SOLVING SIMULTANEOUS STABILIZATION BMI PROBLEMS WITH PENNON^∗

D. HENRION† ‡ , M. KOČVARA∗∗, AND M. STINGL§

1. Introduction. Many interesting problems in linear and non-linear systems control cannot be solved easily and efficiently with currently available software. A notorious example is the static output feedback control problem which admits a deceptively simple formulation, but for which no systematic polynomial-time algorithm has been designed so far. It is even unclear whether the static output feedback control problem belongs to the category of NP-hard problems. Problems having simple and elegant formulations, but no algorithmic solutions, abound especially in robust control for linear systems. A famous example is the simultaneous stabilization problem, where a controller is sought that stabilizes simultaneously more than two given linear systems. Contrary to the static output feedback problem, it has been proved that the simultaneous stabilization problem is an NP-hard problem [11].

In an attempt to distinguish between “easy” and “difficult” control problems, researchers usually refer to the following classification, in increasing degree of complexity:

• Problems that can be solved analytically or symbolically, such as for example pole placement for scalar systems and the associated linear system of equations that can be solved by hand with e.g. Gaussian elimination;

• Problems that can be solved with numerical linear algebra, such as for example linear quadratic control and the associated algebraic Riccati equation that can be solved with e.g. Schur decomposition;

• Problems that can be solved with convex optimization, either linear programming, second-order cone programming, or more generally semidefinite programming. References [12] and [16] collect several meaningful control problems that can be formulated as convex linear matrix inequalities (LMIs) for which powerful polynomial-time interior-point algorithms have been designed [39];

• Problems for which no convex formulation has been found. Generally, these problems can be always formulated as bilinear matrix inequalities (BMIs), which is apparently the most general meaningful formulation for control problems [16, Part V]. No polynomial-time algorithm has been designed so far for solving BMI problems.

Both the static output feedback and the simultaneous stabilization problems mentioned above belong to the latter category.

∗Supported by grant 102/02/0709 of the Grant Agency of the Czech Republic (DH), project ME 698/2003 of the Ministry of Education of the Czech Republic (DH), grant A1075005 of the Academy of Sciences of the Czech Republic (MK) and BMBF project 03ZOM3ER (MK,MS).

†LAAS-CNRS, 7 Avenue du Colonel Roche, 31077 Toulouse, France (henrion@laas.fr). ‡Department of Control Engineering, Faculty of Electrical Engineering, Czech Technical University in Prague, Technická 2, 16627 Prague, Czech Republic.

∗∗Institute of Information Theory and Automation, Academy of Sciences of the Czech Republic, Pod vodárenskou věží 4, 18208 Prague, Czech Republic (kocvara@utia.cas.cz). Part of the research done while at the Institute of Applied Mathematics, University of Erlangen, Martensstr. 3, 91058 Erlangen, Germany.

§Institute of Applied Mathematics, University of Erlangen, Martensstr. 3, 91058 Erlangen, Germany (stingl@am.uni-erlangen.de).

Because it is overly simplified, the above classification can be misleading. Apparently, problems in the three first categories can be coined out as “easy” problems, whereas problems in the fourth category seem to be “hard” problems. This is incorrect, however. Here are some counter-examples:

• There are “hard” large-scale control problems in the second or third category for which no efficient algorithms have been designed. Even medium-scale LMIs (with, say, above one thousand variables) with moderate sparsity can be very challenging for currently available solvers;

• Ill-conditioned control problems of the second or third category cannot be solved satisfactorily, independently of the algorithm used;

• Some apparently non-convex problems of the fourth category have “hidden” convexity properties, and can be reformulated as convex problems of the third category. A classic example in robust control is state-feedback quadratic stabilization for polytopic plants: given a continuous-time linear system in state-space setting

ẋ(t) = (_N ∑ i=1 λ_i(t)A_i ) x(t) + (_N ∑ i=1 λ_i(t)B_i ) u(t) where vertex system matrices A_i, B_i are given and the non-negative timevarying uncertain parameters λ_i(t) sum up to one, find a static state-feedback control law u(t) = Kx(t) robustly stabilizing the system for any possible (even arbitrarily fast) variation of the uncertain parameters λ_i(t). In [3] it was shown that this robust control problem has a solution if and only if there exists a positive definite symmetric Lyapunov matrix P = P^′ ≻ 0 solving the matrix inequalities

(A_i + B_iK)^′P + P (A_i + B_iK) ≺ 0

for i = 1, 2, . . . , N . In this form, the matrix inequalities are clearly bilinear in decision variables P and K and the problem can be considered as an “hard” BMI problem. Very early, however, it was noticed [7] that the one-to-one change of variables Q = P^{−1}, W = KQ and pre- and post-multiplication by matrix Q of the BMIs resulted in the equivalent matrix inequalities

A_iQ + QA^′_i + B_iW + W^′B_i ≺ 0

which are convex LMIs in new decision variables Q and W . Another classic example of “hidden” convexity is the apparently non-convex problem of minimizing an indefinite quadratic form subject to another indefinite quadratic form, which always admits a convex LMI formulation thanks to Finsler’s theorem, also known as the S-procedure in the Soviet control theory, see [12, Section 2.6.3] or [25] for a more recent account;

• Some non-convex problems of the fourth category, even though without apparent convex reformulation, can be solved easily numerically. Recently, there has been a surge of interest in formulating various convex LMI relaxations of non-convex optimization problems, using either sum-of-squares decomposition of polynomials [40, 38] or the dual theory of moments [34]. Numerical experiments reported in [22] tend to show that most of the small-scale nonconvex polynomial optimization problems found in the technical literature can be solved “easily” with the help of convex LMI relaxations of reasonable dimensions.

Based on these observations, we think that the classification convex (=easy) versus non-convex (=difficult), nowadays frequently used in replacement of the obsolete linear (=easy) versus non-linear (=difficult), is inappropriate. Some non-convex problems can be solved numerically quite easily, whereas some convex problems are still challenging.

A lot of criticism has been faced by people who initially derived BMI formulations of control problems in the mid 1990s [21], namely because there were no computational methods for solving non-convex BMIs, in contrast with convex LMIs for which powerful interior-point algorithms were available [39]. Almost one decade later, this unsatisfactory state of the art in BMI solvers is almost unchanged, whereas LMI and semidefinite programming solvers now abound. There were, however, several attempts to solve BMI problems numerically, and the following list is far from being exhaustive:

• Global optimization algorithms based on branch-and-bound schemes [20] or the generalized Benders decomposition [6] were the first historically to be developed. More recently, concave minimization algorithms were described [2] but no software has been developed, and apparently no further research has been carried out in this direction. Branch-and-bound schemes with outer convex LMI approximations of BMI sets that are tight in some low dimensional instances are also described in [19]. However in the latter reference only randomly generated BMI problems are considered. We believe that these “generic” problems are hardly representative of typical control BMIs. Moreover, it is our guess that these global optimization techniques may prove useful to solve some specific BMI problems for which they have been tuned adequately, but generally they are too computationally demanding in comparison with the other techniques described below;

• Various heuristics based on iteratively solving LMI subproblems were proposed, the most efficient of which seems to be the cone complementarity linearization algorithm [17]. Simple alternating schemes such as the D-K iteration or alike, where a set of variables are fixed while optimizing over the set of remaining variables, also belong to this category. Inefficiency of these methods in solving very basic BMI problems has been shown e.g. in [28], but because of their simplicity, these methods remain widely used in the control community;

• More recently, several researchers have been trying to apply non-convex programming techniques to BMI problems, with moderate success so far. Interior-point constrained trust region methods are proposed in [35] in the special case of static output feedback and low-order controller design BMIs. The method is a sequential minimization method of a logarithmic barrier function subject to a nonlinear matrix constraint. A similar approach, also based on logarithmic barrier function and using a sophisticated method to the minimization of the unconstrained sub-problems was proposed in [29]. Sequential semidefinite programming, as an extension of quadratic programming, is used in [18] to solve LMI problems with additional nonlinear matrix equality constraints. The performance of the algorithm however strongly relies on the performance of the underlying LMI solver, and this is currently the bottleneck of this approach. Another interior-point method is described in [26], as an extension of a primal predictor-corrector method with curved line-search. The algorithm has been applied to solve a low-order controller design BMI for a benchmark active suspension system, but experiments reveal that the algorithm does not compare favorably with standard full-order LMI design combined with model-reduction techniques, or with the cone complementarity linearization heuristic. No publicly available software came out of these attempts to the best of our knowledge.

From the above discussion and the apparently irrelevant distinction between convex and non-convex control problems, we are convinced that it is not because a problem only admits a BMI formulation that it cannot be solved efficiently in practice. Therefore, we propose in this paper a new computational algorithm to solve BMI problems, based on an augmented Lagrangian method for non-linear semidefinite programming. The algorithm belongs to the latter category of non-linear programming techniques. These techniques are local in the sense that they are guaranteed to converge to a local optimum satisfying first order necessary optimality conditions. Contrary to global optimization algorithms, convergence to the global optimum is not guaranteed, however. So if the algorithm did not converge to a feasible point, it does not mean that the BMI problem is not feasible.

The framework of the presented algorithm is given by the augmented Lagrangian method; the difference to the classic algorithm is in the definition of a special penalty/barrier function satisfying certain properties. The algorithm is based on the PBM method introduced in [5] for convex optimization problems and later generalized to general nonlinear programming problems in [13]. A generalization of this method for convex semidefinite programming problems was recently proposed in [31]. The algorithm was implemented in the code PENNON, that proved to be very efficient for linear SDP problems [37]. More recently, the algorithm has been generalized to nonlinear semidefinite programming problems. The nonconvex unconstrained minimization subproblems are solved either by a variant of the Modified Newton method or by the trust-region algorithm. This algorithm for general nonconvex SDPs was adopted to BMI problems and gave rise to a specialized code called PENBMI. To our knowledge, PENBMI is the first available general-purpose code for BMIs^1.

In this paper we show that our non-convex programming algorithm can solve efficiently a special case of BMI problems coming from simultaneous stabilization. The BMI formulation originates from [24]. It is based on purely algebraic, or polynomial techniques and the Hermite stability criterion. In contrast with state-space techniques, there is no Lyapunov matrix certificate entering the design BMIs, and the set of decision variables is restricted to the controller variables only, here the scalar coefficients of the controller numerator and denominator polynomials. We shall return to this point in the conclusion.

The outline of the paper is as follows. In Section 2 we briefly recall the BMI formulation of the simultaneous stabilization problem in the polynomial framework. In Section 3 we describe the non-convex programming algorithm and in Section 4 its application to BMI problems. In Section 5 we report extensive numerical experiments on a set of test examples coming from the technical literature. Key points such as the choice of the initial points, weighting parameter in the objective function, bounds on decision variables, are examined in full detail. Finally, we conclude the paper with several important remarks.

1See http://www.penopt.com for a free developer version of PENBMI.

2. Simultaneous stabilization BMIs. We consider the problem of simultaneously stabilizing a family of single-input single-output linear systems by one fixed controller of given order. This problem arises for instance when trying to preserve stability of a control system under the failure of sensors, actuators, or processors. Simultaneous stabilization of three or more systems was extensively studied in [10]. Later on, the problem was shown to belong to the wide range of robust control problems that are NP-hard, i.e. that are very unlikely to be solved in polynomial time [11].

In [24] a BMI formulation of the simultaneous stabilization problem was obtained in the framework of the polynomial, or algebraic approach to systems control [33]. This formulation is briefly summarized in this section.

2.1. Polynomial formulation. Let the real rational functions

P_i(s) = n_i(s) d_i(s) , i = 1, 2, . . . , N be coprime polynomial fraction descriptions for N linear plants. We seek a controller C(s) = x_n(s) x_d(s) of fixed order simultaneously stabilizing plants P_i(s) when placed in a standard negative feedback configuration. In other words, given polynomials n_i(s), d_i(s) of degree n_p the simultaneous stabilization problem amounts to finding polynomials x_n(s), x_d(s) of given degree n_x such that all the characteristic polynomials

p_i(s) = n_i(s)x_n(s) + d_i(s)x_d(s), i = 1, 2, . . . , N (2.1)

of degree n = n_p + n_x have their roots in some specified stability region.

2.2. Hermite stability criterion. We consider stability regions of the form D = {s ∈ C : a + bs + b^⋆s^⋆ + css^⋆ < 0} in the complex plane. Typical choices are a = 0, b = 1, c = 0 (left half-plane) for continuous-time polynomials, and a = −1, b = 0, c = 1 (unit disk) for discrete-time polynomials.

The location of the roots of a polynomial in region D is captured by the following well-known Hermite stability criterion, which is the symmetric counterpart of the standard Routh-Hurwitz or Schur-Cohn stability criteria.

Lemma 2.1. The roots of a polynomial p(s) = p_0 + p_1s + · · · + p_ns^n belong to region D if and only if the matrix H(p) = n∑ j=0 n∑ k=0 p_j p_kH_{ij} is positive definite, where Hermitian matrices H_{jk} depend on region D only.

For conciseness we do not explicitly give expressions for matrices H_{jk}. The interested reader is referred to [23] for details. For example, when n = 3 and D is the left half-plane then H(p) = 2p_0p_1 0 2p_0p_3 0 2p_1p_2 − 2p_0p_3 0 2p_0p_3 0 2p_2p_3 .

When n = 3 and D is the unit disk then H(p) = p^2_3 − p^2_0 p_2p_3 − p_0p_1 p_1p_3 − p_0p_2 p_2p_3 − p_0p_1 p^2 + p^3_2 − p^2_0 − p^2_1 p_2p_3 − p_0p_1 p_1p_3 − p_0p_2 p_2p_3 − p_0p_1 p^2_3 − p^2_0 .

2.3. BMI formulation. Denote

x_n(s) = x_0 + x_1s + · · · + x_{nx−1}s^{nx−1} + x_{nx} s^{nx} x_d(s) = x_{nx+1} + x_{nx+2}s + · · · + x_{2nx−1}s^{nx −1} + s^{nx}

where controller denominator polynomial x_d(s) is monic (i.e. normalized) and collect all the design parameters into the coefficient vector x = [x_0 x_1 · · · x_{2nx−1}]. Applying Lemma 2.1 to characteristic polynomials (2.1), we derive easily the following BMI formulation of the simultaneous stabilization problem.

Theorem 2.2. The simultaneous stabilization problem for N plants of order n_p is solved with a controller of order n_x if and only if the 2n_x + 1 controller coefficients x_k satisfy the N following BMIs of size n = n_p + n_x

H(p_i) = n∑ j=0 n∑ k=0 x_j x_kH_{ijk} ≻ 0, i = 1, 2, . . . , N where Hermitian matrices H_{ijk} depend only on the stability region and open-loop plant coefficients.

For conciseness we do not explicitly give expressions for matrices H_{ijk}. The interested reader is referred to [24] for details.

3. Augmented Lagrangian method for nonlinear semidefinite programming. Our goal is to solve optimization problems with a nonlinear objective subject to matrix inequalities as constraints: min x∈Rn^{f(x) (3.1)}

s.t. A(x) 4 0 .

Here f : R^n → R is a C^2 function and A : R^n → S^m is a generally nonconvex smooth matrix operator.

The method is based on the penalty/barrier function Φ_p : S^m → S^m, p ∈ R_+, defined as follows:

Φ_p(A(x)) = −p^2(A(x) − pI)^{−1}(x) − pI . (3.2)

The advantage of this choice is that we can easily compute the first and second derivatives of Φ_p. Defining

Z(x) = −(A(x) − pI)^{−1} (3.3)

we have (see [31]): ∂ ∂x_i Φ_p(A(x)) = p^2Z(x) ∂A(x) ∂x_i Z(x) (3.4)

∂^2 ∂x_i∂x_j Φ_p(A(x)) = p^2Z(x) ( ∂A(x) ∂x_i Z(x) ∂A(x) ∂x_j + ∂^2A(x) ∂x_i∂x_j + ∂A(x) ∂x_j Z(x) ∂A(x) ∂x_i ) Z(x) . (3.5)

It is straightforward to show that for any p > 0 we have

A(x) 4 0 ⇐⇒ Φ_p(A(x)) 4 0 .

This means that, for any p > 0, problem (3.1) has the same solution as the following “augmented” problem

min_{x∈}R_n f(x) (3.6)

s.t. Φ_p(A(x)) 4 0 .

The Lagrangian of (3.6) can be viewed as a (generalized) augmented Lagrangian of (3.1): F (x, U, p) = f(x) + tr ( U Φ_p (A(x)) ) ; (3.7)

here U ∈ S^m_+ are a Lagrangian multiplier associated with the inequality constraint.

The basic algorithm combines ideas of the (exterior) penalty and (interior) barrier methods with the augmented Lagrangian method.

Algorithm 3.1 (Main algorithm).

Let x^1 and U^1 be given. Let p^1 > 0. For k = 1, 2, . . . repeat until a stopping criterion is reached:

(i) Find x^{k+1} satisfying ‖^∂_{∂x} F (x, U^k, p^k)‖ ≤ α^k for given α^k > 0 (ii) U^{k+1} = D_AΦ_p(A(x); U^k) (iii) p^{k+1} < p^k .

Making standard assumptions on problem (3.1), it can be proved that any cluster point of the sequence {(x_k, U_k)}_{k>0} generated by Algorithm 3.1 is a KKT point of Problem 3.1. For the proof we refer to [41].

The details of the algorithm are given below. In the next section we introduce an algorithm for the approximate unconstrained minimization of a nonconvex function, as used in Step (i). The multiplier update formulas will be motivated in Section 3.2, Proposition 3.1.

3.1. Unconstrained minimization. The tool used in Step (i) of Algorithm 3.1 is a version of the Modified Newton method. In each step we calculate the search direction d by the algorithm described below. The step length is calculated by a gradient free line search satisfying the Armijo condition.

Algorithm 3.2 (One step of the minimization method in Algorithm 3.1(i)). (i) Given a current iterate (x, U, p), compute the gradient g and Hessian H of F at x.

(ii) Perform Cholesky factorization of H. If the factorization fails, go to the next step; otherwise, set ^H = H and go to Step (iv).

(iii) Find β ∈ [−λ_{min} , −2λ_{min}], where λ_{min} is the minimal eigenvalue of H and set ^H = H + βI. (iv) Calculate the search direction d = − ^H^{−1}g. (v) Perform Armijo-type line search in direction d. Denote the step-length by s.

(vi) Set

x_{new} = x + sd.

Obviously, for a convex F , this is just a Newton step with line search. The value of β in Step (iii) is found by the following standard algorithm:

Algorithm 3.3 (Finding β in Algorithm 3.2(iii)).

Choose initial ^β > 0. Perform Cholesky factorization of H + ^βI. If the factorization fails, go to Step (i); otherwise go to Step (iii).

(i) Set ^β ← 2 ^β.

(ii) Perform Cholesky factorization of H + ^βI. If the factorization fails, go to Step (i); otherwise stop and return β = ^β.

(iii) Set ^β ← ^β/2.

(iv) Perform Cholesky factorization of H + ^βI. If the factorization fails stop and return β = 2 ^β; otherwise go to Step (iii).

Clearly, the algorithm ends up with β ∈ [−λ_{min} , −2λ_{min}].

The main Algorithm 3.1, combined with the techniques of Algorithms 3.2 and 3.3, proved to work well on a large set of nonconvex NLP and nonconvex SDP problems. It is not possible, though, to prove convergence of Algorithm 3.1 combined with this simple approach without imposing additional (restrictive) assumptions. Therefore we also implemented a version of the trust-region algorithm for which, in order to prove convergence of Algorithm 3.1, we needed just standard assumptions, and compared it to the heuristic approach on a set of NLP problems. The trust region variant turned out to be more robust but often slower. Since we did not find any problems with (numerical) convergence when solving BMI problems, we decided to use the first approach in all the computational experiments presented in this paper (see Section 5).

3.2. Multiplier update. First we would like to motivate the multiplier update formula in Algorithm 3.1.

Proposition 3.1 (see [32]). Let x^{k+1} be a minimizer of the augmented Lagrangian F with respect to x in the k-th iteration. If we choose U^{k+1} as in Algorithm 3.1, we have

L(x^{k+1}, U^{k+1}, p^k) = 0,

where L denotes the standard Lagrangian of the initial problem (3.1).

For our choice of the penalty function Φ_p, the update of the matrix multiplier U can be written as

U^{k+1} = (p^k)^2Z(x)U^kZ(x) (3.8)

with Z defined as in (3.3). This formula may lead, in certain situations, to big changes in the approximate multipliers. These changes may lead to a large number of Newton steps in the subsequent iteration. Also, it may happen that already after first few steps the multipliers become ill-conditioned and the algorithm suffers from numerical difficulties. Therefore, we restrict the multipliers computed in (3.8) using the following algorithm, where 0 < μ_A ≤ 1 (typically μ_A = 0.5):

Algorithm 3.4 (Multiplier update in Algorithm 3.1(ii)). (i) Calculate U^{k+1} using the update formula (3.8).

(ii) Compute

λ_A = min ( μ_A, μ_A ‖ U^k ‖ F ‖U^{k+1} − U^k‖_F ) . (iii) Update the current multiplier by

U^{new} = U^k + λ_A(U^{k+1} − U^k).

3.3. Penalty parameter update and stopping criteria. Given an initial iterate x^1, our initial penalty parameter p^1 is chosen large enough to satisfy the inequality

p^1I − A(x^1) ≻ 0.

In the following iterations, the penalty parameter is updated using the formula

p^{k+1} = max(πp^k, λ_{max}(A(x^k))),

where λ_{max}(A(x^k)) ∈ ( 0, p^k ) denotes the maximal eigenvalue of A(x^k) and π < 1 is a constant factor, depending on the initial penalty parameter p^1, typically chosen between 0.3 and 0.6. The penalty update is stopped when certain p_{eps} (typically 10^{−6}) is reached. From this iteration on, p is set to p_{eps}.

The unconstrained minimization is stopped when ‖^∂_{∂x} F (x, U, p)‖ ≤ α, where α = 0.01 is a good choice in most cases.

Algorithm 3.1 is stopped if both of the following inequalities hold: |f(x^k) − F (x^k, U^k, p)| 1 + |f(x^k)| < ϵ , |f(x^k) − f(x^{k−1})| 1 + |f(x^k)| < ϵ , where ϵ is typically 10^{−7}.

4. Solving feasibility BMI problems. Our goal is to solve simultaneous stabilization problems, i.e., by Theorem 2.2, to check whether a system of BMIs is feasible.

Assume we want to find a feasible point of the following system of BMIs:

A^i_0 + n∑ k=1 x_kA^i_k + n∑ k=1 n∑ ℓ=1 x_kx_ℓK^i_{kℓ} ≺ 0, i = 1, . . . , N (4.1) with symmetric matrices A^i_k, K^i_{kℓ} ∈ R^{di×di} , k, ℓ = 1, . . . , n, i = 1, . . . , N , and x ∈ R^n. The feasibility of (4.1) is checked by solving the following optimization problem min x∈Rn,λ∈R^{λ (4.2)} s.t. − x_{bound} ≤ x^k ≤ x_{bound}, k = 1, . . . , n

A^i_0 + n∑ k=1 x_kA^i_k + n∑ k=1 n∑ ℓ=1 x_kx_ℓK^i_{kℓ} 4 λI_{n×n}, i = 1, . . . , N . Here x_{bound} is a (large enough) bound that should help to avoid numerical difficulties in case of unbounded problems.

Problem (4.2) is a global optimization problem: we know that if its global minimum λ is non-negative then the original problem (4.1) is infeasible. On the other hand, Algorithm 3.1 can only find local optima (more precisely, critical points). Thus, when solving (4.2) by our algorithm, the only conclusion we can make is the following:

when λ < 0, the system is strictly feasible;

when λ = 0, the system is marginally feasible and may have no interior point;

when λ > 0 for any x_{bound}, the system may be infeasible.

It often happens in our examples that the feasible region of (4.1) is unbounded. In this case, we can avoid numerical difficulties by introducing large enough artificial bounds x_{bound}. In this way, though, we may get points that do not represent good solutions of the underlying simultaneous stability problem. Indeed, for physical implementation reasons, it is not advisable to have controller coefficients with very large magnitude. To better treat the unbounded problems, we modify the objective function by adding the square of the 2-norm of the vector x multiplied by a weighting parameter w. The problem we finally solve reads as follows: min x∈Rn,λ∈R^{λ + w‖x‖2 (4.3)} s.t. − x_{bound} ≤ x^k ≤ x_{bound}, k = 1, . . . , n

A^i_0 + n∑ k=1 x_kA^i_k + n∑ k=1 n∑ ℓ=1 x_kx_ℓK^i_{kℓ} 4 λI_{n×n}, i = 1, . . . , N . For the solution of (4.3) we used a code PENBMI based on the algorithm and ideas from Section 3. The code is written mainly in C programming language. Special attention was given to the numerical robustness and efficiency. The code can handle various sparsity types in the problem data (see [31] for more details). We added a basic matlab interface for comfortable data input.

5. Numerical examples. We collected a suite of simultaneous stabilization problems selected from the recent literature. Table 5.1 gives basic characteristics of these problems. These problems were formulated as feasibility BMIs (4.3) and solved

Table 5.1 Problems

system contr. nb. of known problem order order vertices feas. point ref. discrete 3 2 1 [200 100 50] [42] f4e 3 0 4 -0.8692 [1] helicopter 3 2 4 [1.865 2.061 1.992 4.335 10.50] [27] interval1 0 3 0 16 0.0380 [8] interval1 1 3 1 16 [66.16 52.01 38.18] [8] interval2 0 2 0 8 226.5 [8] interval2 1 2 1 8 [397.4 214.4 -135.8] [8] mass spring 1 4 2 [0.2887 1.6761 -2.1434 3.0755 2.7278] [43] oblique wing 4 0 64 0.381 [4] parametric 2 0 3 24.1489 [15] patel11 servo motor 2 1 4 [1.300, 26.88, 5.439, 0] [9] toy1 3 1 1 [0.5647 1.6138 1.5873] [24] toy2 3 1 1 [-2.9633 -2.2693 1.2783] [24]

by the code PENBMI. Not surprisingly, it turned out that the critical issue was the choice of the initial point. Figure 5.1 illustrates this: it shows the dependence of the maximum eigenvalue of the BMI on the variable in the (one-dimensional) problem interval2 0. When starting left of the “hill”, most local codes will highly probably

Fig. 5.1. Problem interval2 0: global view (left) and detail of the local minimum (right). The x-axis is for the controller parameter, the y-axis for the maximum eigenvalue of the BMI.

finish at the local minimum shown in detail in the right-hand figure. The value at this minimum is positive, indicating infeasibility. There are, however, many “feasible” points on the right of the “hill”. This example also shows the necessity to treat the unboundedness of some problems.

In our tests, we have used initial points generated by the following heuristics. If the system to be stabilized has, for instance, three vertices, then we generate three initial points x^0_1, x^0_2, x^0_3, where x^0_i is the coefficient vector of a controller stabilizing vertex number i (obtained easily by some design method such as pole placement). So it means that in our set of three inequalities BMI(i), i = 1, 2, 3, vector x^0_i is feasible for BMI(i), but not necessarily for BMI(j), j ≠ i. Additionally, we solved all problems with x^0 = 0.

Note that the solution of most problems is obtained in fractions of seconds by PENBMI (with a Pentium III 1GHz processor). Thus many initial points cause not a real problem.

Another important issue was the choice of the weighting parameter w in (4.3). After performing many experiments, we obtained the best results with w = 0.0001.

Table 5.2 presents the results. For each problem, we show the number of initial points, the minimum and maximum number of internal PENBMI iterations (Newton steps) and the number of successful and unsuccessful runs. By a successful run we mean the case when a feasible point was found. (Recall that all problems are feasible). We also show the number of successful runs when the feasible point was at the upper or lower bound; in this case the point may not be a stabilizer and has to be checked a-posteriori. Unsuccessful run means that the optimal value in (4.3) was greater than or equal to zero. Note that in all cases PENBMI converged to a critical point.

Based on the numerical results, we can gather the problems into three categories: easy, difficult, and very difficult.

• Easy problems: These are problems that can be solved by (almost) any optimization algorithm or heuristic. They are often quasi-convex and have just one critical point (global optimum). If this point happens to be negative, the BMI is feasible. If not, the BMI is infeasible. A typical example is plotted in Figure 5.2: it shows the maximum eigenvalue function in problem interval1 0. In this case, fortunately, the global mini-

Table 5.2 Results by PENBMI

no. of min. max. succ. bound unsucc. problem init. pts iter iter cases reached cases discrete 4 17 86 4 2 0 f4e 5 63 78 4 0 1 helicopter 5 85 107 3 0 2 interval1 0 17 56 67 17 0 0 interval1 1 17 66 104 16 0 1 interval2 0 9 53 63 6 6 3 interval2 1 9 63 131 4 4 5 mass spring 2 348 397 2 0 0 oblique wing 65 65 90 64 0 1 parametric 4 62 73 3 3 0 patel11 4 3844 4311 0 0 4 servo motor 5 84 179 5 5 0 toy1 4 16 17 4 0 0 toy2 4 66 243 4 3 0

Table 5.3 Sample feasible solutions

problem sample solution discrete [986.4082 1.973642 -881.029] f4e -3.883269 helicopter [4.163893 13.71272 11.81145 5.293632 198.1735] interval1 0 0.0 interval1 1 [284.0731 665.9093 -345.6691] interval2 0 1000.0 interval2 1 [1000.0 665.9093 -345.6691] mass spring [0.3656107 1.874861 -2.84195 3.642398 3.114566] oblique wing 0.00189245 parametric 1000.0 servo motor [0.3775896 132.9259 1000.0] toy1 [-130.1906 617.8048 899.4505] toy2 [-29.98629 0.2497994 13.36847]

mum is negative, thus the problem is feasible. Independent of the starting point, the solution was always found within 56–67 PENBMI (inner) iterations. Other problems from this category are toy1, toy2, discrete,

parametric, interval2 0, servo motor and oblique wing.

• Difficult problems: These are highly non-convex problems for which most of the heuristics fail. Figure 5.3 presents a one-dimensional problem from this category, f4e. Obviously, when the initial point is too big, PENBMI finds the local minimum 2.363413; otherwise it finds the global minimum - 3.883269 (right-hand figure shows its detail). Other problem of this type are

helicopter, and mass spring.

• Very difficult problems: These problems are almost unsolvable; they are probably not well-posed or not corresponding to a physical problem. patel11

Fig. 5.2. Problem interval1 0: global view (left) and detail of the global minimum (right)

Fig. 5.3. Problem f4e: global view (left) and detail of the global minimum (right).

belongs to this category: notwithstanding the initial point, PENBMI always finishes with maximum eigenvalue that is (numerical) zero. The known stabilizer gives negative but very small eigenvalue. We suspect that due to ill-conditioning, PENBMI cannot distinguish between this number and numerical zero.

6. Conclusion. In this paper we have shown that simultaneous stabilization problems, despite having a non-convex BMI formulation, can be solved efficiently with a non-linear semidefinite programming technique implemented in a solver called PENBMI. To our knowledge, PENBMI is the first available general-purpose code for solving BMIs.

When making a conclusion on the computational experiments, we have to distinguish two different goals: an algorithm for finding a local minimum of the optimization problem with BMI constraints; and a strategy for finding a feasible point of a system of BMIs. The first goal is fully reached by the Algorithm 3.1. Indeed, for all problems we have solved (and for all starting points) the algorithm always converged to a stationary point. And, although the theory only guarantees convergence to a first-order point, we could verify that the obtained points satisfied the second-order stationary conditions, i.e., they were local minimizers.

The second goal—find a feasible point of a system of BMIs—was partly reached. Using the formulation of the feasibility problem as an optimization problem, choosing a proper objective function and box constraints for this problem, and, in particular, choosing a proper set of initial points, we have developed a strategy that, in most cases, leads to finding a feasible point (for problems that are known to be feasible). Only for one problem, patel11, we did not succeed. This is, most probably, due to ill-conditioning, when the code cannot distinguish between the solution (that is almost zero) and numerical zero.

Further work must be dedicated to the choice of the initial point. Generally, outer convex approximations of BMI feasible sets, such as the ones described in [2] or [19], are not tight enough and do not provide useful information for local optimization codes such as PENBMI. It is hoped that interval arithmetic and constraint propagation schemes should help computing efficiently outer approximations of non-convex BMI sets and therefore deriving useful starting points near local optimizers. See [30] for a preliminary work in this direction.

Very recently, non-smooth non-convex optimization techniques have been successfully applied to solve static output feedback problems. A gradient sampling method is used to approximate local optimizers, starting from a larger number of initial points [14]. Preliminary numerical experiments on static output feedback design and pseudospectrum optimization are promising, and further experiments are now carried out to test the applicability of these techniques on more general BMI problems.

It must be emphasized that, similarly to the BMI simultaneous stabilization framework described in this paper, the non-smooth optimization technique in [14] has the advantage of working on the set of controller variables only. Because the stabilization problem is formulated with the help of the spectral abscissa or the pseudospectrum, there is no additional variables involved in the design procedure. As an example, in the well-known benchmark case of static output feedback design for the Boeing 767 aircraft at a flutter condition [14], there are only 2 inputs and 2 outputs so a total of 4 scalar controller variables to be found. The linear model has 55 states, which means that a brute-force state-space BMI formulation of the static output feedback design would introduce (55 × 56)/2 = 1540 additional scalar variables corresponding to the Lyapunov matrix guaranteeing closed-loop stability. It is likely that no algorithm can solve such a large BMI problem. In other words, besides designing powerful non-convex optimization algorithms, we must also focus on the key problem of finding the most adequate formulation of the control problem: state-space setting versus polynomial setting, stability guarantee with Lyapunov certificates or algebraic polynomial inequalities, etc.

Finally, we are trying to collect a significant amount of BMI benchmark problems coming from simultaneous stabilization but also static output feedback or other difficult control problems. We hope that such a database will encourage researchers to develop alternative public-domain BMI solvers. A new release of the parser YALMIP [36] that should handle BMI problems in a user-friendly and efficient framework is also currently under active development.

REFERENCES

[1] J. Ackermann. Robust control: systems with uncertain physical parameters. Springer Verlag, 1993.

[2] P. Apkarian and H. D. Tuan. Concave programming in control theory. Journal of Global Optimization, 15:343–370, 1999.

[3] B. R. Barmish. Necessary and sufficient conditions for quadratic stabilizability of an uncertain system. Journal of Optimization Theory and Applications, 46(4):399–408, 1985.

[4] B. R. Barmish. New tools for robustness of linear systems. Macmillan, 1994.

[5] A. Ben-Tal and M. Zibulevsky. Penalty/barrier multiplier methods for convex programming problems. SIAM J. Optimization, 7:347–366, 1997.

[6] E. Beran, L. Vandenberghe, and S. Boyd. A global BMI algorithm based on the generalized benders decomposition. In Proceedings of the European Control Conference, Brussels, Belgium, 1997.

[7] J. Bernussou, P. L. D. Peres, and J. C. Geromel. A linear programming oriented procedure for quadratic stabilization of uncertain systems. Systems and Control Letters, 13(1):65–72, 1989.

[8] S. Bhattacharyya, L. H. Keel, and S. P. Bhattacharyya. Robust stabilizer synthesis for interval plants using H∞ methods. In Proceedings of the IEEE Conference on Decision and Control, San Antonio, Texas, pages 3003–3008, 1993.

[9] S. P. Bhattacharyya, H. Chapellat, and L. H. Keel. Robust control: the parametric approach.

Prentice Hall, 1995.

[10] V. D. Blondel. Simultaneous stabilization of linear systems. MacMillan, New York, 1994. [11] V. D. Blondel and J. N. Tsitsiklis. A survey of computational complexity results in systems and control. Automatica, 36(9):1249–1274, 2000.

[12] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan. Linear matrix inequalities in system and control theory. SIAM, Philadelphia, PA, 1994.

[13] M. Breitfeld and D. Shanno. A globally convergent penalty-barrier algorithm for nonlinear programming and its computational performance. Technical report, Rutcor Research Report, Rutgers University, New Jersey., 1994.

[14] J. V. Burke, A. S. Lewis, and M. L. Overton. A nonsmooth, nonconvex optimization approach to robust stabilization by static output feedback and low-order controller. In Proceedings of the IFAC Symposium on Robust Control Design, Milan, Italy, 2003.

[15] Y. Y. Cao and Y. X. Sun. Static output feedback simultaneous stabilization: ILMI approach.

International journal of control, 70(5):803–814, 1998.

[16] L. El Ghaoui and S. I. Niculescu (Editors). Advances in Linear Matrix Inequality Methods in Control. SIAM, Philadelphia, PA, 2000.

[17] L. El Ghaoui, F. Oustry, and M. Ait-Rami. A cone complementarity linearization algorithm for static output-feedback and related problems. IEEE Transactions on Automatic Control, 42:1171–1176, 1997.

[18] B. Fares, D. Noll, and P. Apkarian. Robust control via sequential semidefinite programming.

SIAM Journal on Control and Optimization, 40(6):1791–1820, 2002.

[19] M. Fukuda and M. Kojima. Branch-and-cut algorithms for the bilinear matrix inequality eigenvalue problem. Computational Optimization and Applications, 19:79–105, 2001.

[20] K. C. Goh, M. G. Safonov, and G. P. Papavassilopoulos. Global optimization for the biaffine matrix inequality problem. Journal of Global Optimization, 7:365–380, 1995.

[21] K. C. Goh, L. Turan, M. G. Safonov, G. P. Papavassilopoulos, and J. H. Ly. Biaffine matrix inequality properties and computational methods. In Proceedings of the American Control Conference, Baltimore, MD, 1994.

[22] D. Henrion and J. B. Lasserre. Global optimization over polynomials with matlab and sedumi.

ACM Transactions on Mathematical Software, 29(2), 2003.

[23] D. Henrion, D. Peaucelle, D. Arzelier, and M. Šebek. Ellipsoidal approximation of the stability domain of a polynomial. In Proceedings of the European Control Conference, Porto, Portugal, 2001.

[24] D. Henrion, S. Tarbouriech, and M. Šebek. Rank-one LMI approach to simultaneous stabilization of linear systems. Systems and control letters, 38(2):79–89, 1999.

[25] J. B. Hiriart-Urruty and M. Torki. Permanently going back and forth between the quadratic world and the convexity world in optimization. Applied Mathematics and Optimization, 45:169–184, 2002.

[26] C. W. J. Hol, C. W. Scherer, E. G. van der Meché, and O. H. Bosgra. A nonlinear SDP approach to fixed-order controller synthesis and comparison with two other methods applied to an active suspension system. European Journal of Control, 9(1), 2003.

[27] Z. Hurák. Private communication, 2001.

[28] O. Merino J. W. Helton. Coordinate optimization for bi-convex matrix inequalities. In Proceedings of the IEEE Conference on Decision and Control, San Diego, CA, 1997.

[29] F. Jarre. An interior method for nonconvex semidefinite programs. Optimization and Engineering, 1:347–372, 2000.

[30] L. Jaulin and D. Henrion. Linear matrix inequalities for interval constraint propagation. In Proceedings of the Workshop on Interval Analysis and Constraint Propagation for Applications, Kinsale, County Cork, Ireland, September 2003.

[31] M. Kočvara and M. Stingl. PENNON—a code for convex nonlinear and semidefinite programming. Optimization Methods and Software, 18(3):317–333, 2003.

[32] M. Kočvara and M. Stingl. PENNON—a generalized augmented Lagrangian method for semidefinite programming. In G. Di Pillo and A. Murli, editors, High Performance Algorithms and Software for Nonlinear Optimization, pages 297–315. Kluwer Academic Publishers, Dordrecht, 2003.

[33] V. Kučera. Discrete linear control: the polynomial approach. John Wiley and Sons, Chichester, UK, 1979.

[34] J. B. Lasserre. Global optimization with polynomials and the problem of moments. SIAM Journal on Optimization, 11(3):796–817, 2001.

[35] F. Leibfritz and E. M. E. Mostafa. An interior point constrained trust region method for a special class of nonlinear semidefinite programming problems. SIAM Journal on Optimization, 12(4):1048–1074, 2002.

[36] J. Löfberg. YALMIP - yet another LMI parser, version 2.4. Division of Automatic Control, Linköping University, Linköping, Sweden, May 2003.

[37] H. D. Mittelmann. Several SDP codes on sparse and other SDP problems. Department of Mathematics and Statistics, Arizona State University, Tempe, AZ, September 14, 2003.

[38] Y. Nesterov. Squared functional systems and optimization problems. In H. Frenk, K. Roos, and T. Terlaky, editors, High performance optimization (Chapter 17). Kluwer Academic Publishers, Dordrecht, 2000.

[39] Yu. Nesterov and A. Nemirovskii. Interior-point polynomial algorithms in convex programming.

SIAM, Philadelphia, PA, 1994.

[40] P. A. Parrilo. Structured Semidefinite Programs and Semialgebraic Geometry Methods in Robustness and Optimization. PhD thesis, California Institute of Technology, Pasadena, California, 2000.

[41] M. Stingl. On the solution of nonlinear Semidefinite Programs by Augmented Lagrangian Methods. PhD thesis, Institute of Applied Mathematics II, Friedrich-Alexander University of Erlangen-Nuremberg, in preparation.

[42] K. Wei. Simultaneous stabilization of single-input single-output discrete-time systems. IEEE Transactions on Automatic Control, 38(3):446–450, 1993.

[43] B. Wie and D. S. Bernstein. Benchmark problems for robust control design. In Proceedings of the American Control Conference, Chicago, Illinois, pages 2047–2048, 1992.