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ABSTRACT

This paper proposes a novel approach for optimizing feasible trajectories for nonholono-
mic systems. The method is iterative and based on the perturbation of the input functions
of the system along the trajectory. The input functions are perturbed in such a way that a
criterion relative to the path is minimized. We briefly present two applications of the me-
thod : one in trajectory optimization for complex nonholonomic systems and one in reactive
obstacle avoidance for multi-body wheeled mobile robots. In both cases, the criterion to
optimize is related to the distance to obstacles. The method thus modifies the current tra-
jectory in order to make it maximize the distance to obstacles, while keeping the kinematic
constraints satisfied at any time.
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1 INTRODUCTION

Path planning for nonholonomic systems has been extensively studied for the past fifteen
years. Theoretical and practical solutions have been proposed for a large class of problems [1,
2, 6, 8, 5, 9]. However, computing collision-free paths for nonholonomic systems is still
very time-consuming. Moreover the paths computed by classical methods are usually far
from optimal. For these two reasons, it can be useful to optimize a path planned by a
path planner or to adapt locally this path when unexpected obstacles make this path in
collision. For systems not subjected to kinematic constraints or for a few dedicated systems,
solutions based on an elastic band approach have been developed several years ago [7]. The
idea consists in considering the path of the system as an elastic strip that is subjected to
repulsive forces generated by the obstacles. The path is iteratively deformed along the force
field in order to get away from obstacles. The method works only for holonomic systems.

In this paper, we propose a path optimization method applicable to a very large class
of nonholonomic systems. The seminal idea consists in defining for a given path the set of
deformations that will keep the nonholonomic constraints satisfied. This set is constructed
by perturbing the input functions of the system along the initial path.

Then we briefly present two different applications of our nonholonomic path optimization
method : one in reactive navigation for nonholonomic robots where the method is used to
avoid unexpected obstacles [4] and one in trajectory optimization in a project between
Airbus, the French department of transportation, LAAS-CNRS and Kineo CAM [3].



2 PATH DEFORMATION

The principle of our method is the same in both applications. A first feasible path,
possibly in collision being given, the method iteratively modifies this path in such a way
that the path moves away from obstacles. The deformation applied at each iteration makes
a potential function related to the path decrease. This potential function decreases when the
distance between the path and obstacles increases. The seminal idea of our method consists
in choosing deformations that keep the nonholonomic constraints of the system satisfied.
These deformations are those obtained by perturbing the input functions of the initial path
as explained later.

In the rest of this section, we describe one iteration of our deformation algorithm.

2.1 Nonholonomic Systems

A nonholonomic system of dimension n is characterized by a set of k < n vector fields
X1(q),...,Xk(q), where q ∈ C = Rn is the configuration of the system. For each configuration
q, the admissible velocities of the system are the linear combinations of the Xi(q). Let us
define n − k additional vector fields Xk+1(q),...,Xn(q) in such a way that (X1, ..., Xn) is a
basis of Rn at each configuration. Equivalently, a path q(s) defined over an interval [0, S]
is a feasible path if and only if

∀s ∈ [0, S] q′(s) =
n∑

i=1

ui(s)Xi(q) and ui(s) = 0 for k + 1 ≤ i ≤ n (1)

where q′(s) is the derivative of q(s). The reader will understand in Section 2.5 the reason
for these additional vector fields. Up to this point, we invite him to forget these vector fields
even though they appear in the following equations multiplied by zero functions uk+1(s),...,
un(s).

2.2 Infinitesimal Path Deformation

To deform a given path we only need to perturb the input functions u1(s), ..., uk(s)
of the initial path q(s). For that, we define n real functions v1(s),...,vn(s) called input
perturbations, a real number h and we denote by q(s, h) the path obtained by plugging
ui(s) + hvi(s) as input to system (1). (Again, we consider that vi(s)=0 for k + 1 ≤ i ≤ n).
As a result,

∂q
∂s

(s, h) =
n∑

i=1

(ui(s) + h vi(s))Xi(q(s, h))

Let us differentiate this equation w.r.t. h :

∂2q
∂s∂h

(s, h) =
n∑

i=1

vi(s)Xi(q(s, h)) + (ui(s) + hvi(s))
∂Xi

∂q
(q(s, h))

∂q
∂h

(s, h)

If we denote now by η(s) = ∂q
∂h (s, 0) the infinitesimal deformation and by η′(s) = ∂η

∂s (s) the
derivative w.r.t. the path parameter s, the above equation becomes for h = 0 :

η′(s) =
n∑

i=1

vi(s)Xi(q(s)) + ui(s)
∂Xi

∂q
(q(s))η(s) (2)

= A(s)η(s) + B(s)v(s) (3)

where A(s) =
∑n

i=1 ui(s)∂Xi
∂q (q(s)), B(s) is the n× n matrix the columns of which are the

Xi(q(s)) and v(s) is the n dimensional vector composed of the vi(s). Let us notice that A(s)



and B(s) depend only on the current path q(s). (3) is a linear control system, the state and
input of which are respectively η(s) and v(s). This system gives the relation between the
first order variation of the inputs ui(s) and the first order variation η(s) of the path q(s).
This system is in fact the linearized system of (1) about the initial trajectory q(s). We can
integrate System (3) to get the following expression :

η(s) = H(s)
∫ s

0

H−1(τ)B(τ)v(τ)dτ (4)

where H(s) is the n× n-matrix-valued function that satisfies :

H(0) = In (5)
H ′(s) = A(s)H(s) (6)

In is the identity matrix of order n. Given the current path q(s) and obstacles, we need to
choose at each step, functions v1(s),...,vk(s) and a deformation step h in order to make the
new path q(s, h) move away from obstacles. This is the topic of the next section.

2.3 Obstacles and Infinitesimal Path Deformation

Given a set of obstacles in the workspace, we define a potential field U(q) in the confi-
guration space in such a way that the value of the potential increases when the robot gets
closer to obstacles.

From the potential field in the configuration space, we define the potential of a path by
summing U(q) along the path :

V (h) =
∫ S

0

U(q(s, h))ds

To make the path go away from obstacles, we need to find functions v(s) = (v1(s), ..., vk(s), 0, ..., 0)
such that the variation of the path potential :

∂V

∂h
(0) =

∫ S

0

∂U

∂q
(q(s))T η(s)ds (7)

is negative. The set of smooth functions defined over an interval is an infinite-dimensional
space. In order to be able to represent function v(s) by a finite-dimensional vector, we
restrict the choice of v(s) to a finite-dimensional subspace spanned by a set of test functions
(e1(s), ..., ep(s)), where p is an integer, defined over [0, S] into Rn with the last n − k
components uniformly equal to 0. Different solutions are available for this finite-dimensional
subspace : polynomials, truncated Fourier series for instance. We thus impose

v(s) =
p∑

l=1

λlel(s) (8)

where vector λ = (λ1, ..., λp) is the vector of coefficients of the linear combination of ei(s).
Plugging this expression into (4), we get an expression of η(s) w.r.t. the coefficients λl.

η(s) =
p∑

l=1

λlEl(s) where El(s) = H(s)
∫ s

0

H−1(τ)B(τ)el(τ)dτ (9)

are the elementary infinitesimal deformations defined over [0, S], solution of System (3) for
each input perturbation el(s).



We now need to choose the coefficients λl in such a way that the variation of the path
potential V is negative. Let us express this variation w.r.t. these coefficients. We replace
η(s) by expression (9) in (7) and we get :

∂V

∂h
(0) =

p∑
l=0

λl

∫ S

0

∂U

∂q
(q(s))T El(s)ds

Let us notice that the variation of the path potential V is linear w.r.t. the λl. To make the
potential decrease, we choose the λl as follows :

λl = −
∫ S

0

El(s)T ∂U

∂q
(q(s))ds (10)

Thus ∂V
∂h (0) = −

∑p
l=1 λ2

l < 0.

2.4 Boundary Conditions

Once the vector λ = (λ1, ..., λp) has been computed as explained above, and once an
iteration step h has been chosen, we could plug the new input functions ui(s)+hvi(s) as input
to system (1) and get as output a new trajectory q(s, h). However, the end configuration
of the deformation interval q(S) would be modified. If the deformation interval [0, S] is a
sub-interval of the initial path interval of definition, after deformation, the path would lose
continuity. We need to impose q(S, h) = q(S). Let us notice that

1. this boundary condition is non-linear w.r.t. the vector of coefficients λ,

2. the vector λ we have computed in the previous section does not satisfy this constraint
in general.

By approximating the deformed trajectory q(s, h) by

q(s, h) ≈ q(s) + hη(s) (11)

the above boundary conditions becomes η(S) = 0 and according to (9), this constraint is
linear w.r.t. vector λ :

η(S) =
p∑

l=1

λlEl(S) = 0 (12)

To get a vector that satisfies linear constraints from a vector that does not, we can project
the latter vector over the linear subspace defined by the constraints. The constraint matrix
L is the matrix the columns of which are the vectors El(S) :

L = (E1(S)...Ep(S))

The linear subspace defined by constraint (12) becomes {ν ∈ Rp, Lν = 0} and the projection
of vector λ defined by (10) is the following :

λ̄ = (I − L+L)λ (13)

where L+ = LT (LLT )−1 is the pseudo-inverse of L. Replacing λ by λ̄ in (9) results in an
infinitesimal deformation that satisfies the boundary condition η(S) = 0. It can easily be
verified that this new infinitesimal deformation still makes the path potential decrease.



2.5 Correction of Nonholonomic Deviation

The approximation (11) we made in order to make the boundary condition a linear
constraint induces a side effect : this approximation implies a slight nonholonomic deviation.
In Equation (1), constraints uk+1(s) = · · · = un(s) = 0 are not satisfied anymore. The
velocity q′(s) along the path has small but non zero components uk+1(s), ..., un(s) along
vectors Xk+1(q(s)), ..., Xn(q(s)). If we do not correct this deviation, it tends to get amplified
after a few iterations. In this section, we explain how to keep these undesirable components
close to zero.

In the previous sections, we applied input perturbations to the input functions u1(s)...uk(s)
corresponding to the vector fields of the system. In this section, we apply input perturba-
tion to the components uk+1(s)...un(s) of the velocity q′(s) along the additional vector fields
Xk+1, ..., Xn in order to keep these components close to 0. The following input perturbation

vi(s) = −µui(s) k + 1 ≤ i ≤ n

with 0 < µ < 1/h corresponds to a proportional closed-loop regulation since after defor-
mation and up to approximation (11), the input functions become ui(s)← ui(s)+hvi(s) =
(1 − hµ)ui(s). This regulation corrects the noise introduced by approximation (11). The
deformation is now computed according to the following steps.

1. We project the velocity of the current path q′(s) over vector fields Xi (1 ≤ i ≤ n) to
get input functions ui(s) over interval [0, S],

2. we compute ηnhd(s) from Equation (4) with

v(s) = (0, ..., 0,−µuk+1(s), ...,−µun(s)),

3. we compute vector λ from the obstacle potential field as described in Section 2.3 and
we denote by ηobst(s) =

∑p
l=1 λlEl(s) the corresponding infinitesimal deformation.

4. If we set η(s) = ηnhd(s) + ηobst(s), the limit condition η(S) = 0 becomes ηobst(S) =
−ηnhd(S). This constraint is affine over the vector of coefficients λ :

Lλ = −ηnhd(S)

As previously, we project vector λ obtained from (10) over the affine set of coefficients
satisfying the above equation :

λ̄ = −L+ηnhd(S) + (I − L+L)λ

to get an infinitesimal deformation that gets away from obstacles and that corrects nonho-
lonomic deviation.

3 APPLICATIONS

In this section, we briefly present the application of our method to the mobile robot
Hilare 2 towing a trailer (Figure 1) and to a truck towing a trailer via a towbar (Figure 2).
We refer to [4] and [3] respectively for details about these applications.
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Fig. 1 – While following a planned trajectory, mobile robot Hilare 2 towing a trailer is able
to avoid unexpected obstacles.

Fig. 2 – Trajectory optimization for a truck carrying a wing of the Airbus A 380. The
problem is to optimize the distance to obstacles of the convoy across two villages in the
southwest of France.
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