Linear Matrix Inequalities for Robust Strictly Positive Real Design

Didier Henrion^{1;2}

Revised version of October 16, 2001

Abstract

A necessary and sufficient condition is proposed for the existence of a polynomial p(s) such that the rational function p(s)/q(s) is robustly strictly positive real when q(s) is a given Hurwitz polynomial with polytopic uncertainty. It turns out that the whole set of candidates p(s) is a convex subset of the cone of positive semidefinite matrices, resulting in a straightforward strictly positive real design algorithm based on linear matrix inequalities.

Keywords

Strictly positive real, Polynomial, Linear matrix inequalities.

1 Introduction

Strictly Positive Real (SPR) rational functions^3 play a central role in systems theory. To ensure asymptotic stability of an adaptive output error algorithm for identification, it is required that a certain transfer function be SPR [Anderson et al., 1990]. SPR functions are also closely related to the concept of passive system in nonlinear control, see e.g. [Marquez and Damaren, 1995] and the references therein. Considering uncertain systems unavoidably leads to the notion of robust SPR functions, i.e. functions whose SPR property is kept under the presence of uncertainty in the system parameters.

1Laboratoire d’Analyse et d’Architecture des Systèmes, Centre National de la Recherche Scientifique, 7 Avenue du Colonel Roche, 31 077 Toulouse, cedex 4, France. Fax: +33 5 61 33 69 69. E-mail:

henrion@laas.fr

2Also with the Institute of Information Theory and Automation, Czech Academy of Sciences, Pod vodárenskou věží 4, 182 08 Praha, Czech Republic.

3In a continuous-time setting, SPR rational functions are functions with strictly positive real part along the imaginary axis.

There exist several methods to analyze robust SPRness of systems with parameter uncertainty. Just to mention a few, an analysis based on Kharitonov’s theorem was first proposed in [Dasgupta and Bhagwat, 1987]. Polytopic uncertainty affecting either the numerator or the denominator of the transfer function was then considered in [Šiljak, 1989]. Latest achievements on robust SPR analysis with polytopic uncertainty affecting both numerator and denominator are reported in [Xie and Fu, 1996], see also the references given there.

Robust SPR design methods have also been developed, generally as an extension of the analysis results. A necessary and sufficient phase restriction condition for the existence of a numerator polynomial p(s) such that the rational function p(s)/q(s) is SPR when denominator q(s) belongs to a set of stable polynomials is given in [Anderson et al., 1990] but only in the discrete-time case. In the continuous-time case, necessary and sufficient conditions are known for p(s) rational or p(s) polynomial of degree less than or equal to 3. Sufficient conditions for the existence of a polynomial p(s) were later on proposed in [Betser and Zeheb, 1993], based on Lyapunov equations and the Lefschetz-Kalman- Yakubovich lemma. Relationships between the SPR design problem (in the absence of uncertainty) and the polynomial, or algebraic approach to systems control [Kučera, 1979] were unveiled in [Marquez and Damaren, 1995]. Using Bézout identity and the Kalman- Yakubovich lemma, a parametrization of all candidate numerator polynomials p(s) is described when denominator q(s) is a fixed, given Hurwitz^4 polynomial without uncertainty. Recently, the Hermite-Biehler theorem and interlacing properties of roots of even and odd parts of polynomials p(s) and q(s) were used to derive a frequency domain approach to the robust SPR design problem [Marquez and Agathoklis, 1998]. The problem of existence of p(s) is not raised however, and the method is essentially graphical and based on a trial-and-error scheme.

In this paper, we address the problem of robust SPR design in the case of polytopic uncertainty (probably the most general way of modeling uncertainty, since it encompasses the so-called interval uncertainty generally considered in the robust SPR literature [Betser and Zeheb, 1993, Marquez and Agathoklis, 1998]). We derive a necessary and sufficient condition for existence of a continuous-time numerator polynomial ensuring robust SPRness, thus solving the problem raised in [Anderson et al., 1990]. Using the notion of positivity of polynomials (see [Šiljak, 1971] for an algebraic treatment and [Šiljak and Šiljak, 1998] for extensions to uncertain polynomials) and recent results on cone duality [Nesterov, 2000], we show that the whole set of candidate numerator polynomials belongs to a convex set in the cone of positive semidefinite matrices. This set is described by a linear matrix inequality (LMI, see [Boyd et al., 1994]). Numerically efficient semidefinite programming software such as SeDuMi [Sturm, 1999], now widely used in systems control, can therefore be used to perform robust SPR design. In contrast with the rather involved approaches described in [Betser and Zeheb, 1993] or [Marquez and Agathoklis, 1998], our design algorithm can readily be implemented, resulting in a systematic, computationally efficient robust SPR design method.

4A polynomial is Hurwitz when all its roots lie in the open left half-plane.

2 Problem Statement

We are given a polynomial q(s) subject to polytopic uncertainty, i.e. q(s) belongs to the convex hull of a polytope with given vertices q^1(s), . . . , q^N (s) of degree n and can be written as q(s) = λ^1q^1(s) + · · · + λ^N q^N (s) where λ^i > 0 and λ^1 + · · · + λ^N = 1.

Given polytopic polynomial q(s), we are seeking a polynomial p(s) of the same degree n such that p(s) and q(s) be coprime and the rational function G(s) = p(s) q(s) be robustly SPR, i.e.

• q(s) is robustly Hurwitz, and

• Re G(jω) > 0 for all real ω.

Let us first focus on the first requirement that denominator polynomial q(s) be robustly Hurwitz, i.e. all its roots stay in the open left half-plane for all admissible values of λ_i. It turns out that checking robust stability of polynomials is a well-studied problem in systems control. The edge theorem states that checking robust stability of a whole polytope is equivalent to checking stability of its edges. This can be done efficiently with a polynomial-time algorithm [Sideris, 1991]. In the case of interval uncertainty (a special case of polytopic uncertainty) robust stability analysis can be carried out with Kharitonov’s theorem and its variations [Anderson et al., 1987].

Assuming that the first condition for robust SPRness is satisfied, in the sequel we will focus on the second requirement that the real part of rational function G(s) be positive along the imaginary axis.

3 Preliminaries

Robust Non-negativity

First we pursue the approach of [Stipanović and Šiljak, 2000] to convert the problem of robust SPRness of G(s) into the problem of robust non-negativity of a polynomial.

Since we assume that denominator q(s) is robustly Hurwitz, q(jω) never vanishes for any real ω and we can write

Re G(jω) = 1 2 ( p(jω) q(jω) + p(−jω) q(−jω) ) = 1 2 p(jω)q(−jω) + q(jω)p(−jω) q(jω)q(−jω) .

The rational function G(s) is robustly SPR as soon as Re G(jω) ≥ ε (1) for some (arbitrary small) strictly positive scalar ε. So we define the real polynomial r(ω) = 1 2 (p(jω)q(−jω) + q(jω)p(−jω)) − εq(jω)q(−jω) (2) and we can state the following

Lemma 1 Assuming polynomial q(s) is robustly stable, rational function G(s) is robustly SPR if and only if polynomial r(ω) is robustly non-negative for some (arbitrarily small) ε > 0, i.e. r(ω) ≥ 0 for all real w.

Non-negative Polynomials

Second we recall a parametrization of non-negative polynomials obtained in [Nesterov, 2000] via cone duality, see also [Lasserre, 2001] for a proof based on the theory of moments. The idea behind this parametrization can be traced back to [Shor, 1987] and it is also related to Hilbert’s 17th problem about the sum-of-squares decomposition of polynomials, see Chapter 4 in [Parrilo, 2000]. This parametrization was used recently in [Genin et al., 2000] for filter design.

The set of even degree polynomials that are non-negative along the real axis is a convex subset of the cone of positive semidefinite matrices, as captured by the following

Lemma 2 The polynomial r(ω) = r_0 + r_1ω + · · · + r_{2n}ω^{2n} satisfies r(ω) ≥ 0 for all real ω if and only if r_k = ∑ i+j=k Q_{ij}, k = 0, 1, . . . , 2n (3) for some positive semidefinite symmetric matrix Q of size n + 1 with entries Q_{ij}, i.e. Q = Q^T = [Q_{ij}]_{i,j=0,1,...,n} ⪰ 0. (4) In equality (3) it is assumed that Q_{ij} = 0 when i or j are outside their definition range.

Proof: To prove the result, notice that relation (3) implies that r(ω) = [1 ω · · · ω^n]Q[1 ω · · · ω^n]^T hence positive semidefiniteness of Q implies non-negativity of r(ω) for all ω. Conversely, the existence of Q for any non-negative polynomial r(ω) follows from the existence of a decomposition as a sum of squares r(ω) = ∑ k t^k(ω)t^k(ω) where t^k(w) = t^k_0 + t^k_1ω + · · · are polynomials of degree at most n. Then, the matrix Q with entries Q_{ij} = ∑ k t^k_i t^k_j satisfies both linear equalities (3) and positive semidefinite inequality (4). 2

Equalities (3) together with the positive semidefiniteness constraint (4) form a set of linear matrix inequalities (LMIs, see [Boyd et al., 1994]). Consequently, if the entries of r(ω) are linear in some design parameters, we can handle these parameters in a convex way over the cone of positive semidefinite matrices. This is precisely the idea pursued in the next section.

4 Main Result

One can check easily that odd power coefficients of polynomial r(ω) in equation (2) are zero. Even power coefficients are linked with the coefficients of p(s) and q(s) by the set of equalities r_{2k} = ∑ i+j=2k (−1)^{k+i}(p_iq_j − εq_iq_j), k = 0, 1, . . . , n which can also be written as

r_0 r_2 r_4 . . r_{2n−2} r_{2n}

= q_0 0 0 · · · 0 −q_2 q_1 −q_0 q_4 −q_3 q_2 . . . .. . . −q_n q_{n−1} −q_{n−2} 0 · · · 0 0 q_n p_0 p_1 p_2 . . p_{n−1} p_n

− ε q_0 q_1 q_2 . . q_{n−1} q_n

.

The above matrix is square of size n + 1. Its lower-right corner of size n is generally referred to as the Hurwitz matrix^5 of q(s), see e.g. [Barnett, 1983]. It is a well-known result in linear system theory that this matrix is non-singular when q(s) is Hurwitz. In this case, coefficient q_0 cannot be zero and the above linear system of equations has a (unique) solution vector [p_0 p_1 · · · p_n]^T associated with any given left-hand side vector [r_0 r_2 · · · r_{2n}]^T .

We have shown in the preceding section that robust SPRness of G(s) is equivalent to robust non-negativity of r(ω), provided q(s) is robustly Hurwitz. We also proved that non-negativity of a polynomial is equivalent to feasibility of an LMI in the polynomial coefficients. Consequently, we can now derive easily the following main result.

Theorem 1 Given a robustly Hurwitz uncertain polynomial q(s) with polytopic uncertainty described by vertices q^1(s), . . . , q^N (s), there exists a polynomial p(s) making rational function G(s) = p(s)/q(s) robustly SPR if and only if for some (arbitrary small) ε > 0 the coefficients p_i of p(s) satisfy the convex LMI ∑ i+j=2k(−1) k+i(p_iq^m_j − εq^m_i q^m_j ) = ∑ i+j=2k Q m ij , k = 0, 1, . . . , n Q^m = (Q^m)^T = [Q^m_{ij} ]_{i,j=0,1,...,n} ⪰ 0, m = 1, . . . , N. (5) 5Up to some row or column sign changes.

Proof: Invoking lemma 2, for each vertex index m, the above inequalities (5) ensure that each polynomial r^m(ω) =^1_2 (p(jω)q^m(−jω) + q^m(jω)p(−jω)) − εq^m(jω)q^m(−jω) is nonnegative for all real ω. Using matrix notation and Schur complement [Boyd et al., 1994] non-negativity of r^m(ω) is equivalent to positive semidefiniteness of the 2 × 2 Hermitian matrix R^m(ω) =

[_1 2 (p(jω)q^m(−jω) + q^m(jω)p(−jω)) εq^m(jω) εq^m(−jω) ε ] . Since matrix R^m(ω) is linear in coefficients of q^m(s), this implies that matrix R(ω) = λ^1R^1(ω) + · · · + λ^N R^N (ω) is positive semidefinite as well, and hence that the uncertain polynomial r(ω) = λ^1r^1(ω) + · · · + λ^N r^N (ω) is non-negative for all admissible values of λ_i. Together with robust Hurwitzness of q(s), this implies robust SPRness of G(s), in virtue of lemma 1. Conversely, if G(s) is robustly SPR, then there necessarily exist positive semidefinite matrices Q^m that ensure non-negativity of each vertex polynomial r^m(ω). 2

Theorem 1 provides a necessary and sufficient condition of existence of a numerator polynomial p(s) such that G(s) = p(s)/q(s). The whole set of candidate polynomials p(s) is described in a convex way by LMI (5). Efficient interior-point methods are available for solving LMIs, so the conditions are constructive, as illustrated by the numerical examples in the next section.

Note that the designer can either (a) set ε to some positive value from the outset, and then solve LMI (5) to check whether inequality (1) holds; or (b) let ε > 0 be a design parameter – since it appears linearly in LMI (5) – that can be maximized for example.

Moreover, one can freely incorporate additional constraints on coefficients p_i of p(s), as soon as they can be formulated as LMIs. For example, one can seek a monic polynomial p(s) when enforcing p_n = 1.

5 Numerical Examples

No uncertainty

We consider the Hurwitz polynomial

q(s) = 463 + 5165s + 26917s^2 + 87007s^3 + 195260s^4+ 322607s^5 + 405929s^6 + 396806s^7 + 304551s^8+ 184140s^9 + 87420s^{10} + 32245s^{11} + 9059s^{12}+ 1874s^{13} + 269s^{14} + 24s^{15} + s^{16}

of degree 16 and we want to find a monic polynomial p(s) of the same degree such that the rational function G(s) = p(s)/q(s) be SPR.

We set ϵ = 0.5. Using the software SeDuMi [Sturm, 1999] we obtain after about 1 second of CPU time on a Sun Sparc 5 workstation the monic polynomial

p(s) = 538.277 + 5223.17s + 24896.3s^2 + 76594.8s^3 + 168888s^4+ 281275s^5 + 364292s^6 + 372861s^7 + 303816s^8+ 197128s^9 + 101181s^{10} + 40500.0s^{11} + 12339.8s^{12}+ 2751.37s^{13} + 418.352s^{14} + 36.8136s^{15} + s^{16}

whose coefficients solve LMI (5). One can check on figure 1 that

Re G(0) ≈ 1.16 max_ω Re G(jω) ≈ 2.25 for |ω| ≈ 6.75 min_ω Re G(jω) ≈ 0.51 ≥ ε for |ω| ≈ 0.98 lim_{|ω|→∞} Re G(jω) = 1

so that G(s) is indeed strictly positive real.

Figure 1: Real part of G(jω) as a function of ω.

Interval Uncertainty

Now consider the interval polynomial studied in [Betser and Zeheb, 1993]

q(s) = [48, 50] + [80, 88]s + [42, 56]s^2 + [11, 13]s^3 + s^4.

Using a simplified version of Kharitonov’s theorem [Anderson et al., 1987], we can check that q(s) is robustly Hurwitz. Then we seek a fixed polynomial p(s) of degree 4 such that G(s) = p(s)/q(s) is robustly SPR, i.e. SPR for all possible values of q(s) in the uncertainty range.

We build a polytope with 2^4 = 16 vertices q^1(s), . . . , q^{16}(s) and we solve LMI problem (5) where we set ε = 1. With the SeDuMi software we obtain, after slightly more than 1 second of CPU time on a Sun Sparc 5 workstation, the polynomial

p(s) = 56.6138 + 135.368s + 121.633s^2 + 42.3733s^3 + s^4

that ensures robust SPRness of all the vertex rational functions G^m(s) = p(s)/q^m(s) for all m = 1, . . . , 16. On figure 2 we can check that the family of plants G^m(s) is

Figure 2: Real parts of G^m(jω) for m = 1, . . . , 16 as functions of ω

indeed robustly SPR. The minimum value of Re G(jω) for all admissible uncertainty is approximately equal to 1.08 ≥ ε for ω ≈ 0.78 and it is attained by the vertex polynomial 50 + 88s + 42s^2 + 11s^3 + s^4.

6 Conclusion

We have proposed a straightforward numerical method to design a polynomial p(s) such that the rational function p(s)/q(s) is robustly strictly positive real for all admissible values of uncertain Hurwitz polynomial q(s). The approach is based on semidefinite programming, or optimization over linear matrix inequalities, for which several powerful software are available now.

Only real coefficient polynomials are studied in this paper, but complex coefficients can be handled similarly. Since the set of candidates p(s) is described by a matrix inequality which is linear in the design coefficients, one can readily incorporate additional convex design constraints using this formulation. One can also think of optimizing some criterion subject to the design constraints. Moreover, the approach is not limited to continuous-time systems and SPRness along the imaginary axis. Any one-dimensional stability boundary (circle, line, segment etc.) can be handled in a similar fashion. Extensions of this work to polynomial matrices can also be considered.

Finally, recall that numerical methods involving polynomials expressed in the monomial base {1, s, s^2, . . . , s^n} generally feature poor numerical stability for sufficiently high values of n, see the concluding remarks in [Genin et al., 2000]. Indeed, Hankel matrices such as those appearing implicitely in LMI problem (5) are always badly conditioned. Therefore it should be insightful to study the numerical improvements brought by alternative polynomial basis, such as Chebyshev polynomials for example.

Acknowledgments

I would like to thank Jean-Bernard Lasserre, LAAS-CNRS, Toulouse, for several insightful discussions and for providing copies of the papers [Nesterov, 2000, Lasserre, 2001]. I am also grateful to Dragoslav D. Šiljak, University of Santa Clara, California, for his encouragements and for providing copies of the papers [Šiljak and Šiljak, 1998] and [Stipanović and Šiljak, 2000].

References

[Anderson et al., 1987] B. D. O. Anderson, E. I. Jury, M. Mansour “On Robust Hurwitz Polynomials”, IEEE Transactions on Automatic Control, Vol. 32, No. 10, pp. 909–913, 1987.

[Anderson et al., 1990] B. D. O. Anderson, S. Dasgupta, P. Khargonekar, F. J. Kraus and M. Mansour “Robust Strict Positive Realness: Characterization and Construction”, IEEE Transactions on Circuits and Systems, Vol. 37, No. 7, pp. 869–876, 1990.

[Barnett, 1983] S. Barnett “Polynomials and Linear Control Systems”, Marcel Bekker, New York, 1983.

[Betser and Zeheb, 1993] A. Betser and E. Zeheb “Design of Robust Strictly Positive Real Transfer Functions”, IEEE Transactions on Circuits and Systems, Part I, Vol. 40, No. 9, pp. 573–580, 1993.

[Boyd et al., 1994] S. Boyd, L. El Ghaoui, E. Feron and V. Balakrishnan “Linear Matrix Inequalities in System and Control Theory”, SIAM Studies in Applied Mathematics, Philadelphia, Pennsylvania, 1994.

[Dasgupta and Bhagwat, 1987] S. Dasgupta and A. S. Bhagwat “Conditions for Designing Strictly Positive Real Transfer Functions for Adaptive Output Error Identification”, IEEE Transactions on Circuits and Systems, Vol. 34, pp. 731–736, 1987.

[Genin et al., 2000] Y. Genin, Y. Hachez, Y. Nesterov and P. Van Dooren “Convex Optimization over Positive Polynomials and Filter Design”, Proceedings of the IEE Control Conference, Cambridge, England, 2000.

[Kučera, 1979] V. Kučera “Discrete Linear Control: The Polynomial Approach”, John Wiley and Sons, Chichester, 1979.

[Lasserre, 2001] J. B. Lasserre “Global Optimization with Polynomials and the Problem of Moments”, SIAM Journal on Optimization, Vol. 11, No. 3, pp. 796–817, 2001.

[Marquez and Damaren, 1995] H. J. Marquez and C. J. Damaren “On the Design of Strictly Positive Real Transfer Functions”, IEEE Transactions on Circuits and Systems, Part I, Vol. 42, No. 4, pp. 214–218, 1995.

[Marquez and Agathoklis, 1998] H. J. Marquez and P. Agathoklis “On the Existence of Robust Strictly Positive Real Rational Functions”, IEEE Transactions on Circuits and Systems, Part I, Vol. 45, No. 9, pp. 962–967, 1998.

[Nesterov, 2000] Y. Nesterov “Squared Functional Systems and Optimization Problems” Chapter 17, pp. 405–440, in H. Frenk et al. (Eds) “High Performance Optimization”, Kluwer Academic Publishers, Dordrecht, The Netherlands, 2000.

[Parrilo, 2000] P. A. Parrilo “Structured Semidefinite Programs and Semialgebraic Geometry Methods in Robustness and Optimization”, PhD Thesis, California Institute of Technology, Pasadena, California, 2000.

[Shor, 1987] N. Z. Shor “Class of Global Minimum Bounds of Polynomial Functions”, Cybernetics (English translation of Russian journal Kibernetika), Vol. 23, No. 6, pp. 731–734, 1987.

[Sideris, 1991] A. Sideris “An Efficient Algorithm for Checking the Robust Stability of a Polytope of Polynomials”, Mathematics of Control, Signals and Systems, Vol. 4, pp. 315–337, 1991.

[Šiljak, 1971] D. D. Šiljak “New Algebraic Criteria for Positive Realness”, Journal of the Franklin Institute, Vol. 291, pp. 109–120, 1971.

[Šiljak, 1989] D. D. Šiljak “Polytopes of Nonnegative Polynomials”, Proceedings of the American Control Conference, Pittsburgh, Pennsylvania, pp. 193–199, 1989.

[Šiljak and Šiljak, 1998] D. D. Šiljak and M. D. Šiljak “Nonnegativity of Uncertain Polynomials”, Mathematical Problems in Engineering, Vol. 4, pp. 135–163, 1998.

[Stipanović and Šiljak, 2000] D. M. Stipanović and D. D. Šiljak “Robust Strict Positive Realness via Polynomial Positivity”, Proceedings of the American Control Conference, Chicago, Illinois, pp. 4318–4325, 2000.

[Sturm, 1999] J. F. Sturm “Using SeDuMi 1.02, a Matlab Toolbox for Optimization over Symmetric Cones”, Optimization Methods and Software, Vol. 11-12, pp. 625–653, 1999.

[Xie and Fu, 1996] L. Xie and M. Fu “Finite Test of Robust Strict Positive Realness”, International Journal of Control, Vol. 64, No. 5, pp. 887–897, 1996.