Positioning of Symm

International Journal of Robotics Research, vol 20, N 8, pp 635–659, August 2001

etric and Non-Symmetric Parts Using Radial and Constant Fields:

Computation of all Equilibrium Configurations

Florent Lamiraux^∗ Lydia E. Kavraki Department of Computer Science Rice University Houston, TX 77005

lamiraux|kavraki@cs.rice.edu

Abstract Programmable force fields have been used as an abstraction to represent a whole new class of devices that have been proposed for part manipulation. The general idea behind these devices is that a force field is implemented in a plane upone which the part is placed. The forces and torques exerted on the contact surface of the part translate and rotate the part. Manipulation plans for these devices can therefore be considered as strategies for applying a sequence of force fields to bring parts to some desired configuration. Instances of these novel devices are currently implemented using MEMS technology, small airjets, vibration, and small motors. Manipulation in this case is sensorless and non-prehensile and promises to address the handling of very small or very fragile parts, such as electronics components, that can not be handled with conventional pick and place robotics techniques.

In this paper we consider the problem of bringing a part to a stable equilibrium configuration using force fields. We study the combination of a unit radial field with a small constant field. A part placed on the radial field moves toward the origin of the radial field but cannot be oriented due to symmetry. Perturbing the radial field with a constant force field breaks the symmetry and gives rise to a finite number of equilibria. Under certain conditions there is a unique stable equilibrium configuration. In the case when these conditions are not fulfilled, we provide a comprehensive and unified analysis of the problem that leads to an algorithm to compute all stable equilibrium configurations. The paper contains a detailed discussion on how to implement the algorithm for any part. In our analysis, we make extensive use of potential fields. Using the theory of potential fields, the stable equilibrium configurations of a part are equivalent to the local minima of a scalar function. Our work leads to the design of a new generation of efficient, open-loop parts feeders that can bring a part to a desired orientation from any initial orientation without the need of sensing or a clock.

1 Introduction

In automated manufacturing parts are typically stored in boxes and they have to be positioned and oriented before assembly. This task is critical and strongly affects the productivity of the assembly line. Orientation has been traditionally performed by vibratory bowl feeders [25]. Vibratory

∗Florent Lamiraux is currently Chargé de Recherche at LAAS-CNRS, Toulouse FRANCE.

Figure 1: A Unit radial field combined with a constant field of magnitude 0.4 in the vertical direction. (Reprinted from [13].)

bowl feeders are designed to orient a single part shape, therefore they have to be re-designed and re-built to handle different shapes. Some recent research attempts to develop systematic approaches for designing and analyzing vibratory bowl feeders [3, 35, 49], while the mainstream research in manufacturing has focused in developing more flexible and more robust platforms, such as programmable part feeders. This type of part feeder can be programmed to handle different parts without the need for hardware modification [2, 6, 26, 34, 31, 30, 48, 55]. In particular, methods that do not require extensive sensors are favored [2, 26, 31, 34, 55].

Another alternative that has been proposed a few years ago is the use of a new class of nonprehensile devices for distributed manipulation. The general idea behind these devices is that a force field is implemented in a plane and the part is placed on that plane. The forces and torques exerted on the contact surface of the part translate and rotate the part. Examples of such devices can be built, in microscale, with the use of MEMS actuators arrays [21, 7, 15, 8, 14, 20, 19], and in macroscale, with the use of small mechanical motors [45, 46], vibrating plates [6, 51], or airjets actuators [5]. Programmable force fields have been used as an abstraction to represent this new class of devices. Manipulation plans for these devices can be considered as strategies for applying a sequence of fields to bring parts to some desired configurations. Manipulation in this case is sensorless and non-prehensile and promises to address the handling of very small or very fragile parts, such as electronics components, that can not be handled with conventional pick and place robotics techniques.

Several algorithmic results have been published associated with the capabilities and the limitations of these new devices. A theory for programmable force fields was first introduced in [22, 21] and developed in later work [15, 14, 16, 23, 17, 36, 13]. In the next section we survey previously published results. A central assumption behind the algorithmic study of programmable force fields is that practical implementations of programmable force fields are dramatically improving and hence it is justifiable to look at the capabilities and limitations of programmable force fields independent of their implementation. Our goal in this paper is to further understand what can be expected from programmable force fields and not to advocate a particular implementation. We also hope that the thorough study of the capabilities of programmable force fields will contribute to the design of more robust and more efficient parts feeders.

In this paper we focus on studying the stable equilibrium configurations of a part under the

Figure 2: Simulation runs for a part that has a unique stable equilibrium in the combined unit radial and constant field. The magnitude of the constant field is 0.46 in the y-direction. In all runs the part reaches the same final pose. (Reprinted from [13].)

influence of a combined unit radial and constant field. An illustration of an instance of the field is offered in Figure 1. A part placed on a unit radial field alone, moves toward the origin of the radial field but cannot be oriented due to symmetry. Perturbing the radial field with a constant force field breaks the symmetry and gives rise to a finite number of equilibria. Hereafter, when we talk about an equilibrium of a part, we refer to both the position and orientation of the part. In our earlier related work [13], we gave the conditions for the uniqueness of a stable equilibrium configuration (see Figure 2), proving a long standing conjecture of [15]. In this paper we revisit and expand this result. In the case where the conditions are not fulfilled, we propose an algorithm to compute all stable equilibrium configurations. Our work settles some of the open questions in [13]. We make extensive use of potential fields in our analysis. Using the potential field theory, stable equilibrium configurations are equivalent to the local minima of a scalar function. To arrive to the proposed algorithm, we provide a comprehensive and unified analysis of the problem using geometric interpretations when possible.

This paper is organized as follows. Section 2 surveys related work and highlights the contributions of this paper. Section 3 introduces the notation used. Because of the extensive notation in this paper, we provide a table of all the symbols used at the end of the paper. Section 4 defines stable equilibrium configurations using the traditional approach of forces and torques. In contrast, Section 5 defines the stable equilibrium configurations through the theory of potential fields. With that approach equilibrium configurations become the minima of a scalar function. In Section 6 we analyze the properties of a combined unit radial and constant field. Section 7 defines the conditions under which a stable equilibrium is expected. An algorithm to compute all stable equilibrium configurations in the case of non unique equilibrium are given in the same section. We present some computed examples in Section 8 and conclude with a discussion and open problems in Section 9.

2 Related Work

Since 1994 a new class of devices has emerged for distributed part manipulation. Abstractly, these devices implement a force field on a planar surface on which the part is placed. A central idea is that the force exerted at every point can be explicitly programmed so that these devices can exhibit different behaviors. Böhringer and Donald have coined the term “programmable force fields” to describe the manipulation strategies of these new devices. The new devices have several advantages. Their reprogrammability renders them useful for a number of different parts and several manipulation tasks. Manipulation is non-prehensile and one could hope that it will be appropriate for the handling of very small or very fragile parts. In most cases, manipulation is also sensorless and the need of a clock can be eliminated. Hence, the work can be seen as an effort to execute manipulation tasks with the minimal amount of sensing that is required (see the discussion on minimalistic robotics in [10, 26]).

Devices Many research efforts have been devoted to the construction of non-prehensilve, distributed devices that can implement force fields on a planar surface. From 1993-1988, Böhringer and Donald worked with Noel MacDonald at the Cornell Nanofabrication Facility to develop and test new arrays of MEMS microactuators for programmable force fields [21, 7, 15, 19]. Böhringer and Donald also worked with Greg Kovacs’ group at the Center for Integrated Systems at Stanford, to develop a control system for MEMS organic ciliary arrays, and to perform experiments with these arrays to manipulate IC dice using array-induced force fields [20, 54]. Hiroyuki Fujita and his group have been developing distributed actuators by IC-compatible micromachining, simulators and manipulation schemes for micromanipulation [37, 38]. Böhringer and Donald have worked with Ken Goldberg at Berkeley and Vivek Bhatt at Cornell to generalize the theory to macroscopic devices, by developing algorithms for transversely vibrating plates in order to implement programmable force fields [6, 9]. Ken Goldberg worked with John Canny and Dan Reznik at Berkeley, to continue research on using vibrating plates for manipulation, showing that longitudinal vibrations can generate a rich vocabulary of programmable force fields [52]. In addition, John Canny and Dan Reznik developed sophisticated dynamic models and dynamic simulators for both MEMS devices and macroscopic vibrating plates and have investigated the design of devices with a few degrees of actuation freedom for part manipulation [50, 51, 53]. Peter Will and his colleagues at USC-ISI have explored a number of different MEMS array designs, as well as algorithms and analysis for programmable force fields [28, 29, 42]. Andy Berlin, David Biegelsen, Warren Jackson and colleagues at Xerox PARC have developed a novel MEMS microactuator array based on controllable airjets, with integrated control and sensing circuitry [5, 27, 4]. Working at CMU, Bill Messner and Jonathan Luntz developed a small room whose floor is tiled with controllable, programmable, macroscopic wheels that can be driven and steered to manipulate large objects such as boxes [43]. Their system employed distributed, local controllers to implement programmable force fields. Together with Howie Choset, they analyzed the resulting dynamical system to obtain interesting results on controllability and developed programmable force field algorithms based on conservative vs. non-conservative fields [44, 45, 46]. Mark Yim at Xerox PARC [56, 57] and Daniela Rus at Dartmouth [39] are also building reconfigurable devices that can execute complex gaits and could be used to implement certain force fields. Working with the Berkeley Sensor & Actuator Center (BSAC), Karl Böhringer and Ken Goldberg explored how MEMS devices employing electrostatic fringing fields can be used to implement programmable force fields for parts manipulation and self-assembly [24]. Many more references in distributed manipulation devices can be found in [11].

Algorithms Since 1994 Böhringer and Donald have advocated that that there is a wealth of algorithmic problems on programmable force fields. Indeed the amount of work in this area and the results produced have justified their claim. A lot of recent work has been on the problem of positioning and orienting a part which is the topic of this paper. Hence we survey results related to finding stable equilibrium configurations of a part. Our list below is non exhaustive. For more information the reader is referred to [21, 15, 18, 36, 13]. In a programmable force field, every point in the plane is associated with a force vector in the plane. When a part is placed into force field, it experiences a translation and re-orientation until an equilibrium is reached.

• A unit squeeze field is defined as f(x, y) = −sign(x)(1, 0). When a part is placed into a squeeze field, it experiences a translation and re-orientation until a predictable equilibrium is reached [21]. Böhringer and Donald [21] showed that given a polygonal part P with n vertices, there exist O(n^2k) stable equilibrium orientations for P when placed in f (k is the number of combinatorially distinct bisector placements for P . For details on combinatorially distinct bisector placements see [18].). This result was used to generate strategies for unique parts posing (up to symmetry) by reducing the problem to a parts feeding algorithm developed by Goldberg [33]. The strategies have length O(n^2k) and can be generated in O(n^4k^2) time.

• In later work the same researchers improved the length of their manipulation strategies. In [15] the length was reduced to O(nk) and the planning time O(n^2k^2), by employing combined squeeze and unit radial fields. Unit radial fields are defined as r(x, y) = (−1/ √ x^2 + y^2)(x, y).

• Using elliptic force fields f(x, y) = (−αx, −βy) such that 0 < α < β, Kavraki [36] reduced the number of stable equilibrium configurations for most parts to a constant number (2) independent of n. In the same paper, an investigation of the effect of control uncertainty on the stability of equilibria was performed. There is an interesting tradeoff made with elliptic fields. For an added complexity in the implementation of the fields (varying magnitude), one is able to reduce the length of the manipulation strategy to a single step eliminating the need of a clock.

• Böhringer and Donald conjectured in [15] that a field which combines a unit radial and constant field r + δc (c(x, y) = (0, −1) and δ is a small positive constant), has the property of uniquely orienting and positioning parts. We call this field the unit radial-constant field. This result was not proven until much later in [13] by Böhringer, Donald, Kavraki and Lamiraux. They showed that for any non-symmetric part, there is a unit radial-constant field inducing exactly one stable equilibrium. A non-symmetric part is defined as a part whose center of mass does not end at the origin under the the unit radial field alone. The paper left open the question of what happens in the case of symmetric parts.

Contributions of This Paper Recent work on symmetric parts under the influence of a combined unit radial and constant field includes [41, 40]. For symmetric parts the center of mass of the part ends up at the origin under the unit-radial field only. Rectangle or regular polygons are instances of symmetric parts. The present paper unifies all previous results on the unit radialconstant fields and exhaustively examines the case of symmetric parts. We present an algorithm that commutes all stable equilibrium orientations for a part, symmetric or not. Our work could be used to build a universal parts feeder (inspired by the “universal gripper” as proposed by Abell and Erdmann [1]). In contrast to the universal manipulator fields proposed in [51], such a device could uniquely position a part without the need of a clock, sensors, or programming.

Our analysis is based on a treatment of the problem through the use of potential fields. Former work on force fields mostly defines equilibrium configurations from a mechanical point of view, using force and torque. Potential fields however, are a helpful tool to characterize stable equilibrium configurations as local minima of a potential function. This tool was first introduced in [15] where the authors showed that if the force field in the plane derives from a potential field, this potential function, as well as the force field, can be “lifted” to the configuration space. They proved that any path integral of the lifted force field between two configurations is equal to the difference of the lifted potential field between these configurations.

In this paper, we first reformulate the results in [15] using a different approach based on partial derivatives instead of path integrals. We show in Section 5, that for any part in any potential field, the lifted potential field is C^1. Therefore, the stable equilibrium configurations and local minima of the lifted potential field are the same. These results constitute the basis for determining the equilibrium configurations of a part placed in the combination of a unit radial and a constant force fields. The basic properties of a combined field are established in Section 6. These properties enable us to devise, in Section 7, an algorithm that determines the set of equilibrium configurations of any part subjected to combined unit radial and small constant field.

3 Notation

In this section, we provide the core notation and definitions used throughout the paper. A table of all symbols used is available at the end of the paper.

If E is a set, we denote int(E), E, and ∂E respectively the interior, the closure and the boundary of E.

Let us consider a part in the plane occupying surface S with center of mass G at (0, 0) in a reference configuration q_0. Suppose that S is a compact set and that its boundary ∂S is a zeromeasure subset of the plane. The configuration space of the part is C = R^2 × S^1, where S^1 is the unit circle. A configuration q = (x, y, θ) ∈ C corresponds to a rigid-body transformation φ_q in the plane transforming r = (ξ, η) into

φ_q(r) = ( x + cos θξ − sin θη y + sin θξ + cos θη ) . If E is a subset of R^2, we denote by E_q = φ_q(E) the image of E by φ_q. For instance, S_q is the subset occupied by the part in configuration q. We also denote by d_C (q, q^′) = √ (x − x^′)^2 + (y − y^′)^2 + |θ − θ^′| the distance between q and q^′ = (x^′, y^′, θ).

4 Conditions for Equilibrium Configurations: The Force and Torque Approach

We investigate the conditions for equilibrium for a part of uniform support in the presence of a force field f : R^2 → R^2. Without loss of generality, we assume that the the origin of the reference frame in the plane can be chosen as the center of mass of the part.

When a part is placed on a force field f(r), the resultant force and torque it is subjected to are the following:

F(q) = ∫ S_q

f(r)dr, (1)

M(q) = ∫ S_q

(r − r_G) × f(r)dr, (2)

where r_G = (x, y) is the position of the center of mass G, when the part is at configuration q. We say that q is an equilibrium configuration if the resultant force and torque vanish at q:

F(q) = 0, M(q) = 0.

Moreover, an equilibrium configuration q is said to be stable if, subjected to a small perturbation, the part stays in the neighborhood of q.

5 Conditions for Equilibrium Configurations: The Potential Field Approach

Another way to analyze equilibrium configurations is through the theory of potential fields. Potential fields have been extensively used in mechanics and electrostatics. They are very helpful in studying stable equilibrium configurations of a particle because these configurations are exactly the local minima of a potential function. Potential fields can also be used to study the equilibrium configurations of a part and this was first suggested in [15, 19]. We expand and generalize that work.

To avoid confusion of notation, we will use ξ and η as coordinates of a point in R^2. Let us recall that x and y denote the coordinates of the center of mass of the part. Let us consider now a force field f(ξ, η) over the plane, continuous almost everywhere (i.e., everywhere except on a subset of measure zero). We say that f(ξ, η) derives from a potential function u(ξ, η) if u is continuous over R^2 and f = −(^{∂ u}_{∂ξ} ,^{∂ u}_{∂η} ) almost everywhere in R^2. Notice that the force field does not need to be continuous everywhere to define the potential function u.

In [15] a potential field U(q) in the configuration space is defined by integrating the potential function u in the plane over the space S_q occupied by the part in configuration q. The authors show that for polygonal parts, this field is continuously differentiable and its partial derivatives are the opposite of the resultant force and torque that the part is subjected to. Such a correspondence establishes an equivalence between stable equilibrium configurations of a part and local minima of the lifted potential field U.

In this section, we generalize the above correspondence to non-polygonal parts. In this way, we will be able to use the theory of potential fields for reasoning about the equilibria of any part in the plane. Most importantly, we show that the above correspondence is a consequence of the commutativity between two operators acting on scalar functions in R^2: integral and partial derivatives. Hence, the property is intrinsic to the field and does not depend on the system of coordinates over the configuration space.

To ensure the existence of the resultant force and torque (1) and (2) for any compact part in any configuration, we assume that u,^{∂ u}_{∂ξ} and^{∂ u}_{∂η} are integrable over any bounded set.

5.1 Lifted Potential Field

As we are reasoning on rigid parts and not on single particles, we need to “lift” the potential field from the plane to the configuration space. We use the lifted potential field U as introduced in [15].

Definition 1. (Lifted potential field) Let u be a potential field. The function

U(q) = ∫ S_q

u(r)dr = ∫ S u(φ_q(r))dr

over the configuration space is called the lifted potential field induced by u.

Our goal in this section is to show that stable equilibrium configurations and local minima of the potential field U are the same. For that, we first show that U(q) is of class C^1 and that the resultant force and torque F_x, F_y and M are respectively the partial derivatives of U w.r.t. x, y and θ. Under these conditions, if q is an equilibrium configuration, the partial derivatives of U vanish at q by definition. Moreover, q being a local minimum ensures the stability of a small neighborhood around q.

Proposition 1. U is of class C^1 and ∂U ∂x (q) = −F_x(q), (3) ∂U ∂y (q) = −F_y(q), (4) ∂U ∂θ (q) = −M(q). (5)

Proof. In [15, 19], the authors prove using path integrals that

• relations (3), (4), and (5) are satisfied if the right hand sides of these equations are continuous w.r.t. q,

• the right hand sides of (3), (4), and (5) are continuous if the part is a polygon.

We need only to prove the continuity of F_x(q), F_y(q), and M(q) for a general (non polygonal) part. We do the proof only for F_x(q); F_y(q) and M(q) can be treated similarly.

First, let us point out that for any bounded subset B ⊂ R^2, there exists a positive constant b such that:

∀r ∈ B, ‖φ_q(r) − φ_q′ (r)‖ ≤ bd_C (q, q^′). (6)

b can be chosen as max{‖r‖, r ∈ B} + 1, for instance. This inequality means that if two configurations are close, displacements of points between these configurations are small. Notice that | |F_x(q^′) − F_x(q) | | = | | | ∫ S_q′ ∂u ∂ξ (r)dr − ∫ S_q ∂u ∂ξ (r)dr | | | (7) ≤ ∫ (S_q∪S_q′ )\(S_q ∩S_q′ ) | | | ∂u ∂ξ (r) | | | dr. (8) We want to show that when d_C (q, q^′) tends toward 0, so does the second term of the former inequality. Let us denote by ∂S_q the boundary of S_q. We are going to show that there exists b > 0 such that if d_C (q, q^′) ≤ ℓ, (S_q ∪ S_q′ ) \ (S_q ∩ S_q′ ) ⊂ (∂S_q)^{bℓ}, (9)

where (S_q)^{bℓ} denotes the set of points at a distance not greater than bℓ from S_q.

Let us consider p ∈ (S_q ∪ S_q′ ) \ (S_q ∩ S_q′ ). Then,

p ∈ S_q and p /∈ S_q′ , or p /∈ S_q and p ∈ S_q′ .

In the first case, we define r = φ^{−1}_{q′} (p). Then p = φ_q′ (r) and r /∈ S since p /∈ S_q′ (see Figure 3). Let us now consider p^′ = φ_q(r). p^′ /∈ S_q since r /∈ S. Without loss of generality, we can assume that d_C (q, q^′) is bounded by a constant and therefore constrain r to remain in a bounded set B. Then, we can apply (6) to get ‖p − p^′‖ ≤ bℓ. As p ∈ S_q and p^′ /∈ S_q, we can easily show that the line segment [p, p^′] crosses ∂S_q and therefore that dist(p, ∂S_q) < bℓ, which is equivalent to p ∈ (∂S_q)^{bℓ}.

In the second case, there exists r ∈ S such that p = φ_q′ (r). If we consider now p^′ = φ_q(r), p^′ ∈ S_q and again ‖p − p^′‖ ≤ bℓ. For the same reason as above, p ∈ (∂S_q)^{bℓ}. (8) and (9) together imply that

|F_x(q^′) − F_x(q)| ≤ ∫ (∂S_q)^{bℓ} | ∂u ∂ξ (r)|dr. (∂S_q)^{bℓ} is an increasing family of sets, that is ℓ < ℓ^′ ⇒ (∂S_q)^{bℓ} ⊂ (∂S_q)^{bℓ′} . As ∂S_q is compact, ∩_{ℓ>0}(∂S_q)^{bℓ} = ∂S_q and

lim_{q′→q} |F_x(q^′) − F_x(q)| = ∫ ∂S_q | ∂u ∂ξ (r)|dr.

r

S_q

S_q′ (∂S_q)^{bℓ} p p^′ S φ_q′ φ_q

Figure 3: p and p^′ are the images of the same point r by respectively φ_q′ and φ_q. Therefore, if d_C (q, q^′) ≤ l, the distance between p and p^′ is less than bℓ, where b is defined in equation (6).

The right hand side of this equation is 0 since ∂S_q is a set of measure zero and^{∂ u}_{∂ξ} is locally integrable. Thus, F_x(q) is continuous. The same proof applies as well to F_y(q) and M(q).

In the next two sections, we give some interesting and original interpretations of Proposition 1.

5.2 Physical Interpretation of Proposition 1

According to the fundamental principles of mechanics, along a trajectory of the part, the variation of the kinetic energy E_k is equal to the power the force field communicates to the part: dE_k dt = F_x dx dt + F_y dy dt + M dθ dt = −( ∂U ∂x dx dt + ∂U ∂y dy dt + ∂U ∂θ dθ dt ) = − dU dt . Thus, U + E_k is constant along the trajectories of the part. This constant is called the mechanical energy of the system. Proposition 1 establishes an equivalence between local minimum of U and stable equilibrium configuration. Indeed if q is a local minimum and if the part starts from q with a small kinetic energy ε, the part necessarily stays in the neighborhood of q where U(q) ≤ U ≤ U(q) + ε. This neighborhood can be made as small as desired by decreasing ε.

5.3 Commutativity of Integrals and Partial Derivatives

Beyond the former physical interpretation of Proposition 1, we would like to point out the mathematical meaning of this result. Definition 1 defines U(q) by integrating the potential field over the domain occupied by the part in configuration q. Notice that this definition is independent from the coordinate system used to describe the configuration q. If we rewrite q = (q_1, q_2, q_3), a quick calculation shows that equations (3-5) are equivalent to ∂U ∂q_i = ∂ ∂q_i ∫ S u(φ_q(r))dr = ∫ S ∂ ∂q_i (u(φ_q(r)))dr, i = 1, 2, 3.

In other words, the partial derivatives commute with the integral. This property is the counterpart of the commutativity pointed out in [19] between path integrals and surface integrals. This latter formulation however, is subordinate to the coordinate system (x, y, θ) over the configuration space.

Formulated with partial derivatives, the above commutativity can be generalized to any parameterization of the configuration space. Indeed, if (q^′_1, q^′_2, q^′_3) is another system of coordinates around q, we can write ∂U ∂q^′_i (q) = 3∑ j=1 ∂q_j ∂q^′_i (q) ∂U ∂q_j (q)

= 3∑ j=1 ∂q_j ∂q^′_i (q) ∫ S ∂ ∂q_j (u(φ_q(r)))dr

= ∫ S 3∑ j=1 ∂q_j ∂q^′_i (q) ∂ ∂q_j (u(φ_q(r)))dr = ∫ S ∂ ∂q^′_i (u(φ_q(r)))dr.

Thus the commutativity property is true for any system of coordinates over the configuration space.

The next section introduces in detail the unit radial field. We will use a system of coordinates that exploits the radial symmetry of the field. In this system of coordinates, the lifted potential field depends only of two configuration variables. The above commutativity property will play crucial role in our proofs.

6 Combination of a Unit Radial Field with a Constant Field

In the previous section, we pointed out the equivalence between local minima of the potential field and stable equilibrium configurations. In this section, we investigate a class of potential fields obtained by adding a unit radial field and a small constant field. We give conditions under which a part can be uniquely positioned in such a combined field. If these conditions are not fulfilled, we provide an algorithm to determine all stable equilibrium configurations. Some parts of this work have been presented in [13, 41, 40]. In particular the conditions under which unique orientation is obtained and the proof where also given in [13]. We need to repeat them here for completeness reasons and for making possible the discussion of what happens when the conditions for equilibrium are not fulfilled. However, in this paper our proofs are more detailed, unify previous results and cover cases that we not covered in previous work in [13, 41, 40].

6.1 Unit Radial Field

We first establish the notation and give some definitions relative to the unit radial field. We also prove some properties of the lifted potential field associated to the unit radial field.

We call unit radial field the force field of unit magnitude everywhere, pointing toward the origin (0, 0):

f(r) = − r ‖r‖ .

Figure 4: Unit radial potential field: v(ξ, η) = √ ξ^2 + η^2.

This force field derives from the potential field v(r) = ‖r‖ = √ ξ^2 + η^2. This potential field is smooth (C^∞) everywhere except at the origin (see Figure 4). v is clearly symmetric by rotation about the origin. Thus if q^′ is obtained from q by a rotation about the origin, the values of the lifted potential field a q and q^′ are the same. To take fully advantage of this property, we are going to use a new system of coordinates (X, Y, θ) for the configuration of the part, illustrated in Figure 5 and defined by:

X = cos θx + sin θy, Y = − sin θx + cos θy.

q_0 S O θ

θ

S_q

(X, Y )

(x, y)

Figure 5: Parameterization of the configuration space with the system of coordinates q = (X, Y, θ). φ_q corresponds to a translation of (X, Y ) followed by a rotation of angle θ about the origin.

Expressed in this system of coordinates, the lifted potential field V corresponding to v depends only on X and Y and can be written as follows: V (X, Y, θ) = ∫ S v(X + ξ, Y + η)dξdη. Because of the independence on θ, we will consider V as a function of (X, Y ) only. Notice that when θ = 0, X = x and Y = y. V (X, Y ) = V (x, y, 0) can thus be considered as the lifted potential field of the part in translation. This interpretation can be helpful to understand some of the forthcoming developments.

We now point out some useful properties of the radial field. First, we show that V (X, Y ) has a unique local minimum. For that, we show that V is of class C^2 and that its Hessian Hess V (X, Y ) is positive definite everywhere. The results of Section 5 establish that V is C^1 and that its first order partial derivatives are the integrals of the partial derivatives of v. The following proposition states that the commutativity between integrals and partial derivatives extend to the second order partial derivatives.

Proposition 2. V is of class C^2 and ∂V ∂X (X, Y ) = ∫ S ∂v ∂ξ (X + ξ, Y + η)dξdη (10) ∂V ∂Y (X, Y ) = ∫ S ∂v ∂η (X + ξ, Y + η)dξdη (11) ∂^2V ∂X^2 (X, Y ) = ∫ S ∂^2v ∂ξ^2 (X + ξ, Y + η)dξdη (12) ∂^2V ∂Y^2 (X, Y ) = ∫ S ∂^2v ∂η^2 (X + ξ, Y + η)dξdη (13) ∂^2V ∂X∂Y (X, Y ) = ∫ S ∂^2v ∂ξ∂η (X + ξ, Y + η)dξdη. (14) Proof. The proof of Proposition 2 requires some technical developments given in the Appendix. We give here only the main ideas.

First notice that (10) and (11) are direct consequences of Proposition 1. The standard results of the theory of integration lead easily to the following statement: if v is C^2 and if all its partial derivatives up to second order are integrable, then V is C^2 and its partial derivatives are obtained by integrating the corresponding partial derivatives of v(X + ξ, Y + η). In the case of the unit radial field v, the partial derivatives of v up to second order are integrable. However, v is not C^2 at the origin. To overcome this difficulty, we define C^2 approximations v_h of v equal to v everywhere except on the disc centered at the origin and of radius h > 0. The corresponding lifted potential field V_h is thus C^2 and its partial derivatives are obtained by differentiating in the integral. It can be then easily stated that as long as the disc of radius h remains completely inside or completely outside the part, the difference between V and V_h is constant and thus on these subsets, V is C^2. By making h tend toward 0, we ensure that the partial derivatives up to second order of V are continuous even when the origin of the radial field crosses the boundary of the part.

The unit radial field is smooth everywhere except at the origin. Thus, when the part is not above the origin, we should expect the lifted potential field V to be smooth. We will show that in fact, if the part is above the origin, the lifted potential field is still smooth. The singularity affects the lifted potential function only when the origin crosses the boundary of the part.

The boundary of the part divides the configuration space into 3 subsets:

• the set C^{out} of configurations q such that the origin of the radial field is outside S_q: (0, 0) /∈ S_q,

• the set C^{in} of configurations q such that the origin of the radial field is inside S_q: (0, 0) ∈ int(S_q),

• and the set C^{bound} of configurations q such that the origin of the radial field is on the boundary of S_q: (0, 0) ∈ ∂S_q.

A straightforward calculation shows that whether a configuration q is in C^{out}, C^{in}, or C^{bound} depends only on (X, Y ). Indeed, q ∈ C^{in} ⇔ (−X, −Y ) ∈ int(S), q ∈ C^{out} ⇔ (−X, −Y ) /∈ S, q ∈ C^{bound} ⇔ (−X, −Y ) ∈ ∂S. Figure 5 provides intuition of these equivalences: (−X, −Y ) ∈ int(S) means that the origin is inside the part translated by (X, Y ). Then, the rotation of the part about the origin does not affect the position of the origin w.r.t. the part. The following proposition is essential for the analysis in the rest of this section.

Proposition 3. V (X, Y ) is smooth over C^{in} and over C^{out}.

Proof. In the proof of Proposition 2, given in the Appendix, we constructed a family v_h of C^2 approximations of v. Following the same idea, and using the same notation, we now consider another family of potential fields v_h(r), h > 0 such that

• v_h(r) is smooth over R^2 and

• v_h(r) = v(r) for any r verifying ‖r‖ ≥ h.

v_h(r) can be constructed by multiplying v(r) by a smooth function ρ_h(r) equal to 1 outside the disc of radius h and to 0 inside the disc of radius h/2. See [32] for a method to build the functions ρ_h.

Let V_h be the lifted potential field corresponding to v_h. If we denote by D_h(X^′, Y^′) the disc of radius h centered on (X^′, Y^′), for any (X, Y ) ∈ R^2, we have V_h(X, Y ) − V (X, Y ) = ∫ S (v_h − v)(X + ξ, Y + η)dξdη (15) = ∫ S∩D_h (−X,−Y ) (v_h − v)(X + ξ, Y + η)dξdη (16) since by definition, the integrand is zero outside D_h(−X, −Y ).

Let us consider q^′ = (X^′, Y^′, θ^′) a configuration in C^{in}. As stated above, (−X^′, −Y^′) ∈ int(S). Therefore, there exists α > 0 such that D_α(−X^′, −Y^′) ⊂ int(S).

If h <^α_2 , for any (X, Y ) ∈ D_h(X^′, Y^′), D_h(−X, −Y ) ⊂ S and (16) becomes V_h(X, Y ) − V (X, Y ) = ∫ D_h(−X,−Y ) (v_h − v)(X + ξ, Y + η)dξdη = ∫ D_h(0,0) (v_h − v)(ξ, η)dξdη, using the change of variable (ξ, η) ← (X + ξ, Y + η). We notice then that V_h(X, Y ) − V (X, Y ) is independent of (X, Y ) in a neighborhood of (X^′, Y^′). Moreover, as v_h is smooth, so is V_h. Therefore, V is also smooth in a neighborhood of (X^′, Y^′).

The case q^′ ∈ C^{out} is similar: for h small enough, S and D_h(−X, −Y ) are disjoint, so that (16) is equal to 0 and V_h being smooth implies that V is also smooth.

Minimum of V and Pivot Point

Although the unit radial field is unable to orient a part, due to its symmetry, it has the property to make the part converge toward the center of the field. The set of all the equilibrium configurations is stable by rotation of the part about the center of the field. Thus, for any of these configurations, a point of the part remains at the center of the field. This point is called the pivot point of the part and will be denoted by P . This point was first defined in [15]. We give in this section a different proof of its existence and uniqueness using our potential field formalism. Parts of the rest of this section were given in [13] but applied to a more restricted case.

With our notation, the existence and uniqueness of the pivot point is a consequence of the following proposition.

Proposition 4. V verifies the following properties:

(i) The Hessian of V Hess V (X, Y ) is positive definite everywhere in R^2,

(ii) V has a unique local minimum over R^2.

Similar to [13] . As Hess V is a 2 by 2 matrix, (i) is equivalent to ∀(X, Y ) ∈ R^2, tr Hess V (X, Y ) > 0, det Hess V (X, Y ) > 0,

where tr and det are respectively the trace and determinant operators. According to (12-14), the second order partial derivatives of V are

∂^2V ∂X^2 (X, Y ) = ∫ S (Y + η)^2 ((X + ξ)^2 + (Y + η)^2)^{3/2} dξdη, ∂^2V ∂Y^2 (X, Y ) = ∫ S (X + ξ)^2 ((X + ξ)^2 + (Y + η)^2)^{3/2} dξdη, ∂V ∂X∂Y (X, Y ) = ∫ S −(X + ξ)(Y + η) ((X + ξ)^2 + (Y + η)^2)^{3/2} dξdη. It is straightforward from these expressions that tr Hess V =^{∂2V}_{∂X2} +^{∂2V}_{∂Y 2} is positive everywhere. The determinant of the Hessian of V

det Hess V (X, Y ) = ( ∂^2V ∂X^2 ∂^2V ∂Y^2 − ( ∂^2V ∂X∂Y )^2 ) (X, Y )

is the sum of two terms, each of which is a product of two integrals over S. Replacing these products by integrals over the Cartesian product S = S × S: (∫ S f(ξ, η)dξdη ) (∫ S g(ξ, η)dξdη ) = ∫ S f(ξ_1, η_1)g(ξ_2η_2)dξ_1dη_1dξ_2dη_2 and condensing the notation as follows, X_i = (X +ξ_i), Y_i = (Y +η_i) for i = 1, 2, dS = dξ_1dη_1dξ_2dη_2, we get

det Hess V (X, Y ) = ∫ S X^2_1 Y^2_2 (X^2_1 + Y^2_1 )^{3/2}(X^2_2 + Y^2_2 )^{3/2} dS − ∫ S X_1Y_1X_2Y_2 (X^2_1 + Y^2_1 )^{3/2}(X^2_2 + Y^2_2 )^{3/2} dS = ∫ S^2

Y^2_1 X^2_2 − X_1Y_1X_2Y_2 (X^2_1 + Y^2_1 )^{3/2}(X^2_2 + Y^2_2 )^{3/2} dS.

In the first integral, (X_1, Y_1) and (X_2, Y_2) have a symmetric role and can be switched so that X^2_1 Y^2_2 can be replaced by^1_2 (X^2_1 Y^2_2 + X^2_2 Y^2_1 ) and

det Hess V (X, Y ) = 1 2 ∫ S^2

X^2_1 Y^2_2 + X^2_2 Y^2_1 − 2X_1Y_1X_2Y_2 (X^2_1 + Y^2_1 )^{3/2}(X^2_2 + Y^2_2 )^{3/2} dS = 1 2 ∫ S^2

(X_1Y_2 − X_2Y_1)^2 (X^2_1 + Y^2_1 )^{3/2}(X^2_2 + Y^2_2 )^{3/2} dS > 0. Thus Hess V is positive definite everywhere. This ensures us that if V has a local minimum, it is unique. Moreover, as v(r) tends toward infinity when ‖r‖ tends toward infinity, V (X, Y ) also tends toward infinity as (X, Y ) diverges. This property implies the existence of a local minimum of V .

We denote by (X_0, Y_0) the unique minimum of V . The set of equilibrium configurations of the part under the radial field is the following {(X_0, Y_0, θ), θ ∈ S^1}. Let us express this curve in the classical system of coordinates:

x = X_0 cos θ − Y_0 sin θ y = X_0 sin θ + Y_0 cos θ.

As expected, the set of equilibrium configurations is obtained by rotation of the part about the pivot point. As V does not depend on θ, we can consider the case θ = 0, where x = X and y = Y . In the corresponding equilibrium configuration, the center of mass is thus translated to (X_0, Y_0) and P is located at the origin. As a consequence, in configuration q_0, P is at (−X_0, −Y_0) (Figure 6).

6.2 Unit Radial Combined With a Constant Field

The former section established the existence and uniqueness of the pivot point. In this section, we perturb the radial field by adding a small constant field in order to break the symmetry. Using the results of the previous sections, we are going to show that for each orientation θ of the part, the corresponding lifted potential field has a unique minimum in (X, Y ) and that when θ varies, the curve of these minima is continuous and smooth if the pivot point is not on the boundary of the part. We call this curve the equilibrium curve. Then we will give a characterization of the local minima of the lifted potential using the equilibrium curve. This characterization will reveal crucial in the following section to determine the set of stable equilibrium configurations.

P G x y (X_0, Y_0)

Figure 6: In the equilibrium configuration corresponding to θ = 0, the center of mass is at (X_0, Y_0). We now consider the potential function (Figure 7): u(r) = v(r) + δη, where v is the unit radial field and δ a positive constant. The second term δη corresponds to the constant force field −δ(0, 1). The lifted potential field for a given value of δ can be expressed as follows in the (X, Y, θ) system of coordinates: U_δ(X, Y, θ) = V (X, Y ) + δ|S|(sin θX + cos θY ), (17) where |S| is the area of S. For clarity purposes, we define the following functions U_{θ,δ}(X, Y ) = U(X, Y, θ, δ) = U_δ(X, Y, θ), where the variables we put in the subscript are considered constant.

Figure 7: Radial-constant potential field.

Minimum of U_{θ,δ} and Equilibrium Curve The second term of the right hand side of Expression (17) is linear in (X, Y ). For this reason, U_{θ,δ} has the same second order partial derivatives as V and Hess U_{θ,δ} = Hess V is positive definite (Proposition 4). For any fixed value of θ and δ < 1, U_{θ,δ}(X, Y ) tends toward infinity with (X, Y ).

Thus, U_{θ,δ} has a unique local minimum. We denote by (X^∗(θ, δ), Y^∗(θ, δ)) this local minimum. We can express it in the standard system of coordinates by:

x^∗(θ, δ) = cos θ X^∗(θ, δ) − sin θ Y^∗(θ, δ), (18) y^∗(θ, δ) = sin θ X^∗(θ, δ) + cos θ Y^∗(θ, δ). (19)

For each value of δ < 1, these local minima define a curve of parameter θ that we call equilibrium curve. We are going to show now that this curve is of class C^1 and smooth for small values of δ if the pivot point is not on the boundary of the part.

Notice that (X^∗, Y^∗)(θ, 0) = (X_0, Y_0) is the minimum of V and therefore is independent of θ.

Proposition 5. The equilibrium curve is smooth.

(i) X^∗, Y^∗, x^∗ and y^∗ are continuously differentiable.

(ii) if (−X_0, −Y_0) /∈ ∂S (i.e., the pivot point is not on the boundary of the part), there exists δ_0 such that X^∗, Y^∗, x^∗ and y^∗ are smooth over S^1 × [0, δ_0].

Proof. (i) This proposition is a direct result of the implicit function theorem. Indeed, if we define the following function from R^4 into R^2 F : (X, Y, θ, δ) → (_{∂ U} ∂X (X, Y, θ, δ) ∂ U ∂Y (X, Y, θ, δ) ) . From (17), as V is of class C^2 (Proposition 2), F is of class C^1. By definition, the equilibrium curve minimizes the lifted potential field for fixed θ and δ and therefore fits the following implicit representation: F (X^∗, Y^∗, θ, δ) = 0. The differential of the partial function F_{θ,δ} of the variables (X, Y ) is exactly the Hessian of V . From Proposition 4, this differential is invertible everywhere. According to the implicit function theorem, these conditions imply that X^∗ and Y^∗ can be expressed as C^1 functions of (θ, δ). As the equilibrium curve is unique, these C^1 functions are necessarily the formerly defined X^∗(θ, δ) and Y^∗(θ, δ). (ii) If the pivot point is not on the boundary of the part, −(X^∗(θ, 0), Y^∗(θ, 0)) /∈ ∂S, by the continuity of X^∗ and Y^∗, there exists a δ_0 such that for any θ ∈ S^1 and 0 ≤ δ ≤ δ_0, −(X^∗(θ, δ), Y^∗(θ, δ)) /∈ ∂S. In other words, if we follow the equilibrium curve for a small δ, the origin of the field remains completely inside or completely outside the part and (X^∗, Y^∗, θ, δ) remains in a domain where F is smooth (from Proposition 3). Therefore, according to the implicit function theorem, X^∗ and Y^∗ are also smooth. Relations (18) and (19) state that x^∗ and y^∗ have the same differentiability properties as X^∗ and Y^∗.

From now on, we will assume that the pivot point is not on the boundary of the part, so that the partial derivatives of the equilibrium curves are all defined for small δ.

We now point out a property of the equilibrium curves that will constitute the basis of our method to determine the local minima of U. For a fixed value of δ the local minima of U are obviously on the equilibrium curve associated to δ. We are going to show that these local minima are the points where (x^∗, y^∗) crosses the y axis from x < 0 to x > 0. For that, we define U^∗_δ (θ) = U_δ(X^∗(θ, δ), Y^∗(θ, δ), θ), the minimum value of the lifted potential field for given θ and δ. The variation of U^∗_δ (θ) along the equilibrium curve is given by the following proposition.

Proposition 6. For any θ ∈ S^1, dU^∗_δ dθ (θ) = δ|S|x^∗(θ, δ). From [13]. For clarity, we omit δ in the notation of this proof. By definition U^∗_δ (θ) = U_δ(X^∗(θ), Y^∗(θ), θ). Differentiating this expression w.r.t. to θ leads to dU^∗_δ dθ (θ) = ∂U_δ ∂X (X^∗(θ), Y^∗(θ), θ) dX^∗ dθ (θ) + ∂U_δ ∂Y (X^∗(θ), Y^∗(θ), θ) dY^∗ dθ (θ) + ∂U_δ ∂θ (X^∗(θ), Y^∗(θ), θ) = ∂U_δ ∂θ (X^∗(θ), Y^∗(θ), θ) = δ|S|(cos θ X^∗(θ) − sin θ Y^∗(θ)) = δ|S|x^∗(θ), using the expression (17) and the fact that the partial derivatives of U_δ w.r.t. X and Y vanish at (X^∗, Y^∗).

This proposition leads directly to the following property.

Proposition 7. For any fixed value of δ, the two following properties are equivalent:

(i) (X, Y, θ) is a local minimum of U_δ, (ii) X = X^∗(θ, δ), Y = Y^∗(θ, δ) and the equilibrium curve

crosses the y-axis from left to right when θ increases: x^∗(θ, δ) = 0, x^∗(θ^−, δ) < 0, x^∗(θ^+, δ) > 0.

7 Computation of All Stable Configurations of a Part Under the Combined Unit Radial and Constant Field

Proposition 7 provides a characterization of the stable equilibrium configurations of a part subjected to a combination of a unit radial field and a constant field, in terms of intersection of the equilibrium curve with the y-axis. For a general part and a given value of δ, these configurations can be computed numerically. In [12], such simulations are carried out and the results of these simulations are consistent with the conclusions of our theoretical developments. However, numerical simulation is time-consuming and may yield results difficult to interpret, especially for limit values of δ where the equilibrium curve becomes tangent to the y-axis. In this section, we give a method to predict the equilibrium configurations for small values of δ, using the fact that x^∗ is smooth.

7.1 Partial Derivatives of x^∗ and Local Minima of U_δ

In general, we do not have an expression of x^∗(θ, δ). Otherwise, stable equilibrium configurations would be determined by solving x^∗(θ, δ) = 0 and by applying Proposition 7. However, for small values of δ, we can exploit the continuity of the partial derivatives of x^∗ using the following idea. Let us assume that we are interested in the sign of a smooth function f(δ) for small values of δ. If f(0) ≠ 0 there exists an interval of δ containing 0 over which f(δ) has the same sign as f(0). If f(0) = 0, and if^{∂nf}_{∂δn} (0) is the first non-zero derivative of f in 0, we can approximate f around 0 by f(δ) ∼^{∂nf}_{∂δn} (0)^{δn}_{n!} (Taylor expansion) and conclude that there exists a small interval of δ containing 0 over which f(δ) has the same sign as^{∂nf}_{∂δn} (0).

The following theorem states that this property applies to x^∗(θ, δ) for small δ and uniformly over θ, that is x^∗(θ, δ) changes sign around the same values of θ as the first non-uniformly zero ∂^nx^∗ ∂δ^n (θ, 0) (see Figure 8).

Theorem 1. If there exists an integer n ≥ 0 such that

(i) for any k such that 0 ≤ k ≤ n − 1,^{∂k x∗}_{∂δk} (θ, 0) = 0

uniformly over S^1, (ii)^{∂nx∗}_{∂δn} (θ, 0) vanishes only at a finite number of points

(θ_1, ..., θ_{2m}), and (iii) for any 1 ≤ l ≤ m,^{∂n+1x∗}_{∂θ∂δn} (θ_{2l}, 0) > 0,^{∂n+1x∗}_{∂θ∂δn} (θ_{2l−1}, 0) < 0,

then for small values of δ, the part has exactly m stable equilibrium configurations, and these configurations converge toward (x^∗(θ_{2l}, 0), y^∗(θ_{2l}, 0), θ_{2l}), 1 ≤ l ≤ m, when δ tends toward 0.

θ_2 θ 2π θ_3 θ_4 θ_1

J I 2α

∂^nx^∗ ∂δ^n (θ, 0) x^∗(θ, δ)

Stable eq.

Figure 8: The first non-uniformly zero partial derivative of x^∗ w.r.t. δ provides all the information about the local minima of U_δ for small values of δ.

Proof. Let us first notice that^{∂n+1x∗}_{∂θ∂δn} (θ_{2k}, 0) represents the slope at θ_{2k} of^{∂nx∗}_{∂δn} (θ, 0) seen as a function of θ. Therefore condition (iii) means that^{∂nx∗}_{∂δn} (θ, 0) changes sign at each θ_l for 1 ≤ l ≤ 2m.

All the partial derivatives of x^∗ are continuous. Thus, from condition (iii), there exist two positive numbers α and δ_1 such that for any positive real number δ < δ_1 and any integer l between

1 and m, ∀θ ∈ (θ_{2l} − α, θ_{2l} + α),^{∂n+1x∗}_{∂θ∂δn} (θ, δ) > 0, ∀θ ∈ (θ_{2l−1} − α, θ_{2l−1} + α),^{∂n+1x∗}_{∂θ∂δn} (θ, δ) < 0. (20)

Let us denote by I the union of the intervals of θ defined above I = ⋃ 1≤l≤2m (θ_l − α, θ_l + α)

and by J = S^1 \ I the complement of I (see Figure 8). The proof consists of two parts:

1. We first prove that over each interval constituting I, for small fixed δ, the slope^{∂ x∗}_{∂θ} of x^∗ keeps a constant sign and therefore x^∗ vanishes only once over each of these intervals.

2. Then, we show that, for small δ, x^∗ does not vanish over J.

Let us consider each part separately. 1. Differentiating the equation defined in (i) w.r.t. θ, we get that, for any k ≤ n − 1, ∂^{k+1}x^∗ ∂θ∂δ^k (θ, 0) = 0 (21)

uniformly over S^1. If we take a fixed θ in the interval (θ_{2l} − α, θ_{2l} + α), and we consider^{∂ x∗}_{∂θ} (θ, δ) as a function of δ that we temporarily denote by f(δ), (21) can be rewritten ∂^kf ∂δ^k (0) = 0 for 0 ≤ k ≤ n − 1. (22)

Moreover, (20) implies that ∀δ ∈ [0, δ_1], ∂^nf ∂δ^n (δ) > 0. (23)

Therefore, using Taylor-Lagrange formula, for any δ ∈ [0, δ_1], there exists β, 0 ≤ β ≤ 1 such that f(δ) = n−1∑ k=0 ∂^kf ∂δ^k (0) δ^k k! + ∂^nf ∂δ^n (βδ) δ^n n! (24) = ∂^nf ∂δ^n (aδ) δ^n n! > 0. (25)

This establishes that for any δ < δ_1 and any θ ∈ (θ_{2l} − α, θ_{2l} + α),^{∂ x∗}_{∂θ} (θ, δ) > 0. Thus for a fixed δ ∈ [0, δ_1], the function x^∗(θ, δ) of θ is increasing over (θ_{2l} − α, θ_{2l} + α) and cannot vanish more than once over this interval. Using the same reasoning, we can establish that x^∗(θ, δ) is decreasing over the intervals (θ_{2l−1} −α, θ_{2l−1} +α) and cannot vanish more than once in each of them either.

2. From condition (ii), when θ remains in J,^{∂nx∗}_{∂δn} (θ, 0) does not vanish. As J is compact, | |^{∂nx∗}_{∂δn} (θ, 0) | | admits a positive lower bound over J, that we denote by m

m = min {| | ∂^nx^∗ ∂δ^n (θ, 0) | | , θ ∈ J } > 0.

From the uniform continuity of^{∂nx∗}_{∂δn} (θ, δ) over the compact set J ×[0, δ_1], there exists δ_2, 0 < δ_2 ≤ δ_1 such that for any δ ∈ [0, δ_2] and any θ ∈ J, | | | ∂^nx^∗ ∂δ^n (θ, 0) | | | > m and | | | ∂^nx^∗ ∂δ^n (θ, δ) − ∂^nx^∗ ∂δ^n (θ, 0) | | | < m, thus | | |∂^nx^∗ ∂δ^n (θ, δ) | | | > 0. (26) We can apply again Taylor-Lagrange relation. To keep the same notation, f(δ) denotes now x^∗(θ, δ) considered as a function of δ for a fixed value of θ ∈ J, we get from condition (i) that condition (22) is satisfied and from (26) that^{∂nf}_{∂δn} (δ) does not vanish over [0, δ_2] and thus keeps a constant sign over this interval. Condition (23) (or its counterpart^{∂nf}_{∂δn} (δ) < 0) is thus satisfied over [0, δ_2]. We can reuse (24) and (25) (replacing > by < if^{∂nf}_{∂δn} (δ) < 0) to conclude that x^∗(θ, δ) does not vanish over [0, δ_2] and has the same sign as^{∂nx∗}_{∂δn} (θ, 0).

If we now consider a fixed δ < δ_2 and if we recall that^{∂nx∗}_{∂δn} (θ, 0) changes sign between two subintervals constituting J, we can conclude that x^∗(θ, δ) vanishes exactly once over each (θ_l − α, θ_l + α), 1 ≤ l ≤ 2m, defining a stable equilibrium configuration in each (θ_{2l} − α, θ_{2l} + α), 1 ≤ l ≤ m. As α can be chosen as small as desired, as δ tends toward 0 the stable equilibrium configurations converge toward (x^∗(θ_{2l}, 0), , y^∗(θ_{2l}, 0), θ_{2l}) since x^∗ and y^∗ are continuous.

Theorem 1 changes the problem of determining the sign of x^∗(θ, δ) to the problem of determining the sign of the first non-uniformly zero^{∂nx∗}_{∂δn} (θ, 0) (n ≥ 0). In the following section, we will devise an algorithm that computes the successive expressions of^{∂kx∗}_{∂δk} (θ, 0) w.r.t. the partial derivatives of the radial field V at (0, 0). But first, let us apply the result of Theorem 1 in the simple cases where n = 0 and n = 1. We will see that if the pivot point and the center of mass of a part are distinct, the part can be uniquely positioned by a radial-constant field. If the pivot point and the center of mass are the same, an additional condition ensures that the part has exactly two stable equilibrium configurations.

7.2 Unique Stable Equilibrium Configuration

The simplest application of Theorem 1 arises when n = 0. In this case, we do not need to compute any partial derivative of x^∗ w.r.t. δ. Indeed, from (18), we get

x^∗(θ, 0) = cos θX_0 − sin θY_0.

Thus x^∗ verifies the conditions of Theorem 1 with n = 0 iff (X_0, Y_0) ≠ (0, 0), that is if the pivot point is distinct from the center of mass. Under this condition, we can rewrite (X_0, Y_0) = (R cos φ, R sin φ), with R > 0 and φ two constants, and get

x^∗(θ, 0) = R cos(θ + φ).

We can thus apply Theorem 1 to get the following corollary.

Corollary 1. If the pivot point P and the center of mass G are different, that is (X_0, Y_0) ≠ (0, 0), then for small δ the part has a unique equilibrium configuration. When δ tends toward 0, the pivot point gets closer to the origin and the direction ⃗P G aligns with the constant force field.

7.3 Two Stable Equilibrium Configurations

If the pivot point is the same as the center of mass (X_0, Y_0) = (0, 0), Theorem 1 cannot be applied with n = 0. This situation happens for symmetric parts, like rectangles and regular polygons for instance. We need thus to get an expression of^{∂ x∗}_{∂δ} . For that we use the implicit representation of X^∗ and Y^∗. Since X^∗ and Y^∗ minimize U for fixed θ and δ, ∂U ∂X (X^∗(θ, δ), Y^∗(θ, δ), θ, δ) = 0, ∂U ∂Y (X^∗(θ, δ), Y^∗(θ, δ), θ, δ) = 0. Using the expression (17) of U, we can rewrite these equations as ∂V ∂X (X^∗(θ, δ), Y^∗(θ, δ)) + δ|S| sin θ = 0, ∂V ∂Y (X^∗(θ, δ), Y^∗(θ, δ)) + δ|S| cos θ = 0. Differentiating these expressions w.r.t. δ and omitting variables in the functions leads to

∂^2V ∂X^2 (X^∗, Y^∗) ∂X^∗ ∂δ + ∂^2V ∂X∂Y (X^∗, Y^∗) ∂Y^∗ ∂δ + |S| sin θ = 0, (27)

∂^2V ∂X∂Y (X^∗, Y^∗) ∂X^∗ ∂δ + ∂^2V ∂Y^2 (X^∗, Y^∗) ∂Y^∗ ∂δ + |S| cos θ = 0. (28)

Now, taking δ = 0, by hypothesis, X^∗ = 0, Y^∗ = 0 and we recognize the Hessian of V at (0, 0) in the above equations:

Hess V (0, 0) (_{∂ X∗} ∂δ (θ, 0) ∂ Y^∗ ∂δ (θ, 0) ) + |S| ( sin θ cos θ ) = 0. (29)

To make notation more compact, let us denote by R_ψ the rotation matrix of angle ψ.

Let us recall that the Hessian of V (0, 0) is symmetric and positive definite. For this reason, it is diagonalizable, i.e., there exists a rotation matrix R_ψ and two positive eigenvalues 1/λ_1, 1/λ_2 such that λ_1 ≤ λ_2 and Hess V (0, 0) = R_{−ψ}

(_1

λ_1 0

0^1_{λ2} ) R_ψ. (30)

Then from (29) (_{∂ X∗} ∂δ (θ, 0) ∂ Y^∗ ∂δ (θ, 0) ) = [Hess V (0, 0)]^{−1} ( −|S| sin θ −|S| cos θ ) (31) = R_{−ψ} ( λ_1 0 0 λ_2 ) R_ψ ( −|S| sin θ −|S| cos θ ) . (32)

Using rotation matrix notation, (18) and (19) yield (_{∂ x}∗ ∂δ ∂ y^∗ ∂δ ) = R_θ (_{∂ X∗} ∂δ ∂ Y^∗ ∂δ ) , x y

O +^π_2

−^π_2 constant field

reference configuration equilibrium configuration

Figure 9: A rectangle put in the radial constant field rotates to align its long edges with the constant component of the field.

and (32) leads to (_{∂ x}∗ ∂δ (θ, 0) ∂ y^∗ ∂δ (θ, 0) ) = R_{θ−ψ} ( λ_1 0 0 λ_2 ) R_ψ ( −|S| sin θ −|S| cos θ ) . Expanding the first line of this latest equation gives the following expression ∂x^∗ ∂δ (θ, 0) = 1 2 |S|(λ_2 − λ_1) sin(2(θ + ψ)). (33)

From this expression, we can deduce the following proposition.

Proposition 8. If the pivot point P and the center of mass G are the same and if Hess V (0, 0) has two different eigenvalues, then the part has two stable equilibrium configurations for small δ. In these configurations, the axis of the part coinciding in configuration q_0 with the x-axis aligns with the eigenvector of Hess V (0, 0) of larger eigenvalue.

Example Let us consider the rectangle defined by the following domain S = [−2, 2] × [−1, 1] and described in Figure 9. Because of the symmetries, both the center of mass and the pivot point are located at the center of the rectangle. Let us notice that for polygonal parts, the partial derivatives of V can be computed exactly. We will see how later in the paper. For this rectangle we find

∂^2V ∂X^2 (0, 0) = 8 argsinh 1 2 ≈ 3.85, ∂^2V ∂X∂Y (0, 0) = 0, ∂^2V ∂Y^2 (0, 0) = 4 argsinh2 ≈ 5.77.

The Hessian is already in diagonal form. The larger eigenvalue is^{∂2V}_{∂Y 2} (0, 0) and the associated eigenvectors are along the y-axis. Thus, for small δ, the small side of the rectangle aligns with the x-axis.

Notice that the above rectangle is uniquely positioned up to symmetry under the radial constant field. Of course, there might exist non symmetric parts with the same center of mass and pivot point. These parts cannot be positioned uniquely by the radial-constant field. Let us point out that some symmetric parts give rise to a Hessian with one double eigenvalue. For instance, it can easily be established that regular polygons have this property. For such parts, Proposition 8 fails to provide a result since^{∂ x∗}_{∂δ} (θ, 0) is uniformly 0. Thus, we need to compute further partial derivatives of x^∗ in order to use Theorem 1.

7.4 Algorithm to Compute All Stable Equilibrium Configurations

In this section, we consider a part with the same center of mass and pivot point. Moreover, we assume that the Hessian of V for this part has one double eigenvalue that we denote 1/λ. The goal of this section is to devise an algorithm that computes an expression of the successive partial derivatives^{∂nx∗}_{∂δn} (θ, 0) of the equilibrium curve. Once we find the first order n for which^{∂nx∗}_{∂δn} (θ, 0) is not uniformly zero, we can use Theorem 1 to determine the number and location of the local minima of the lifted potential field for small δ. We describe now the main steps of this method.

First of all, differentiating (18) n times with respect to δ, we get ∂^nx^∗ ∂δ^n (θ, δ) = cos θ ∂^nX^∗ ∂δ^n (θ, δ) − sin θ ∂^nY^∗ ∂δ^n (θ, δ). (34) Thus, to compute the successive expressions of^{∂nx∗}_{∂δn} , we only need to find expressions of the partial derivatives of X^∗ and Y^∗ w.r.t. δ. For that, we will use Equations (27) and (28), that we will successively differentiate w.r.t. δ and evaluate for δ = 0. Let us condensate these equations into the following form Hess V (X^∗, Y^∗) (_{∂ X∗} ∂δ ∂ Y^∗ ∂δ ) + |S| ( sin θ cos θ ) = 0, (35)

where X^∗, Y^∗ and their derivatives are evaluated at (θ, δ). Since the pivot point and the center of mass are the same,

X^∗(θ, 0) = 0, Y^∗(θ, 0) = 0, ∂V ∂X (0, 0) = ∂V ∂Y (0, 0) = 0,

and since Hess V has a double eigenvalue,

∂^2V ∂X^2 (0, 0) =

∂^2V ∂Y^2 (0, 0) = 1 λ , ∂^2V ∂X∂Y (0, 0) = 0.

Using these equalities, let us evaluate (35) for δ = 0 1 λ ∂X^∗ ∂δ (θ, 0) + |S| sin θ = 0, 1 λ ∂Y^∗ ∂δ (θ, 0) + |S| cos θ = 0.

These equations give an expression of^{∂ X∗}_{∂δ} (θ, 0), and^{∂ Y ∗}_{∂δ} (θ, 0). ∂ X^∗ ∂δ (θ, 0) = −λ|S| sin θ, ∂ Y^∗ ∂δ (θ, 0) = −λ|S| cos θ. (36)

If we now differentiate (35) w.r.t. θ, we get

Hess V (X^∗, Y^∗) (_{∂2X∗} ∂δ^2 ∂^2Y^∗ ∂δ^2 ) + ∂ ∂δ (Hess V (X^∗, Y^∗)) (_{∂ X∗} ∂δ ∂ Y^∗ ∂δ ) = 0, (37)

where ∂ ∂δ (Hess V (X^∗, Y^∗)) = (_{∂3V} ∂X^3 (X ∗, Y^∗)^{∂3V}_{∂X2∂Y} (X^∗, Y^∗) ∂^3V ∂X^2∂Y (X ∗, Y^∗)^{∂3V}_{∂X∂Y 2} (X^∗, Y^∗) ) ∂X^∗ ∂δ + (_{∂3V} ∂X^2∂Y (X ∗, Y^∗)^{∂3V}_{∂X∂Y 2} (X^∗, Y^∗) ∂^3V ∂X∂Y^2 (X ∗, Y^∗)^{∂3V}_{∂Y 3} (X^∗, Y^∗) ) ∂Y^∗ ∂δ . These equations may seem complex, but we only need to focus on their overall form to notice that

1. the second term of the left-hand side of (37) is an expression including the third-order partial derivatives of V at (X^∗(θ, δ), Y^∗(θ, δ)) as well as^{∂ X∗}_{∂δ} (θ, δ) and^{∂ Y ∗}_{∂δ} (θ, δ);

2. evaluated at δ = 0, the first term of (37) becomes 1 λ (_{∂2X∗} ∂δ^2 (θ, 0) ∂^2Y^∗ ∂δ^2 (θ, 0) ) .

Thus,^{∂2X∗}_{∂δ2} (θ, 0) and^{∂2Y ∗}_{∂δ2} (θ, 0) can be expressed w.r.t. the third-order partial derivatives of V evaluated at (0, 0),^{∂ X∗}_{∂δ} (θ, 0) and^{∂ Y ∗}_{∂δ} (θ, 0) only. Using (36) to replace^{∂ X∗}_{∂δ} (θ, 0) and^{∂ Y ∗}_{∂δ} (θ, 0), we get an expression of^{∂2x∗}_{∂θ2} (θ, 0) w.r.t. θ and the partial derivatives of V up to order 3 evaluated at (0, 0).

Differentiating again (37) and repeating these operations, we would obtain expressions of the successive^{∂nX∗}_{∂δn} (θ, 0) and^{∂nY ∗}_{∂δn} (θ, 0) w.r.t. the partial derivatives of V up to order n + 1, evaluated at (0, 0). Table 1 presents an algorithm performing these computations.

Remark: It can be checked iteratively that the^{∂nX∗}_{∂δn} (θ, 0) and^{∂nY ∗}_{∂δn} (θ, 0) are trigonometric polynomials in θ, the coefficients of which are sum of products of^{∂kV}_{∂Xl∂Y k−l} (0, 0), for 3 ≤ k ≤ n + 1, 0 ≤ l ≤ k. Therefore,^{∂nx∗}_{∂θn} (θ, 0) can either be uniformly zero over S^1 or vanish at a finite number of points. Among these points, those where the slope^{∂n+1x∗}_{∂θ∂δn} (θ, 0) is positive are stable equilibrium orientations, according to Theorem 1.

The above computations express the successive derivatives^{∂nx∗}_{∂δn} (θ, 0) using the partial derivatives of the lifted radial potential field V at (0, 0). In the general case, we do not have closed forms of these partial derivatives. The next section addresses this issue.

7.5 Computation of the Partial Derivatives of V

Again, in this section, we consider symmetric parts: P = G. We show how to compute the partial derivatives of V , a task which at first approach seems very difficult.

minima ← ∅

If (^{∂ V}_{∂X} (0, 0) ≠ 0) or (^{∂ V}_{∂Y} (0, 0) ≠ 0)
   write ‘‘Pivot point and center of mass distinct.’’;
   exit;
endif;
If (^{∂2V}_{∂X2} (0, 0) ≠^{∂2V}_{∂Y 2} (0, 0)) or (^{∂2V}_{∂X∂Y} (0, 0) ≠ 0)

ψ ← diagonalize Hess V (0, 0) (equation (30)) minima ← {(0, 0, −ψ), (0, 0, −ψ + π)};

   exit;
endif;

λ ←^{∂2V}_{∂X2} (0, 0); X[1] ← −λ|S| sin θ; Y [1] ← −λ|S| cos θ; n ← 1; x[1] ← cos θ X[1] − sin θ Y [1]; expr[1] ← equation (35);

while (x[n] ≡ 0) do

n ← n + 1; expr[n] ← differentiate(expr[n − 1],δ); equation ← evaluate(expr[n],δ = 0); (X[n], Y [n]) ← solve(equation,(^{∂nX∗}_{∂δn} (θ, 0),^{∂nY ∗}_{∂δn} (θ, 0))); x[n] ← cos θ X[n] − sin θ Y [n]; x_θ ← differentiate(x[n], θ);

od;

(θ_1, ..., θ_m) ← solve(x[n] = 0, θ);

for each i between 1 and m do
   If evaluate(x_{θi} , θ = θ_i) > 0

minima ← minima ∪ {(0, 0, θ_i)}

   endif
od;

Table 1: Algorithm that computes the local minima of the lifted radial-constant field U_δ for small δ. If the pivot point and the center of mass are distinct, we know the equilibrium configuration is unique but we cannot express it.

Non-Polygonal Parts For a general part, the only way do compute the partial derivatives of V is numerically. For that, there are two methods. The first one consists in evaluating by numerical integration V (X, Y ) for several values of (X, Y ) around (0, 0) and then to compute the successive partial derivatives of V by finite difference:^{∂ V}_{∂X} (X, Y ) =^1_{2h} (V (X +h, Y )−V (X −h, Y )). The main drawback of this numerical method is that the precision decreases dramatically with the order of differentiation.

The second method is more elaborate but more accurate. If the pivot point P = G is outside the part, the origin is outside S and v is smooth over S. Thus, the partial derivatives of V of any order commute with the integral and expressions (10-14) can be generalized to all the other partial derivatives of V . The right way to compute these partial derivatives is then to integrate numerically the partial derivatives of v over S. If the pivot point is on the boundary of the part, there is nothing we can do since the partial derivatives are not defined. If the pivot point is inside the part, V is smooth but the partial derivatives of v of order 3 or more are not integrable over S and expressions (10-14) cannot be generalized. We can overcome this difficulty by using the same idea as in the proof of Proposition 2 presented in the Appendix. The idea consists in approximating v with a field v_h such that

1. h > 0 is such that the disc D_h(0, 0) is completely inside int(S),

2. v_h(r) = v(r) if ‖r‖ ≥ h and

3. v_h(r) is of class C^k.

For that, we define v_h as a function of ‖r‖: v_h(r) = g(‖r‖) where of course g(r) = r if r ≥ h. For r < h, we define f(r) as an even polynomial:

g(r) = a_0 + a_2r^2 + ... + a_{2k}r^{2k} r < h.

Then we determine the coefficients a_0, ..., a_{2k} of the polynomial by solving the following linear system of order k + 1: g(h) = h g^′(h) = 1 g^{′′}(h) = 0 . . . . . . ∂^kg ∂h^k (h) = 0.

Thus, with these constraints, g is of class C^k over (0, +∞) and by defining v_h(r) = g(‖r‖), we preserve the continuity of the partial derivatives up to order k at the boundary ‖r‖ = h. Moreover, on D_h(0, 0), g(‖r‖) contains only even powers of ‖r‖. g(‖r‖) is in fact a polynomial function of ‖r‖^2 = ξ^2 + η^2 and is thus smooth over D_h(0, 0), even at the origin.

If we denote V_h the lifted potential field associated to v_h, and as long as D_h(−X, −Y ) remains completely in S, V (X, Y ) − V_h(X, Y ) = ∫ D_h(−X,−Y ) v(X + ξ, Y + η) − v_h(X + ξ, Y + η)dξdη = ∫ D_h(0,0) u(ξ, η) − v_h(ξ, η)dξdη. Thus for h small enough, V (X, Y ) − V_h(X, Y ) is constant in a neighborhood of (0, 0). Therefore the partial derivatives of V are the same as the partial derivatives of V_h and the partial derivatives of V_h up to order k commute with the integral since v_h is of class C^k. Therefore, ∂^kV ∂X^p∂Y^{k−p} (X, Y ) = ∫ S ∂^kv_h ∂X^p∂Y^{k−p} (X + ξ, Y + η)dξdη, 0 ≤ p ≤ k.

These partial derivatives can be computed by integrating numerically the partial derivatives of v_h. The numerical error comes from the integration and does not increase with the order of differentiation.

Polygonal Parts If the part is polygonal, the partial derivatives of V can be expressed exactly. We explain here how.

Once we have an expression of^{∂ V}_{∂X} and^{∂ V}_{∂Y} , the higher order derivatives follow by formal derivation. By partitioning the polygon into stripes (see Figure 10),^{∂ V}_{∂X} can be decomposed into a sum of terms of the form ∂V ∂X = ∑ ∫^η1

η_0 ∫_{a1η+b1} a_0η+b_0 X + ξ √ (X + ξ)^2 + (Y + η)^2 dξdη, where ξ = a_0η + b_0 and ξ = a_1η + b_1 are the equations of the sides of each stripe. Thanks to

η_0 η_1

Figure 10: Computation of^{∂ V}_{∂X} by partitioning the polygonal part into stripes.

our system of coordinates (X, Y, θ), the integrand of the above integral is the partial derivative of √ (X + ξ)^2 + (Y + η)^2 w.r.t. X but also w.r.t. ξ, so that each of these integral can be rewritten as follows: ∫_{η1}

η_0 √ (X + a_1η + b_1)^2 + (Y + η)^2 − √ (X + a_0η + b_0)^2 + (Y + η)^2dη.

Using the appropriate change of variables, the above integrals can be computed exactly and expressed with the coordinates of the vertices of the polygon.^{∂ V}_{∂Y} is computed the same way, by switching the role of ξ and η.

8 Examples

We have implemented the algorithm presented in Table 1 using Maple and we have applied it to a number of examples. In this section we compute the stable equilibrium configurations of several parts, focusing our attention on regular polygons. We report the relevant values of the partial derivatives of V and the successive^{∂kx∗}_{∂δk} (θ, 0).

Equilateral Triangle

∂^2V ∂X^2 (0, 0) =

∂^2V ∂Y^2 (0, 0) = 3 2 argsinh( √ 3)^{∂2V}_{∂X∂Y} (0, 0) = 0

∂^3V ∂X^3 (0, 0) = 3 √ 3 2 −^3_2 argsinh( √ 3)^{∂3V}_{∂X2∂Y} (0, 0) = 0

∂^3V ∂X∂Y^2 (0, 0) = − 3 √ 3 2 +^3_2 argsinh( √ 3)^{∂3V}_{∂Y 3} (0, 0) = 0 x y constant field

Figure 11: Equilibrium configurations of regular polygons subjected to the combination of a unit radial field and a small constant field. and ∂x^∗ ∂δ (θ, 0) = 0,

∂^2x^∗ ∂δ^2 (θ, 0) = 3 4 argsinh( √ 3) − √ 3 argsinh( √ 3)^3 cos(3θ).

Since, the coefficient in front of cos(3θ) is positive, for small δ, the triangle has 3 equilibrium positions corresponding to the orientations π/2 + 2kπ/3, k = 1, 2 or 3.

Square_{∂2V}

∂X^2 (0, 0) =

∂^2V ∂Y^2 (0, 0) = 2 √ 2argsinh(1)^{∂2V}_{∂X∂Y} (0, 0) = 0

∂^3V ∂X^3 (0, 0) =

∂^3V ∂X^2∂Y (0, 0) =

∂^3V ∂X∂Y^2 (0, 0) =

∂^3V ∂Y^3 (0, 0) = 0 ∂^4V ∂X^4 (0, 0) = −4,

∂^4V ∂X^3∂Y (0, 0) = 0

∂^4V ∂X^2∂Y^2 (0, 0) = 0 ∂^4V ∂X∂Y^3 (0, 0) = 0,

∂^4V ∂Y^4 (0, 0) = −4 and_{∂x∗} ∂δ (θ, 0) = 0,^{∂2x∗}_{∂δ2} (θ, 0) = 0,^{∂3x∗}_{∂δ3} (θ, 0) =^1_8 argsinh_{(1)4} sin(4θ).

The square has thus 4 equilibrium configurations corresponding to θ = kπ/2, k = 1, 2, 3 or 4, for small δ.

Pentagon The expressions of the partial derivatives of V (X, Y ) for a regular pentagon are very long. We will only report the final result, namely ∂x^∗ ∂δ (θ, 0) = 0^{∂2x∗}_{∂δ2} (θ, 0) = 0^{∂3x∗}_{∂δ3} (θ, 0) = 0

∂^4x^∗ ∂δ^4 (θ, 0) = −λ cos(5θ),

where λ =^{3125(3+} √ 5)^{∂5V}_{∂X5} (0,0)

512^{∂2V}_{∂X2} (0,0)^5

> 0. From this latter expression, we can conclude that for small δ,

the regular pentagon has five stable equilibrium configurations about π/10 + 2kπ/5 ,k = 0, 1, 2, 3, 4.

Interpretation Although the expressions of the partial derivatives of x^∗ w.r.t. the partial derivatives of V are very complex, they simplify dramatically in the case of regular polygons. We checked up to order n = 6 vertices and we noticed that x^∗ has the following properties:

1. the first non-uniformly zero expression^{∂kx∗}_{∂δk} (θ, 0) is for k = n − 1 and 2.^{∂n−1x∗} ∂δ^{n−1} (θ, 0) can be simplified to: ∂^{n−1}x^∗ ∂δ^{n−1} (θ, 0) = λ_1 cos(nθ + λ_2),

where λ_1 and λ_2 are constants.

The above results suggest that regular polygons can be uniquely positioned up to symmetry using a combination of a unit radial field and a small constant field. The equilibrium configurations seem to be those for which an edge of the polygon crosses perpendicularly the negative y-axis (see Figure 11).

9 Discussion

This paper proves that the combination of a unit radial and a constant force field orients symmetric parts to a single stable equilibrium and describes an algorithm to compute all stable configurations for non-symmetric parts. Our work provides further evidence that programmable force fields are a powerful tool for part manipulation as it has been suggested in [21, 15, 18]. To our knowledge this is the first work that provides an exhaustive analysis and computation of all stable equilibrium configurations of any part under a single universal force field. Our work can lead to the design of a new generation of efficient, open-loop parts feeders that can bring a part to a desired orientation from any initial orientation without the need of sensing or a clock.

Practical implementations of force fields are currently limited. While waiting for the technology to yield better devices, we find it worthwhile to study what programmable force fields can and what they can not do. It is our belief that the theory of programmable force fields is at a very early stage. We hope that as the field matures, we will see an increasing number of papers addressing the geometric, algorithmic and implementation problems that emerge in this area. We only point out a few open issues below.

Issues related to the analysis in this paper We showed in this paper that even symmetric parts can be oriented with the combination of a unit radial and a constant force field. One question we have not been able to answer is if the above field can orient any symmetric part upto symmetry. Our calculations in Section 8 suggest that this might be the case. Another issue is that our results are asymptotic for small δ. The study of the same fields for general δ is an open question.

Implementation of the Unit Radial - Constant Field In [13] we discussed practical issues related to building devices that could implement the combination of a unit radial and a constant fields. The models offered by MEMS technology and motor actuator arrays were mentioned. The same discussion applies here and the reader is refered to our earlier paper. The only point that we would like to iterate in this paper is that if an array implementing a unit radial field is built, then the same array can be used to implement the combined field. The idea is that the array can be titled to add a gravity component that will implement the small constant field. Under some simplifying assumptions the magnitute of the constant field equals the tangent of the angle at which the planar array has been titled.

Modeling and rate of convergence A question that arises in the context of this paper, as it arises in the context of all previous published work on this topic [21, 15, 18, 36, 13], is the rate of convergence to the equilibrium configuration. This is an open question. Clearly, the value of δ and the distance of the pivot point and the center of mass of the part affect convergence. A missing component for a thorough analysis is a good model for a device that can implement the programmable force field and a modeling of friction and dynamics.

Other fields that achieve a single equilibrium for parts Another interesting direction is to search for different force fields that can achieve a single equilibrium configuration for most parts and are simpler or easier to implement with a specified technology.

Discretization and uncertainty issues As mentioned above, one very important question is the practical implementation of the proposed field. Our earlier work [13] describes some preliminary ideas. Clearly, it will take a long time before devices that are capable of implementing general force fields are available. It is conceivable that MEMS technology will become so advanced that a huge number of actuators would be fitted in a wafer, or that air jet technology will become so accurate that it could deliver almost a continuous force field. In that case, if the part is relatively big, one may assume that the implemented field is a continuous field. Waiting for such a technology however, it is worth studying discretization issues. Recent research described in [46, 47] studies several issues arising with a discretized implementation of force fields using small mechanical motors. Another interesting topic is to study the stability of the equilibrium orientations for toleranced parts. It is well known that parts are not manufactured with perfect geometry. Ideally, one would like to use force fields in which small changes in the shape of the part do not affect the equilibrium substantially.

Parallelism So far we have considered only the equilibria of one part in a force field. But what happens if two parts are placed into the field simultaneously? It is possible that the parts will settle in predictable configurations. This effect could be exploited for automated assembly. When parts are initially placed far enough apart, it may be possible to implement several unit radial-constant fields next to each other to achieve parallel positioning. This issue is particularly interesting since there is no overhead for parallelism in such a device, as no communication and control is required.

Acknowledgments

Work on this paper by Florent Lamiraux was supported by NSF CISE SA1728-21122N. Work on this paper by Lydia Kavraki has been supported by NSF CAREER Award IRI-970228, NSF CISE SA1728-21122N, an ATP Award and a Sloan Fellowship. The authors would like to thank Karl Böhringer, Bruce Donald, Sepanta Sekhavat, and Attawith Sudsang for their comments.

References

[1] T. L. Abell and M. Erdmann. A universal parts feeder, 1996. Personal communication / in preparation.

[2] S. Akella, W. Huang, K. Lynch, and M. Mason. Sensorless parts orienting with a one-joint manipulator. In IEEE Int. Conf. Robot. & Autom., pages 2383–2390, Albuquerque, NM, Apr. 1997.

[3] D. Berkowitz and J. Canny. Designing parts feeders using dynamic simulation. In Proc. IEEE Int. Conf. on Rob. and Autom., pages 1127–1132, 1996.

[4] A. Berlin, D. Biegelsen, P. Cheung, M. Fromherz, D. Goldberg, W. Jackson, E. Panides, B. Preas, J. Reich, and L. Swartz. Paper transport using modulated airjet arrays. In IS&T NIP15 Int. Conf. on Digital Printing Tech., 1999.

[5] D. Biegelsen, W. Jackson, A. Berlin, and P. Cheung. Air jet arrays for precision positional control of flexible media. In Int. Conf. on Micromechatronics for Information And Precision Equipment (MIPE’97), Tokyo, Japan, July 1997.

[6] K. Böhringer, V. Bhatt, and K. Goldberg. Sensorless manipulation using transverse vibrations of a plate. In Proc. IEEE Int. Conf. on Rob. and Autom., pages 1989–1996, 1995.

[7] K. Böhringer, B. Donald, and N. MacDonald. Single-crystal silicon actuator arrays for micro manipulation tasks. In Proc. IEEE Workshop on Micro Electro Mechanical Systems (MEMS), pages 7–12, San Diego, CA, Feb. 1996.

[8] K. Böhringer, B. Donald, and N. MacDonald. Upper and lower bounds for programmable vector fields with applications to MEMS and vibratory plate parts feeders. In J.-P. Laumond and M. Overmars, editors, Algorithms for Robotic Motion and Manipulation, pages 255–276. A. K. Peters, Ltd, Wellesley, MA 02181, 1997.

[9] K.-F. Böhringer, V. Bhatt, B. R. Donald, and K. Y. Goldberg. Algorithms for sensorless manipulation using a vibrating surface. Algorithmica, 26(3-4), March/April 2000. Special Issue on Algorithmic Foundations of Robotics. Accepted for publication. Forthcoming.

[10] K.-F. Böhringer, R. G. Brown, B. R. Donald, J. S. Jennings, and D. Rus. Distributed robotic manipulation: Experiments in minimalism. In O. Khatib et al., editor, Experimental Robotics IV, Lecture Notes in Control and Information Sciences 223, pages 11–25. Springer Verlag, Berlin, 1997.

[11] K.-F. Böhringer and H. choset. Distributed Manipulation. Kluwer Academic Publishers, Boston, MA, 2000.

[12] K.-F. Böhringer, B. Donald, L. Kavraki, and F. Lamiraux. A single universal force field can uniquely orient non-symmetric parts. In J. Hollerbach and D. Koditscheck, editors, Robotics Research: The 9th International Symposium, pages 395–402. Springer, 1999.

[13] K.-F. Böhringer, B. Donald, L. Kavraki, and F. Lamiraux. Part orientation to one or two stable equilibria using programmable force fields. IEEE Trans. Robot. & Autom., 16(2):731– 747, 2000.

[14] K.-F. Böhringer and B. R. Donald. Algorithmic MEMS. In International Workshop on Algorithmic Foundations of Robotics (WAFR), Houston, TX, Mar. 1998.

[15] K.-F. Böhringer, B. R. Donald, and N. C. M. acDonald. Upper and lower bounds for programmable vector fields with applications to MEMS and vibratory plate parts feeders. In International Workshop on Algorithmic Foundations of Robotics (WAFR), Toulouse, France, July 1996. Appeared in Algorithms for Robotic Motion and Manipulation , Jean-Paul Laumond and Mark Overmars (Eds), pages 255–276, A. K. Peters, Ltd, 1997.

[16] K.-F. Böhringer, B. R. Donald, and D. Halperin. The area bisectors of a polygon and force equilibria in programmable vector fields. In 13th ACM Symposium on Computational Geometry, Nice, France, June 1997.

[17] K.-F. Böhringer, B. R. Donald, and D. Halperin. On the area bisectors of a polygon. In Second CGC Workshop on Computational Geometry, Durham, NC, Oct. 1997. Extended Abstract.

[18] K.-F. Böhringer, B. R. Donald, and D. Halperin. On the area bisectors of a polygon. Discrete and Computational Geometry, 22:269–285, 1999.

[19] K.-F. Böhringer, B. R. Donald, and N. C. MacDonald. Programmable vector fields for distributed manipulation, with applications to MEMS actuator arrays and vibratory parts feeders. Int. J. Robot. Res., Feb. 1999.

[20] K.-F. Böhringer, B. R. Donald, N. C. MacDonald, G. T. A. Kovacs, and J. W. Suh. Computational methods for design and control of MEMS micromanipulator arrays. IEEE Computer Science and Engineering, pages 17–29, January–March 1997.

[21] K.-F. Böhringer, B. R. Donald, R. Mihailovich, and N. C. MacDonald. Sensorless manipulation using massively parallel microfabricated actuator arrays. In IEEE Int. Conf. Robot. & Autom., pages 826–833, San Diego, CA, May 1994.

[22] K.-F. Böhringer, B. R. Donald, R. Mihailovich, and N. C. MacDonald. A theory of manipulation and control for microfabricated actuator arrays. In Proc. IEEE Workshop on Micro Electro Mechanical Systems (MEMS), pages 102–107, Oiso, Japan, Jan. 1994.

[23] K. F. Böhringer, R. S. Fearing, and K. Y. Goldberg. Microassembly. In S. Nof, editor, Handbook of Industrial Robotics. Wiley & Sons Ltd, Chichester, England, 2nd edition, 1999. Accepted for publication. Forthcoming.

[24] K.-F. Böhringer, K. Goldberg, M. B. Cohn, R. Howe, and A. Pisano. Parallel microassembly with electrostatic force fields. In IEEE Int. Conf. Robot. & Autom., Leuven, Belgium, May 1998.

[25] G. Boothroyd. Assembly Automation and Product Design. Marcel Dekker Inc., NY, 1992.

[26] J. Canny and K. Y. Goldberg. Risc for industrial robotics: recent results and open problems.

In Proc. IEEE Int. Conf. on Robotics and Automation, pages 1951–1958, 1994.

[27] P. Cheung, A. Berlin, D. Biegelsen, and W. Jackson. Batch fabrication of pneumatic valve arrays by combining mems with printed circuit board technology. In Proc. Symposium on Micro-Mechanical Systems, ASME International Mechanical Engineering Congress and Exhibition, pages 16–21, Dallas, TX, Nov. 1997.

[28] M. Coutinho and P. Will. The intelligent motion surface: a hardware/software tool for the assembly of meso-scale devices. In IEEE Int. Conf. Robot. & Autom., Albuquerque, New Mexico, Apr. 1997.

[29] M. Coutinho and P. Will. A general theory for positioning and orienting 2d polygonal or curved parts using intelligent motion surfaces. In IEEE Int. Conf. Robot. & Autom., Leuven, Belgium, May 1998.

[30] M. Erdmann. Understanding action and sensing by designing action-based sensors. Int. J.

Robot. Res., 14(5):483–509, 1995.

[31] M. Erdmann and M. Mason. An exploration of sensorless manipulation. IEEE Tr. on Rob.

and Autom., 4(4):369–379, 1988.

[32] F. G. Friedlander. Introduction to the Theory of Distributions. Cambridge University Press, Cambridge, UK, 1998.

[33] K. Y. Goldberg. Orienting polygonal parts without sensing. Algorithmica, 10(2/3/4):201–225, August/September/October 1993.

[34] K. Y. Goldberg. Orienting polygonal parts without sensors. Algorithmica, 10:201–225, 1993.

[35] M. Jakiela and J. Krishnasamy. Computer simulation of vibratory parts feeding and assembly.

In Proc. 2nd Int. Conf. Discete Element Methids, 1993.

[36] L. Kavraki. Part orientation with programmable vector fields: Two stable equilibria for most parts. In IEEE Int. Conf. Robot. & Autom., pages 20–25, Albuquerque, New Mexico, Apr. 1997.

[37] S. Konishi and H. Fujita. System design for cooperative control of arrayed microactuators. In Proc. IEEE Workshop on Micro Electro Mechanical Systems (MEMS), pages 324–329, Amsterdam, Netherlands, Jan. 1995.

[38] S. Konishi, Y. Mita, and H. Fujita. Autonomous distributed system for cooperative micromanipulation. In K.-F. Böhringer and H. Choset, editors, Distributed Manipulation, pages 87–102. Kluwer Academic Publishers, Boston, 2000.

[39] K. Kotay, D. Rus, M. Vona, and C. McGray. The self-reconfigurable robotic molecule: Design and algorithms control. In P. K. Agarwal, L. Kavraki, and M. Mason, editors, Robotics: The Algorithmic Perspective, pages 375–388. A. K. Peters, Ltd, Wellesley, MA, 1998.

[40] F. Lamiraux and L. Kavraki. Positioning and orienting a class of symmetric parts using a combination of a unit-radial and constant force fields. In IEEE Int. Conf. Robot. & Autom., pages 178–183, 2000.

[41] F. Lamiraux and L. Kavraki. Positioning and orienting symmetric and non-symmetric parts using radial and constant force fields. In B. Donald, K. Lynch, and D. Rus, editors, International Workshop on Algorithmic Foundations of Robotics (WAFR). A.K. Peters, 2000.

[42] W. Liu and P. Will. Parts manipulation on an intelligent motion surface. In IEEE/RSJ Int.

Workshop on Intelligent Robots & Systems (IROS), Pittsburgh, PA, 1995.

[43] J. E. Luntz and W. Messner. A distributed control system for flexible materials handling.

IEEE Control Systems, 17(1), Feb. 1997.

[44] J. E. Luntz, W. Messner, and H. Choset. Parcel manipulation and dynamics with a distributed actuator array: The virtual vehicle. In IEEE Int. Conf. Robot. & Autom., pages 1541–1546, Albuquerque, New Mexico, Apr. 1997.

[45] J. E. Luntz, W. Messner, and H. Choset. Velocity field design for parcel positioning on the virtual vehicle, a discrete distributed actuator array. In P. K. Agarwal, L. Kavraki, and M. Mason, editors, Robotics: The Algorithmic Perspective. A. K. Peters, Ltd, Wellesley, MA, 1998.

[46] J. E. Luntz, W. Messner, and H. Choset. Closed-loop manipulation using discrete actuator arrays. In B. Donald, K. Lynch, and D. Rus, editors, International Workshop on Algorithmic Foundations of Robotics (WAFR). A. K. Peters, Ltd, Wellesley, MA, 2000. Forthcoming.

[47] J. E. Luntz, W. Messner, and H. Choset. Discreteness issues in actuator arrays. In K.-F.

Böhringer and H. Choset, editors, Distributed Manipulation, pages 103–127. Kluwer Academic Publishers, Boston, 2000.

[48] K. Lynch. Nonprehensile Robotic Manipulation. PhD thesis, The Robotics Institute, Carnegie Mellon University, 1996.

[49] P. H. Moncevicz, Jr., M. J. Jakiela, and K. T. Ulrich. Orientation and insertion of randomly presented parts using vibratory agitation. In Proceedings of the ASME Flexible Assembly Systems Conference, Miami, Florida, Sept. 1991.

[50] D. Reznik, S. Brown, and J. F. Canny. Dynamic simulation as a design tool for a microactuator array. In IEEE Int. Conf. Robot. & Autom., Albuquerque, NM, Apr. 1997.

[51] D. Reznik and J. F. Canny. Universal part manipulation in the plane with a single horizontally vibrating plate. In P. K. Agarwal, L. Kavraki, and M. Mason, editors, Robotics: The Algorithmic Perspective. A. K. Peters, Ltd, Wellesley, MA, 1998.

[52] D. Reznik, J. F. Canny, and K. Y. Goldberg. Analysis of part motion on a longitudinally vibrating plate. In IEEE/RSJ Int. Workshop on Intelligent Robots & Systems (IROS), Grenoble, France, Sept. 1997.

[53] D. Reznik, E. Moshkivich, and J. F. Canny. Building a universal planar manipulator. In P. K.

Agarwal, L. Kavraki, and M. Mason, editors, Distributed Manipulation, pages 147–171. Kluwer Academic Publishers, Boston, 2000.

[54] J. W. Suh, R. B. Darling, K. F. Böhringer, H. Baltes, B. R. Donald, and G. T. A. Kovacs.

CMOS integrated organic ciliary array for general-purpose micromanipulation tool for small objects. Journal of Microelectromechanical Systems, 1998. Submitted for review.

[55] J. Wiegley, K. Goldberg, M. Peshkin, and M. Brokowski. A complete algorithm for designing passive fences to orient parts. In Proc. Int. Conf. on Rob. and Autom., pages 1133–1139, 1996.

[56] M. Yim. Locomotion with a Unit-Modular Reconfigurable Robot. PhD thesis, Stanford Univ., December 1994. Stanford Technical Report STAN-CS-94-1536.

[57] M. Yim and A. Berlin. Two approaches to distributed manipulation. In K.-F. Böhringer and H. Choset, editors, Distributed Manipulation, pages 237–261. Kluwer Academic Publishers, Boston, 2000.

Table of Symbols

E subset of R^2 int(E) interior of E ∂E boundary of E E^d set of points at a distance not more than d from E C = R^2 × S^1 configuration space of a part in the plane q_0 reference configuration of a part S surface occupied by the part in configuration q_0 G center of mass of the part P pivot point of the part q = (x, y, θ) configuration of the part φ_q rigid-body transformation associated to q r = (ξ, η) point in the plane E_q = φ_q(E) image of the subset E by φ_q d_C distance in the configuration space u(ξ, η) potential field in the plane f(ξ, η) force field in the plane U(q) potential field over CS F(q) resultant force of a force field over a part M(q) moment of a force field over a part v(ξ, η) unit-radial potential field V potential field over C associated to v (X, Y, θ) system of coordinates over C (X_0, Y_0) unique minimum of V C^{in} subset of configurations for which (0, 0) ∈ int(S_q) C^{out} subset of configurations for which (0, 0) /∈ S_q C^{bound} subset of configurations for which (0, 0) ∈ ∂S_q det determinant operator tr trace operator Hess Hessian operator δ magnitude of the constant field (x^∗(θ, δ), y^∗(θ, δ)) equilibrium curve in the (x, y, θ) system of coordinates (X^∗(θ, δ), Y^∗(θ, δ)) equilibrium curve in the (X, Y, θ) system of coordinates U_δ, U_{θ,δ} radial-constant field over C, the variables in subscript being considered as constant

Appendix: Proof of Proposition 2

We will only prove here that^{∂2V}_{∂X2} exists everywhere and is continuous and we will establish (12). V being C^2 and the expressions of the other partial derivatives can be established by a similar proof.

According to Proposition 1, we already have ∂V ∂X (X, Y ) = ∫ S ∂v ∂ξ (X + ξ, Y + η)dξdη, and we want to get ∂^2V ∂X^2 (X, Y ) = ∫ S ∂^2v ∂ξ^2 (X + ξ, Y + η)dξdη. (38) The standard results of theory of integration make the differentiation of^{∂ v}_{∂ξ} (X + ξ, Y + η) under the integral possible if three conditions are met

1.^{∂ v}_{∂ξ} (X + ξ, Y + η) is integrable over S for any (X, Y ) ∈ K, where K ⊂ R^2 is a compact set,

2.^{∂2v}_{∂ξ2} (X + ξ, Y + η) exists for any (X, Y ) ∈ K and any (ξ, η) ∈ S,

3. there exists a positive integrable function g(ξ, η) such that | |^{∂2v}_{∂ξ}2 (X + ξ, Y + η) | | < g(ξ, η) for any (X, Y ) ∈ K and any (ξ, η) ∈ S.

For the unit radial field, conditions 2 and 3 are not met because of the singularity of v at the origin:

∂^2v ∂ξ^2 (X + ξ, Y + η) does not exist if X = −ξ and Y = −η and cannot be bounded by a integrable

function independent of (X, Y ).

To avoid the singularity of the field at the origin, we define a set of C^2 potential fields equal to v(r) outside the disc D_h(0, 0) of radius h centered at the origin. Let us denote r = (ξ, η). Then

v_h(r) = v(r) = √ ξ^2 + η^2 if ‖r‖ ≥ h v_h(r) = −^1_{8h3} ‖r‖^4 +^3_{4h} ‖r‖^2 +^{3h}_8 if ‖r‖ < h

(39)

and we define the corresponding lifted potential fields V_h(X, Y ) = ∫ S v_h(X + ξ, Y + η)dξdη. As v_h is C^2 over the compact set S × K, its partial derivatives up to order 2 are continuous and bounded over this set. Conditions 1,2,3 defined above are thus satisfied, V_h is C^2 and we can write

∂^2V_h ∂X^2 (X, Y ) = ∫ S ∂^2v_h ∂ξ^2 (X + ξ, Y + η)dξdη. (40) Given a configuration of the part, there are three different cases.

1. The center of the radial field is outside the domain of integration S: (−X, −Y ) ∉ S,

2. the center of the radial field is inside S: (−X, −Y ) ∈ int(S) or

3. the center of the field is on the boundary of S: (−X, −Y ) ∈ ∂S.

In the first case, for h sufficiently small, the disc D_h(−X, −Y ) where the fields v and v_h are different is completely outside the domain of integration thus V (X, Y ) = V_h(X, Y ). In the second case, for h small enough, the disc D_h(−X, −Y ) is completely inside S and the difference V (X, Y ) − V_h(X, Y ) does not depend on (X, Y ). Indeed, V (X, Y ) − V_h(X, Y ) = ∫ D_h(−X,−Y ) v(X + ξ, Y + η) − v_h(X + ξ, Y + η)dξdη = ∫ D_h(0,0) u(ξ, η) − v_h(ξ, η)dξdη. And this equality holds for any (X, Y ) such that D_h(−X, −Y ) remains completely in S. Therefore, in cases 1 and 2, for h small enough,

∂^2V ∂X^2 (X, Y ) = ∂^2V_h ∂X^2 (X, Y ). To establish (38) outside ∂S, we only need to prove that for any (X, Y ) such that (−X, −Y ) /∈ ∂S,

lim_{h→0} ∫ S ∂^2v_h ∂ξ^2 (X + ξ, Y + η)dξdη = ∫ S ∂^2v ∂ξ^2 (X + ξ, Y + η)dξdη. (41) For (X, Y ) fixed,^{∂2vh}_{∂ξ2} (X + ξ, Y + η) converges toward^{∂2v}_{∂ξ2} (X + ξ, Y + η) point-wise almost everywhere. We need to bound^{∂2vh}_{∂ξ2} by a an integrable function g(ξ, η) independent of h in order to use Lebesgue’s dominated convergence theorem. For that, we consider a point r = (ξ, η) and we look at^{∂2vh}_{∂ξ2} (r) when h varies. There are two different cases: h ≤ ‖r‖ and h > ‖r‖. If h ≤ ‖r‖, | | | | ∂^2v_h ∂ξ^2 (r) | | | = η^2 ‖r‖^3 ≤ 1 ‖r‖ . If h > ‖r‖, differentiating Expression (39) of v(r), we get

∂^2v ∂ξ^2 (r) = − ‖r‖^2 2h − ξ^2 h , and thus, | | | ∂^2v ∂ξ^2 (r) | | | ≤ ‖r‖^2 2h + ‖r‖^2 h ≤ 3‖r‖^2 2h ≤ 3 2 ‖r‖, since^1_h ≤^1_{‖r‖} . Therefore, | |^{∂2v}_{∂ξ}2 (r) | | is bounded by max(^1_{‖r‖} ,^3_2 ‖r‖) which is integrable and does not depend on h. Thus, Lebesgue’s dominated convergence theorem implies (41) and we have established (38).

We have now to show that^{∂2V}_{∂X2} is continuous. For that, let us notice that | | | ∂^2V ∂X^2 (X, Y ) − ∂^2V_h ∂X^2 (X, Y ) | | | ≤ ∫ D_h(0,0) | | |∂^2v ∂ξ^2 (ξ, η) − ∂^2v_h ∂ξ^2 (ξ, η) | | | dξdη

≤ ∫ D_h(0,0) | | | ∂^2v ∂ξ^2 (ξ, η) | | | + ∫ D_h(0,0) | | | ∂^2v_h ∂ξ^2 (ξ, η) | | | and both integrals tend toward 0 with h: the first one because^{∂ v}_{∂ξ} is integrable, the second one

because | | ∂^2v_{h∂ξ2} (ξ, η) | | is bounded by an integrable function independent of h. Thus the functions

∂^2V_h ∂X^2 converge uniformly toward

∂^2V ∂X^2 as h tends toward 0. Since they are continuous, so is

∂^2V ∂X^2 everywhere, even across the boundary of S. The same reasoning can be applied to the other partial derivatives of V , up to order 2, to conclude that V is of class C^2 over R^2 and that its partial derivatives are expressed by (10-14).