best we can hope for,
since the FLP impossibility result says we cannot require that a consensus proto-
col terminates always, for every input vector. But, by guaranteeing that safety is
never violated, the hope is that such a protocol should be useful in applications.
For example, let us consider the condition “more than a majority of the processes
propose the same value.” It is not hard to see that consensus can be solved when
the inputs satisfy this condition, whdn= 1. Itis plausible to imagine an applica-
tion that in some real system satisfies this condition most of the time (only when
something goes wrong, the processes proposals get evenly divided).

Previous work on the condition-based approach In [9], we characterized the
conditions that accept a consensus protocol with the above properties. That is, we
described a set of conditions, denoted Heyeand proved that there is a consen-
sus protocol for a conditio@ if and only if C € Cs. We presented two equivalent
combinatorial descriptions of the cla€g, and described two natural conditions
C1 andC2 in C; that might be useful in practice, and proved them to be maximal
(in the sense they cannot contain more input vectors). Basi€llincludes the
vectors that favor their greatest value, whilg is made up of the vectors that
favor their most common value. The cl&Ss s quite rich, since it includes every
condition for which there exists a condition-based consensus protocol. The proto-
col that we have presented in [9] can be instantiated for each particular condition
C € Cs. It has the same step complexity, whatever the condition it is instanti-
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ated with, namelyD(n log,(f + 1)) read/write shared memory operations in the
wait-free part of each process.

Although a priori it could be that all conditions @i are equally difficult
to solve, an interesting question is the followingré there conditions that are
more difficult to solve than other§f this is the case, there are more efficient
protocols, specially tailored for particular classes of conditions. In practice, one
would be interested in identifying the simplest classes of conditions whose input
vectors occur frequently, because such classes would perhaps have very efficient
consensus protocols. This question has been partially answered in [10] where we

have shown that; actually defines a hierarchy of classes of conditions, each one
of somedegree d0 < d), namely;-- c ¢ c ¥ ... c ! c ¢, where
(C[fo] is the clas<s of the weakest conditions.

We have also presented in [10] a condition-based consensus protocol that can
be used for any condition of degrdeand shown that the valué — d) measures
the “difficulty’ of the cIass(C[fd]. More precisely, it is shown that the number of
read/write operations that are executed by a consensus protocol is relaged to
Roughly speaking, for any conditi@in the clas@fd] , the number ofead/write
invocations of the wait-free part of the protocol is proportionatog,(f —d +

1). Hence, when we progress in the hierarchy from the largest €lass (C[fo],

there are more and more efficient consensus protocols, until the@%lss

Content of the paper This paper continues our study of the condition-based
approach. It has two main contributions. For lack of space, the proofs are in Ap-
pendix Il and a third contribution of the paper is given in Appendix IIl.

First contribution A generic form to express conditions is first presented. This
generic expression is based on weights associated with the values that can be
proposed by the processes. Whatever the weight function used to instantiate the

generic formula we get, for any p&if,d), a condition that belongs t@[fd]. In-
terestingly, and in addition to its simplicity, this generic formulation not only in-
cludes the two previous particular conditions that we have investigated in previous
works [9, 10] (namelyC1 andC2), but also allows to define new conditions to
solve the consensus problem. While there are conditions that cannot be derived
from the generic expression, it seems that the generic expression captures a mean-
ingful set of practically relevant conditions.

Second contributianThe second contribution is related to the efficiency of
condition-based consensus protocols. As noticed previously, the protocol pre-
sented in [9] solves the consensus problem for any conditid@i} jrbut requires
O(nlog,(f + 1)) read/write shared memory operations per process in its wait-
free part. Differently, the protocol described in [10] costs ddiplog,(f —d +1)

in a sequel paper [12] we showed that fox n/2, there is a more efficient protocol whose
wait-free part has no operation.
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read/write shared memory operations per process, but guarantees termination
(d]

only when the actual input vectérbelongs to(C[fd]. Hence, ifl € Cf — C;”, it
is possible that the protocol tailored f@i‘” does not terminate.

Hence, the following questioni$ it possible to design a protocol for the
conditions inCs , that, when compared to the protocol presentef®@jncan allow
processes to decide earlier and at a lower cost when the input vector belongs to
Cs — (C[fl] ?". It appears that the answer to this question is “yes”. To answer it, the
paper presents such an adaptive protocol. Only in the worst case, a process has to
executeO(n log,(f + 1)) read/write shared memory operations (in its wait-free
part). The actual number of such operations actually depends on the number of
actual failures and their perception by the processes.

Organization of the paper The paper is made up of 5 sections. Section 2 in-
troduces the computation model, while Section 3 presents the condition-based
approach. Then, Section 4 proposes a generic formula to derive conditions, and
shows that all its instances belongde. Section 5 presents an adaptive condition-
based protocol and proves its correctness. This section shows also an interesting
relation between the weights used to define a condition and a critical parameter
used by the protocol. Due to space limitations, proof are omitted, they can be
found in [11].

2 Computation Model

The computation model is a standard asynchronous shared-memory system with
n(n> 1) processes, where at mdsf0 < f < n) processes can crash. The shared
memory consists of single-writer, multi-reader atomic registers. The executions
are assumed to be linearizable.(For details of this model see any standard dis-
tributed computing textbook.)

The shared memory is organized into arrays. JHtle entry of such a shared
arrayX[1..n] can be read by any procesggwith an operatiomead(X[j]). Only
pi can write to the-th componentX[i], it uses the operationrite (v, X[i]) for this.

In addition to the shared memory, each process has a local memory. The subindex
i is used to denotp;’s local variables.

To simplify the notation we also consider the following non-primitive, non-
atomiccollect operation which can be invoked by any procpsdt can only be
applied to a whole arraX[1..n], and is an abbreviation forj : do read(X[j])
enddo. Hence, it returns an array of valugs, ... ,an] such thata; is the value
returned byread(X[j]).

When we count the number of operations executed by a process we only count
the number ofead/write operations that access the shared memory. Local oper-
ations are not considered.
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3 The Condition-Based Approach
3.1 The Approach

In the consensus problem there is a\gebf values that can bproposedby the
processesl ¢ V, and|V | > 2. In an execution, every correct proc@sproposes

a valuev; € V and all correct processes havedecideon the same value that

has to be one of the proposed values. The proposed values in an execution are
represented as amput vectorsuch that thé-th entry contains the value proposed
by pi, or L if p; did not take any step in the execution. We usually denote with
| an input vector with all entries iN, and withJ an input vector that may have
some entries equal to. If at mostf processes can crash, we consider only input
vectors] with at mostf entries equal ta_, calledviews.Let V" be the set of all
possible input vectors with all entries \h, andV{" the set of all possible vectors
with at mostf entries equal ta_. Forl € V", let | be the set of possible views,
i.e., the set of all input vectortbwith at mostf entries equal td_, and such thait
agrees withl in all the non-L entries of]). For aseC,CC V", letC be the union

of thelt’s overalll € C. Thus, in the consensus problem, every vedterV ' is

a possible input vector.

Thecondition-baseapproach consists of considering sub&ztd V ", called
conditions that represent common input vectors in a particular distributed ap-
plication. We are interested in conditio@sthat, when satisfied (i.e., when the
proposed input vector does belonglg), make the consensus problem solvable,
despite up tof process crashes. More precisely, we say that-&uwlt tolerant
protocol solves the consensus problem for a conditioifl i@ every execution
whose input vectad is in V', the protocol satisfies the following properties:

¢ P-Validity: A decided value is one of the proposed values (consensus validity).

e P-Agreement: Two processes cannot decide different values (consensus agree-
ment).

¢ P-Best_Effort_Termination: If (1) J € C¢ and no more tharfi processes crash,

or (2) all processes are correct, or (3) a process decides, then every correct process
decides.

We use the following notations in the rest of the paper. For vedthid € V',
J1<J2if Vk: J1[K] # L = J1[K] = J2[K]. The expression#J) denotes number

of entries ofJ whose value i, withx e V U{L}.

3.2 Acceptability of a Condition

Given a conditiorC, a value off and a degred, acceptability (is a combinato-
rial property that) defines the constrai@sias to satisfy in order the consensus
problem can be solved f@. Operationally, it is defined in terms of a predicate
P and a functiorSthat have to satisfy some properties. (A combinatorial charac-
terization of acceptability is given in [9, 10].) Those properties are related to the
termination, validity and agreement of the protocol, respectively.
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The intuition for the first property is the following. The predic&ellows
a process; to test if a decision value can be computed from its view. TRus,
returns true at least for all those input vectdsuch thatl € I for| € C.

e Property tp: 1 eC= VJe ls: PQJ).
The second property is related to validity.

e Property \b_,s: VI e V": VI e It : P(J) = S(J)=a non-L value ofJ.
The next property concerns agreement. Given an input vecifofwo processes
pi and p; get the viewsJ1 andJ2, and both belong tds such thatP(J1) and
P(J2) are satisfied, these processes have to decide the same v&luérom J1
for pi andJ2 for pj, whenever the following holds (whede> 0 is thedegreeof
the condition).

o Property AV V1 € V": VJ1,02€ | st. P(J1) AP(J2):
((J1<32) v (#.(I1) +#,(32) < f+d)) = SJ1) = KJ2).

Definition 1 A condition C is(f,d)-acceptablef there exist a predicate P and
a function S satisfying the propertids._,p, A[F‘,j]_)S andVp_s for f. An(f,d)-

acceptablecondition is denoted &. The cIassLC[fd] consists of all the(f,d)-
acceptable conditions.

3.3 Summary of Previous Results

A main result of [9] is the following theorem, which states that (givgQs = (C[fo]
is the largest set of conditions that allows to solve the consensus problem.

Theorem 1 The consensus problem is solvable for C iff Cfig)-acceptable.

As indicated in the Introduction, the condition-based consensus protocol pre-
sented in [9] is of the most general form as it works with any cond@ieCs . As
noted, the cost of its wait free part@n log,(f + 1)) read/write shared memory
operations per process.

The theorem that follows (stated and proved in [10]) shows@has actually
made up of a strict hierarchy of conditions.

Theorem2 Vd >0 ---(C[de] C (C[fd] c--C <C[f0] =Cs.

The consensus protocol presented in [9] assumes a fixat works with
any condition in(C[fd]. As noted previously, its cost is on@(n log,(f —d+ 1))
read/write shared memory operations per process. The quditityd) actually
measures the difficulty of the condition: The stronger the condition (i.e., \then
increases from 0 td), the more efficient the protocol (there is no additional gain
whend > f). Hence, there is a tradeoff relating the degree of a condition and the
cost of the associated consensus protocol.
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4 A Generic Formulation of Conditions

Givend and f, this section introduces a generic formulation for conditions. It
also proves that all the conditio®" derived from this formulation aréf, d)-

acceptable, i.e., belong dd] . A few conditions derived from the generic formu-
lation are exhibited.

4.1 Weight-Based Definition of Conditions

Letw be a function fronV to R*. It associates a positive weighta) with each
valuea that can be proposédn order not to introduce cumbersome notations in
the following, an input vector is sometimes considered as the set of the values it
contains.

The idea of the generic weight-based formulation of a condifiés to pro-
vide a simple way to distinguish a value that can be safely decided from a vector.
Given a degred, we define the conditio@!9 to be the set of vectotshat satisfy:

Jael, Vbel\{a}: (#a(l) w(@) —#(1) w(b) > (f +d) maxw(a),w(b)) ).

The intuition that underlies this definition is the following. For a vaduef an
input vectorl to be decided (i.e., fdrto belong to the conditio@!®), this value
has to “bypass” any other vallepresent if, (1) despite up td process crashes,
and (2) whatever the occurrence number of that “adversary” \allibis means
that:

- The valuea has to be present enougtdespite the previous situations. This is
expressed by the following constraif#, (1) — (f +d)) w(a) > #(1) w(b).

- The valuea has to be tistant enoughrom anyb to be distinguishable. This is
expressed by by the following constrainf(B w(a) > (#,(1) + (f +d)) w(b).

The weights are used to represent the respecfiever of each value ofV .
The generic definition is simply the combination of the two previous constraints
involving the weights and the paramefet d.

The theorem that follows shows that any condition defined from the previ-
ous generic weight-based expression definegfath)-acceptable condition, i.e.,
belongs toC[fd] .

Theorem 3 ¥d > 0, any function w fronV to R+ defines a condition in (C[fd].
For the proof, see [11]

4.2 Examples of Conditions
We consider here three weight functions. They differ in the way they a priori
favor values. Other weight functions can easily be defined. Each of these weight

2A value needs to have a positive weight to be decided. So, in the following, we consider only
positive weights in order not to a priori discard values from being decided. If one is interested in
preventing some valuesto be decided, the corresponding weiglfk) has to be set to 0.
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functions defines a condition pattetrthat combined with the degrekprovides
the following hierarchy of conditions: - ¢ Cld+1 c cld]... ¢ clI,

Favoring no value (Condition patterrnC2) Let us first consider theniform

weightfunction:Va € V: w(a) = 1. This function a priori favors no value. The
generic expression simplifies and becomes:

(lec2d)y = (Jael: Vbel\{a}:#(l)—#(l) > (f+d)).

As we can see, this is the condition pattern calB&lin [9, 10]. It favors the
value that appears the most often in an input vector. To be decided, despite up to
f crashes and the presence of any other vhjuee most common valua has
to appear f + d) times more that. Hence, this weighting function defines the
hierarchy of conditions:- - ¢ C2l9+1 c c2ldl... ¢ c29,

S2(J) = the most common value o, andP219(J) = (#151(J) — #ong(J) >
f +d—#,(J)) constitute( f,d)-acceptability parameters f@2!9 (#15(J) and
#n4(J) denote the occurrence number of the most common value and second
most common value of a vector, respectively).

Slightly favoring a single value (Condition patterrC3) Let us associate the
same weight (namely, 1) to all values but one, egvhose weightis 2. This is a
new condition, not investigated before, that we €4l It very slightly favors the

distinguished value. Increasing the weight df, would favor it more and more
when it appears in an input vector.

Largely spacing out the favors (Condition patterCl1) LetV = {a4,...,ap},
and let us assume that these values are rarsked:ay; < --- < ap_1 < ap. More-
over, letw(a;) = n'. This condition favorsy, (the largest value iV). Then, ifa
is not proposed it favorap_1 (the second largest value \h), etc.

As all weights are powers af, we can simplify the generic formula. Lef
be the largest value that appears in a vett@nda; another value irt (hence
i > j). The constraint part in the formula becomeg(# n' —#a (1) n > (f+
d) max(n',n}), which simplifies into # (1) — #a, (1) (1/n'J) > (f +d). Asi—j >
1 and #; (1) < n, we have O< #,, (1) (1/n""J) < 1. This allows to simplify once
more and we get:

(lecld) = (a =maxl) = #(1) > (f+d))

that is is the condition patter@l investigated in [9, 10]: a vector belongs to the
conditionC19! if its greatest value appears more th{dn+ d) times.S1(J) = the
largest value of, andP1(9(J) = (a = max(J) = #,; > f +d —#, (J)) constitute
(f,d)-acceptability parameters fax[9 (assumingL is smaller than any value of
V).

Remark Interestingly, whem > 3,|V | = 2 andf = 1, we haveC1l9 uC2l% =
V. This shows that the set ¢f,0)-acceptable conditions is not closed under
union (due to the FLP impossibility resul," is not acceptable).
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5 An Efficient Condition-Based Protocol

5.1 Structure of the Protocol

The condition-based consensus protocols presented in [9, 10] are made of three
parts. In their first part, a process builds a view of the input vector. This view
includes at leastn — f) non-L values. The second part is a wait-free part where
each process tries to get a decision value without compromising the consensus
safety requirement. The last part is the best effort part of the protocol: a process
that has not decided looks for the value decided by another process (if any), or
else waits until it knows all processes have deposited the value they propose in
the shared memory.

As noticed previously, the cost of these protocols is measured by the num-
ber of shared memory accesses issued in their wait-free part: the protocol pre-
sented in [9] works with any conditicb € Cs = (C[fo] and cost®O(n log,(f + 1))
read/write shared memory operations per process, while the protocol presented

in [10] depends ord: it is tailored for the conditions oC[fd] and costs only

O(n log,(f —d+1)). Let us consider an input vector that belongsdg]. If
d’ > d, both protocols work but the second is more efficient’I& d, only the
first protocol guarantees the termination property.

The aim of this section is the design of a protocol that, wBenC;, always
terminates, but whose wait-free part does not always©@stog,(f + 1)). This
protocol (described in Figure 1) has the three-part structure just described. A pro-
cessp; starts executing the protocol by invoking the funct@onsensys;) where
v; is the value it proposes. It terminates when it executes the stateetemt (at
line 5, 7 or 10) which provides it with the decided valud he three-parts of the
protocol are:

e Part 1 (lines 1-2): A procesg; first writes its input value; to the shared array
V (initialized to [L,...,L]). Thenp; repeatedly reads until at least(n— f)
processes (including itself) have written their input value¥ jrfrom which it
constructs its initial view;, whereJ;[j] is the input value ofj, or L if p; has not
yet written its input value.

e Part 2 (lines 3-5): Now,p; enters its wait-free condition-dependent protocol
part. It uses the underlyinDecision_Chasing function which is the core of the
protocol from safety and efficiency point of views. This abstraction returns the
decided value ifp; can decide by itself, of if it cannot. Whatever the outpuy;
provided byDecision_Chasing, p; writes it into the shared variabW[i] (line 4).

The arrayW is initialized to[L,...,L]. If w; # T, p; can decide by itself: this
writing will help processes that cannot decide by themselves.# T, this writ-

ing informs the other processes thpatcannot decide by itself but has deposited
its proposed value. Then, i can decide, it does it (line 5). Otherwise it proceeds
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to the best effort termination part.

¢ Part 3 (lines 6-10): In this sectiorp; enters a loop to look for a decision value
(i.e., a value different fromL, T) provided by another procegg in the shared
variableW[K]. If, while waiting for a decisionp; discovers that every process has
written a value taV, and no process can directly decide (all these values gre

pi concludes that every process has deposited its initial value in the shared array
V in line 1. Thenp; readsVv (line 10) to get the full input vector, and proceed to
decide according to a fixed deterministic ridésuch as max).

Function Consensus;) return (r):

1) write(vi,V]i]);

(2) repeatJ «+ collect(V) until (#,(J) < f) endrepeat
(3) w; «Decision_Chasing(J);

(4)  write(w;,W[i]);

(5) casew; # T thenreturn (r = w;)

(6) w; = T then repeatX; < collect(W);

(7) if (3k:X K #L,T)thenreturn(r =X;[K) endif
8) until (L ¢ Xi) endrepeat

9 [a1,...,an] « collect(V);

(10) return (r = F([ag,... ,an]))

(11) endcase

Figure 1: Efficient Consensus-Based Protocol

5.2 Adapting Attiya-Rachman’s Synchronization Tree

TheDecision_Chasing function used in Figure 1 relies on the traversal of a clas-
sifier/improver tree close to Attiya-Rachman’s tree defined in [2]. The next sub-
section will show how and under which conditions the traversal of this adapted
tree can be appropriately shortened (according to the information currently at the
process’s disposal) in order to save shared memory accesses. The aim of this bi-
nary tree is to allow the processes that ¢adicision_Chasing to improve their
current viewJ; and to classify them according to the relation™defined on
views.

Structure and traversal of the classifier tree The tree structure is statically
defined. It is a full binary tree witjlog, m] levels andm leaves, wheren =

[f/2] +1[2] (mis assumed to be a power of 2. Otherwise, the tree is not fully
balanced). It is shared by all the processes; they access it from the poiotter

A process traverses the tree from the root downwards (as we will see, it can stop
the traversal before a leaf). Hence, each non-leaf vertmntains pointers to its
children, namelyy.le ft andv.right.
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To allow the processes to classify their views, each vevtex the tree is
labeled with an integer intervalt(v),H(v)], and the labels are statically set to
satisfy the following properties:

e [L(root),H(root)] = [n— f,n],

e L(vleft) =L(v), H(vleft) = L(vright) — 1, H(v.right) = H(v) for any
non-leaf vertew.

Hence, the intervals associated with the leaves of the tree form a partition of the
interval associated with the root. Such a labeled tree, With2P — 2 (for some
p), is depicted in Figure 2. An intervalfisivial if its size is 1.

Using the tree to improve the views From the “dynamic” point of view, each
vertexv of the tree contains an arraR of n vectors. The vectorR]i] is a shared
variable initialized tqL, ..., L] that can atomically be written by, (to store its
current view) and read by any process. Let the size of a ¥ibe/|J| = n—#, (J)
(number of positions aJ with a non-L value).

O_in—f, n]

[n—f, n-(3f+2)/4] [n-(3f-2)/4, n]

S 7N N
T+ / / \
N / \ / \
=3 ’ \ ’ \
= y N y N
. [n—f, n—f+1] . [n—(3f+6)/4,n-1 (3f+2)/. [n=(3f-2)/4,n—(3f- 6)/4] O [n=f/2+1, n]
/ \o ) / \o / \o ) o
{n f} {n-f+1} {n—(3f+6)/4} {n—(3f+2)/4} {n—(3f-2)/4} {n—(3f-6)/4} {n- f/2+1) [n-f/2, n]

f/2 trivial interval leaves

e
(fl2+1)/2 leaves

Figure 2: A Classifier/Improver Tree

The basic step of the traversal of the tree by a propgissdescribed in Figure
3. As indicated, a process traverses it from the root downwards. When it visits the
vertexv, p; first deposits its current view mR[i] (line 1). Thenp; reads the other
viewsV.R[j] already deposited mR by other processes; (line 2). According to
what it has read, it progresses (classifies) to the right son or the left soifloé
notationUu{Js, ... ,Jn} (used at lines 3 and 5), for viewlse |1 denotes the view
J that has a nont valuev = J[j] in a positionj if at least for one, J[j] = V. If p;
knows more thaitd (v.le ft) entries different fromL, it adopts the current content
of v.R as its current view and progresses to the right sowm (tihes 4-5). In the
other case, it keeps its previous vidwand progresses to the left somvdine 6).
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Function v.Classifier_Improver(J) return (J/,dir; ):

(1) write(3,v.R]);
(2) R «collect(vR);
(3 it [U{R[L],... , R[N} > H(vleft)

4) then R +— collect(v.R);

(5) return (§ = U{R[1],... ,R[n]},dir; = right)
(6) else return(J =J Jdiri =left)
(7) endif

Figure 3: An Implementation dflassifier_Improver

Properties associated with the tree Let us denotg; € visitedv) the execution
(if any) of v.Classifier_lmprover by p;. Moreover, let) , denote the actual value
of the corresponding input parameter, whilig; , denotes the value returned in
the output parametetir; (i.e., at the end of the visit of by p;). The lemma that
follows, proved in [10], states the main properties of the tree traversal.

Lemma 1 Let us assume that the initial input vieywod every pthat callsDeci-
sion_Chasing belongs td ; for some input vector |. For every vertex v and every
process pwe have the following.

(1) L(v) <|Jiv| £ H(v) when p € visitedv),

(2) |Upevisitedv) 1div} < H(V),

(3) Jv < Jjuwhenever Hv) < L(u) A p; € visitedv) A p;j € visitedu),
(4) 3y =Jjywhenever [v) =H(v) A p;,pj € visited V).

(5) The cost of Classifier_Improver for a process is upper bounded (8n-+
1) shared memoryead/write operations.

5.3 Shortening the Tree Traversal

In the protocol presented in [9] a process traverses the previous tree once, from
the root to a leaf. Hence, its cost (number of shared memory operations) lies
between(n+ 1)D and(2n+ 1)D, whereD is the depth of the tree, namely,=
[log,([f/2] +1)]. Inthe protocol tailored for the stronger condition@%’lJ [10],
a process also traverses the tree from the root to a leaf, but here the tree has a
shorter depth, namelfd’ = [log,([(f —d)/2] +1)].

The idea that underlies the design of thecision_Chasing function de-
scribed in Figure 4 is to allow a process to stop its tree traversal before having

3Those are the accesses to the afRegssociated with the vertex onewrite, onecollect, plus
possibly one moreollect.



Mosgfaoui et al.: Efficient Condition-Based Consensus 287

joined a leaf. This will obviously decrease the length of the path traversed by the
process and consequently allow it to decide early thereby reducing the cost of
its wait-free part. The difficulty in attaining this goal consists in ensuring that,
whatever the vertices at which two procespeand p; stop their tree traversal,

they will decide the same non-value: the consensus agreement property must be
guaranteed whatever parts of the tree are traversed by processes. Moreover, given
a conditionC € Cs, the protocol must terminate at least wHenC.

Underlying idea of the protocol Let C € C;. As we have seerC gives rise
to a hierarchy of conditions - ¢ Cl¢+ c Cldl ¢ ... c Cl% = C. Let P4 be a
predicate associated wi€id.

When a procesg; visits a vertexv and gets] as current view, the idea is
to allow it to try to benefit from the fact thatcan belong to somé; such that

I” € Cl¥ in order to stop its tree traversal. Only in the worst case a process has to
traverse the tree from the root to a leaf. In order the agreement property be never
violated by processes stopping at arbitrary vertices, the protocol requires that the
predicate$!d) satisfy monotonicity properties.

Properties on the sequence of predicatesWhen it visits a vertex, a process
has first to compute a valukto test ifP%(J) holds @ being its current view). The
determination ofl is crucial for the protocol correctnesthas to be “as small as
possible” to allow early tree exit, but large enough to guarantee agreement.

Let us consider two processes that exist the tred aindv2 with J1 andJ2,
respectively. This means that ba@fl(J1) and Pl9%(J2) hold. To ensure that
we also haves(J1) = $(J2), the protocol requires the following properties be
satisfied:

e Decreasing Degree Monotonicity:
Mgg = (vd >0, VIe V{: Pld(Q) = Pld-1(g)).

¢ Increasing Vector Monotonicity:
My = vd>0,VJeV, vd' <d, V) >J:

Let J be a view such tha®ldl(J) holds. This means thal e Cl9 with J €
I+. As Cld ¢ cld=1 it follows that| € Cl9-1. HenceP“~1(J) holds, and the
sequence of predicate¥! of any condition pattern satisfiddqg.

Differently from Mygq, the propertyM;, involves a parametax for eachJ.
If follows that for the sequence of predicateé! to satisfyM,, the valuea(J)
associated with each viedvactually depends on the condition pattern (this issue
is addressed in Section 5.4). The intuition that underliedMieproperty is the
following. For eachl, there is a “disc of augmented vector®’ centered af
and with radiu%. The propertyM, requires that all those augmented vectors

satisfyPl9]. As we start fromd andJ, and proceed td’ < d andJ’ > J, My, states
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a tradeoff relating how much an increase in the number of haalues in a view
(from Jto J') affects a degree reduction (fradrto d’) when we want to have both
Pl (J) andPlA1(J").

Let p; andp;j be two processes with current vieliandJ', respectively. Let us
consider the extreme case whefe= 0 andd = a(J) dist(J,J'). If P4(J) holds
(allowing p; to early decide), the property, allows p; to also decide. So, when
p; is visiting the vertex and has] as current view, as it does not know the view
J', it has to use some value to consistently approxirdé&iJ, J'). To that aim, it
considers the value#J) + n—L(v) — f. Asd cannot be negative, it actually uses
max(0, a(J) x (#,(J) +n—L(v) — f)) to define the value af it uses to compute
Pldl(J). The proof (see [12]) will show that this heuristic value is consistent.
The core of the protocol TheDecision_Chasing function (Figure 4) assumes

that the sequence of predicaf®¥ associated with the conditid® satisfiesMggq
andM,y.

Function Decision_Chasing(J) return (w;):
(1) current « J; v« root; prev.d_val < +oo; prev.nbof_bot « (f +1);
(2) while vis not a leafdo

?3) (current, direction ) «+ v.Classifier_Improver(current);

(4) letd = max(0, a(current) x (#, (current) + n—L(v) — f));

(5) if (prev.d_val #d) Vv (prev.nb.of_bot ##, (current))

(6) then if P(current) then return (w; = S(current)) endif;
(@) prev.d_vali « d; prev.nb_of_bot « #, (current)
(8) endif;

9) if direction = right then v < v.right elsev « vleft endif

(10) endwhile;
(11) if P@(current) then return (w; = S(current)) else return (w; = T) endif

Figure 4: TheDecision_Chasing Function

A process; executingDecision_Chasing first initializes local variables (line
1): current represents its current view,the vertex it is about to visit (initially
root), pred_d_val; the previous value of the parametktandprev.nb_o f_bot the
occurrence number of the value in its previous view.

Thenp; enters the tree traversal (lines 2-10). It first visits the vewtdine
3), computes the current values ofcurrent) andd from its context (current
values ofcurrent andv). If something has changed (line 5) with respect to the
previous predicate evaluation (either the valuedobr #, (current)), then p;
testsPl9 (current), and if true, stops the tree traversal and considers the value
S(current) (line 6). Otherwise (line 9)p; updates the relevant local loop vari-
ables, and progresses to the next level of the tree in the direction indicated by the
previous call taClassifier_Improver.

Finally, if a process has not stopped during the tree traversal (it has joined a
leaf), we are in the case where there is no possibility to have an early decision.
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So,p; checksP[O](current) to see if it can decide. If it cannot, it setsto T.

Theorem 4 The Consensugrotocol described in Figure 1 satisfies the
Validity, P-Agreement and P-Best_Effort_Termination properties described in
Section 3.1. Moreover, the number of shared memory accesses of its wait-free part
is upper bounded by @ log,(f + 1)) for each processRroof: see [11)

Example Let us consider the following example to illustrate the early decision
possibility offered by th®ecision_Chasing function. LetV ={a,b,...},n=86,

f = 1. The condition considered G2 defined by the uniform weight function
(Section 4.2). This condition providegJ) = 2,VJ € V{' (See below).

Let us consider the input vectbr= [a,a,a,a,b,b]. As #(l) —#,(1) > f, it
follows thatl € C2[%. Moreover, it is easy to see thiag C2!9 for d > 0.

Let current = [a,a,a,a,1,b] be the view ofp; after its first call toClas-
sifier_Improver at line 3. Asv = root and L(root) = n— f, we getd = 2 at
line 4. Hencep; evaluate!¥l([a,a,a,a, L,b]) = (#a(current) — #p(current) >
f+d —#l(current)) which is true. Consequentlp; stops its tree traversal and
exits with the value (line 6). The fact thaPl?([a,a,a,a, 1, b]) holds means that
there is somé’ € C214 such thatl € I} (e.g.,[a,a,a,a,a,b] is such arl’.).

5.4 From a Condition to ana Function

This section defines amfunction that allows predicatésassociated with a con-
dition obtained from a weight function (Section 4.2) to satisfy, i.e.,,
vd>0,vJe VD vy >J: (PA)Ad <d—a(d) distd,J)) = PAI(J).

Theorem 5 Let C be a condition defined from a weight function w, with the fol-
lowing acceptability parameters (defined in Theorem 3):

PAQ) = 3JaeJvbac,
(#a(J) +#.(3))w(a) — #,(J)w(b) > (f +d)maxw(a),w(b));

S(J) asuch that #(J)w(a) = max{#(J)w(b) : b € J}.

Let Je V!, a= $(J), and M be the maximal weight associated with a value of
V. Leta be a function fronV " to R" defined as follows:

. a(J):mame#(%), if Ixed: w(x) =M.

e a(J) =(n— f), otherwise.

The sequence of predicate¥/Patisfies the monotonicity propetfi, with this
functiona. (Proof: see [11).

Table 1 defines the functions associated with the conditioB4, C2 andC3
defined in Section 4.2M denotes the maximal weight). As we can see, every
condition provides an(J) that is always> 1.
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Condition | IxeJ:w(x)=M | VxeJ: wX) <M |
C1 a(J)=1+1/n a(d)=(n—1*)
Cc2 a(J)=2 Cannot appear
C3 a(J) =2 or 15 (acc. tod) aJ)=(n-f1)

Table 1: Values ofi(J) for the three Conditions
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