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Nonlinear anti-windup applied to

Euler-Lagrange systems
Federico Morabito, Andrew R. Teel and Luca Zaccarian

Abstract— In this paper we propose a nonlinear anti-

windup scheme to guarantee stability and local perfor-

mance recovery on Euler-Lagrange systems subject to

input magnitude saturation. The anti-windup scheme

consists in a dynamic augmentation to the baseline con-

trol system which, based on nonlinear analysis, is shown

to induce global asymptotic stability and local exponen-

tial stability on the overall control scheme. To induce

desirable closed-loop performance on a specific system,

two parameters of the anti-windup law can be tuned

for each position variable of the Euler-Lagrange system

similarly to the tuning procedure for PD gains. Simu-

lation results are reported showing the behavior of the

proposed anti-windup law on the model of a popular in-

dustrial robot. The resulting responses confirm the ef-

fectiveness of the anti-windup scheme both for set-point

regulation tasks and for trajectory tracking tasks where

the saturation nonlinearity is repeatedly activated.

Keywords—Anti-windup design, Actuator saturation,

Euler-Lagrange systems, robot manipulators.

I. Introduction

Automatic control of Euler-Lagrange systems finds
its main application field in the robotics area. Sev-
eral control techniques that stabilize arbitrary posi-
tions of robotic manipulators can be found in the lit-
erature. However, it is only in recent years that the
research community has started to address the prob-
lem of torque/force limitation within the control law
design for these systems. Despite this fact, when ne-
glecting input saturation, several useful control tech-
niques (see, e.g., [1]), which have been available in the
literature for a long time, can be employed to induce
desirable closed-loop performance. Nevertheless, these
control laws may fail their goal when the maximum
forces/torques are exceeded by the plant input signal.
Indeed, due to the nonlinearities of the system, many
times the effects of saturation may be disastrous. The
typical industrial solution to this problem is to ensure
that the actuators are powerful enough not to reach
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saturation during operation (or, similarly, that the ref-
erence signals are slow enough so that saturation is not
reached by the actuators). However, this solution may
impact the cost of the robot and the weight of the over-
all structure. Moreover, the achievable performance of
the final product is not fully exploited, because the
actuators are never employed at their maximum al-
lowable effort.

In this paper, we tackle the actuator saturation
problem following the “anti-windup paradigm” where,
given an “unconstrained controller” designed disre-
garding the saturation effects, we allow the actuators
to reach their saturation limits and by augmenting
this controller with extra dynamics we ensure com-
plete recovery of the unconstrained closed-loop re-
sponse (namely the response of the closed-loop with-
out input saturation) if the saturation limits are never
reached and we ensure graceful performance degrada-
tion while preserving stability in all other cases. It
is intrinsic in the anti-windup paradigm that the aug-
mentation is performed on a pre-designed control sys-
tem that stabilizes the unconstrained closed-loop; as
a matter of fact, the recovery of such unconstrained
trajectories is the main goal of the augmentation.

The advantage of the anti-windup approach, as com-
pared to a design procedure where the whole control
system is designed from scratch taking into account
saturation, is that, typically, the unconstrained re-
sponse can be better characterized in terms of perfor-
mance and such unconstrained behavior will be fully
recovered whenever the signals in the closed-loop are
small enough. On the other hand, as it will be clear
in the following problem formulation, the presence of
the augmentation is crucial when signals become large,
and the anti-windup goal is, in these cases, to recover
as fast as possible what the closed-loop response would
have been if saturation wasn’t there. Another signif-
icant advantage of the anti-windup paradigm is that
industrial engineers often want to preserve a specific
control scheme (whose design may have resulted from
several requirements on the control system) as long as
the saturation limits are not exceeded. This property
is intrinsically embedded in the anti-windup construc-
tion.

Historically, anti-windup designs have been greatly
studied in the field of linear saturated plants (see,



e.g., [2], [3], [4], [5] for surveys), but only recently
has it been addressed in the nonlinear context. In
the discrete-time setting, nonlinear anti-windup de-
sign techniques have been applied to Euler-Lagrange
systems in [6], [7]. Interesting results related to the
nonlinear anti-windup problem can also be found in
[8], [9], where the attention is restricted to SISO non-
linear plants. MIMO nonlinear plants are considered
in [10], [11]. However, only local stability results are
proven in [11] and restrictions on the local design are
necessary in some cases. In [10], the open-loop plant
and other subsystems internal to the closed-loop are
constrained to be asymptotically stable.

In this paper, based on the preliminary results in
[12], we allow the baseline control design to be any
stabilizing controller that also enforces local exponen-
tial stability on the unconstrained Euler-Lagrange sys-
tem. On top of this controller, a high performance
anti-windup construction is designed, based on tun-
able control gains. The resulting scheme is shown
to globally asymptotically and locally exponentially
stabilize the saturated closed-loop and to retain the
(arbitrary) local behavior. The paper is organized as
follows: in Section II we formalize the windup prob-
lem for Euler-Lagrange systems. In Section III we
give explicit expressions for the components of the
anti-windup scheme and formally prove its properties.
In Section IV we test by simulation the anti-windup
scheme on the model of a Selective Compliance Assem-
bly Robot Arm (SCARA). Finally, we provide some
technical proofs in the appendix.

Throughout the paper we will use GAS for “glob-
ally asymptotically stable”, and LES for “locally ex-
ponentially stable”. Given a function W : R

n → R,
if q ∈ R

n, ∂W
∂q

is a row vector whose entries are the
derivatives of W with respect to each entry of q. Given
two vectors u and w, the vector [uT wT ]T will be of-
ten denoted as (u,w). Moreover, given a1, . . . , an con-
stants, diag(a1, . . . , an) denotes a square diagonal ma-
trix in R

n×n whose diagonal entries are a1, . . . , an.

The table of notation in Table I reports on the mean-
ing of the most relevant symbols used throughout the
paper (these are reported in order of appearance in the
text).

II. Problem statement

Consider a Euler-Lagrange system with generalized
position variables q ∈ R

n. This is uniquely charac-
terized by a Raleigh dissipation function R(q, q̇) =
1
2 q̇T R(q)q̇ (see, e.g., [13]) and by a Lagrangian func-
tion L(q, q̇), defined as L(q, q̇) = T (q, q̇)−V (q), where
T (q, q̇) is the kinetic energy of the system and V (q) is
its potential energy. The dynamics of a fully actuated

Symbol Meaning
q Position variable
q̇ Velocity variable

x = (q, q̇) Plant state
u Plant input

R(·, ·) Raleigh dissipation function
L(·, ·) Lagrangian function
T (·, ·) Kinetic energy
V (·) Potential energy
hMi Maximum absolute value of ∂V

∂qi
(·)

B(·) Generalized inertia matrix
R(·) Dissipation matrix
f(·, ·) Plant dynamic equation

I Identity matrix
xc Unconstrained controller state
yc Unconstrained controller output
uc Unconstr. contr. feedback input
r Unconstr. contr. reference input

fc(·, ·, ·) Unconstr. contr. dynamic equation
k(·, ·, ·) Unconstr. contr. output equation
(x∗, x∗

c) Operating point induced by u∗

input on the unconstr. closed-loop
q∗ Position at the operating point

(note that x∗ = (q∗, 0))
σi(·), sat(·) Scalar and vector saturations

mi Saturation limits
xe = (qe, q̇e) Anti-windup compensator state

γ(·, ·) Stabilizing function
Kqd(·, ·) Nonlinear anti-windup gain

Kg, Kq, K0 Anti-windup design parameters
κgi, κqi, κ0i Diagonal entries of the above

matrix parameters
(x`, xc`) Response of the unconstr. closed-loop
li, Mi, Ii Length, mass and inertia of the i-th

link of the SCARA robot

TABLE I

Table of notation.

Euler-Lagrange system can be written as

d

dt

(

∂L(q, q̇)

∂q̇

)

−
∂L(q, q̇)

∂q
+

∂R(q, q̇)

∂q̇
= u, (1)

where u denotes the generalized external forces ap-
plied to the system. The following standard property
on the regularity and the structural properties of the
functions in (1) will be used throughout the paper.

Assumption 1: For the Lagrangian function L(q, q̇) =
T (q, q̇) − V (q) and the Raleigh dissipation function
R(q, q̇) = 1

2 q̇T R(q)q̇ in (1), the following holds:
1. the kinetic energy has the form T (q, q̇) = 1

2 q̇T B(q)q̇,
where the matrix function B(·), called generalized in-

ertia matrix is continuously differentiable, symmetric



and there exist positive numbers λM and λm such that
λmI ≤ B(q) ≤ λMI for all q ∈ R

n (where I denotes
the identity);
2. the potential energy q 7→ V (q) is a differentiable
function with locally Lipschitz derivative;
3. the dissipation matrix q 7→ R(q) is locally Lipschitz
and positive semidefinite for all q ∈ R

n.
Based on the expression for the kinetic energy in

Assumption 1 and on the related assumptions on the
generalized inertia matrix B(q), equation (1) can be
rewritten as

ẋ :=

[

ẋ1

ẋ2

]

:=

[

q̇
q̈

]

= f(x, u) :=

[

f1(q, q̇, u)
f2(q, q̇, u)

]

(2)

where f1(x1, x2, u) := x2 and f2(x1, x2, u) is uniquely
defined by the Lagrangian function and by the Raleigh
dissipation function. In the following, we will use the
notation (1) and (2) interchangeably.

Given the Euler-Lagrange system (1), assume that a
controller (called unconstrained controller henceforth)

ẋc = fc(xc, uc, r)
yc = k(xc, uc, r)

(3)

(where xc ∈ R
nc is the controller state, uc ∈ R

2n is
the controller input and r ∈ R

n is the external ref-
erence input) has been designed in such way that for
any selection of r within a prescribed set of admis-
sible references, the feedback interconnection (called
unconstrained interconnection henceforth)

uc = (q, q̇) = x, u = yc, (4)

guarantees GAS and LES of a point (x∗, x∗
c) (where

x∗ = (q∗, q̇∗) = (r, 0)). The arising closed-loop sys-
tem (1), (3), (4) will be called unconstrained closed-

loop system throughout the paper and is represented
in Figure 1. Accordingly, we will use the word “uncon-
strained” to characterize the response, the trajectories
and, in a general sense, the behavior of this closed-
loop system. Henceforth, we will denote by u∗ the
steady-state plant input corresponding to the equilib-
rium (x∗, x∗

c), namely, u∗ := k(x∗
c , x

∗, r).

Unconstrained

uc

r

Controller system
EL

xyc = u

Fig. 1. The unconstrained closed-loop system.

Numerous techniques can be found in the litera-
ture to construct the controller (3) in such a way that
the unconstrained closed-loop system (1), (3), (4) is
GAS and meets desirable performance requirements.

Among these, we select in this paper two standard
ones (see, e.g., [1]): the feedback linearization tech-
nique (otherwise called “computed torque”) combined
with a linear PID controller, which is especially suit-
able for trajectory tracking, and the PID + g(q) tech-
nique which is typically used for set-point regulation.

Consider now the standard symmetric 1 decentral-
ized saturation function, defined as follows:

sat(w) = [σ1(w1), · · · , σn(wn)]T

where

σi(wi) :=







mi wi ≥ mi

−mi wi ≤ −mi

wi −mi < wi < mi.
(5)

When input saturation is considered at the input
of the Euler-Lagrange system (1), the performance re-
sulting from closing the loop via the saturated inter-

connection

uc = (q, q̇) = x, u = sat(yc), (6)

cannot be guaranteed for large signals. Indeed, as sig-
nals get large enough to activate the saturation non-
linearity, performance degradation and instability can
be experienced on the saturated closed-loop system (1),
(3), (6).

The goal of anti-windup construction is to introduce
controller modifications that guarantee the following
properties regardless of the specific selection for the
dynamics of the unconstrained controller (3):

1. (small signal property) when the initial conditions
are small enough not to activate the saturation nonlin-
earity, the unconstrained trajectory (namely the tra-
jectory of (1), (3), (4)) is exactly reproduced by the
anti-windup compensated system;
2. (large signal property) as signals in the closed-
loop become large, the performance degrades grace-
fully while guaranteeing global asymptotic stability.

III. Anti-windup construction

The proposed anti-windup scheme is represented in
Figure 2. In accordance with the viewpoint given in
[12], this scheme can be seen as the union of two con-
trollers, where one is a static controller (namely a non-
linear gain) that guarantees global set point tracking
for the Euler-Lagrange system (1) with input satura-
tion (this corresponds to a function γ(·, ·) to be de-
fined later) and the other one is a dynamic controller
(namely, a nonlinear controller with internal states)

1In this paper we will consider symmetric decentralized satu-
ration functions. However, this approach also applies to a wider
class of input nonlinearities.



that guarantees more desirable performance proper-
ties on the closed-loop system, at the price of only
guaranteeing this in a local way, namely as long as the
saturation limits are not reached by the controller out-
put (this dynamic controller corresponds to the one in
equations (3)). By means of the additional dynam-
ics (8), the structure represented in Figure 2 allows
to combine these two controllers in a united control
scheme that preserves (locally) the desirable perfor-
mance induced by the unconstrained controller while
exploiting the properties of the global one to ensure the
global stability of the united closed-loop. One great
advantage residing in this uniting scheme is that the
two controllers can be designed independently, as long
as the local controller guarantees GAS and LES of the
unconstrained closed-loop system and the global con-
troller satisfies suitable properties formalized in the
following Lemma 1.

++

+

+

Nonlinearity
Saturationyc

system

x

v2

Compensator
Anti-windup

EL

v1

γ xe

x

Unconstrained

uc

r

Controller

u

Fig. 2. The anti-windup scheme.

Before describing in detail the anti-windup construc-
tion for Euler-Lagrange systems, we need to assume a
compatibility requirement between the saturation lim-
its mi, i = 1, . . . , n and the steady-state generalized
forces acting on the Euler-Lagrange system. This re-
quirement is formalized in the following assumption.

Assumption 2: Given the potential energy V (·) of
the Euler-Lagrange system (1) and the saturation lim-
its mi, i = 1, . . . , n in (5), the following inequalities
hold:

hMi := sup
q∈Rn

∣

∣

∣

∣

[

∂V (q)

∂qi

]∣

∣

∣

∣

< mi, i = 1, · · · , n . (7)

Remark 1: Note that Assumption 2 is a necessary
condition for any point q∗ ∈ R

n to be stabilized by the
action of the controller through the saturated input.
As a matter of fact, if follows from equation (1) that at

the steady state (namely, when q̇ = q̈ = 0), ∂V (q)
∂q

= u,

hence equation (7) actually requires that the input ef-
fort available to the saturated system is large enough
to be able to stabilize any position q∗ ∈ R

n of the
Euler-Lagrange system. If the operating region of the
robot is restricted to a smaller set S ⊂ R

n, then As-
sumption 2 can be relaxed accordingly.

Consider now the anti-windup construction repre-
sented in Figure 2. Following [12], the unconstrained

control scheme is augmented with the extra dynamics

ẋe = f(x, u) − f(x − xe, yc), (8)

where xe = (qe, q̇e) has the same dimension as the
state of the plant. The dynamics (8) are employed to
enforce modifications to the original control diagram
consisting of two signals injected at the input and at
the output of the controller as follows:

u = sat(sat(yc) + v1), uc = x + v2, (9a)

where
v1 = γ(x, x − xe), v2 = −xe. (9b)

Inspired by [14], consider the following selection for
the function γ(·, ·):

γ(x, x − xe) = γ
(

(q, q̇), (q − qe, q̇ − q̇e)
)

:=

[

∂V

∂q
(q)

]T

−

[

∂V

∂q
(q − qe)

]T

(10)

−Kgsat
(

K−1
g Kqqe

)

− Kqd(qe, q̇e)q̇e,

where Kq and Kg are diagonal positive definite con-
stant matrices and Kqd(·, ·) is a diagonal positive defi-
nite matrix function which is constant in a sufficiently
small neighborhood of the origin and bounded away
from zero, 2 and such that the function (qe, q̇e) 7→
Kqd(qe, q̇e)q̇e is locally Lipschitz in all its arguments.
Moreover, Kg is chosen in such a way that

hMi + κgimi < mi, i = 1, · · · , n, (11)

where κgi are the entries on the diagonal of the ma-
trix Kg (note that, by Assumption 2, there always
exists a small enough matrix Kg that satisfies the con-
straints (11)). The proof of the effectiveness of the
arising anti-windup scheme is formalized in the fol-
lowing statement.

Theorem 1: Suppose that Assumptions 1 and 2 hold
and that the unconstrained closed-loop system (1), (3),
(4) is GAS and LES. Denote also by (x`(t), xc`(t)), t ≥
0 the unconstrained response to a reference r ∈ R

n

starting from the initial conditions (x`(0), xc`(0)) and
by u`(t) = k(xc`(t), x`(t), r(t)), ∀t ≥ 0, the corre-
sponding controller output. Then the anti-windup
closed-loop system (1), (3), (8), (9), (10) is such that
1. if u`(t) = sat(u`(t)) ∀t ≥ 0 and (x(0), xc(0), xe(0))=
(x`(0), xc`(0), 0), then (x(t), xc(t), xe(t))=(x`(t), xc`(t),
0) ∀t ≥ 0, namely the unconstrained response is re-
tained;

2A diagonal positive definite matrix function Kqd(·, ·) is
bounded away from zero if there exists a small enough posi-
tive scalar κd such that Kqd(·, ·) ≥ κdI for all values of its
arguments.



2. denoting x∗ = (q∗, q̇∗) = (r, 0), there exists x∗
c ∈

R
nc such that the point (x∗, x∗

c , 0) is GAS and LES.
The following technical lemma will be useful to

prove Theorem 1.
Lemma 1: Under Assumptions 1 and 2, given the

function γ(·, ·) in (10) and a constant reference r, de-

fine x∗ = (q∗, q̇∗) = (r, 0) and u∗ = ∂V (q∗)
∂q

T
. Then the

following holds:
1. the point x = x∗ is GAS and LES for the system

ẋ = f
(

x, sat
(

γ(x, x∗) + u∗
)

)

;

2. for all exponentially vanishing functions ε1(t), ε2(t),
the trajectories of

ẋ = f
(

x, sat
(

γ(x, x∗ + ε1(t)) + u∗ + ε2(t)
)

)

(12)

remain bounded.
Proof: See Section V.
Proof of Theorem 1. Following the ideas of [12],

by rewriting the anti-windup closed-loop system in the
coordinates (x̃, xc, x) := (x−xe, xc, x), the system ap-
pears in the following cascaded form:






˙̃x = f(x̃, yc)
ẋc = fc(xc, x̃, r)
yc = k(xc, x̃, r)

(13a)

ẋ = f(x, sat(γ(x, x∗ + ε1) + u∗ + ε2)),(13b)

where ε1 = x̃−x∗ and ε2 = yc−u∗ are generated by the
unconstrained closed-loop system (13a), which is GAS
and LES by assumption, hence they are exponentially
vanishing signals. Then, item 1 follows from the fact
that (as seen by Figure 2), if saturation is never ac-
tivated, the input to the anti-windup dynamics (8) is
identically zero, namely (since xe(0) = 0) v2 = 0, and
(since, from equation (10), γ(x, x) = 0, ∀x) v1 = 0,
and the interconnection (9) corresponds to the uncon-
strained interconnection (4).

To show item 2, first notice that by Lemma 1, the
second subsystem in (13) with zero input is GAS and
LES and the trajectories of the cascaded structure re-
main bounded. Hence, the GAS and LES result fol-
lows by standard results on cascaded nonlinear sys-
tems (see, e.g., [15], [16]). •

Remark 2: The advantage in performing the change
of variable (x, xc, xe) → (x − xe, xc, x) = (x̃, xc, x),
stands in the fact that, by way of the cascade struc-
ture (13), the state variable x̃ captures the information
about the unconstrained response (regardless of the
occurrence of saturation). Hence, the state variable
xe = x − x̃, represents the deviation of the actual re-
sponse x from the desired (unconstrained) one x̃. For
this reason, the size of the state xe is directly related
to the performance of the anti-windup compensation
and driving xe to zero corresponds to fully recover-
ing the unconstrained response. The stabilization of

the xe variable is achieved through the static feedback
function γ(·, ·), whose selection has great impact on
the performance of the arising compensated system.

Note that Lemma 1 establishes the necessary condi-
tions to be able to show that the cascaded structure
(13) is globally asymptotically stable (therefore prov-
ing part of the main theorem). Indeed, in (12), the
variables ε1 and ε2 represent, respectively, the expo-
nentially decaying components of the signals x̃ and yc

generated by the first subsystem (13a), which drive
the second subsystem (13b). In formulas, this corre-
sponds to x̃ = x∗+ε1 and yc = u∗+ε2, where x∗ and u∗

are the steady-state values of the unconstrained plant
state x̃ and of the unconstrained controller output yc,
respectively.

A. Selection of the stabilizer γ(·, ·)

As observed in Remark 2, the performance of the
anti-windup compensation action, namely the ability
to recover the unconstrained response on the saturated
plant, is strongly related to the selection of the free
parameters Kg, Kq and Kqd(·, ·) of (10).

Note that GAS and LES of the nonlinear closed-loop
system is established in Theorem 1 regardless of this
selection as long as Kg, Kq and Kqd(·, ·) are diagonal
positive definite, Kqd(·, ·) is bounded away from zero
and constant in a sufficiently small neighborhood of
the origin, and the diagonal entries of Kg satisfy the
constraint (11).

On the other hand, if these parameters are suit-
ably selected, then not only GAS and LES are guar-
anteed by the anti-windup compensation, but the un-
constrained response recovery is achieved by fully ex-
ploiting the control authority, thereby inducing very
fast responses despite the saturation limits. One se-
lection strategy that has proven to be successful on
many examples is the following:

• select Kg as the largest diagonal positive definite
matrix satisfying (11);
• select Kqd(qe, q̇e) = γE(qe, q̇e)K0, where K0

is a diagonal positive definite matrix to be de-
fined and the diagonal matrix function γE(·, ·) =
diag{γE1(·, ·), . . . , γEn(·, ·)} has diagonal entries cor-
responding to 3

γEi =

{

1, if qeiq̇ei ≥ 0,
κgiσi(κ

−1

gi
κqiqi)

κqiqi
if qeiq̇ei < 0;

• select the positive diagonal entries κqi and κ0i, i =
1, . . . , n of Kq and K0, respectively, following a stan-
dard PD tuning technique at each joint.

3Note that when qei and q̇ei have the same sign, then the
corresponding diagonal term in γE(·, ·) is unitary. Otherwise, it
coincides with the equivalent gain of the saturated term in (10).



B. Selection of the unconstrained controller

Based on Theorem 1, if the unconstrained controller
is designed in such a way that the unconstrained
closed-loop system (1), (3), (4) (namely, the closed-
loop in the absence of saturation) is GAS and LES,
then the anti-windup compensation scheme (8), (9)
induces local unconstrained performance in addition
to global asymptotic stability and local exponential
stability.

Observe that since very little requirements are en-
forced on the unconstrained controller, this could be
selected among a large variety of control laws for
Euler-Lagrange systems that populate a vast litera-
ture on robotics research distributed over the last three
decades. It is noteworthy that the anti-windup com-
pensator dynamics and the selection of the parameters
in the function γ(·, ·) discussed in Section III-A are
only related to the plant dynamics and independent of
the unconstrained controller.

Among the many possible selections of the uncon-
strained controller, we mention here two possibilities
that will be used in Section IV where some case studies
illustrate our construction. For detailed descriptions of
these and other unconstrained control laws, see, e.g.,
[1].
1. Proportional-Integral-Derivative regulator with a

nonlinear gravity compensation (otherwise called
PID + g(q)). This controller can be written in the
form (3) as follows

ẋc = q − r

yc = −Kixc − Kp(q − r) − Kd(q̇ − ṙ) +
∂V (q)

∂q
,

(14)

where Kp, Ki, Kd are suitable positive definite diag-
onal matrices representing the proportional, integral
and derivative gains, and V (q) is the potential energy
of the system.
It is a well known result that for suitable selections of
the PID gains, this control law is globally asymptoti-
cally stabilizing for the unconstrained system. More-
over, due to the special structure of the kinetic energy
and to the regularity properties in Assumption 1, it
can be easily shown via linearization that the closed-
loop system is LES.
This controller is typically used for set-point regulation
purposes and will be used in Section IV in conjunction
with suitable reference smoothing techniques via cubic
interpolation.
2. Feedback linearization with extra PID action (other-
wise called “Computed torque” + PID). This control
technique employs feedback linearization to linearize
the unconstrained Euler-Lagrange system. Then any
arbitrary linear decoupled behavior is imposed to the
arising unconstrained closed-loop by means of an extra

decentralized PID compensation action, so that decou-
pled behavior is obtained, in addition to arbitrary lin-
ear performance. The corresponding controller equa-
tions in the form (3) are given by

ẋc = q − r

yc =
d

dt

(

∂L(q, q̇)

∂q̇

)

−
∂L(q, q̇)

∂q
+

∂R(q, q̇)

∂q̇
(15)

−B(q)(q̈ − Kixc − Kp(q − r) − Kd(q̇ − ṙ)),

where Kp, Kd, Ki are suitable diagonal matrices, B(q)
is the generalized inertia matrix defined in Assump-
tion 1, and r and ṙ denote a desired reference pro-
file and its derivative with respect to time, respec-
tively. Note that due to the special structure of the La-
grangian function and of the kinetic energy described
in Assumption 1, the second equation in (14) is inde-
pendent of q̈ because the term B(q)q̈ cancels out with
the corresponding term arising from the first term of
the right-hand side.
By standard linear analysis techniques, global expo-
nential stability of the unconstrained closed-loop sys-
tem can be shown to hold if and only if the block

matrix
[

0 I 0
0 0 I

−Ki −Kp −Kd

]

is Hurwitz.

This controller is typically used for trajectory tracking
purposes and will be used in Section IV to show the
effectiveness of the anti-windup augmentation when
the saturation limits are persistently exceeded by the
control system.

IV. Simulation examples

A. A double integrator

We first apply our construction to a simple exam-
ple, for clarification purposes. In particular, we con-
sider a double integrator (this could represent a uni-
tary mass moving on a horizontal rail) with input sat-
uration level M = 0.25. We select the unconstrained
controller as a stabilizing PID controller with gains
(kp, ki, kd) = (8, 4, 4). Since the Euler-Lagrange equa-
tions for this simple system are linear (they actually
are q̈ = u), then the resulting anti-windup compen-
sator equation is extremely simplified and, based on
(8), (9a) corresponds to

ẋe = Aexe + Be(sat(sat(yc) + v1) − yc),

with Ae = [ 0 1
0 0 ], Be = [ 0

1 ]. It should be also noted that
in this case, due to the linearity of the plant dynam-
ics, the anti-windup compensator does not require any
plant state measurement because the two terms at the
right hand side of equation (8) reduce to f(xe, u−yc).

Since the potential energy for this example is con-
stant, the selection of γ(·, ·) in (10) is only dependent



on xe = (qe, q̇e) and, also based on the selection strat-
egy proposed in Section III-A, the signal v1 in (9b) can
be written as

v1 = −Kgsat
(

K−1
g Kqqe

)

− γE(qe, q̇e)K0q̇e.

Regarding the selection of the scalar parameters Kg,
Kq and K0, we first pick Kg = 0.99 as the maximum
value that satisfies equation (11). Then we tune the
two other gains similarly to the tuning procedure for
PD gains with the goal of obtaining a desirable re-
sponse recovery. In particular, we select Kq = 80 and
K0 = 100.
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Fig. 3. Double integrator’s output responses to a unitary ref-
erence. Unconstrained (thin solid), saturated (dashed), anti-
windup (bold solid).

The closed-loop responses to a unitary step refer-
ence of the unconstrained, saturated and anti-windup
closed-loops are represented in Figure 3. The uncon-
strained response (thin solid) rapidly converges to the
desired steady-state exhibiting a slight overshoot. The
saturated response (dashed) diverges while the anti-
windup response (bold solid) shows a fast and graceful
recovery of the unconstrained response.

B. SCARA robot

We now apply the proposed anti-windup construc-
tion to the model of a SCARA robot (Selective Com-
pliance Assembly Robot Arm). This robot can be rep-
resented using a standard formalism, where T (q, q̇) =
1
2 q̇T B(q)q̇ and V (q) is such that ∂V (q)

∂q
= g(q), so that

equation (1) can be written as

B(q)q̈ + C(q, q̇)q̇ + R(q)q̇ + g(q) = u, (16)

where (q, q̇) ∈ R
n × R

n represents the system’s
state (consisting of joint positions and velocities),
B(q) is the generalized inertia matrix, C(q, q̇)q̇ rep-
resents the generalized centrifugal and Coriolis terms,
g(q) is the vector of gravitational forces, the func-
tion R(q)q̇ represents the friction forces and u is
the vector of the control inputs (consisting of forces
and torques). Using the equivalent notation repre-
sented by equation (2), system (16) corresponds to

the selections f1(x1, x2, u) := x2 and f2(x1, x2, u) :=
I−1(x1)[−C(x1, x2)x2 − R(x1)x2 − g(x1) + u].

Using this formalism the PID + g(q) controller (14)
can be written as
{

ẋc = q − r
yc = −Kixc − Kp(q − r) − Kd(q̇ − ṙ) + g(q),

where r is the reference input corresponding to the
desired joint position. Moreover, after some compu-
tations, the computed torque + PID controller (15)
can shown to be equivalent to the following simplified
form:






ẋc = q − r
yc = C(q, q̇)q̇ + g(q) + R(q)q̇ − B(q)(Kixc+

Kp(q − r) + Kd(q̇ − ṙ)),

where r and ṙ represent the trajectory to be tracked.
Finally, the global controller (10) can be written as

follows:

γ
(

(q, q̇), (q−qe, q̇−q̇e)
)

:=g(q)−g(q−qe)−Kgsat
(

K−1
g Kqqe

)

−Kqd(qe, q̇e)q̇e.

B.1 Model description and anti-windup design

The SCARA robot is a four link robot, with four
joints, all of them having vertical axes. The first two
links of the robot reproduce the behavior of a planar
two-link robot on a horizontal plane (hence, they are
not subjected to gravity due to structural constraints);
the third link is connected to a prismatic joint which
is used to impose the tilt of the end effector on the
working plane and the last joint is a rotational joint
that allows the roll movement of the end effector for
manufacturing purposes.

Link li [m] Mi [kg] Ii [kgm2] mi

1 0.6 12 0.36 55 Nm
2 0.4 6 0.08 45 Nm
3 1 3 0.08 70 N
4 0 1 0.08 25 Nm

TABLE II

Parameters of the SCARA robot.

Based on the physical parameters of the robot,
which have been selected as shown in Table II on
the basis of [17], we can write a quantitative Euler-
Lagrange model of the form (1) for the SCARA robot.
For simplicity of notation, we assume that the center
of gravity of each link is located at its middle point.
In Table II, for each link we are reporting the length
li of the link, the total mass Mi of the link (including
the actuators’ masses), the rotational inertia Ii of each



link and the saturation level mi for each actuator. The
viscous friction, corresponding to the matrix R(q) in
equation (1), is assumed to be zero for the purpose of
illustration. In all the following simulations, the per-
formance of the anti-windup closed-loop system has
been tested in the case where uncertainties affect the
model of the robot. To this aim, the actual masses of
the robot have been chosen to be 20% more than the
nominal ones listed in Table II. Moreover, to represent
a payload held by the end effector, the mass of the last
link is 0.5 kg larger than that of the model.

For the SCARA robot, after verifying that this sys-
tem with the saturation levels in Table II satisfies As-
sumption 2, we design the anti-windup compensator
according to the technique in Section III. In particular,
the selection of the parameters of the stabilizing func-
tion γ(·, ·) is carried out as suggested in Section III-A,
thus resulting in

Kg = diag(0.99, 0.99, 0.4, 0.99);

K0 = diag(336, 160, 160, 40);

Kq = diag(1120, 560, 560, 140).

With these selections, Theorem 1 ensures global
asymptotic stability (GAS) and local exponential sta-
bility (LES) of the anti-windup closed-loop system for
any unconstrained controller that induces GAS and
LES on the unconstrained plant.

B.2 Set-point regulation

We first test the anti-windup closed-loop system on
a set-point regulation problem. To this aim, we se-
lect the unconstrained controller to the PID + g(q)
controller described in Section III-B and compare the
responses using the following set-point value

r = [150 deg,−100 deg, 1 m, 200 deg]. (17)

In particular, the PID gains of the unconstrained
controller are selected as

Kp = 103diag(24, 14, 15, 15);
Kd = diag(820, 370, 470, 330);
Ki = diag(150, 120, 120, 120).

(18)

Moreover, to provide a fair comparison among the
different responses, following standard control tech-
niques for industrial robots, the reference signal is
smoothened by a cubic interpolation joining the ini-
tial zero configuration to the desired vector goal. If the
time interval to join the initial configuration to the de-
sired position is large enough, then the corresponding
control inputs are regular functions that don’t reach
the saturation limits, thereby avoiding undesired os-
cillations and possible stability loss. For the set-point
(17), we have selected this time interval to be 1.8sec,

which is the minimum allowable before the occurrence
of saturation at the first joint.

On the other hand, the closed-loop system with anti-
windup augmentation can be driven directly by the
step reference input (17) because the anti-windup ac-
tion ensures the closed-loop stability in any operating
condition and achieves unconstrained response recov-
ery regardless of the occurrence of saturation. Note
that this feature simplifies the regulation task because
it doesn’t require the computation of the smoothened
reference profile, in addition to guaranteeing an im-
proved closed-loop performance, as shown by the fol-
lowing simulations.
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Fig. 4. Output responses to the reference (17) of the following
closed-loop systems: unconstrained (thin solid), saturated with
cubic reference (dashed), anti-windup (bold solid).

The responses of the PID + g(q) controller with
smoothened reference and of the PID+g(q) controller
with anti-windup action are reported in Figures 4 and
5. The initial conditions of the plant, controller and
anti-windup blocks are always set to zero. In both
figures, the bold curves represent the anti-windup re-
sponses while the dashed curves represent the satu-
rated responses with smoothened reference input. As
a term of comparison, the solid curves reproduce the
unconstrained responses in the absence of saturation.
These responses represent the ideal performance of
the system with this unconstrained controller. Indeed,
the (virtual) absence of saturation allows to drive the
closed-loop directly with the step input and to observe
a fast and smooth convergence to the desired steady
state. This type of response is of course only ideal and
not reproducible on the saturated plant. Nevertheless,
it represents a good comparison means for evaluating
the performance of the two other responses in terms
of their mismatch with that unconstrained one.
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Fig. 5. Input responses to the reference (17) of the following
closed-loop systems: unconstrained (thin solid), saturated with
cubic reference (dashed), anti-windup (bold solid).

From the bold and dashed curves in Figures 4 and 5
it appears that the closed-loop with anti-windup com-
pensation in addition to not requiring the computation
of the smoothened reference, guarantees a faster con-
vergence to the desired set point. This property is a
consequence of the fact that the anti-windup action
does not fear the occurrence of saturation but makes
use of saturated signals to suitably drive the plant out-
put to the desired values (see Figure 5). On the other
hand, the reference smoothing strategy deliberately
avoids the saturated condition for the control system,
so that undesired oscillatory behavior may not occur,
thereby leading to a slower closed-loop response.

B.3 Trajectory tracking

In a second set of simulations, we test the anti-
windup scheme on a trajectory tracking task where
the control input demanded by the unconstrained con-
troller persistently transits inside and outside the sat-
uration limits. Although the result in Theorem 1 does
not guarantee a trajectory tracking property for gen-
eral references, the high performance nature of the
anti-windup solution suggests that the compensated
closed-loop system should also perform well in these
conditions, as it is confirmed by the following simula-
tions.

The trajectory that the robot is supposed to track
corresponds to a circle on the horizontal plane centered
in (x0, y0) = (0.15m, 0.15m) and of radius 0.1m. The
circle should be tracked by the end effector at an angu-
lar speed of 0.9πrad/s. To guarantee perfect tracking
on the unconstrained plant, the unconstrained con-
troller is selected as a computed torque + PID con-

troller (according to the construction in Section III-B),
which is driven by a suitable reference r(t) and its time
derivative ṙ(t). For simplicity of exposition, the PID
gains of the controller have been chosen as in (18). 4
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Fig. 6. Input and output responses on the first two joints in
the reference tracking simulation. Unconstrained (thin solid),
saturated (dashed), anti-windup (bold solid).
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Fig. 7. End effector trajectory on the horizontal plane in the
reference tracking simulation. Unconstrained (thin solid), satu-
rated (dashed), anti-windup (bold solid).

We report on the simulation results obtained when
using the same anti-windup compensator used in the
simulations of the previous section. These results are
compared to the ideal unconstrained response (which
achieves perfect tracking due to the well-known prop-

4It has been noted that the performance of the closed-loop is
almost independent of the selection of the PID gains. What is
mostly responsible for bad saturated responses is the feedback
linearizing action of the computed torque controller.



erties of the computed torque controller) and to the
response obtained from the computed torque con-
troller augmented with an “integrator shut-off” strat-
egy, which is a well known heuristic used to combat ac-
tuator saturation in classical control systems (see, e.g.,
[18]). The resulting responses are reported in Figures 6
and 7, where we only concentrate the attention on the
responses of the first two joints (so that the robot
is equivalent to a two-link planar robot with a con-
centrated mass at its tip). The three closed-loop sys-
tems are all initialized at the position (q1, q2, q3, q4) =
(92 deg,−109.23 deg, 0 m, 0 deg) along the circular
trajectory (with zero initial velocity), so that it is pos-
sible to appreciate the steady state behavior, rather
than the transient responses which are well charac-
terized by the previous set of simulations. In both
figures, the unconstrained response is represented by
thin solid curves, the saturated response without anti-
windup (but with integrator shut-off strategy) is rep-
resented by the dashed curves and the anti-windup
response is represented by the bold solid curves.

Due to the high coupling between the two links and
the aggressive control action arising from the feedback
linearizing components of the controller, the saturated
response is unable to preserve stability and exhibits
persistent oscillations of increasing amplitude. This
is apparent from the first and third plots of Figure 6
where the dashed curves depart from the two other
ones at time t = 1.5. After this time, the saturated
response is most of the time out of range in the plots
of Figure 6. Accordingly, in Figure 7 the dashed tra-
jectory leaves the circular trajectory in unpredictable
directions. (Due to graphical purposes, the dashed re-
sponses has been limited to the time t = 2 sec on this
last figure, as this is sufficient to show its unaccept-
able behavior that persists in future times.) On the
other hand, the anti-windup closed-loop system per-
forms well, due to the fact that the anti-windup com-
pensator is able to rapidly drive the plant state back
toward the unconstrained response. This is particu-
larly evident in the first two plots of Figure 6 where,
from the bold curves, it appears that the control sig-
nal is kept in saturation (second plot) so as to drive
the first joint angle toward the unconstrained angular
response (first plot). Based on this recovery property,
the trajectory is corrected by the anti-windup action
at each period immediately after saturation and, as
shown in Figure 7, the effector position response only
slightly deviates from the ideal circular reference path.

V. Proof of Lemma 1

First, we recall a well-known result (see, e.g., [14])
that will be useful to prove Lemma 1.

Proposition 1: Given an Euler-Lagrange system

with n degrees of freedom, described by a set of La-
grangian coordinates q = [q1, · · · , qn]T , if H(q, q̇) de-
notes the total energy of the system, which is defined
as H(q, q̇) = T (q, q̇)+V (q), where T (q, q̇) = 1

2 q̇T B(q)q̇
is the kinetic energy and V (q) is the potential energy,
if u is the vector of the generalized external forces act-
ing on the system and R(q, q̇) is its Raleigh dissipation
function, then

Ḣ(q, q̇) ≤ q̇T u.

If V (q) denotes the potential energy of (1), define
the modified potential

Vd(q, q
∗) := −V (q) +

n
∑

i=1

∫ qi−q∗

i

0

κgiσi(κqis)ds, (19)

where σi(·) are the components of the decentralized
saturation function sat(·) defined in (5) and the con-
stants κgi and κqi, i = 1, . . . , n denote, respectively,
the diagonal elements of the matrices Kg and Kq de-
fined in (10). The proof of Lemma 1, which follows
the same reasoning as in [12, §4], is based on the fact
that, the definition (10) can be written in terms of the
modified potential in (19) as

γ(x, x∗) = −

[

∂Vd

∂q
(q, q∗) −

∂Vd

∂q
(q∗, q̇∗)

]T

−Kqd(q − q∗, q̇ − q̇∗)(q̇ − q̇∗).

The following proposition will also be useful to prove
Lemma 1.

Proposition 2: The function Vd(q, q
∗) defined in (19)

satisfies the following properties:

1. the function q 7→ ∂Vd(q,q∗)
∂q

is locally Lipschitz;

2. the function q 7→ V (q)+Vd(q, q
∗) is positive definite

with respect to q = q∗ and radially unbounded;

3. for any diagonal positive definite matrix K̃ ∈ R
n×n,

there exists a continuous function β : R≥0 → R≥0

which is zero only at zero and such that ∀w ∈ R
n

wTK̃

{

sat

(

−

[

∂Vd(q, q
∗)

∂q

]T

+ w

)

+

[

∂Vd(q, q
∗)

∂q

]T
}

≥β(|w|).

Proof:

Proof of item 1. By definition in (19), we have

∂Vd(q, q
∗)

∂q
= −

∂V (q)

∂q
+ Kgsat(K−1

g Kq(q − q∗)), (20)

which is locally Lipschitz because the saturation func-
tion is globally Lipschitz and, by Assumption 1, q 7→
∂V (q)

∂q
(·) is Lipschitz too.

Proof of item 2. First note that if z ∈ R and σ is a
saturation function, then

∫ z

0
σ(s)ds ≥ 1

2σ(z)z. Based



on this property, it is easily shown that for all q 6= q∗,

V (q) + Vd(q, q
∗) =

n
∑

i=1

κgi

∫ qi−q∗

i

0

σi

(

κqi

κgi

s

)

ds

≥
1

2

n
∑

i=1

κgi

(

σi

(

κqi

κgi

(qi − q∗i )

)

(qi − q∗i )

)

> 0

(21)

and that V (q∗) + Vd(q
∗, q∗) = 0, hence q 7→ V (q) +

Vd(q, q
∗) is positive definite with respect to q = q∗.

Moreover, since

lim
qi→∞

κgi

∫ qi−q∗

i

0

σi

(

κqi

κgi

s

)

ds = +∞, ∀i = 1, . . . , n,

then by (21), the function q 7→ V (q) + Vd(q, q
∗) is ra-

dially unbounded because it is lower bounded by the
sum of positive terms that approach infinity as q ap-
proaches infinity.

Proof of item 3. By the constraints (11), there exists
a small enough constant ε > 0 such that for any q, q∗,

∣

∣

∣

∂Vd

∂qi
(q, q∗)

∣

∣

∣
=
∣

∣

∣
−∂V (q)

∂qi
+ κgiσi

(

κqi

κgi
(qi − q∗i )

)∣

∣

∣

≤
∣

∣

∣

∂V (q)
∂qi

∣

∣

∣
+
∣

∣

∣
κgiσi

(

κqi

κgi
(qi − q∗i )

)∣

∣

∣

≤ hMi + κgimi

≤ mi − ε, ∀i = 1, . . . , n,

(22)

where m = [m1, . . . ,mn]T is a vector containing the
saturation limits. Then, given any diagonal positive
definite matrix K̃, if k̃i, i = 1, . . . , n are the elements
on the diagonal of K̃, and k̃ is the smallest among
them, the following holds:

wT K̃

[

sat

(

−

[

∂Vd(q, q
∗)

∂q

]T

+ w

)

+

[

∂Vd(q, q
∗)

∂q

]T
]

≥
n
∑

i=1

|wi|k̃i min{ε, |wi|}

≥ k̃|w|∞ min{ε, |wi|∞}

≥
k̃

n
|w|min{nε, |wi|}

=: β(|w|).

Proof of Lemma 1. Consider the system (1) and
introduce the following candidate Lyapunov function:

H0(q, q̇) := T (q, q̇) + V (q) + Vd(q, q
∗)

= H(q, q̇) + Vd(q, q
∗),

(23)

where H(q, q̇) is the total energy of the system (1).
Applying Proposition 1 to system (1), we obtain:

Ḣ0 = Ḣ + q̇

[

∂Vd(q, q
∗)

∂q

]T

≤ q̇T

[

u +

[

∂Vd(q, q
∗)

∂q

]T
]

.

Consider now the input selection

u = sat(γ(x, x∗ + ε1) + u∗ + ε2), (24)

and define

η :=





η1

η2

η3



 :=

[

ε1

ε2

]

,

and the function η 7→ δ(η) as

δ(η) :=
[

∂Vd(q∗+η1,q∗+η1)
∂q

]T

−
[

∂Vd(q∗,q∗)
∂q

]T

+
[

∂Vd(q,q∗)
∂q

]T

−
[

∂Vd(q,q∗+η1)
∂q

]T

+Kqd(q − q∗ − η1, q̇ − η2)η2 + η3,

which satisfies δ(0) = 0 and is locally Lipschitz be-

cause, by Assumption 1, q 7→ ∂V (q)
∂q

is locally Lipschitz.

From (10) and (24) we get:

Ḣ0 ≤ q̇T
(

sat
(

−
[

∂Vd(q,q∗+η1)
∂q

]T

+
[

∂Vd(q∗+η1,q∗+η1)
∂q

]T

−Kqd(q − q∗ − η1, q̇ − η2)(q̇ − η2)

−
[

∂Vd(q∗,q∗)
∂q

]T

+ η3

)

+
[

∂Vd(q,q∗)
∂q

]T )

;

which, by adding and subtracting
[

∂Vd(q,q∗)
∂q

]T

in the

argument of the sat(·) function, becomes

Ḣ0 ≤ q̇T
(

sat
(

− Kqd(q − q∗ − η1, q̇ − η2)q̇

−
[

∂Vd(q,q∗)
∂q

]T

+ δ(η)
)

+
[

∂Vd(q,q∗)
∂q

]T )

.

By the Lipschitz property of the saturation function,
the last inequality implies

Ḣ0 ≤ q̇T
(

sat
(

− Kqd(q − q∗ − η1, q̇ − η2)q̇

−
[

∂Vd(q,q∗)
∂q

]T )

+
[

∂Vd(q,q∗)
∂q

]T )

+ |q̇||δ(η)|
(25)

Then, by item 3 of Proposition 2 with the selection
w = −Kqd(q− q∗ − η1, q̇− η2)q̇ and K̃ = Kqd(q− q∗ −
η1, q̇ − η2)

−1, we get

Ḣ0 ≤ −β(|Kqd(q − q∗ − η1, q̇ − η2)q̇|) + |q̇||δ(η)|

≤ −β(κd|q̇|) + |q̇||δ(η)| (26)



where the second inequality holds for a small enough
positive scalar κd by virtue of the fact that Kqd(·, ·) is
diagonal positive definite and bounded away from zero
by assumption.

From equation (26) we will proceed in proving the
two items of Lemma 1 separately.

Proof of item 1 We first show GAS of

ẋ = f
(

x, sat
(

γ(x, x∗) + u∗
)

)

. (27)

When considering the trajectories of this last sys-
tem, the time derivative (25) can be written with
η = (ε1, ε2) = 0, which, since δ(0) = 0, implies
δ(η) = 0. Then, equation (26) becomes

Ḣ0 ≤ −β(κd|q̇|) ≤ 0.

By item 2 of Proposition 2 and by the structure
of T (q, q̇), (q, q̇) 7→ H0(q, q̇) is positive definite with
respect to (q, q̇) = (q∗, 0) and radially unbounded.
Then the point (q, q̇) = (q∗, 0) is stable. Moreover,
by LaSalle’s theorem, all trajectories converge to the
largest invariant set contained in the set where q̇ = 0.
However, any invariant set where q̇ = 0 at all times
must satisfy q̈ = 0 also. Then, substituting these val-
ues in the dynamics (27) and suitably rearranging and
simplifying the arising expressions, we get

∂V (q)

∂q

T

= −

[

∂Vd(q, q
∗)

∂q
−

∂Vd(q
∗, q∗)

∂q

]T

+
∂V (q∗)

∂q

T

,

which based on (19), implies sat(Kq(q − q∗)) = 0,
therefore q = q∗. Hence, global convergence to the
point (q, q̇) = (q∗, 0) follows, which combined with the
stability property proven above completes the global
asymptotic stability proof.

To show LES of ẋ = f
(

x, sat
(

γ(x, x∗)+u∗
)

)

, intro-

duce the following candidate Lyapunov function:

H1(q, q̇) = H0(q, q̇) + εq̇T B(q)(q − q∗), (28)

where ε > 0 is a small positive constant to be specified.
By item 2 of Proposition 2 and since by Assumption 1,
B(q∗) > 0 for all q∗, it is straightforward to check that
for the function H0(·, ·) defined in (23), (19), there
exist positive constants c1 and c2 and a small enough
neighborhood of (q∗, 0) such that for all (q, q̇) in that
neighborhood:

c1(|q − q∗|2 + |q̇|2) ≤ H0(q, q̇)
≤ c2(|q − q∗|2 + |q̇|2).

(29)

Consider now the last term in equation (28). Given
any compact neighborhood of the origin, there exists
a positive constant cI such that |εq̇T B(q)(q − q∗)| ≤

εcI(|q − q∗|2 + |q̇|2). Therefore, also by equation (29),
if we select ε < c1

2cI
,

H1(q, q̇) = H0(q, q̇) + εq̇T B(q)(q − q∗)

≥ c1(|q − q∗|2 + |q̇|2) − |εq̇T B(q)(q − q∗)|

≥
c1

2
(|q − q∗|2 + |q̇|2),

and the following bound is proven to hold in a neigh-
borhood of the origin:

c1

2 (|q − q∗|2 + |q̇|2) ≤ H1(q, q̇)
≤ (c2 + cI)(|q − q∗|2 + |q̇|2).

(30)

Consider now the Euler-Lagrange system (1) with
the input (24), where ε1 = 0, ε2 = 0, and γ(·, ·) is cho-
sen as in (10). First note that from (1) it is straight-
forward that

u∗ =
∂V (q∗)

∂q

T

,

and that by constraints (11), for any selection of q∗,
the corresponding u∗ is strictly contained in the lin-
ear domain of the saturation function. Then, by con-
tinuity, there exists a small enough neighborhood of
(q, q̇) = (q∗, 0) such that the saturation functions in
(10) and (24) can be disregarded. Moreover, since by
assumption the function Kqd(·, ·) is constant in a suf-
ficiently small neighborhood of the origin, call Km its
constant value in this neighborhood (recall that, by
assumption, Km is diagonal positive definite) and the

dynamic equation ẋ = f
(

x, sat
(

γ(x, x∗)+u∗
)

)

can be

written locally as

B(q)q̈ = F (q, q̇)q̇ − Kq(q − q∗) − Kmq̇, (31)

where F (q, q̇) is a function whose expression depends
on the generalized inertia matrix B(q) and on the ma-
trix R(q).

To compute the time derivative of H1 in (28) along
the dynamics (31), first consider the time derivative
of its first element H0(q, q

∗), which can be computed
by (25) disregarding saturation and using η = 0 as
follows:

Ḣ0 ≤ −q̇T Kmq̇ ≤ −c0|q̇|
2,

where Km is diagonal positive definite by assumption
and c0 is a suitable positive constant. Then consider
that by continuity (see Assumption 1), in any neigh-
borhood of (q∗, 0), the functions (q, q̇) 7→ F (q, q̇) and

(q, q̇) 7→ ∂B(q)
∂q

q̇ are bounded. Call cF and cδ, respec-
tively, suitable upper bounds for their induced norms.
Then the following bound for the time derivative of
the candidate Lyapunov function H1 defined in (28)



can be computed:

Ḣ1 = Ḣ0 +εq̈T B(q)(q − q∗) + εq̇T
(

∂B(q)
∂q

q̇
)

(q − q∗)

+εq̇T B(q)q̇

= Ḣ0+ε(q − q∗)T (F (q, q̇)q̇ − Kq(q − q∗)−Kmq̇)

+εq̇T
(

∂B(q)
∂q

q̇
)

(q − q∗) + εq̇T B(q)q̇

≤−c0|q̇|
2 − ε(q − q∗)T Kq(q − q∗)

+ε|q̇|(|Km| + cF + cδ)|q − q∗| + εq̇T B(q)q̇
≤−c0|q̇|

2 − εcq|q − q∗|2 + εcd|q̇|
2 + εcm|q̇||q − q∗|,

where cm = |Km| + cF + cδ, cd = λmaxB(q) and cq =
|Kq|. Finally, by completing squares on the last term,
we get

Ḣ1 ≤ −
(

c0 − ε
(

cd + cm

2cq

))

|q̇|2 − ε
cq

2 |q − q∗|2. (32)

Choosing ε sufficiently small, equation (32) together
with the upper and lower bounds for H1(·, ·) in (30),
proves LES of (q, q̇) = (q∗, 0), as desired.

Proof of item 2 By Assumption 1, B(q) ≥ λmI for all
q ∈ R

n. Then by the definition of H0 in (23) we can
write 0.5λm|q̇|2 ≤ H0(q, q̇), which implies

|q̇| ≤

√

2H0

λm

≤ 1 +
1

λm

H0 =: ρ(H0).

Hence, by (26), we have Ḣ0 ≤ ρ(H0)|δ(η)| where
δ(η(·)) is integrable (this is easily seen by noticing that
η(·) is integrable by definition and that δ(·) is a Lips-
chitz function). Integrating both sides of the previous
equation, we get

H0(q(t), q̇(t)) −H0(q(0), q̇(0))

≤

∫ t

0

(

|δ(η(τ))| +
1

λm

|δ(η(τ))|H0(q(τ), q̇(τ))
)

dτ

≤ δ∞ +
1

λm

∫ t

0

|δ(η(τ))|H0(q(τ), q̇(τ))dτ,

where δ∞ denotes the integral of δ(η(·)) from 0 to ∞.
Then, by the Gronwall-Bellmann equality (see, e.g.,
[19]), we get

H0(q(t), q̇(t)) ≤

(

δ∞ +
H0(q(0), q̇(0))

λm

)

eδ∞ , ∀t ≥ 0,

and since by item 2 of Proposition 2, Vd(q, q
∗) + V (q)

is positive definite with respect to q = q∗ and radially
unbounded, then H0 is positive definite with respect
to (q, q̇) = (q∗, 0) and radially unbounded too (recall,
also, that B(q) > λmI for all q) and the boundedness
of H0 also implies boundedness of (q, q̇). •

VI. Conclusions

In this paper, an anti-windup construction for Euler-
Lagrange systems has been proposed and illustrated.
By following the guidelines in [12] for uniting local
and global controllers, a globally stabilizing scheme
that preserves local performance and guarantees global
asymptotic and local exponential stability of the non-
linear closed-loop system has been introduced. To al-
low fine tuning of the anti-windup performance, the
anti-windup law is dependent on a set of gains which
can be selected in a similar fashion as the PD gains
tuning for each degree of freedom of the Euler La-
grange system. The proposed scheme has been tested
by simulation on nonlinear models of a Selective Com-
pliance Assembly Robot Arm (SCARA) and of a Pro-
grammable Universal Machine for Assembly (PUMA)
robot arm. The simulation results show improvements
as compared to previous techniques to handle actuator
saturation, as well as preservation of the local uncon-
strained behavior induced by the baseline controller,
thus confirming the suitability of anti-windup com-
pensation as a useful tool for the control of industrial
robotic arms.
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