
On the application of different numerical methods
to obtain null-spaces of polynomial matrices.

Part 2: block displacement structure algorithms.
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Abstract— Motivated by some control problems requiring
the extraction of the null-space of large polynomial matrices,
we introduce two fast numerical linear algebra algorithms
to perform this task. These fast algorithms are based on
the displacement structure theory and the generalized Schur
algorithm. We present a full analysis of the performance of
both algorithms and a comparison with the performance of
the classical algorithms proposed in the first part of this work
[12]. We also discuss briefly the numerical stability of the
algorithms.

I. I NTRODUCTION

The computation of null-spaces of large polynomial ma-
trices arises when solving several control problems. As
an example, consider the connected mass-spring system
in figure 1 wherep is the number of masses,u is the
force applied to the first mass andmi, ki and xi for
i = 1, 2, . . . , p are the values of the masses, the constants
of the springs and the mass positions respectively.

The dynamics of this system are governed by the second-
order differential equation

M
d2

dt2
x+Kx = Bu, (1)

where x = [x1 x2 . . . xp]T , B = [1 0 . . . 0]T ,
M = diag{m1,m2, . . . ,mp} and

K =


k1 −k1

−k1 k1 + k2

...
kp−2 + kp−1 −kp−1

−kp−1 kp−1 + kp

 .
Let the outputy be xp, the position of the last mass,

so that the output equation is given byy = Cx where
C = [0 0 · · · 1]. Suppose we want to obtain the transfer
function fromu to y. This transfer function can be obtained
from the null-space of a polynomial matrix. The Laplace
transform of equation (1) is given byD(s)x = Bu, where
D(s) = Ms2 +K. So, the system transfer function is given
by

G(s) = CD−1(s)B = C
N(s)
d(s)

=
n(s)
d(s)

,
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Fig. 1. Connected mass-spring system ofp masses.

from which it follows that

D−1(s)B =
N(s)
d(s)

, D(s)N(s) = Bd(s).

So, from the vector of minimal degree of the null-space
of [D(s) −B], we obtain the numeratorn(s) and the
denominatord(s) of the transfer function as follows:

[
D(s) −B

]

×
×
...

n(s)
d(s)

 = 0. (2)

Other physical systems can be modeled as the mass-spring
system described above. Consider for example an axially
vibrating nonconservative rod withp nodes [1] or a building
with p floors [8]. For these kind of systemsp is usually
large.

In the first part of this work [12] we analyzed two
different block Toeplitz algorithms to obtain the null-space
of a polynomial matrix. One of these algorithms is based
on the LQ factorization (the dual of the QR factorization
[2]) and the other on the Column Echelon Form (CEF) of
successive block Toeplitz matrices of increasing size. We
have seen that the number of columnsη of the Toeplitz
matrices depends on the dimension and the degree of the
polynomial matrix. We have also seen that the complexity
of both algorithms is inO(η3). In some control problems,
for example the system described above,η could be large
and then the previous algorithms may be inefficient.

In order to reduce the algorithmic complexity, in this
paper we re-design the Toeplitz algorithmsLQ and CEF
in [12] by applying the displacement structure theory. A
method based on the generalized Schur algorithm is used
to obtain the LQ or the CEF of the block Toeplitz matrices
at each step. The new algorithms are called fast algorithms



because their complexity can be reduced asymptotically to
O(η2). For a comprehensive review of displacement struc-
ture and fast algorithms see [4] and [5]. Other references
for applications of block displacement structure theory are
[6] and [7]. See also the working notes [9].

In section 2 we present some basics and a block version
of the generalized Schur algorithm. In section 3 we apply
the generalized Schur algorithm to obtain a fast LQ fac-
torization and a fast CEF method. Then in section 4 we
develop our algorithms to obtain null-spaces. In section 5
we use as a numerical example the mass-spring system of
Figure 1 to compare the performance of the algorithms.

II. PRELIMINARIES

The displacement structure theory is covered in detail in
[4], [5], see also [6]. Here we present some results for the
sake of clarity.

We define the block displacement of anm×n matrixA
as

∇A = A− F1AF
T
2

where the strictly lower block triangular matricesF1 and
F2 of dimensionsm×m andn×n respectively are called
the block displacement operators.

The pair(X,Y ) consisting of the constantm×α matrix
X and the constantn× α matrix Y such that∇A = XY T

is called a generator ofA. Integerα is the length of the
generator. The minimal lengthαmin of the generator is
called the displacement rank, i.e.rank∇A = αmin.

In the particular case of a symmetricn×n matrixA, we
can define a symmetric block displacement

∇A = A− FAFT = XΣXT (3)

with

Σ = Ip ⊕−Iq =
[
Ip 0
0 −Iq

]
where p and q are suitable dimensions. We callX the
symmetric generator ofA.

The generator(X,Y ) of A is not unique. Any nonsingu-
lar α×α matrixM yields another generator(XM,YM−T )
of A. For symmetric generators,M should beΣ-unitary,
namely,MTΣM = MΣMT = Σ. In particular, we can
find a transformation matrixM such that the new generator
becomes proper.

Definition 1: If a generator(X,Y ) has the form

X =
[
X11 0
X21 X22

]
, Y =

[
Y11 0
Y21 Y22

]
(4)

whereX11 and Y11 have dimensiont × t, then we call
(X,Y ) a proper generator.

Proper generators play a key role in the generalized
Schur algorithm. The generalized Schur algorithm is a
fundamental method for structured matrix factorizations.

A. Obtaining proper generators

For our purpose here we consider only the symmetric
case.

Lemma 1:Consider a symmetricn × n matrix A with
a block displacement equation (3). Then we can always
find a Σ-unitary transformation matrixM such thatXM
is in proper form (4) and satisfies equation (3), i.e.∇A =
XMΣMTXT .

The constructive proof of this result is a block formula-
tion of the example presented in the section 4.4.2 of [4].
This proof outlines an algorithm to obtain proper symmetric
generators. See also section 2.5 of [6].

B. The Generalized Schur Algorithm

The generalized Schur algorithm computes the Schur
complements of the leadingt× t submatrices ofA. There
are several versions of this algorithm. See section 7.4 of
[4] for the most general one. For our purposes we use the
following result of [6].

Theorem 1:Let us assume that we have a proper sym-
metric generatorX in form (4) which satisfies the displace-
ment equation (3). Then the matrix

Ā = A−
[
X11

X21

]
[XT

11 XT
21] =

[
0t

Ā22

]
(5)

has t zero leading columns and rows.̄A22 is called the
Schur complement of thet × t leading submatrix ofA. A
generator forĀ is given byX̄ = [FX∗1 X∗2] whereF
is the same as in (3), i.e.

Ā− FĀFT = X̄ΣX̄T . (6)
SinceF is strictly lower block triangular, namely, it has

t zero leading rows, from (6) it is easy to see that if we
eliminate the firstt rows and columns ofĀ and the first
t rows of X̄ we obtain the displacement equation̄A22 −
F̄ Ā22F̄

T = X̄2ΣX̄T
2 , where F̄ results from eliminating

the first t rows and the firstt columns ofF . Now, if we
can obtain a proper representation ofX̄2 then we can obtain
the Schur complement of the leadingt×t submatrix ofĀ22.

In the particular case whenA is symmetric positive
definite, this method can yield the Cholesky factorization
of A. ConsiderL = [L1 L2 · · · Lβ ] such that

A = LLT = L1L
T
1 + L2L

T
2 + · · ·+ LβL

T
β . (7)

From equations (5) and (7) we can conclude that the first
t columns ofX are the firstt columns ofL. Then from
Theorem 1,Ā = Lt+1L

T
t+1 +Lt+2L

T
t+2 + · · ·+LβL

T
β . So,

if we obtain a proper representatioñX of X̄ we can see
that [

0t
X̃∗1 · · · X̃∗t

]
are the nextt columns ofL.



III. A PPLICATION OF THEGENERALIZED SCHUR

ALGORITHM

The LQ factorization and the reduction to the CEF of an
mk × nl block Toeplitz matrix

T =



T0 · · · Tr−1 Tr · · · Tn−1

...
...

...
...

...
T−r+1 · · · T0 T1 · · · Tn−r
T−r · · · T−1 T0 · · · Tn−r−1

...
...

...
...

T−m+1 · · · T−m+r T−m+r+1 · · · T−m+n


(8)

with k × l blocksTi and wherer = min(m,n), are direct
applications of the generalized Schur algorithm described
above.

A. Fast LQ factorization

Consider a block Toeplitz matrixT in form (8). We
compute its LQ factorizationT = LQ as follows:

• Build the extended matrix

T̄ =
[
TTT T
TT I

]
(9)

that is symmetric positive definite, and satisfies the
block displacement equation

∇T̄ = T̄ − FT̄FT = XΣXT (10)

whereF = Fk ⊕ Fl with

Fk =


0
Ik 0

...
...
Ik 0

 ∈ Rmk×mk

Fl =


0
Il 0

...
...
Il 0

 ∈ Rnl×nl.
• Compute the LQ factorization[T0 · · · Tn−1] = L0Q0

of the first block row ofT , and build[T0 · · · Tn−1] =
L̄0C whereL̄0 has full column rank̄k ≤ k andC =
[C0 · · · Cn−1] contains the first̄k rows ofQ0.

• Define  Y0

...
Ym−1

 = T

 CT0
...

CTn−1

 .
Then the generatorX of T̄ satisfying displacement
equation (10) withΣ = Ik̄+l ⊕−Ik̄+l is given by

X = [XT
1 XT

2 ]T (11)

where

X1 =


Y0 0 0 0
Y1 T−1 Y1 Tn−1

Y2 T−2 Y2 Tn−2

...
...

...
...

Ym−1 T−m+1 Ym−1 T−m+n+1

 ,

X2 =


CT0 Il CT0 0
CT1 0 CT1 0

...
...

...
...

CTn−1 0 CTn−1 0

 . (12)

• Finally apply the generalized Schur algorithm with the
generatorX to obtain

T̄ = WWT . (13)

It is easy to see that

W =
[

L
QT

]
. (14)

Moreover, we can verify that ifwij is the leading entry
of the jth column ofL for j = 1, 2, . . . , nl, then the
row Ti∗ is linearly independent from the previous rows.

B. Fast Column Echelon Form

The CEF form of a matrixT is equivalent to the
triangular partL of its LQ factorizationT = LQ. From
(13) and (14) notice that the firstmk rows ofW are equal
to L. From (11) and (12) notice also that the firstmk rows
of the generatorX are given byX1. So, if we apply the
fast LQ method using onlyX = X1 then we obtain only
the column echelon form ofT . Notice that considering
matrix X2 in relation (11) is equivalent to computing the
orthogonal matrixQ.

IV. B LOCK DISPLACEMENT STRUCTURE ALGORITHMS

For the algorithms presented here we consider that the
rank ρ of A(s) is given. There are several documented
algorithms to obtain the rank of a polynomial matrix, see
for example [3]. See also [11] where we show how we can
obtain the rank of a polynomial matrix while obtaining its
eigenstructure.

A. The fast LQ algorithm

Notice that matrixRi in algorithm LQ of [12] is a
particular case of matrix (8) wherem = d + i, n = i
and wherek and l are the dimensions of the polynomial
matrix A(s). So we can reduce matrixRi by applying the
fast LQ factorization. Because of the particular form ofRi,
its generator matrix can be obtained from the generator of
Ri−1 as follows. Consider the LQ factorization

A0 = [∆0 0]
[
MT

1

NT
1

]
.



A generator ofR1 is then given byG1 = [XT
1 Y T1 ]T

where

X1 =


∆0 0 0

A1M1 A1 A1M1

A2M1 A2 A2M1

...
...

...
AdM1 Ad AdM1

0
A0

A1

...
Ad

 ,
Y1 =

[
M1 Il M1 0

]
.

At the following step, the LQ factorization of the first block
row of R2 is given by

[A0 0] = [∆0 0 0]

 MT
1 0

NT
1 0

0 ×

 ,
so the corresponding generator is given byG2 =
[XT

2 Y T2 ]T where

X2 =



∆0 0 0
A1M1 A1 A1M1

A2M1 A2 A2M1

...
...

...
AdM1 Ad AdM1

0

0
0
A0

A1

...
Ad


,

Y2 =
[
M1 Il M1 0
0 0 0 0

]
.

In summary, with the fast LQ method we can also use
some of the information obtained at the stepi in the
computations at stepi+ 1.

Algorithm fastLQ
For ak × l polynomial matrixA(s) of degreed and rank
ρ, this algorithm computes the vectors of a minimal basis
of its null-space.
• Step 1:

Compute the generatorG1 = [XT
1 Y T1 ]T of R1 and

partition X1 = [X11 X12 ] whereX12 contains the
last l columns ofX1.
Apply the generalized Schur algorithm withG1 in
order to obtain the LQ factorizationR1Q1 = L1. If
γ1 = µ = l − rankR1 6= 0, then extract theµ vectors
of degree0 of the basis of the null-space ofA(s) from
the lastµ columns ofQ1.

• Stepi:
Build the generatorGi = [XT

i Y Ti ]T where

Xi =
[
X(i−1)1 0

0 X(i−1)2

]
, Yi =

[
Yi−1

0

]
,

Apply one step of the generalized Schur algorithm,
namely, process the firstk rows ofGi in order to obtain
a proper generator̄Gi = [X̄T

i Ȳ Ti ]T . PartitionX̄1 =
[X11 X12 ] whereX12 contains the lastl columns of
X̄1.
Apply the generalized Schur algorithm with generator
Ḡi to obtain the LQ factorizationRiQi = Li. Obtain

γi = li − rank Ri −
∑i−1
j=1 γj . If γi − γi−1 = µ 6= 0

then extract theµ vectors of degreei− 1 of the basis
of the null-space ofA(s) from the lastµ columns of
Qi.

• Stopping rule:
Whenγi = l− ρ we have all the vectors of a minimal
basis of the null-space ofA(s).

B. The fast CEF algorithm

Notice that matrixR̄j analyzed at each step in algorithm
CEFof [12] is a particular case of matrix (8) wherem = j,
n = d + j, and wherek and l are the dimensions of the
polynomial matrixA(s). So we can compute the CEF of
matrix R̄j as described in section 3.

Algorithm fastCEF
For ak × l polynomial matrixA(s) of degreed and rank
ρ, this algorithm computes the vectors of a minimal basis
of its null-space.

• Initialization:
Computedmax, the maximum expected null-space de-
gree, from equation (9) in [12]. Start withj = 1 and
∆ = 0.

• Stepi:
With the fast CEF method described in section 3,
compute the CEF ofR̄j . Derive the numberµ of
linearly dependent columns ofA(s).
Update∆ = ∆ + dmax

10 and thenj = j + ∆.
• Stopping rule:

Whenµ = l − ρ we can find fromR̄f , the last CEF
calculated, all the vectors in the basis of the null-space
of A(s).

• Obtaining the null-space:
Compute the linear combination of the linearly de-
pendent rows ofR̄f by solving the corresponding
linear triangular system as in equation (5) of [12]. If
more than one row corresponds to the same linearly
dependent column inA(s), take the combination of
the smallest degree.

V. PERFORMANCE ANALYSIS

Several numerical tests have been carried out to analyze
the performance of the algorithmsfastLQ andfastCEF .
The algorithms have been programmed in Matlab using the
Polynomial Toolbox [10] on a Sun Ultra 5 work-station. The
algorithms have been implemented from scratch, without
using Matlab built-in functions such asqr or rref .

A. Algorithmic complexity

In the first part of this work [12] we have seen that
the classical LQ and CEF algorithms, which process block
Toeplitz matrices ofη columns at each step, have com-
plexity O(η3). In this paper we have analyzed the fast
LQ method and the fast CEF method. The characteristic
of these fast methods is that they process the columns
of the generator matrixX satisfying the displacement



equation (3). GeneratorX hasα = p + q columns. So,
considering a squareη × η block Toeplitz matrix, it can
be showed that ifα � η, then the complexity of fast
methods LQ and CEF can be considered asO(η2) [5].
In brief, for very large polynomial matrices, by applying
fast algorithmsfastLQ and fastCEF , we can expect a
gain of one order of magnitude in algorithmic complexity.
Nevertheless, a deepest analysis must be done to determine
if the fast algorithms are really more efficient, in practice,
than classical algorithmsLQ andCEF of [12].

First we analyze the performance of fast methods LQ
and CEF applied on a non-square block Toeplitz matrixT
in form (8). In section 3 we saw that the fast CEF method
is the application of the fast LQ method with a shorter
generator. So, here we only analyze the fast LQ method.

The fast LQ method achieves its maximal performance,
in comparison with the classical method, when processing
a generator with a small number of columns with respect
to the number of columns ofT . The number of columns of
matrix T in form (8) grows with the number of columns
of its blocks or with the number of block columns. On the
other hand, the number of columns of the generator given
by (11) and (12) decreases if the rank of the first block
row of T is small. The rank of the first block row ofT is
less than or equal tomin(k, l). In conclusion, in order to
assure the best performance of the fast method we have to
apply it onto block Toeplitz matrices in form (8) withl ≥ k
moderately large and withn large. Notice that the number
of block rowsm has the same influence in both classical
and fast methods.

In figure 2 we present the execution times of the LQ
method and the fast LQ method applied onto a block
Toeplitz matrix in form (8) withk = 20, m = 10, n = 7
and l = 2, 3, . . . , 35. Notice that the fast method achieves
its best performance whenl ≥ 20. The value ofl from
which the fast method begins being more efficient than the
classical method is different for each matrixT and seems
to be difficult to predict. Nevertheless we can see that if
n is larger, then the fast method is more efficient than the
classical method for smaller values ofl. If we take the same
matrix used in figure 2 but withn = 10, we obtain figure
3. Notice that the fast method is more efficient even when
k ≥ l.

Now we analyze the performance of algorithmfastLQ .
Consider ak × l polynomial matrixA(s) with degreed.
The total amount of elementary operations performed by
the algorithm is equal to the sum of elementary operations
performed at each step. Therefore, the final execution time
is the sum of the execution times needed to obtain the null-
spaces of the different Toeplitz matricesRi. In figure 4 we
present the execution times of the LQ method and the fast
LQ method applied onto a block Toeplitz matrix in form
(8) with k = 18, l = 18, m = 2 + n, andn = 3, 4, . . . , 17.
This corresponds to the application of algorithmsLQ and
fastLQ onto a 18 × 18 polynomial matrix of degree2
which has at least one vector of degree 16 in the basis of
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Fig. 2. Execution times for different numbers of columns in the blocks
of a block Toeplitz matrix of 7 block columns.
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Fig. 3. Figure 3: Execution times for different numbers of columns in
the blocks of a block Toeplitz matrix of 10 block columns.

its null-space. Notice that even if the classical LQ method
is more efficient whenn ≤ 10, the total execution time
of algorithm LQ is larger than that of algorithmfastLQ .
Graphically we can consider that the total execution times
are the surfaces below the curves in figure 4.

Obviously we can also find polynomial matrices for
which the classical algorithmLQ is more efficient than its
fast version. Consider for example a18 × 18 polynomial
matrix of degree2 and consider that it has a null-space of
maximal degree equal to6. From figure 4 we can see that
the sum of the execution times forn = 3, 4, 5, 6, 7 is larger
for the fast method than for the classical method.

The same analysis can be applied for algorithmsCEF
and fastCEF . In this case the degreed of the polynomial
matrixA(s) has a direct influence on the number of columns
of the block Toeplitz matrices̄Rj . So, we can find examples
where, even if the degree of the null-space is not large,
with a large degreed we can assure that the fast algorithm
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Fig. 4. Figure 4: Execution times for different numbers of block columns
in a block Toeplitz matrix.

is more efficient than the classical algorithm. Finally we
present a numerical example.

Consider the mass-spring system of figure 1 withki =
mi = 1 for i = 2, 3, . . . , 15, on which we apply the four
algorithms to solve system (2). We present the execution
times of each algorithm in Table 1. Notice the important
difference between algorithmsCEF and fastCEF . For
the kind of polynomial matrices involved in (2), the fast
method CEF is more efficient even whenp is not so
large. Nevertheless, algorithmsLQ and fastLQ are the
best choice to solve this kind of problems. Notice also
that in this case, the fast method LQ does not achieve its
best performance and thus, algorithmLQ is more efficient
than algorithmfastLQ even whenp is large. In order that
algorithm fastLQ be more efficient than algorithmLQ,
it needs to perform more steps. In other words, for a same
number of masses, a polynomial matrix[D(s) −B] having a
null-space of degree greater than2p would be needed. From
the equation (9) in [12], which gives the maximum expected
null-space degree, we can see that this is not possible.

B. Numerical stability

In the first part of this work [12], we concluded that
even if the backward-stability of algorithmsLQ andCEF is
not guaranteed, they proved to be reliable in almost all the
practical cases. A similar conclusion can be drawn about
the stability of algorithmsfastLQ and fastCEF .

If the implementation of the generalized Schur algorithm
is done considering the four enhancements proposed in
section 2.5 of [5], then, its backward-stability can be
guaranteed by working with symmetric positive definite
Toeplitz matrices. In order to ensure positive definiteness,
fast methods LQ and CEF use the extended matrix (9) and
the displacement equation (10). Nevertheless, the backward-
stability of the generalized Schur algorithm using the ex-
tended matrix (9) is not proven. In fact, the computed
matrix Q̄ obtained as the result of the fast method LQ

TABLE I

EXECUTION TIMES IN SECONDS WHEN APPLYING THE FOUR

POLYNOMIAL NULL -SPACE EXTRACTION ALGORITHMS TO THE

MASS-SPRING EXAMPLE WITHp MASSES.

p CEF fastCEF LQ fastLQ

2 0.09 0.08 0.06 0.11
3 0.10 0.15 0.08 0.16
4 0.11 0.21 0.10 0.26
5 0.18 0.34 0.15 0.38
6 0.26 0.44 0.19 0.44
7 0.43 0.61 0.24 0.63
8 0.81 0.82 0.33 0.72
9 1.53 1.08 0.44 1.05
10 2.75 1.60 0.57 1.20
11 3.91 2.12 0.73 1.73
12 6.29 2.86 0.97 1.97
13 10.23 3.87 1.52 3.31
14 16.82 5.47 1.69 3.51
15 27.11 7.21 1.74 4.94

can be non-orthogonal [5, section 3.2]. In other words, we
cannot ensure the backward-stability of fast methods LQ or
CEF but only aweak stability, namely, ifA = LQ is the
exact LQ factorization of Toeplitz matrixA and L̄ and Q̄
are the computed matrices, then we can show that norms
‖AAT − L̄L̄T ‖ and ‖I − Q̄Q̄T ‖ are small. See chapter 4
of [5] for a deepest analysis and the definition of weak
stability.

In summary, we cannot ensure the backward stability
of algorithms fastLQ and fastCEF . Nevertheless, we
claim that, in practice, they perform well for most of the
polynomial matrices arising in control problems.

VI. CONCLUSIONS

In this paper, we have proposed two algorithms based
on fast factorization methods. The improvement brought by
these fast methods, when they are applied onto very large
Toeplitz matrices, is evident. We can expect a gain of one
order of magnitude in the computational complexity of the
fast algorithms LQ and CEF with respect to the algorithmic
complexity of the classical algorithms presented in [12].
Nevertheless, applying systematically the fast algorithms is
not always the best option. We can always find polynomial
matrices in relevant control problems for which the classical
algorithms are more efficient than their fast versions, see
Table 1.

Regarding numerical stability, we have seen that while
fast algorithms are faster, stability and robustness guarantees
are weaker. Nevertheless, in practice, we experienced that
the algorithmsfastLQ andfastCEF give reliable results
even if we cannot ensure their backward-stability.

From the point of view of numerical analysis, it seems
that a trade-off must be found between computational speed
and stability and robustness. In order to ensure stability we
have to perform a larger number of elementary operations.
On the other hand, if we want to diminish the execution



time we have to lose accuracy. A good compromise must be
established depending on the application of the algorithm.

On the one hand, ensuring backward stability at any cost
may not always be the best choice. For example, in the case
of our algorithms, we do not need to use the singular value
decomposition since by using the cheaper LQ factorization,
we obtained satisfactory results. Ensuring weak stability [5,
section 4.2] of an algorithm can be sufficient. On the other
hand, having always as an objective diminishing the order
of magnitude of the algorithmic complexity, even allowing a
lost of accuracy, does not guaranteed a better performance.
In this paper we have described a relevant control problem
for which the classical methods still prove more efficient.
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