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I. Introduction
The verification and validation (VV) of model reference adaptive control (MRAC) in aerospace remains an open

challenge. It is well known that, for example, MRAC is susceptible to closed-loop departure in the presence of large

system uncertainties and/or unmodeled dynamics [1]. The discussions of this open problem and its resolution are

extensive. For example, the authors of [2–6] propose the use of “intelligent adaptive control”. See also [7–9] where

the authors propose an MRAC which can maintain closed-loop stability in the presence of uncertain parameters and

unmodeled dynamics with respect to a set of initial conditions or under the assumption of persistency of excitation.

Recently the authors of [10–14] utilized an MRAC modification that permitted closed-loop stability in the presence of

large uncertainties. All of these approaches rely heavily on Lyapunov stability analysis and its dual certificate.

Here we propose an additional numerical certificate that relies on well known robust MRAC modifications and

the moment sum-of-squares (SOS) hierarchies with off-the-shelf-software. This approach serves as an alternative to

Monte-Carlo, which is limited by large uncertainties in the state space or for complex feedback applications (see the

discussion on Monte-Carlo simulations with MRAC [15]).

For background, the authors of [16, 17] focus on polynomial dynamical models and polynomial SOS Lyapunov

candidate functions. This methodology has also been applied to robust control law validation for SAFE-V [18] and

validation of MRAC [19–21].

The procedure is as follows: Our validation problem is first written as a nonconvex nonlinear optimization problem

over admissible trajectories. It is then written as its equivalent in the space of infinite dimensional measures. From there,

it is relaxed by manipulating the measures via a problem of finite moment linear matrix inequality (LMI) relaxations.
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The solutions to our VV problem are primal in the sense that we optimize directly over the system trajectories. The

well-established Lyapunov certificates can also be retrieved from the dual SOS LP problem. Off-the-shelf-software such

as Gloptipoly 3 [22] and SDP solvers such as MOSEK [23] or SeDuMi [24] can be used with our framework.

The main contributions are now discussed. The VV of the closed-loop generic transport model (GTM) from

NASA [25–32] with unmodeled aeroelastic coupling and MRAC is considered. Since standard MRAC is not robust in

the presence of unmodeled dynamics, we consider two control modifications. In place of VV with extensive model

identification and flight testing, we rewrite the closed-loop problem as the VV of a probabilistic system that seeks to

evaluate the state trajectories over all possible variations of uncertainties. Our VV framework approach is deterministic

in the sense that we can immediately identify worst-case behavior over all variations of a closed-loop model with large

system uncertainties. If it passes this check by meeting our performance requirements, then we say it can safely tolerate

these unmodeled dynamics. In addition to the provided Lyapunov certificate, our numerical certificates guarantee

boundedness of all the state trajectories and finite time convergence. No such solution exists short range behavior of

non-autonomous systems with dual Lyapunov. By exploiting ODEs using parsimony, we can directly optimize over

13 states using our VV framework. Compare these main results to [33] where only 4 are considered with strictly

infinite-time convergence guarantees. This previous work did not consider aeroelastic coupling nor nonlinear controller

configurations. We compare the main results using our VV to those obtained using Monte-Carlo simulations. We

show our results achieve similar or better computational performance, and scale significantly better than traditional VV

methods.

This note is organized is as follows: Section II presents the necessary mathematical preliminaries, section III

considers the aeroelastic GTM and the design of its MRAC, section IV discusses the main results obtained using

Monte-Carlo simulations and our VV framework, and section V discusses of the conclusions and future work.

II. Theoretical preliminaries
The standard notation is now briefly stated. Let R denote the set of real numbers, Rn denote the set of n × 1 column

vectors, Rn×m denote the set of n×m real matrices, R+ denote the set of positive real numbers, ‖ ·‖2 denote the Euclidean

norm, λmin(A) (respectively, λmax(A)) denote the minimum (respectively, maximum) eigenvalue of a real and square

matrix A ∈ Rn×n. The following definitions are taken from [34]. If X is a compact subset of Rn, C (X) denotes the

space of continuous functions on X and M (x) (respectively, M+(X)) denotes the cone of (respectively, non-negative)

measures. Since any measure µ ∈ M (X) can be written as an element of the dual space C (X), the duality pairing of µ

on a test function v ∈ C (x) is ∫
X

v(z)µ(z). (1)

For a measure µ ∈ M+(X), its support can be denoted as spt(µ). A probability measure is a non-negative measure
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whose integral is exactly one.

A. Polynomial Dynamical Optimization

We start by considering the nonlinear ordinary differential equation (ODE) below

Ûx(t) = f(t, x(t)) (2)

for all t ∈ [0,T] and given terminal time T > 0, where x : [0,T] −→ Rn is a time dependent state vector, and vector

field f : [0,T] × Rn → Rn is a smooth map.

Now consider the following polynomial dynamical optimization problem

J = inf
hT , h

hT (T, x(T)) +
∫ T

0
h(t, x(t))dt

s.t. Ûx(t) = f(t, x(t)), x(t) ∈ X, t ∈ [0,T]

x(0) ∈ X0, x(T) ∈ XT

(3)

with given polynomial dynamics f ∈ R[t, x]n and costs h, hT ∈ R[t, x], and state trajectories x(t) constrained in the

compact basic semialgebraic set X = {x ∈ Rn : pk(x) ≥ 0, k = 1, . . . , nX } for given polynomials pk ∈ R[x]. The

initial and terminal states are constrained in the compact basic semialgebraic sets X0 = {x ∈ Rn : p0k(x) ≥ 0, k =

1, . . . , n0}, and XT = {x ∈ Rn : pTk(x) ≥ 0, k = 1, . . . , nT } ⊂ X for all given polynomials p0k, pTk ∈ R[x].

The evolution of a family of trajectories solving eq. (2) is now formalized as the following: First consider a single

admissible trajectory x on t ∈ [0,T], we define its respective occupation measure (denoted µ(·|x)) ∈ M+([0,T] × X) as

µ(A × B |x) ,
∫ T

0
IA×B(t, x(t))dt (4)

for all subsets A × B in the Borel σ-algebra of [0,T] × X , where IA×B(·) is the indicator function on a set A × B. We

define the indicator function of a set A is the function x 7→ IA(x) such that IA(x) = 1 when x(t) ∈ A and IA(x) = 0 when

x(t) < A. The quantity µ(A × B |x) represents to the amount of time the graph of its trajectory, (t, x(t)), spends in A × B.

The initial measure is defined as

µ0(A × B) , IA×B(0, x(0)) (5)

and the terminal measure is defined as

µT (A × B) , IA×B(T, x(T)). (6)

For all test functions, v ∈ C 1([0 T] × X), it follows from the definition of occupation measures that the following
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linear partial differential equation (PDE) holds

∂µ

∂t
+ Ofµ + µT = µ0 (7)

where O is the divergence operator, µ is the occupation measure, µT is the terminal measure, and µ0 is the initial measure.

This equation is a classical result in fluid mechanics and statistics physics, and it is called Liouville’s equation. If vector

field f is Lipschitz continuous, then it follows that given an initial measure µ0 there is a unique occupation measure µ

and terminal measure µT solving eq. (7) in the sense of distributions, see Section 4.1 and Proposition 4.1 in [34]. A

geometric interpretation of this result is that it is the superposition of all solutions of belonging to the problem eq. (2).

Remark 1 No assumption is made on whether eq. (3) is linear. This is because it becomes linear when formulated with

occupation measures thanks to the Liouville PDE. This also holds true for the dynamics of the system. Occupation

measures associated with admissible pairs always satisfy a linear equation over measures [34]. Every supported

measure corresponds to the solutions of eq. (3).

Using eq. (7), the nonconvex optimization problem eq. (3) can be expressed as a convex infinite dimensional LP

problem of measures

J∞ = inf
∫

hT (T, x(T))dµT +
∫

h(t, x(t))dµ

s.t.
∂µ

∂t
+ Ofµ + µT = µ0∫
µ0 = 1

(8)

where the infimum is with respect to the occupation measure µ ∈ M+([0,T]×X), terminal measure µT ∈ M+({T}×XT ),

and terminal time T > 0. It may hold that minimum in eq. (8) is strictly less than the infimum in eq. (3), so the following

critical assumption is made:

Assumption II.1 There is no relaxation gap between eq. (8) and eq. (3) (J∞ = J).

Since it is assumed that X0, X , and XT are compact, the infinite dimensional LP problem eq. (8) can be approximated

by the finite dimensional moment LMI relaxations problem

Jd = inf
3∑
i=1

∑
α

ciαyiα

s.t.
3∑
i=1

∑
α

ai jαyiα = bj, j = 1, . . . ,m

M(yi) ≥ 0, M(pik yi) ≥ 0, i = 1, . . . , 3, k = 1, . . . , ni,

(9)

where the three moment sequences yiα, i = 1, . . . , 3 correspond to the initial, terminal, and occupation measures,
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respectively. The constraints
∑3

i=1
∑

α ai jαyiα = bj, j = 1, . . . ,m model the linear transport equations on the moments

of the measures. Moment matrix M(yi) is positive semidefinite symmetric and linear in y. Symmetric matrices

M(pik yi) are also positive semidefinite and linear in y. These are called the localizing matrices. They ensure that the

moments correspond to measures with the appropriate supports. The LMI constraints of this problem are truncated, or

relaxed versions of the infinite dimensional problem LMI constraints eq. (8), using Lasserre’s LMI hierarchy [35]. As

relaxation order d ∈ N tends to infinity, it also holds that Jd ≤ Jd+1 ≤ J∞ and limd−→∞ Jd = J∞.

B. Polynomial Dynamical Optimization with Parsimony

The nonconvex optimization problem eq. (8) can be approximated as a generic convex infinite dimensional LP

problem of measures using parsimony

J∞ = inf
∫

hT (T, x(T))dµT +
∫

h(t, x(t))dµ

s.t.
( ∂µ
∂t
+ divfµ

)
+µT = µ0( ∂ν

∂t
+ divfν

)
+νT = ν0

πt,y#µ = πt,y#ν∫
µ0 = 1,

∫
ν0 = 1,

(10)

where the infimum is with respect to the occupation measure µ, ν ∈ M+([0,T]×X), initial measure µ0, ν0 ∈ M+({0}×X0),

terminal measure µT , νT ∈ M+({T} × XT ), terminal time T > 0. Each measure µ (resp. ν) supported on X (respectively,

V) with marginal πt,y#µ (respectively, πt,y#ν) of measure µ (respectively, ν) with respect to variables t, y. This approach

allows flexibility around the computational limit associated with the largest moment SDP block [36]. Using suitable

partitioning strategies, it is possible to solve medium or large scale problems.

C. Standard Model Reference Adaptive Control

The standard model reference control problem is now briefly stated. Consider the uncertain dynamical system given

by

Ûx(t) = Ax(t) + B
(
u(t) +WT

Φ
(
x(t)

) )
, x(0) = x0, (11)

where x(t) ∈ Rn is is the state vector available for feedback, u(t) ∈ Rm is the control input restricted to the class of

admissible controls consisting of measurable functions, A ∈ Rn×n is a known system matrix, B ∈ Rn×m is a known

input matrix, W ∈ RN×m is an unknown but bounded weight matrix, and Φ
(
x(t)

)
=

[
Φ
(
x(t)

)
1 . . . Φ

(
x(t)

)
N

]
is a

known basis function. For well-posedness of the problem, we also assume the pair (A, B) is controllable.
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The objective is to design an adaptive control law that allows the state vector x(t) to track a reference model

Ûxr(t) = Arxr(t) + Brc(t), xr(0) = xr0 (12)

where c(t) ∈ R is a known measurable command signal, Hurwitz matrix Ar ∈ R
n×n is known, and matrix Br ∈ R

n×m is

known. The combined nominal and adaptive feedback control law can be written as

u(t) = −K1x(t) + K2c(t) − ŴT (t)Φ
(
x(t)

)
(13)

where K1 is the nominal feedback law and K2 is the feedforward law satisfying the matching condition Ar = A − BK1

and Br = BK2. Weight Ŵ(t) is an estimate of W satisfies the following update law

Û̂W(t) = Γ
(
Φ
(
x(t)

)
eT (t)PB + Û̂Wm(t)

)
, Ŵ(0) = Ŵ0 (14)

with error dynamics e(t) = x(t) − xr(t) and positive definite learning rate matrix Γ ∈ RN×N .

It is well known, for any unique positive definite P ∈ Rn×n that satisfies the Lyapunov equality

AT
r P + PAr +Q = 0, Q ≥ 0, (15)

that Ŵ(t) remains bounded and limt−→∞ e(t) = 0. The long-range behavior and closed-loop stability of this configuration

is discussed more extensively in [37].

Remark 2 In the presence of unmodeled dynamics, the standard weight update law eq. (14) is not robust [1]. To

improve robustness to the unmodeled dynamics, the optimal control modification (OCM) is considered [38]

Û̂W(t) = Γ
(
Φ
(
x(t)

)
eT (t)PB − kvΦ

(
x(t)

)
Φ
(
x(t)

)TŴ(t)BT PA−1
r B

)
, Ŵ(0) = Ŵ0 (16)

where kv > 0 is an additional tuning parameter.

Another alternative to consider is the adaptive loop recovery (ALR) modification [39]

Û̂W(t) = Γ
(
Φ
(
x(t)

)
eT (t)PB + kaΦ

(
x(t)

)
xΦ

(
x(t)

)T
x Ŵ(t)

)
, Ŵ(0) = Ŵ0 (17)

where ka > 0 is tuning parameter and Φ
(
x(t)

)
x =

∂
∂xΦ(x).
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Table 1 GTM Parameters

GTM Parameters Values

Aircraft mass m 26.19 kg
Wing area S 0.55 m2

Mean aerodynamic chord c̄ 0.28 m
Engine vertical displacement, positive along z f -axis lt 0.1 m
Reference center of gravity location xref

cg −1.460 m
Reference center of gravity location zref

cg −0.290 m
Total thrust T 33.64 N
Total velocity V∞ 200 m/s
Pitch-axis moment of inertia Iyy 5.768 kg · m2

III. The Generic Transport Model
NASA’s GTM represents a downscaled (5.5%) commercial aircraft. The parameters obtained for the simulations are

shown in Table 1. NASA constructed a high fidelity 6-DOF model Simulink with aerodynamic look-up tables for its

dimensionless coefficients. This section focuses on construction of the closed-loop flexible GTM model with MRAC we

wish to validate.

A. Polynomial Longitudinal Dynamics

Consider the nonlinear short-period longitudinal dynamics of the GTM at mid-point cruise of V∞ = 200m/s and

9144m as described by a standard 4-state longitudinal model [40]

Ûα(t) =
1

mV∞

(
−CL(α(t), q(t), δe(t))q̄S − T ∗ sin(α(t)) + mgcos(θ(t) − α(t))

)
+q(t)

Ûθ(t) = q(t)

Ûq(t) =
1

Iyy

(
Tlt + Cm(α(t), q(t), δe(t))q̄Sc̄ − CZ (α(t), q(t), δe(t))q̄S(xref

cg − xcg)

+ CX (α(t), q(t), δe(t))q̄S(zref
cg − zcg)

)
(18)

where α(t) is the angle of attack (rad), θ(t) is the pitch angle (rad), and q(t) is the pitch-rate (rad/s). CL(α(t), q(t), δe(t)),

Cm(α(t), q(t), δe(t)), CZ (α(t), q(t), δe(t)), and CX (α(t), q(t), δe(t)) are the dimensionless coefficients. The control input

is the elevator deflection δe(t). For ease of interpretation, all future plots are shown in degrees. For additional

uncertainties in the model, a 10% decrease in both xcg and Cm(α(t), q(t), δe(t)) is included.

Obtaining the polynomial approximations of eq. (18) is straight forward. First, the trigonometric functions are approx-

imated using their Taylor series expansions. The dimensionless coefficients CL(α(t), q(t), δe(t)), Cm(α(t), q(t), δe(t)),

CZ (α(t), q(t), δe(t)), and CX (α(t), q(t), δe(t)) were obtained from their piecewise polynomial approximations [41, 42].

This approach improves the polynomial model accuracy by partitioning the whole flight envelope into smaller regions of
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particular interest.

For brevity, we can write eq. (18) in its compact form

Ûxp(t) = fp(t, xp(t), δe(t)) (19)

where xp(t) =
[
α(t) θ(t) q(t)

]
and fp =

[
fα fθ fq

] T
.

B. Flexible Polynomial Longitudinal Dynamics

It is of interest to examine how the short-period model interacts with its unmodeled first bending and torsional

modes, respectively. The coupled aeroelastic flight dynamic polynomial model of the GTM can be expressed as [38]

Ûxp(t) = fp(t, xp(t), δe(t)) + Hz(t)

Ûz(t) = Fz(t) + kGx(t)
(20)

where z(t) =
[
zw(t) zθ (t) Ûzw(t) Ûzθ (t)

] T
,

F =



0 0 1 0

0 0 0 1

−3.16 × 101 −1.40 × 103 −2.44 5.20

5.69 −2.80 × 102 3.23 × 10−1 −6.15


, G =



0 0 0

0 0 0

1.43 × 103 0 0

−3.93 × 102 0 0


,

H =



1.26 × 10−2 5.10 × 10−1 0 0

0 0 0 0

4.60 × 10−2 2.17 −2.44 5.20


,

and coupling gain k ∈

[
−kmax kmax

]
, kmax > 0 is a bounded uncertain parameter.

The coupled aeroelastic flight dynamic polynomial model was obtained by dropping small terms (<< 1 × 10−4) in the

model. The aeroelastic effect on longitudinal dynamics is dominated by the anti-derivatives of the first bending/torsional

modes.

Remark 3 On one hand, it is straight forward to identify the short-period mode of an aircraft and the natural frequencies

and damping of its bending modes. On the other hand, their coupling is difficult to model without flight testing. Our

framework replaces the exact identification of coupling gain k with an interval over which it resides. Since uncertain
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parameters have their own explicit representation in the space of occupation measures, we can solve this problem

directly in th proceeding section.

C. Flexible Polynomial Longitudinal Dynamics with MRAC

The goal is to design a pitch atittude hold autopilot with MRAC for the rigid body dynamics of the polynomial

GTM. The following configuration was derived from [38]. Consider the linearized rigid body dynamics of eq. (18)

Ûxp(t) =



−0.2187 0 0.9720

0 0 1

−0.4052 0 −0.8913

︸                           ︷︷                           ︸
Ap

xp(t) +



−0.0651

0

−3.5277

︸       ︷︷       ︸
Bp

(
u(t) +WT

Φ
(
xp(t)

) )
, xp(0) = xp0, (21)

where the uncertainty weight W represents the change in both xcg and Cm(α(t), q(t), δe(t)).

Let u(t) = δe(t) and Φ
(
xp(t)

)
i = (1 + exp, i )−1 be the chosen basis function. The closed-loop gains are K1 =[

0.1149 −0.6378 −0.4702
]

and K2 = −0.6378. The closed-loop plant is chosen as the reference model

Ûxr(t) =



−0.2112 −0.0415 0.9414

0 0 1

0.0001 −2.2500 −2.5500

︸                                     ︷︷                                     ︸
Ar

xr(t) +



0.0415

0

2.2500

︸    ︷︷    ︸
Br

c(t), xr(0) = xr0, (22)

where c(t) = θcmd(t) is the pitch-attitude-hold command.

To address the unmodeled flexible dynamics, the OCM and ALR modifications are blended together represented in

composite weight update law

Û̂W(t) = Γ
(
Φ
(
x(t)

)
eT (t)PB − kvΦ

(
x(t)

)
Φ
(
x(t)

)TŴ(t)BT PA−1
r B

+ kaΦ
(
x(t)

)
xΦ

(
x(t)

)T
x Ŵ(t)

)
, Ŵ(0) = Ŵ0, (23)

where Γ = diag
( [
ε ε 100

] )
, ε << 1. For the OCM, the tuning parameters are set to kv = 0.01, ka = 0. Likewise,

the ALR tuning parameters are kv = 0, ka = 0.1. In the proceeding section we will show that either the OCM or ALR

are suitable choices for unmodeled dynamics with small coupling gain k.

The full closed-loop polynomial form of eq. (19) with weight update law eq. (23) can be found in appendix A.

Remark 4 The MRAC is designed purely for the rigid body dynamics of the GTM. Near flutter speed (around mach 0.8)
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the combined dynamics (rigid body and bending/torsional) can potentially violate the prerequisite matching condition

(A−BK1) due to existence poles on the imaginary axis. Furthermore, it cannot see the near zero order bending/torsional

dynamics due to inherent uncertainties originating from the coupling gain.

IV. Validation Problem & Main Results
We wish to validate the full closed-loop uncertain GTM with unmodeled aeroelastic coupling eqs. (20) and (23)

by finding the initial state that maximizes the terminal cost J = −(α(T) − c(t))2 with given terminal time T = 20 and

command signal c(t) = 5[deg]. If we can show that, for every initial condition

[
xp(0) Ŵ(0) xr(0) z(0)

]
︸                                 ︷︷                                 ︸

x(0)

∈ X0 ,

[
−10 10

] 3
π

180
×

[
−0.01 0.01

] 4
π

180

×

[
−1 × 10−6 1 × 10−6

] 4

that all trajectories remain bounded in the box

[
xp(t) Ŵ(t) xr(t) z(t)

]
︸                               ︷︷                               ︸

x(t)

∈ X ,
[
−20 20

] 5
π

180
×

[
−60 60

] 2
π

180
×

[
−10 10

]

×

[
−1 1

]
×

[
−50 50

]
×

[
−5 5

]
until they reach the terminal cost target α(T) ∈ {J ≤ 4 × 10−3}, then our control law is validated. For the main results,

the coupling gains k = 0.001 and k = 10 (obviously unstable) are considered.

With the full closed-loop uncertain GTM with unmodeled aeroelastic coupling eqs. (20) and (23), eq. (3) can be

written as
J = inf

α(T )
− (α(T) − c(t))2

s.t.



Ûxp(t)

Û̂W(t)

Ûxr(t)

Ûz(t)


= f(t, xp(t), Ŵ(t), xr(t), z(t), k, c(t)),

x(t) ∈ X, k ∈

[
−kmax kmax

]
,

x(0) ∈ X0, x(t) ∈ XT , t ∈ [0,T],

(24)

and the measure LP as eq. (8). The current problem is computationally intractable, since it is necessary to directly
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optimize over 13 variables. We now discuss some strategies to reduce to overall problem size.

A. Exploiting Parsimony for ODEs

As discussed in section II, we can reduce the computational difficulty associated with scaling by partitioning the state

dynamics and exploiting sparsity for ODEs using parsimony. Similar to the approach in [20, 21], the error dynamics can

be approximated with

ê(t) =



eα(t) − eαs

α(t) − αr(t)

q(t) − qs


≈ e(t) (25)

where limt−→∞ eαr(t) = eαs and limt−→∞ qr(t) = qs.

The reduced GTM validation problem can be observed from its graph in Fig. 1. By expressing the overall validation

problem with its approximate solution from eq. (10), we can now directly solve the GTM validation problem eq. (24)

directly using our VV framework. Using eq. (10), the infinite dimensional problem of measures can be approximated

with
J∞ = inf

µT
−

∫
(α(T) − c(t))2dµT

s.t.
∂µ

∂t
+ Ofclµ(t, xp, Ŵ, c, θr, zw, zθ ) + µT = µ0

∂ν

∂t
+ Ofrν(t, xr, c) + νT = ν0

∂ξ

∂t
+ Ofzξ(t, z, k, α, q) + ξT = ξ0

πt,α,q,zw,zθ,#µ = πt,α,q,zw,zθ#ξ

πt,θr#µ = πt,θr#ν∫
µ0 = 1,

∫
ν0 = 1,

∫
ξ0 = 1

(26)

such that fcl(t, xp(t), Ŵ(t), c(t), θr(t), zw(t), zθ (t)) =
[
Ûxp(t)

Û̂W(t)

] T
. This procedure reduces the maximum size of the

GTM validation problem by 5.

B. Monte-Carlo Simulations & Main Results

The VV of the GTM with uncertainties and unmodeled aeroelastic coupling is now considered. The main results

obtained using our VV are compared to those obtained using a Monte-Carlo algorithm. This Monte-Carlo algorithm

and consists of three parts:

1) A fixed time step Newton’s method simulation (with dt = 0.001[s]) that utilizes every possible combination of a

grid of evenly spaced initial conditions xp(0) (grid step 2.5).

2) A search algorithm that finds combination xp(0) that maximizes terminal cost J. A total of 729 simulations are
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Fig. 1 Graph of the Partitioned GTM Validation Problem

Table 2 GTM Monte-Carlo Results

OCM ALR

kmax Upper Bnd J CPU [s] Upper Bnd J CPU [s]

0.001 6.75 × 10−6 3.35 × 103 4.11 × 10−5 2.53 × 103

10 3.37 × 10−2 2.49 × 103 5.37 × 10−2 2.64 × 103

conducted.

3) A search algorithm that identifies coupling gain k associated with maximized terminal cost J, as shown in

Table 2. This requires 3645 total simulations.

The reduced figures associated with the worst-case coupling gain k can be found in Figs. 2 and 3 and in Table 2. As

shown, both the OCM and ALR robustness modifications are suitable for addressing the unmodeled dynamics for

k = 0.001. For k = 10, the figures of the Monte-Carlo simulations were neglected because they were unstable. The

large the unmodeled dynamics begin to dominate and the robustness modifications are unable to compensate.

The main results of our VV framework given in Tables 3 and 4 reflect the results of those obtained using Monte-Carlo

simulations. For k = 0.001, both the OCM and ALR are good choices for the GTM with uncertainties and unmodeled

aeroelastic coupling. As expected, the large unmodeled dynamics lead control departure at k = 10. Unlike the

Monte-Carlo algorithm, our VV framework can immediately identify the worst coupling gain k that maximizes the

terminal cost J.

The moment LMI relaxations computational difficulty does not depend on the size of the initial condition set X0.

Therefore, our framework can consider larger portions of the state-space without risk of leaving parts of X0 unexplored.

That means it is possible to consider varying reference trajectory initial conditions xr(0) with the same computation time.

Compare this to the Monte-Carlo algorithm, which already uses large gaps in in its evenly spaced initial conditions.

Furthermore, large torsional deflection could result in stall at the excessive wing loading and stall. This is neglected for

these simulations. However, a suitable choice for the constraints given in X can reveal unsafe limits in the bending.

12
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Fig. 2 GTM Monte-Carlo (k = 0.001, kv = 0.01, ka = 0)

C. Computational Complexity Considerations

As briefly mentioned, the limiting factor of our framework is the total number number of variables (number of

states and number of uncertain parameters) we wish to directly optimize over. The computational burden of solving the

moment LMI relaxations grows polynomially as a function of the LMI relaxation order but depends linearly on the

number of variables in the measure (in this case, the number of states).

The following is a rough complexity analysis. Consider the simplified form of the moment LMI relaxation problem

Jd = infy cT y,

s.t. Md(y) ≥ 0
(27)

where Md(y) is the moment matrix representing a measure of n variables at relaxation order d. The number of variables
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Fig. 3 GTM Monte-Carlo (k = 0.001, kv = 0, ka = 0.1)

in vector y is

N =
©«
n + 2d

n

ª®®®¬ =
(n + 2d)!
n!(2d!)

(28)

and the corresponding size of matrix Md(y) is

M =
©«
n + d

n

ª®®®¬ =
(n + d)!
n!(d!)

. (29)

With a standard primal-dual interior point algorithm to solve this moment LMI relaxations problem at a given relative

accuracy ε > 0 (duality gap threshold), we can anticipate the number of Newton step iterations on a well-conditioned

14



Table 3 GTM Gloptipoly 3 + MOSEK Main Results (kv = 0.01, ka = 0)

kmax = 0.001 kmax = 10

Rel Ord Upper Bnd J CPU [s] Upper Bnd J CPU [s]

1 7.26 × 10−1 1.20 × 101 1.78 1.09 × 101

2 1.02 × 10−3 4.88 × 102 3.98 × 10−1 5.42 × 102

3 8.52 × 10−5 1.82 × 104 7.03 × 10−2 1.96 × 104

Table 4 GTM Gloptipoly 3 + MOSEK Main Results (kv = 0, ka = 0.1)

kmax = 0.001 kmax = 10

Rel Ord Upper Bnd J CPU [s] Upper Bnd J CPU [s]

1 7.68 × 10−1 1.33 × 101 1.78 9.59
2 2.06 × 10−3 7.13 × 102 3.14 × 10−1 6.84 × 102

3 8.84 × 10−4 1.72 × 104 6.77 × 10−2 1.83 × 104

problem to be between 5 and 50 (see, for example, [43]). Each Newton iteration requires O(N2M)+O(N3M)+O(N2M2)

operations to form a linear system of equations and O(M3) operations to solve the system and find the search direction.

The total number of variables n is fixed, so we are left with relaxation order d and the dominating complexity estimate

O(d4n).

Here the benefit of exploiting parsimony for ODEs is clear. By reducing the total number of variables n, the

complexity of solving the moment LMI relaxations is also reduced. The trade off is inherent conservatism in the upper

bound at relaxation order d, but this offset by the possibility of achieving a higher relaxation order whose bounds are

sufficiently small.

V. Conclusion
We validated both a polynomial Generic Transport Model coupled with uncertain flexible dynamics and model

reference adaptive control using our verification and validation framework. To address unmodeled dynamics, we

included two robust modifications for the model reference adaptive control. The state dynamics were approximated

and partitioned by exploiting parsimony for ordinary differential equations. These results were compared to the upper

bounds obtained using traditional Monte-Carlo simulation. This approach allows engineers to address explicitly model

reference adaptive control interacting with unmodeled dynamics without using costly Monte-Carlo simulations.
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Appendix

A. Longitudinal GTM Model
The static 3-state closed-loop polynomial longitudinal GTM model, fp(t, xp(t), zw(t), zθ (t), Ŵ(t)), is provided below:

fα = −0.067562 − 13.2993α(t) + 0.85332θ(t) + 1.6291q(t) − 0.66896Ŵ(t)

+ 0.012608zw(t) + 0.50966zθ (t) − 4.7279α(t)2 − 0.58671α(t)θ(t)

− 0.46869α(t)q(t) + 0.4984α(t)Ŵ(t) − 0.11576θ(t)2 − 0.13452θ(t)q(t)

+ 0.14305θ(t)Ŵ(t) − 0.049587q(t)2 − 0.22902q(t)Ŵ(t) − 0.056071Ŵ(t)2

+ 75.6241α(t)3 + 0.2492α(t)q(t)Ŵ(t) + 0.071524θ(t)q(t)Ŵ(t)

+ 0.052729q(t)2Ŵ(t) − 0.056071q(t)Ŵ(t)2 − 0.014018q(t)2Ŵ(t)2

fθ = q(t)

fq = 93.7993 − 820.6809α(t) − 1242.6686θ(t) − 774.0964q(t) + 974.1836Ŵ(t)

+ 0.04602zw(t) + 2.1726zθ (t) + 5247.9504α(t)2 − 520.7011α(t)θ(t)

− 383.6729α(t)q(t) + 408.2009α(t)Ŵ(t) − 109.1238θ(t)2 − 160.8968θ(t)q(t)

+ 171.0941θ(t)Ŵ(t) − 63.4349q(t)2 + 613.226q(t)Ŵ(t) − 67.0641Ŵ(t)2

+ 204.1004α(t)q(t)Ŵ(t) + 85.547θ(t)q(t)Ŵ(t) + 63.0671q(t)2Ŵ(t)

− 67.0641q(t)Ŵ(t)2 − 16.766q(t)2Ŵ(t)2

The OCM MRAC polynomial control law, fŴ (t, xp(t), θr(t)), is provided in this subsection:

fŴ = 42.2932 − 308.9665α(t) − 391.9354θ(t) − 592.1156q(t) − 3.0728Ŵ(t) + 391.9354θr(t)

− 154.4832α(t)q(t) − 195.9677θ(t)q(t) − 306.6311q(t)2 − 3.0728q(t)Ŵ(t)

+ 195.9677q(t)θr(t) − 0.76819q(t)2Ŵ(t)

The ALR MRAC polynomial control law, fŴ (t, xp(t), θr(t)), is provided below:

fŴ = 42.2932 − 308.9665α(t) − 391.9354θ(t) − 592.1156q(t) − 0.625Ŵ(t) + 391.9354θr(t)

− 154.4832α(t)q(t) − 195.9677θ(t)q(t) − 306.6311q(t)2 + 195.9677q(t)θr(t)

+ 0.3125q(t)2Ŵ(t) − 0.039062q(t)4Ŵ(t)
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