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Abstract—For a linear system affected by real parametric ~ derive quadratic-in-the-state Lyapunov functions which are
uncertainty, this paper focuses on robust stability analysis affine in the parameters [8], [16], [20], quadratic in the
via quadratic-in-the-state Lyapunov functions polynomially parameters [25], and recently polynomial in the param-

dependent on the parameters. The contribution is twofold. ; L . .
First, if n denotes the system order andn the number of eters [4]. Checking robust stability with LMI techniques

parameters, it is shown that it is enough to seek a parameter- then amounts to solving parametrized LMI, see [1] for an
dependent Lyapunov function of given degree2nm in the overview and [14] for current achievements in the area.
parameters. Second, it is shown that robust stability can Sjgnificant progress have been achieved recently by using
be assessed by globally minimizing a multivariate scalar results on real algebraic geometry such as the decomposi-

polynomial related with this Lyapunov matrix. A hierarchy of i f it I iy f 11
LMI relaxations is proposed to solve this problem numerically, ion of positive polynomials as sums-of-squares, see [11],

yielding simultaneously upper and lower bounds on the global [19], [22].

minimum with guarantee of asymptotic convergence. In this paper, we aim at applying LMI techniques to
assess robust stability, thus further filling up the gap be-
|. INTRODUCTION tween exact (but NP-hard) robust stability analysis and

Robustness analysis for linear systems affected by struéonservative (but convex, hence polynomial-time) quadratic
tured real parametric uncertainty is an active field of restability analysis. Our contribution is twofold. First, we
search. Even though it is known that most of these probleng§low in section Ill that an explicit bound on the degree
are NP-hard [5], it does not imply that no efficient numericaPf the polynomial dependence on the parameters of the
methods can be designed to solve them in practice. guadratic-in-the-state Lyapunov function can be derived

In the technical literature, a distinction is made betweefasily. Second, in section IV we describe a systematic and
quadratic and robust stability. Quadratic stability meangeneral method to build up a hierarchy of LMI relaxations
stability for any (possibly infinite) time-variation of the un-allowing to gradually control the computational burden
certain parameters, whereas robust stability means stabilli{ien assessing robust stability.
for every possible (but frozen) values of the uncertain pa- T
rameters. Quadratic stability results are generally based on
convex optimization over linear matrix inequalities (LMI),
see [6]. When assessing quadratic stability, a quadratic-in- ) m
the-state Lyapunov function is sought which is independent &= Alg)z, Alg) = Ao+ Z‘ﬁAi 1)
of the uncertain parameters. Quadratic stability obviously =1
implies robust stability, but the converse is not true. As &f ordern depending affinely om real scalar parameteqs
consequence, quadratic stability can prove overly conser/@elonging to some compact polytoi@ We are interested
tive, or pessimistic [3]. On the other hand, robust stabilityn checkingrobust stabilityof system (1), i.e. whether all
cannot in general be assessed using convex optimizatigtigenvalues of matrix(q) lie in the open left-half plane
Only in very special cases standard tools of numericdPr any admissible uncertainty in Q. Parameterg; are
linear algebra can be used to conclude about robust stabilifjot time-varying, i.e. we are testing stability d{q) for all
Such examples include Kharitonov’s theorem and the edg@ssible frozen values af.
theorem, see [3] for a good overview. m

In order to reduce the gap between robust stability and DEGREE
guadratic stability, researchers attempts for more than one . , o
decade have been aimed at reducing the conservatism mm virtue of Lyapunov's stability theorem — see e.g.

LMI methods. In order to go beyond parameter—independeﬁfCtion 4 in [18] — robust asymptotic stability of system

Lyapunov functions, LMI techniques were proposed t ) is equwaler_1t to the existence, for eaghc Q, of a
yapunov function
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. PROBLEM STATEMENT
Consider the continuous-time linear system

. POLYNOMIAL LYAPUNOV MATRIX OF BOUNDED



Matrix P(q) in (2) is referred to as a parameter-dependemiot change whery € Q if and only if matrix A(q) is

Lyapunov matrix. robustly stable.
Let Lemma 2:Solve the optimization problem
B N p* = min, p(q)
blova) = det (s = Al@) = 3 s’ @ AN (4)

denote the characteristic polynomial of system (1), WhaereThen system (1) is robustly stable if and onlypif > 0.

is the Laplace variable and coefficierit ¢) are multivari- Hierarchy of LMI relaxations
ate polynomials of degree at most: in ¢q. By considering
the companion form of4(q), it was shown in [17] that
the Hermite matrix H(¢q) of polynomial i(s, q) is a valid
Lyapunov matrix P(q) ensuring asymptotic stability of
system (1). Hermite matrix{(¢) has dimensionn and
is quadratic in coefficientd;(¢), hence of degrenm )
. o global optimum.
in parameters;. See [15] for a modern definition of the SinceQ is a compact polytope, we can build a sequence
Hermite matrix and its relationship with Bezoutians and ’
: of LMI problems

polynomial resultants.

Lemma 1:Linear system (1) of orden affected bym p, = miny, f(y)
uncertain real parameters belonging to polytopeQ is s.t. Fr(y) =0
robustly stable if and only if

Problem (4), minimizing a multivariate polynomial over a
polyhedron, is a difficult NP-hard non-convex optimization
problem in general. However we can use the methodology
of [13] to build up a whole hierarchy otonvex LMI
relaxationswith guarantee of asymptotic convergence to the

®)

fork =1,2,... wheref(y) is a linear function of the vector
H(g) -0 VqeQ y of decision variables, andy(y) is an LMI constraint
made of moment matrices and localization matrices of
where H(q) is the Hermite matrix of the characteristic appropriate orders, see [13] for details. LMI problem (5) is
polynomial of the system ang- 0 means positive def- referred to as theMI relaxation of orderk of problem (4).
inite. Matrix H(q) is a polynomial parameter-dependentajid relaxation orders are = ko, ko + 1, ko +2, . .. where
Lyapunov matrix of degree at mostum in g. ko is the minimal relaxation order. H = deg p(¢) denotes

In other words, when checking robust stability of a lineathe overall degree iy of polynomialp, thenk, = d/2 if
system of orden affected bym uncertain parameters living ¢ is even andc, = (d+1)/2 if dis odd.

in a polytope, it is not necessary to seek quadratic-in-the- . .
state polynomial parameter-dependent Lyapunov functiorfgomputational complexity
of degree greater thatmm. Denote LMI (5) by

It must be noticed also that any rank-deficiency of uncer- T

. . - - - max, b’y
tainty matricesA; in (1) results in lower degree coefficients T

- . . st. c— Aty ek,

h;(q) of characteristic polynomiak(s, ¢), and hence in a
tighter estimate on the degree of the parameter-dependavherey is a vector ofM, decision variables anil is the
Lyapunov matrix, the valu&nm being only the worst- Nj-dimensional cone of positive semidefinite matrices. The
case generic estimate. For example, in the case of intendilal LMI is given by

matrices A(q) (when Q is a hyper-rectangle) uncertainty min.
matrices A; have all rank-one, and the degree estimate Stm Ar—b
become®2m, independently of the system order. o —
IV. ASSESSING ROBUST STABILITY wherex is a vector ofNj, decision variables. Let, be the

Coefficients of Hermite matri¥f (¢) can be derived from number of linear constraints used to define polytgpeor
coefficientsh;(q) of polynomial h(s, q) via the procedure €xample.;n, =2m if Q is a hyper-rectangle.

outlined e.g. in [15]. It basically consists in computing Then ok
a resultant, or equivalently solving a linear system of My, = ( m;k )—1
equations. In turn, coefficients;(¢) can be obtained from
original system matriced; using straightforward symbolic and
or numerical linear algebra. N, = ( m+k ) +n, ( m+k—1 )
Assuming that for some nominal valug € Q matrix k k-1
A(q) is stable, hencéf (go) > 0, then the polynomial where |
X xX:
p(q) = det H(q) ( y )_(x_y)!yg

plays the role of auardian map[3, Chapter 17] for robust is a binomial coefficient. It follows that both the number
stability of matrix A(g). It means that the sign @f(¢q) does M, of decision variables and the size of the matridgsin



LMI (5) grow polynomiallyas functions of the relaxation independently plays the role of a guardian map for robust
order k. In particular, M), grows in O(k™) whereasN,  stability of matrix A(¢). Moreover, the degree of poly-
grows inO(ng k™). nomials p;(¢q) is bounded byn?m, meaning that we can
significantly reduce the computational burden when solving

Convergence _ _ optimization problem (4).
Solving LMI (5) for increasing orders = ko, ko +1,... Corollary 1: Solve the optimization problems
yields a monotically increasing sequence of lower bounds . ) . )
p, <P,y < oo < ptosuch thatlimycop, = p*. pi=ming pi(q)  pi=ming pa(q) ©6)
learly if p, > 0 at some orderk, then we can stop, st. q€Q st g€eQ.
concluding thap* > 0. Then system (1) is robustly stable if and onlyif > 0 and

In particular if p* > 0 in problem (4), then necessarily p5 > 0.
P, > 0 for all £ > k and some finite relaxation ordér.
Note however that the value @fis a priori unknown. The Example 1
problem of deriving tight upper bounds dnbased on the  Consider the uncertain matrix
a priori knowledge of polynomiagb(q) remains open.

L.et Yk be_the vector of first-order moments in. the Alg) = 0 3+ g 0
optimal solutiony of LMI problem (5). By construction 14 14 4
of the moment matrices, and since we assumed at @ 2 e
is a polytope, then necessarity, ¢ Q. It follows that proposed in [24] and also studied in [1].
the polynomialp(q) evaluated ay = y; returns an upper  First let
bound onp*. Among all the upper bounds obtained at the
previous relaxations, we keep the less pessimistic, defining ¢=la, 2] € Q1 =[-1, 1] x [-1, 1].
Py, = min{py,, Pry41- - - Pe—1,P(Yr)} @s a monotonically The polynomialh(s, ¢) in (3) is given by
decreasing sequence of upper boupds>p;, .1 > --- >

—24+q 0 —14+q

> 3 ;
p*. Clearly if p, < 0 at some ordek, then we can stop, h(s,q) = >;_ohila)s
concluding thap* < 0. . _ = (21 —12q1 — Tq2 + 4q1¢2)

It can t.)e. shown [23] thqt if problem_ (4) has a unique +(25 — 101 — 6go + 2q1q2)s
global minimizer (Whlgh is a generic property) then +(9—2q, — q2)s% + &3
limg o0 Py, = p*. In particular ifp* < 0, then necessarily ] ) o
P, < 0 for all k > % and some finite relaxation ordét and the corresponding Hermite matrix is

Note finallly that the. casg* =0 corrgsponds to marginal . hohy 0 hohs
robust stability, and is not a generic case. Therefore, in o= 0  hiha—hohs O
almost all cases, the hierarchy of LMI relaxations allows hohs 0 hohs

to conclude infinitely many steps )
This hierarchy of LMI relaxations was implemented inWhere we removed the dependence grfor notational

the general purpose Matlab freeware GloptiPoly [10]. ssimplicity. After pgrmutatlong of even and odd rows and
numerical linear algebra algorithm is available in GloptiPolyFlumns, we obtain polynomials
to cgrtlfy global optlmallty and extract glopal!y optlmal' p1 = ho(hiha — hohs),
solutions. The numerical examples below indicate that it
is generally not necessary to resort to high order LMin problem (6). Robust stability is therefore guarded by
relaxations for solving robustness analysis problems.  polynomial p; only, and polynomialp, can be discarded
here. Note that polynomiab, (¢) has overall degree 5 in
parameter. Let us denotev(q) = p1(q) for convenience.
Since continuous-time polynomials, ¢) has real coeffi- In order to globally minimize polynomigh(¢) on poly-
cients, it can be shown that the Hermite matkiXq), after tope Q, we use GloptiPoly [10]. After less than 0.5 secs
permutation of even and odd rows and columns, can be spht CPU time on a SunBlade 150 workstation, we obtain at
into two diagonal blockg7, (¢) and H»(q) of respective size the LMI relaxation of ordek = ko = 3 the certified global
n/2 andn/2 (if n is even) or(n+ 1)/2 and(n — 1)/2 (if optimum p* = Py = 360 achieved at;* = [1, 1]. Hence
n is odd), i.e. robust stability is guaranteed ové};.

[ Hi(g) 0 Now let
mragn= [0 ]

wherell is a suitable permutation matrix. This result is gen-

erally referred to as the &nard-Chipart stability criterion, ffte:. apprfo xwgatzly_o.](: SEC‘; c_)f CG:IIDU t_t;)m:e, thel dLNtlL re-
see [9]. Obviously, each polynomial axation ot orders = ko = o In SOpUFoly yields the

global optimump* = p, = —340 achieved ay* = [2, —2].
p1(q) = det Hi(q), p2(q) = det Ha(q) Therefore, the system is not robustly stable o@ar

P2 = hiho — hohg

Problem reduction

q€ Qs =1[-2,2] x[-2, 2]



These results are consistent with the actual robust staf = —6.3220 attained aty = [0.48000, 1.2500]. Hence

bility domain which isR = {q1 < 7/4, ¢2 < 3}. This
domain can be found by factorizing polynomigd(q) =
2(3 = q1)(7—4¢1)(3 — g2) (34 — 101 — 12¢2 + g5 + 201 2).

interval matrix A(g) is not robustly stable.
For completeness, we also solved the second optimization
problem in (6), with a polynomialps(q) = (hihe —

With the help of GloptiPoly, we can check that the factohghs)hshs — h3h2 of degree5. After about 0.6 secs of
34—10q; —12¢2+¢3+2q1 g2 is non-negative ofk, vanishing CPU time, the LMI relaxation of ordek = ky = 3

atq = [7/4, 3].
Example 2
Consider the interval matrix of [2]

Q1 0 0
A(Q) = 0 q2 qs
0 —0.7115 q4
where

g€Q = [-2.4780, —1.4471] x [~0.0518, —0.0194]

x[2.0000, 3.4347] x [—0.0026, —0.0012].

As in Example 1, we consider only polynomialq) =

yields p5 =

—0.76469 as a global optimum attained at
q = [0.46603, 1.1195].

V. DISCRETETIME SYSTEMS

We can directly extend our results to discrete-time robust
stability. Indeed, following [15], the Hermite matrix can
be defined for any stability region that can be described
by disks or half-planes in complex plane, or intersection
thereof.

Polynomialp(q) = det H(q) plays the role of a guardian
map for the discrete-time Hermite matriX(q) of polyno-
mial h(z,q) = det (21 — A(q)), wherez is now the shift

p1(q) which has here overall degree 6 in the 4 indetervariable. Hence, globally minimizing of(¢) over polytope
minatesg;. The LMI relaxation of orderk = ky = 3 Q as in (4) allows to conclude about robust stability of
solved with GloptiPoly (CPU time = 4.5 secs) is unboundedliscrete-time matrixA(q). _
Enforcing a feasibility radius of0?, we obtain the lower ~ Note however that it is not clear for us how to split up the
boundp, = —170.8477 and the upper bourjgl, = 0.15046, global minimization problem as in (6). Indeed, in contrast
so we cannot conclude. The next LM relaxation (orgter With the continuous-time Hermite matrix, the discrete-time

= 4) solved with GloptiPoly (CPU time = 30 secs) yieldsHermite matrix cannot be decomposed into two block sub-
the certified global optimurp* = p. = 0.15046 attained at Matrices. It is however expected that the particular structure

g =
A(q) is robustly stable ovep.

Example 3
Consider the interval matrix of [2]
¢ —12.06 —0.06 0
Alg) = —0.25 —0.03 1.00 0.5
D=1 025 —400 -1.03 0
0 0.50 0 7
where

g € Q@ =[-1.50, —0.50] x [—4.00, —1.00].
The polynomialh(s, ¢) in (3) is given by

h(s,q) = (1.853+3.773¢y + 1.985¢s + 4.032410)
+(3.164 4+ 4.841¢y + 1.561¢2 + 1.06¢1g2)s
+(2.871 + 2.06q; + 1.561q2 + q1g2)s>
(256 + g1 + go)s® + s*

and the Hermite matrix, after row and column permutations,

is given by
hohy hohs 0 0
hohs  haohs — hihy 0 0
0 0 hihy — hohs hihg
0 0 hihy hzhg

[_1.4471’ —0.0194, 2.00007__0.0012], hence matrix of the Hermite matrix may be exploited [15] This is left as

a subject for further research.

Example 4
Consider [7, Ex. 5] where
—-0.7 0.7 0 —-0.7-0.3 0.4
Alq)=| -01-03-03| +¢; | 0.7 0.7 0.5
—-0.1 0.3 0.3 -1.5 0.1 0.7
-1 -1 06
+¢2 | 04 09 0.1
—2.7-1.2-0.6
and

q € Qp=I[-p, p| X [=p, p.

The Hermite matrix for the discrete-time polynomial
h(z,q) = det (21 — A(q)) of degree 3 inz is given by

h2 — h2 hohs — hohy  hihs — hohs
H= hzhg — }Lohl h% + hg — h(z) — h% h2h3 — hohl
hihs —hohy  hohy —hohy b3 — hg

Polynomialp(q) = det H(q) has degree 18 in.

When p = 0.3, global minimization of polynomiap(q)
over polytope Q.3 is carried out with GloptiPoly. The
LMI relaxation of orderk = ky = 9 is unbounded.
Enforcing a feasibility radius of0? we obtain (CPU time

Polynomialp; (¢) = hohi(hohs — hihs) — h3h3 has degree = 11 secs) the lower boung, = —1.0402 - 10% and the
7 in the first optimization problem in (6). After less thanupper boundp, = 0.5120 so we cannot conclude. The

1 second of CPU time, the LMI relaxation of order=

next LMI relaxation (orderk = 10) returns (CPU time =

ko = 4 in GloptiPoly returns the certified global optimum 17 secs) the global optimump* = 0.21196 attained at



g = [—0.30000, —0.30000]. Matrix A(q) is then robustly
stable overQ, ; in the discrete-time sense.

When p = 0.4, the LMI relaxation of orderk = 9
is unbounded. Enforcing a feasibility radius af?, it
yields (CPU time = 12 secs) the inconclusive boupgds=
—1.0402-10% andp, = 0.4482. The second LMI relaxation
returns (CPU time = 26 secs) the global optimymn =
4.5225 - 1072 ~ 0 attained afg = [—0.37963, —0.38689].
As a result, matrixA(q) is not robustly stable ove® 4.

semi-algebraic set, i.e. described by non-strict multivariable
polynomial inequalities. However, in this case, the hierarchy
of LMI relaxations described in [13] yields converging
lower bounds only. Upper bounds cannot be guaranteed
since a feasible point of an LMI relaxation is not necessarily
feasible for the original problem whe@ is not a polytope.
Finally, our approach can also be extended to state-
space matrices depending polynomially, or even rationally
on uncertain parameters. See e.g. [12] for converging hi-

erarchies of LMI relaxations for global optimization over

VI. CONCLUSION

rational functions. In particular, it is not necessary to use

The result in Lemma 1 on the degree of the Lyapunolinear fractional representations (LFR, see [27]) to cope
matrix ensuring robust stability cannot be considered asith polynomial or rational uncertain parameters.

original, since it follows in a straightforward way from the
fact that the Hermite matrix can be chosen as a Lyapunov
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in Lemma 1 can prove useful when following the LMI
hierarchy approach proposed in [4], where robust stability
is ensured only asymptotically, i.e. for a Lyapunov matrix g
of finite, yet arbitrary large degree. We showed that it is not [2]
necessary to seek a Lyapunov matrix of degree greater than
2nm, wheren is the system order andi the number of 3
uncertain parameters. This degree estimate can be tightened]
if some information is available on the structure of the [4]
uncertainty matrices.

When assessing robust stability, the main difference be-s]
tween our approach and that of [1] or [4] is that we do
not explicitly seek a Lyapunov matrix. As a result, we [6]
do not optimize over a (generally large) set of Lyapunov
variables, but directly on the (generally small) set of un-
certain parameters. This approach was already pursued iff!
[7], where a related, yet distinct LMI relaxation technique
was proposed to solve multivariate polynomial optimization (8]
problems obtained from the Hurwitz stability criterion. Our
technique is similar in spirit since the Hermite criterion is a [9]
symmetrized version of the Hurwitz stability criterion. Note [10]
that however, global convergence of the hierarchy of LMI
relaxations to the global optimum is not guaranteed with11]
the approach of [7].

In [7] a comparative study on respective computationahz]
complexity of the methods proposed in [4] and [7] was
proposed. The large number of different parameters renders
such a study cumbersome, and no clear conclusion 06{%3]
be drawn. Moreover, computational complexity estimates
are usually crude, pessimistic, and quite far from the act4l
tual achieved complexity. The behavior of LMI relaxation
methods also strongly depends on the performance of thes]
LMI solver. In our opinion, the best policy is to provide
the user with several alternative numerical tools so that hﬁe]
can test them on his problems. This was our objective when
developing the GloptiPoly software [10].

Our approach can be extended verbatim to other unceW]
tainty setsQ than polytopes, as soon &3 is a compact
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