Improving conditioning of polynomial pole placement problems
with application to low-order controller design for a flexible beam
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Abstract— A simple frequency scaling can significantly improve numerical conditioning of the Diophantine equation
arising in polynomial pole placement. An application to loworder controller design for active damping of a highly flexible
Bernoulli-Euler beam is described.

I. I NTRODUCTION
Probably for historical reasons, control engineers generally favor state-space representations to polynomial (transfer
function) representations when solving analysis or synthesis
problems with the help of computer-aided control system
design (CACSD) numerical tools. As pointed out in the
recent survey [12], there is a strong bias toward state-space
methods. Indeed, it is generally believed that polynomials
are always highly sensitive to numerical round-off errors,
and therefore cannot be used as reliable modeling objects.
As an illustrative example, consider the numdemo tutorial
and the “Numerical do’s and don’ts” section of the manual
of the Control System Toolbox for Matlab [16], where it is
recommended to
• stick with the state-space form for all computations;
• use the state-space form for model interconnections;
• compute with the state-space form and avoid combining transfer functions.
Most of the studies in numerical analysis in control
focus on state-space methods and real- or complex-valued
matrices. Pre-conditioning and balancing techniques such as
the LINPACK/LAPACK algorithm implemented in function
ssbal of the Control System Toolbox have been developed
for matrices, but not for polynomials. In general, polynomials are considered as “perfidious” objects which must be
avoided as much as possible [29].
We think that it is not justified to favor state-space techniques over polynomial techniques only based on the above
observations. State-space problems can be ill-conditioned
too, rendering the use of balancing and pre-conditioning
techniques necessary. In our opinion there is no solid
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theoretical argument to justify why polynomials should
be systematically avoided when solving control problems.
Moreover, polynomials and polynomial matrices arise naturally when modeling linear systems, and they are generally
favored by students because of their clear physical interpretation. Whole branches of control theory dedicated to the
polynomial approach [14], [5] and the behavorial approach
[21] make extensive use of polynomials and polynomial
matrices as modeling objects.
There is undoubtedly a lack of studies on numerical
properties of polynomials, which is probably the reason why
control engineers generally rely on state-space methods.
Preliminary studies on balancing techniques for polynomials were carried out in [27]. Polynomial pseudo-spectra are
reliable graphical tools that can be used to study sensitivity
of polynomial roots to coefficient perturbations [28], [25].
Pseudo-spectra were used in [30] to study conditioning of
polynomials in different bases. Balancing techniques for
polynomial representations of linear systems were recently
studied in [23]. Note also that some numerically stable
linear algebra routines have been designed to solve control
problems involving polynomials [8], [22].
In this paper our objective is to study numerical conditioning problems faced when solving pole placement
problems by output feedback in the polynomial setting [14].
Most of the studies we are aware of focus on pole placement
by state feedback in the state-space setting [19]. In [17],
the authors conclude that state-space pole placement is in
general ill-conditioned when placing more than 10 poles.
They also propose to relax locations of the poles to improve
conditioning.
Our study is carried out on the numerical model of
a highly flexible Bernoulli-Euler beam equipped with a
piezoelectric actuator and a piezoelectric sensor, the kind
of systems for which numerical troubles are the most likely
to occur. There exists a large literature studying flexible
structures in interaction with smart materials. See e.g. [2],
[3] for the modeling problem, see e.g. [6] for the control
problem and e.g. [7] for the experimental aspects. In this
paper we use a model of a smart beam to illustrate our
numerical approach. Our method improves the conditioning
and allows us to compute a pole placement controller for
the flexible structure under consideration.
In Section II, after a brief description of the plant
setup, the system model is derived from partial differential
equations. In Section III, we study the influence of frequency domain scaling on the conditioning of the linear

system of equations arising when solving the polynomial
pole placement Diophantine equation on the beam model.
Finally, in Section IV we report our numerical experiments
when designing a low-order active damping controller for
the beam.
II. M ODELING OF THE B ERNOULLI -E ULER BEAM
Before writting down the model under consideration in
this paper, let us motivate our study by describing the
experimental setup which is avalaible to check our results.
A. Experimental Setup
In this section we describe the experimental setup with a
smart flexible structure.
We consider a flexible cantilever beam, that is clamped
at one end and free at the other as shown in Figure 1. Two
piezoelectric patches are bonded on this beam. They are
placed symetrically at the root of the beam. One of them is
used as sensor and the other is used as actuator.
L
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The equipped structure is linked to an experimental
device described in Figure 2, allowing a controller implementation on a DSP board.
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At time t ≤ 0, the beam is submitted to a given strain,
the free end is at a distance w(x = L, t = 0) from the
equilibrium position as shown in Figure 3. This corresponds
to the experiment side of the control problem under study
in this paper with the initial conditions defined by (6) : the
controled beam drop test.
Let us now give the mathematical model under consideration in this paper to study this control problem.
B. Mathematical model of the beam
We consider a Bernoulli-Euler beam free at one end and
clamped at the opposite end. A piezoelectric actuator is
attached to the beam. Let us consider the following model

Flexible beam at initial conditions :
w(x, t = 0)
wt (x, t = 0)

w(x = L, t = 0)
Flexible beam equilibrium position

Fig. 3.

Flexible beam control problem

written in terms of a partial differential equation [6], [18],
[4]:
1
YJ
wxxxx (x, t) =
mxx (x, t)
wtt (x, t) +
ρAb
ρAb
(1)
w(0, t) = 0, wx (0, t) = 0
wxx (L, t) = 0, wxxx (L, t) = 0
for all (x, t) in [0, L] × [0, T ], where
• x ∈ [0, L] denotes the spatial coordinate of the beam
of length L,
• t ∈ [0, T ] is the time coordinate,
• x = 0 is the clamped boundary of the beam,
• x = L is the free boundary of the beam,
• w(x, t) is the beam transverse deflection at point x and
at time t,
• ρ is the (uniform) density of the beam,
• Ab is the cross-sectional area,
• Y is Young’s modulus of elasticity,
• J is the moment of inertia of the beam,
• m is the moment acting on the beam due to the
piezoelectric actuator.
The viscous behavior is not considered in (1). It is
introduced later in the solution according to the Basile
assumption (see eg [4]).
The initial conditions are
w(x, 0) = w 0 , wt (x, 0) = w 1 .

(2)

The piezoelectric actuator developps a bending moment on
the beam due to the applied voltage. This moment is only
located under the actuator. It is expressed by
m(x, t) = Ka Va (t)(H(x − xa1 ) − H(x − xa2 ))
where Ka is a constant based on the properties of the beam
and the piezoceramic patches, Va (t) is the voltage applied to
the piezoelectric actuator and H(x) is Heaviside’s mapping,
i.e. vanishing for all x < 0, and equal to 1 for all x ≥ 0.
Here xa1 and xa2 denote the location of the piezoelectric
actuator patch’s ends along the x-axis, see [6], [15] for
details.
The bending of the beam is measured with a piezoelectric
sensor whose voltage is related to the deflection as follows:
∂w
∂w
(xc2 , t) −
(xc1 , t))
∂x
∂x
where Vc denotes the voltage of the piezoelectric sensor,
Kc is a constant based on the properties of the beam. Here
Vc (t) = Kc (

xc1 and xc2 denote the location of the piezoelectric sensor
patch’s ends along the x-axis.
The L2 (0, π)-normalized modes of partial differential
equation (1) are given by
ψi (x)

=

γi (cos(αi x) − cosh(αi x)
+µi (sinh(αi x) − sin(αi x)))

(3)

where αi is the i-th positive root of the equation
1 + cos(αi π) cosh(αi π) = 0, µi = (cos(α
√i π) +
cosh(αi π))/(sin(αi π) + sinh(αi π)) and γi = 1/ π, see
e.g. [15], [1] for a proof.
Consider the left-hand side of the first equation in (1),
multiply it by ψi for a positive integer i and compute the
integral over [0, L]. We get
Z L
1 ∂2m
ψ (x) dx
2 i
0 Z ρAb ∂x
L
Ka
∂2
=
Va (t) 2 (H(x − xa1 )
(4)
∂x
0 ρAb
−H(x − xa2 ))ψi (x)dx
Ka
Va (t)(ψi0 (xa2 ) − ψi0 (xa1 )).
=
ρAb
Let us consider the N first modal functions and the
projection of equation (1) on these spanned space. We
now assume that each modal function is equally damped.
Defining input u(t) = Va (t), output y(t) = Vc (t), after application of the Laplace transform we obtain the following
SISO finite-dimensional model
y(s) = C(s2 I + sD + E)−1 Bu(s).
The N × N second-degree denominator polynomial matrix
has coefficients
D = 2 diag ζi ωi ,

E = diag ωi2 .

where ζi = 10−3 are damping factors, ωi = (αi2 Y J)/(ρAb )
are modal pulsations, and input and output matrix entries
are given by Bi = Ka /(ρAb )(ψi0 (xa1 )−ψi0 (xa2 )) and Ci =
Kc (ψi0 (xc2 ) − ψi0 (xc1 )) for i = 1, . . . , N , see equation (4).
The piezoelectric patches are piezoceramic PZT (see [20,
PIC 151]). The experimental beam is in aluminium. The
corresponding values of the physical features used both for
experimental and numerical purposes are:
−3
• beam density ρ = 2970 kg.m
,
−3
• beam thickness h = 1.58 · 10
m, beam width l =
1 · 10−2 m, beam length L = 30 · 10−2 m,
−4
• piezoelectric thicknesses ta = 4 · 10
m, tc = 4 ·
−4
10 m for the actuator and the sensor respectively,
−10
• constants of charge d31 = −2.1 · 10
V.m−1 ,
constant of voltage of the piezoelectric sensor ec31 =
−12.358 V.N−1 .m−1 , dielectric constant of the piezoelectric sensor ε33 = 8.0258 · 10−9 F.m−1 ,
10
• beam Young’s modulus Y = 7.8 · 10
Nm−2 , piezo10
electric Young’s modulus Ya = 8.5 · 10 Nm−2 ,
• location of the piezoelectric actuator and sensor patchs’
ends along the x-axis xa1 = xc1 = 0 m, xa2 = xc2 =
2 · 10−2 m.

TABLE I
G AINS , DAMPING COEFFICIENTS AND PULSATIONS FOR DIFFERENT
NUMBERS OF FLEXIBLE MODES .
N
1
2

k
−4.5289
−1.4255 · 104

3

−9.7805 · 104

4

5

−3.3503 · 105

−7.9288 · 105

ζi
10−3
10−3
10−3
10−3
10−3
10−3
10−3
10−3
10−3
10−3
10−3
10−3
10−3
10−3
10−3

ωi
91.315
91.315
572.26
91.315
572.26
1602.4
91.315
572.26
1602.4
3140.0
91.315
572.26
1602.4
3140.0
5190.6

ζ̂i

ω̂i

7.8417 · 10−2

135.94

8.2068 · 10−2
8.9090 · 10−2

119.32
805.94

8.4270 · 10−2
8.9011 · 10−2
9.4001 · 10−2

113.33
733.08
2139.5

8.5562 · 10−2
8.9346 · 10−2
9.3145 · 10−2
9.6026 · 10−2

110.41
704.07
2009.0
4046.8

Moreover, we have Ab = hl, J = (lh3 )/12,
Ka = βxa1 (xa1 + 1)/(2(1 + 2βxa1 (3 + 6xa1 + 4x2a1 )) ×
da31 lh2 Y /ta where β = Ya /Y , xa1 = ta /h. We have also
Kc = tc ec31 (h/2 + tc /2)/(ε33 (xc2 − xc1 )), see [15] or [6]
for an alternative formula.
Therefore, the open-loop model of the plant in a transfer
function setting is given by
P (s)

C(s2 I + Ds + E)−1 B
QN
(s2 + 2ζ̂i ω̂i + ω̂i2 )
= k QNi=2
2
2
i=1 (s + 2ζi ωi s + ωi )

=

=

(5)

b(s)
a(s)

where a(s) and b(s) are polynomials of respective degrees
2(N −1) and 2N . Values of the gains, damping coefficients
and pulsations are given in Table I for various values of N ,
the number of flexible modes. The Bode magnitude plot of
plant P (s) for N = 12 modes is represented in Figure 4.
III. I MPROVING CONDITIONING OF THE POLE
PLACEMENT PROBLEM

We want to design a dynamical output feedback controller
placing the closed-loop poles of a linear system at desired
locations. Given the open-loop plant (5) of order nP =
2N , and a target characteristic polynomial c(s) of degree
nP + nK , we seek a controller
K(s) =

q(s)
p(s)

of order nK satisfying the polynomial Diophantine equation
a(s)p(s) + b(s)q(s) = c(s).
If nK = nP −1 and a(s) and b(s) are coprime polynomials,
a controller satisfying the above equation always exists
for any right hand-side c(s) [14]. Finding coefficients of
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Fig. 4. Bode magnitude plot of the open-loop beam model with N = 12
flexible modes.

polynomials p(s) and q(s) then amounts to solving a linear
system of equation (LSE)
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where S is a non-singular Sylvester matrix of dimension
2nP .
In the above LSE, all polynomials are expressed in the
standard power basis
[1

s

s2 · · · ].

Obviously, the conditioning of Sylvester matrix S depends
on the choice of this basis. Other bases may prove useful
in order to minimize the conditioning of S, and hence to
solve our pole placement LSE in a more numerically sound
way.
For example, choosing
[1

ρs

0

1

10

10

10

(ρs)2 · · · ]

as an alternate polynomial basis, where ρ is a frequency
scaling parameter, we obtain a different Sylvester matrix
S(ρ), with a different conditioning. In Figure 5, we represent the conditioning of matrix S(ρ) as a function of ρ for
different values of N , the number of flexible modes in the
model. We can see that the conditioning of the Sylvester
matrix can be greatly improved with a proper choice of ρ.
For example, with N = 5 in model (5), the conditioning
of S(1) (no scaling) is as large as 3.6·1042 which means that
there is no hope to solve the pole placement LSE accurately.
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Fig. 5. Conditioning of the Sylvester matrix S as a function of frequency
scaling parameter ρ for different numbers of flexible modes.
TABLE II
O PTIMAL FREQUENCY SCALINGS ρ MINIMIZING THE CONDITIONING
OF THE

S YLVESTER MATRIX S(ρ) FOR N FLEXIBLE MODES .

log10

N
ρ
cond S(ρ)

1
91.1
1.6

2
242
2.3

3
509
3.3

4
890
4.6

5
1390
5.9

However, the conditioning of S(1390) is 8.3 · 105 which is
acceptable. In Table II, we report values of ρ minimizing the
conditioning of the Sylvester matrices for different values
of N . We can notice that there is a relationship between
values of ρ and the resonance peaks in Bode diagram (4),
see also the pulsations in Table I.
IV. L OW- ORDER CONTROLLER DESIGN BY POLE
PLACEMENT

Our closed-loop setup is sketched in Figure 6, where
signal X0 is used to take account of the initial condition. It
affects output y through the transfer function
G(s)
= C(s2 IN + Ds + E)−1 .
a(s)
This initial condition will be used to model a beam drop
test, i.e. an initial deformation of the beam w 0 , with no
initial speed w 1 = 0 with the notations of (2).
The closed-loop transfer function from input u to output
y is given by
T (s) =

b(s)p(s)
.
a(s)p(s) + b(s)q(s)

Specifications of the design problem can be summarized
as follows:
• Ensure sufficient damping of the dominating flexible
mode(s), by a least a factor ten with respect to the
open-loop damping;
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Closed-loop setup.

Respect the physical limitations on the input signal,
namely |u(t)| ≤ 400 V.
From Section III, we can design an nK -th order controller
with nK = nP − 1. However, due to non-singularity of
Sylvester matrix S in the pole placement LSE, such a controller is unique for a given target characteristic polynomial.
Since we are basically interested in damping the dominating
vibrating modes, the controller must preserve the open-loop
static gain as much as possible. This implies an additional
algebraic constraint T (0) = P (0) which is equivalent to the
constraint q(0) = 0 on the controller numerator polynomial.
To incorporate this additional constraint, we have to increase
the order of the controller to nK = nP .
In other words, the order of the controller is equal to the
order of the open-loop plant. Since a low-order controller
is generally preferred for physical implementation reasons,
we use the following design procedure:
1) Choose a low plant order nP ;
2) Design an nP -th order controller for the nP -th order
plant;
3) Analyze the closed-loop performance of the nP -th
order controller;
4) If the performance is not satisfactory, increase nP and
go back to step 2.
Starting with N = 1 mode for the design plant, the
characteristic polynomial to be assigned is as follows:
•

c(s) = (s + α)(s + β)(s2 + 2ζωs + ω 2 )
where α, β are two complex numbers corresponding to the
desired controller dynamics, ζ is the desired closed-loop
damping coefficient and ω the desired pulsation of the first
mode in closed-loop.
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Fig. 8. Compared Bode magnitude plots of the open-loop and closed-loop
beam zoomed around the dominant flexible modes.

Following our specifications, we keep ω = 91.315 rad/s
as the pulsation of the first mode in open-loop. Our design
parameters are then α, β and ζ. Keeping α and β real
negative for simplicity, after a series of attempts we used
the values α = −10−2 , β = −10, ζ = 15 · 10−3 to come up
with the following second-order pole placement controller
K=

47.075s − 0.055444s2
0.10000 + 12.567s + s2

ensuring damping factors of 15 on the first flexible mode,
2.7 on the second flexible mode, and 1.5 on the third flexible
mode. From the magnitude Bode plot of the closed-loop
transfer function T shown in Figure 7, we can see the effect
of the two parameters α, β, increasing the closed-loop gain

in the low pulsation range. On the zoomed Bode magnitude
plot of Figure 8, we can also notice the significant reduction
in the resonance peaks of the first, second, and third flexible
modes.
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In Figure 9 we can check that the closed-loop input
voltage u does not exceed the physical limitation of 400 V.
The profile of the beam, both in open-loop and closedloop, for 60 time samples in the interval [0, 5] seconds is
represented on Figures 10 and 11.
Recall that the above controller was designed based
on a plant model with N = 1 modes. It turns out that
further design experiments on a reference plant with N =
2, 3 . . . modes did not improve significantly the closed-loop
performance, while unnecessarily increasing the controller
order nK = 2N .
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Closed-loop simulations were carried out on the setup of
Figure 6 with the initial condition X0 ∈ R2N ×1 , X0 =
(10−2 , 0, · · · , 0). This initial condition correspond to the
following initial bending and speed:
w(x, t = 0) = 10−2 · ψ1 (x) ,
wt (x, t = 0) = 0 ,

(6)

where ψ1 is the first modal function defined by (3). The
corresponding deflection is w(L, t = 0) = 3.5 · 10−2 m.
With this initial condition we simulate an initial deformation of the beam in closed-loop with our pole placement
controller, or in open-loop. The beam model used for the
simulations has N = 12 modes.

In the case of polynomial pole placement control for
a highly flexible Bernoulli-Euler beam, a physical setup
for which CACSD tools are expected to face numerical
troubles, it was shown that a simple frequency scaling can
significantly improve numerical conditioning.
This study must be considered as a preliminary step
towards a more comprehensive synthesis. Our next objective
is to design a low-order pole placement controller robust to
parametric uncertainty (open-loop damping coefficients and
pulsations known within a given range only) and respecting
the physical input limitations. Low-order robust polynomial
controller design can be carried out with the LMI techniques
described in [11]. Even though it was not necessary to resort
to Sylvester matrix of large dimensions in the numerical
experiments reported in Section IV, it is expected to the preconditioning technique exposed in Section III will improve
the numerical behaviour of the LMI solver.
Without appropriate scaling or change of basis, it is wellknown that linear algebra problems involving polynomials
are generally ill-conditioned [29]. This has led researchers
to resort systematically to state-space methods, as recalled
in [12]. State-space problems can be ill-conditioned too
however, and in our opinion there is no solid theoretical
background explaining why polynomials should be sys-

tematically avoided when solving control problems. In the
control community, there is currently a lack of thorough
studies on conditioning properties for polynomials. Alternative polynomial bases (Chebyshev, Bernstein, orthogonal
polynomials) can probably help to improve conditioning of
the polynomial control problems.
Regarding input limitations, one can either resort to actuator saturation avoidance techniques for which the control
law is design explicitly to respect the input constraints [10]
and to dynamical input constraints [24], or, alternatively, to
robust control techniques where saturations are modeled as
additional parametric uncertainties [9].
Finally, we are planning to apply polynomial robust
design techniques to MIMO design for active vibration
damping of a smart flexible structure using piezoelectric
transducers, along the lines described in [26].
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