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Structural design problems

Mathematical program with equilibrium constraints:

min F'(p, u)
p,u

S.t.
Y c Uad
u solves £(p, u)

F(p,u) ... costfunctional (weight, stiffness, peak stress...)

P ... design variable (thickness, material properties, shape...)
u ... State variable (displacements, stresses)

U.q ... admissible designs
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Truss design problem

K(p) = > piKi, K; =
=1

pi...bar volumes
u;. .. displacements

E; . T
12 7177,
1
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Truss design problem

K(p) = > piKi, K; = ZvivF
=1 *

pi...bar volumes
u;. ..displacements

m
min E Pi
PER™  ucR™ —

st. K(ppu=Ff, ffu<C, p;>0, i=1,2,...,m
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Structural design problems

WEIGHT versus STIFENESS:

» W weight > pi

® ( stiffness (compliance) flfu

Equilibrium constraint: u solves E(p,u) — > (p: K;)u = f
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Structural design problems

WEIGHT versus STIFENESS:

® W weight > pi

® ( stiffness (compliance) flfu

Equilibrium constraint: u solves E(p,u) — > (p: K;)u = f

min C min W

S.L S.L
W<W c<C
equilibrium equilibrium
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S. Timoshenko:

Experience showed that structures like bridges or aircrafts
may fail in some cases not on account of high stresses
but owing to insufficient elastic stability.
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Self-vibrations of a mechanical system

Free vibrations (motions in absence of external loads) of a mechanical
system

Mi(t) = —Kxz(t) (%)

K > 0...stiffness matrix, M > 0...mass matrix

M =3 piBiB, Bi = /i

The solutions to (x) are of the form

x(t) = Z[aj cos(w;t) + b; sin(w;)t]|e;

where a;, b; are free parameters, e; are the eigenvectors of

()\jM — K)ej =0

and w; = /A;.




Structural design with free vibration control

Three quantities to control:

» W weight Z Pi

® ( stiffness (compliance) flfu
® )\ min. eigenfrequency K(p)u =AM (p)u
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Structural design with free vibration control

Three quantities to control:

» W weight Z Pi

® ( stiffness (compliance) flfu
® )\ min. eigenfrequency K(p)u =AM (p)u

min C min W max A\

S.L S.L S.l.
W<W c<C W<W
A > A A > A Cc<C
equilibrium equilibrium equilibrium
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Structural design with stability control

Three quantities to control:

» W weight Z Pi

® ( stiffness (compliance) flfu
® ) critical buckling force K(p)u = AG(p,u)u

min C min W max A

s.t. s.t. S.t.
W< W c<C W< W
A>1 A>1 Cc<C
equilibrium equilibrium equilibrium
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Structural design with stability control

Lowest (positive) eigenvalue of
K(p)u = AG(p, u)u

(critical force) should be bigger than 1 (than X for vibration constraint)

min W (p)
s.t.
K(p)u=f
fTugé'
p;i >0, 1=1,...,m
A>1
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b
min
�,u
W(ρ)
s.t.
K(ρ)u = f
fT u ≤ bC
ρi ≥ 0, i = 1, . . . ,m
λ ≥ 1


Structural design with stability control

Two standard tricks:

K(p) =0, u=K(p)'f

ffTK(p)™'f<C <+ (C fT)tO
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Structural design with stability control

Two standard tricks:

K(p) =0, u=K(p)'f

ffTK(p)™'f<C <+ (C fT)tO

K (p)u = AG(p, u)u
A>1

} <~ K(p)—G(p,u) =0
<~ K(p)—G(p) =0

G(p) = G(p, K(p)~1f)
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Structural design with stability control

Formulated as SDP problem:

min W (p)
P
subject to

K(p) — G(p) = 0

G I%f(q;))) =0

piZO, izl,...,m

where

K(p) =) piKi, G(p)=)> G
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min
�
W(ρ)
subject to
K(ρ) − eG(ρ) � 0
�c fT
f K(ρ)� � 0
ρi ≥ 0, i = 1, . . . ,m


Structural design with free vibration

control

Formulated as SDP problem:

min W (p)
P
subject to

K(p) — AM(p) = 0

(]‘i Ki)) =0

piZO, izl,...,m

where
K(p) =) piKi, M(p) =) piMi
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min
�
W(ρ)
subject to
K(ρ) − eG(ρ) � 0
�c fT
f K(ρ)� � 0
ρi ≥ 0, i = 1, . . . ,m


Solving vibration problem as GEVP

Another option (vibration problems):
Solve the maximum eigenvalue problem formulated as GEVP:

A min. eigenfrequency of K(p)u = AM (p)u

max \

S.t.
W<W
c<C

equilibrium
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Solving vibration problem as GEVP

Another option (vibration problems):
Solve the maximum eigenvalue problem formulated as GEVP:

A min. eigenfrequency of K(p)u = AM (p)u

(quasiconvex) SDP problem with BMI constraints — solve by PENBMI

max \
Py
max A s.t.
st K(p) — AM(p) = 0
W=Ww Zpi <W
CSC piZO, izl,...,m
equilibrium A T
(7 Kiw) =
f K(p)
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Truss design problem

min  flu
pER™ , uecR™

S.t. K(p)u:f, Zpizva PiZO, 1=1,2,...,m

=1
m E.
K(p) = pi K, K; = 5viv]
=1 v
pi...bar volumes
u;. . .displacements
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Truss design with stability constraint

min i minimize weight
in }  p ( ght)
subject to

K(p)+G(p) = 0

(JC" Ii)) =0

piZO, izl,...,m

with
E: .,
K(p)=> piK; K;= 2 Vi
- . . Ep .
G(p) =) Gilp)  Gilp) = —5 (v K(p) ' £)(8:0])
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min
� Xρi (minimize weight)
subject to
K(ρ) + eG(ρ) � 0
�c fT
f K(ρ)� � 0
ρi ≥ 0, i = 1, . . . ,m


Truss design with free vibration constraint

min i minimize weight
in }  p ( ght)
subject to

K(p) + AM(p) = 0

c i
(f K(p)> =
pizo, izl,...,m

with

E;

vz

M(p) =) p:M;  M; = diag(s;5; )

K(p) =) pK; K; Yiv;
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min
� Xρi (minimize weight)
subject to
K(ρ) + eG(ρ) � 0
�c fT
f K(ρ)� � 0
ρi ≥ 0, i = 1, . . . ,m


Free Material Optimization

Aim:

Given an amount of material, boundary conditions and external load f,
find the material (distribution) so that the body is as stiff as possible
under f.

The design variables are the material properties at each point of the
structure.
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Free Material Optimization

Aim:

Given an amount of material, boundary conditions and external load f,
find the material (distribution) so that the body is as stiff as possible
under f.

The design variables are the material properties at each point of the
structure.

1

inf sup —— [ (Fe(u),e(u))dx + f-udx
EZ0  weU 2 Jq

[ tr(E)dz<1

I's
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Free Material Optimization

Aim:

Given an amount of material, boundary conditions and external load f,
find the material (distribution) so that the body is as stiff as possible
under f.

The design variables are the material properties at each point of the
structure.

1

inf sup —— [ (Fe(u),e(u))dx + f-udx
EZ0 weUu 2 Jo I,

[ tr(E)dz<1

1

inf sup——/ pl{e(u),e(u)) dr + f-udx
p>0 weU 2 Jo T

J pdxz<1
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Free Material Optimization

Aim:

Given an amount of material, boundary conditions and external load f,
find the material (distribution) so that the body is as stiff as possible
under f.

The design variables are the material properties at each point of the
structure.

1

inf sup —— / (Ee(u),e(u)) dx + f-udx
[ tr(E)dz<1

1
inf sup —— / pl{e(u),e(u)) dr + f-udx
J pdxz<1

. T m T .
inf {a—f ula> —u A;u for zzl,...,m}
aER,uclU 2
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FMO, example

e
<

v
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FMO, example

e
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Truss design w. stability, vibration constraint
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Truss design w. stability, vibration constraint
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Truss design w. stability, vibration constraint
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Truss design w. stability, vibration constraint
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Truss design w. stability, vibration constraint
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Truss design w. stability constraint
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Truss design w. stability constraint
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Truss design w. stability constraint
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Truss design w. stability constraint
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Examples, FMO w. vibration constraint
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Examples, FMO w. vibration constraint
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Examples, FMO w. vibration constraint

FMO with vibration constraint: BMI formulation
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