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1 Introduction

The job shop problem with minimum and maximum time-lags (JSPTL) is a gener-
alization of the well-known job shop problem (JSP), in which there are time constraints
restricting the minimal or the maximal distance between two successive job operations.
The JSPTL involves a set of jobs that should be processed on a set of machines. Each
job i consists of a sequence of operations, (i, j) denotes the jst operation of job i. Every
operation must be assigned to a unique machine of M . The distance between the end of an
operation (i, j) and the start of its successor (i, j + 1) is constrained to belong to interval
[TLmin

ij+1, TL
max
ij+1]. Solving the JSPTL consists in sequencing all operations on the machines,

such that successive operations of a job satisfy time lags constraints and such that each
machine processes at most one operation at a time. The objective is to �nd a schedule that
minimizes the makespan.
The classical JSP is a well-adressed problem in the literature but only few articles are
concerned with time-lag constraints. First, note that the JSPTL is a special case of the
resource-constrained project scheduling problems with minimum and maximum time lags
(RCPSP/max) (Neuman et. al. (2002)). Wikum et. al. (1994) state that the JSPTL is
NP-hard except for some particular single-machine problems. Brucker et. al. (1999) show
that many classical scheduling problems (such as multi-processor tasks or multi-purpose
machines) can be modeled as single-machine problems with time-lags and propose a branch-
and bound method for its resolution. A local search approach for the same problem can
be found in (Hurink and Keuchel 2001). Finally, Caumond et. al. (2008) study the JSPTL
with maximal time-lags and proposed an insertion heuristic and a memetic algorithm to
solve it.
In this paper we propose a new heuristic method for computing a feasible solution for
the JSPTL. A new method based on a Branch-and-Bound (B&B) procedure including
generalized resource constraint propagations for solving the JSPTL is also provided. The
remainder of this abstract is organized as follows. Section 2 introduces the principles of
generalized resource constraint propagations for scheduling problems. Section 3 presents a
new heuristic and a branch-and-bound procedure for solving the JSPTL. In Section 4, we
show the results of an experimental study to evaluate the impact of the proposed insertion
heuristic and to evaluate the interest of generalized resource constraint propagations for
solving the JSPTL. We compare our method with existing ones. Some conclusions and
future works are given in Section 5.

2 Generalized Resource Constraint Propagation

The representation of the JSP is usually based on activity-on-node graphs in which the
nodes are associated with operations and the arcs represent time constraints such as due
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dates, durations, or time lags. On activity-on-node graphs, nodes 0 and ∗ are introduced
to link operations without predecessor and without successor, respectively. On this kind
of graph, the longest path between node 0 and an operation corresponds to the earliest
start time of this operation. The makespan is then the longest path from node 0 to node
∗. In this work, to represent more precisely the possible time constraints, the time-bound-
on-node (TBON) graph is used. In this representation, each operation is associated with
two nodes representing its start- and �nish-time. An arc linking two nodes (i.e., variables)
is labelled by the the minimal distance between these variables. An additionnal node 0 is
introduced to represent the beginning of the scheduling time. On the TBON graph the
longest path from node 0 to each start (respectively) time node represents the earliest
start (respectively) time, and the longest path from each start (respectively) time node
to node 0 represents the opposite of the latest start (respectively) time. The makespan is
then the maximal value of arcs from �nish time nodes to node 0. This representation is
closed to the representation used in Constraint Satisfaction Problem area for disjunctive
temporal problems. On this king of graph, there is a conjunctive set of time constraints
corresponding to due dates, duration or time lags, and a disjunctive set of time constraints
linked to resource sharing constraints.
Generalized resource constraint propagations are based on a TBON graph. To check the
global consistency of a conjunctive set of time constraints one might use �ltering techniques
such as arc-consistency (AC) or path-consistency (PC) that both run in polynomial time.
PC computes any binary constraint between each couple of time points by intersecting it
with all paths going through a third time point. AC is a more restricted case of PC since
it only updates the domain of each time point. The advantage of PC is that it computes
the complete minimal graph of time constraints: for any two time points, PC provides the
interval containing the values that are consistent with other constraints. An inconsistency
arises when a positive cycle is detected in the graph (either by AC or by PC). Several
variants of PC algorithms exist. In this paper, we consider an incremental version of path-
consistency called IFPC (Incremental Full Path Consistency).
Based on the minimum distance obtained by an IFPC-like algorithm, a generalization of
the simplest resource constraint propagation, called Forbidden Precedence (FP), can be
proposed (see also Demassey et. al. (2005)). FP propagation successively considers the
disjunctive constraints ((i, j) ≺ (k, l)) ∨ ((k, l) ≺ (i, j)) and check the inconsistency of
each precedence constraint: if the minimal distance from the start time of (k, l) to the
�nish time of (i, j) is positive then it leads to an inconsistency, operation (i, j) cannot
precede operation (k, l). This generalization is named GFP. Based on the same principle, the
forbidden precedence rule based on energetic reasoning (FPE) (Lopez and Esquirol 1996)
is also generalized (GFPE).
Two other constraint propagation rules for resource sharing constraints, named Latest
Starting time Last (LSL) and Earliest Finishing time First (EFF) (Caseau and Laburthe
1994), can also be generalized using IFPC algorithm, respectively denoted by GLSL and
GEFF. Rule LSL leads to sequence an operation (i, j) after a set of operations competing
for the same resource. Symmetrically, EFF sequences an operation (i, j) before a set of
operations competing for the same resource. However, for the Edge Finding rule (Baptiste
et. al. (2001)), nammed EdFi, we do not obtain a generalization.

3 Solving methods

3.1 Proposed Heuristic

A trivial solution of JSPTL, denoted as canonical schedule, corresponds to the schedule
of jobs in a single �le. For minimizing the total duration of a JSPTL, this canonical schedule
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is not relevant. Moreover, �nding a non-trivial feasible schedule for the JSPTL is not simple
due to maximal time lags constraints.
In Caumond et. al. (2008), the authors have designed a list heuristic method associated
with a method for repairing infeasible partial solutions under construction. In the worst
case, this heuristic schedules the jobs according to the canonical schedule. We propose
here a new heuristic for the JSPTL. This heuristic is based on a list of jobs (and no more
of operations). From this list, our heuristic schedules the set of operations of each job
considering them in the precedence constraint order.
The complete schedule of the set of operations of a job leads to idle time intervals in the
machine sequences. Thus, our heuristic tries to insert these operations in the idle time
intervals previously created. When the schedule of a given operation (i, j) on an idle time
interval cannot be done considering precedence, duration or time lags constraints, the
operation is delayed on the following idle time interval. The shift of (i, j) may trigger a
shift of previous operation (i, j − 1) in order to respect time lags constraints. In the worst
case, our heuristic schedules also the jobs according to the canonical schedule.

3.2 Proposed Branch and Bound

The proposed Branch and Bound (B&B) allows determining if a solution having a
makespan lower than or equal to a given value exists or not. This B&B is integrated in a
dichotomic search procedure to �nd the minimal makespan. In this dichotomic search, the
initial lower bound of the makespan is obtained by constraint propagation and the initial
upper bound is determined with our heuristic.
The branching scheme is de�ned as follows: At each node we consider the machine with the
maximal load and, for this machine, we consider the list of the unscheduled con�icting oper-
ations. This branching scheme produces one node for each partial schedule of one operation
before all the others. At each node of the B&B, generalized resource constraint propaga-
tion rules escribed in Section 2 are applied to check the consistency of the sub-problem
and fathom the node if an inconsistency arises. At each node, constraint propagation starts
with the IFPC algorithm and then by resource constraint propagation, until a �xed point
is reached or an inconsistency appears.

4 Experiments

Our experiments were conducted on the instances proposed by Caumond et. al. (2008).
These are classical job shop benchmarks (la01 to la40) with additional various maximum
time-lags and zero minimum time-lags. These instances are identi�ed by their name and
a maximum time-lag coe�cient (c): Name_c. A time-lag is computed for each job as c×
mean duration of the job operations. There are two sets of instances on which we can
evaluate our method:

� Set 1: instance la01 to la05 with maximum time-lag coe�cient in {0, 0.5, 1, 2};
� Set 2: instance la06 to la08 with maximum time-lag coe�cient in {0, 0.5, 1, 2, 10}.

One of the aim of the experiments is to prove the e�ciency of the generalized resource con-
straint propagation rules. For this purpose, we test 10 combinations of resource constraint
propagation rules, with or without generalization. The results show more particularly the
interest of two combinations: (#1) GFP FPE GEFF GLSL EdFi, and (#2) FP FPE EFF
LSL EdFi. On the B&B, we �x the limit of CPU time to 10 minuts. The experiments show
the impact of the generalized resource constraint propagation even when using the edge
�nding. Our method �nds the optimal solution for 36 out of the 58 considered instances.
This optimum is found with the generalized resource constraint propagation combined with
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edge �nding (combination #1) for 32 instances whereas the optimum is found with non-
generalized resource constraint propagation plus edge �nding (combination #2) only in
one case. In the 3 other cases, the optimum is obtained both by the combinations #1 and
#2. Moreover, the B&B outperforms the memetic algorithm proposed in Caumond et. al.

(2008) on small instances (la01 to la05 with c ∈ {0.5, 1, 2}) for which it always �nds the
optimal solution. However, for no-wait (c = 0) and for larger instances (la06 to la08) the
memetic algorithm is more e�cient. Another result concerns the proposed heuristic which
outperforms the heuristic from Caumond et. al. (2008) for instances with small values of
time-lag coe�cients (the most constrained ones).

5 Conclusions and further works

This paper addresses the job-shop problem with maximal time-lags (JSPTL). We have
presented the generalization of standard resource constraint propagation rules and their
application in the JSPTL. To exhibit the impact of the generalized rules in JSPTL solving,
we have presented a branch-and-bound algorithm embedded into a dichotomic search. The
obtained results show that the proposed generalized resource constraint propagation rules
are useful for the JSPTL. Furthermore, we have also presented a heuristic based on job
insertion. This heuristic was used to improve the results of the dichotomic search procedure,
and compared to the heuristic presented by Caumond et. al. (2008). We conclude that
our heuristic consistently obtains feasible schedules with a better makespan for the most
constrained instances.
There are several promising research directions. First, as we generalized a few resource
constraint propagation rules, it could be helpful to extend this generalization of the Edge-
Finding rule. Secondly, more experiments could be done to �nd a more powerful association
of propagation rules.
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