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Abstract

This paper describes a robust approach for the single machescheduling problem
ljrijLmax- The method is said robust since it characterizes a large sedf optimal
solutions allowing to switch from one solution to another, without any performance
loss, in order to face the potential disruptions which occurduring the schedule
execution. It is based on a dominance theorem that charactéres a set of dominant
sequences, using the interval structure de ned by the relatre order of the release
and the due dates of the jobs. The performance of a set of domamt sequences
can be determined in polynomial time by computing the most favorable and the
most unfavorable sequences associated with each job, witregard to the lateness
criterion. A branch and bound procedure is proposed which mdi es the interval
structure of the problem in order to tighten the dominant set of sequences so that
only the optimal sequences are conserved.

Key words: Scheduling, robustness, sequential °exibility, interval gructures,
pyramids.

1 Introduction

Robust scheduling methods aim to face uncertainties that usuwlarise during
schedule execution. The goal is to achieve either solution nediness or quality
robustness [28] meaning that a solution or its quality should be able for a
wide range of possible execution scenarios. The execution sca&saare usu-
ally assumed to be captured using a scenario model which associaiker
a probability distribution or a fuzzy set or an interval or a set & possible
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values [26,8] to the schedule parameters (release dates, duteslaprocessing
times, ...). Therefore, robust scheduling methods can be classil according
to the kind of model they use, the kind of robustness (solution orglity) they
aim to achieve and the way they operate.

Following these classi cation criteria, several state-of-thaft papers [36,18,28,29]
have pointed out the main classes of robust scheduling. As we onlynsup
here their main features, the reader should refer to these studidéor more
detailed descriptions.

Reactive schedulings a kind of robust scheduling approach that consider dis-
ruptions only during the on line scheduling phase: a decisionnisade at each
event occurrence, depending on the environment context. Bag the decision-
making process, some priority rules are used which are assumed todoéte
excient with regard to a given performance objective. Commady, a reactive
approach uses neither a baseline schedule nor a scenario modékeréfore,
while that kind of approach allows to face a wide range of disptions (ma-
chine breakdown, processing time, release or due date °uctuats, ...), it
does not ensure a good performance and does not provide denisi@kers
with a long term view of the schedule.

This is why predictive-reactive schedulingnethods are often preferred. Indeed,
those methods propose to use a baseline schedule computed durhregd® line
scheduling phase. That schedule is repaired at appropriate ments of the on
line phase in order to react against disruptions. Predictive-eetive approaches
can be distinguished according to the repair moment (continusly, periodi-
cally, ...) and the way the initial baseline schedule is repad (local schedule
adaptation [41], total rescheduling [40], partial reschedg [38], match-up
rescheduling [39,2], ...). Predictive-reactive approackeusually yield better
schedules than pure reactive ones since having a baseline schedillows to
improve the quality of the real time schedule decisions from ¢éhperformance
point of view. Nevertheless, because they do not take any scenamodel into
account, the quality and the stability of the initial baseline schedule can not
be ensured a priori.

As pointed out by few authors [44,28], having a stable forecast a project
schedule allows a better human organization since decisions1dae advan-
tageously anticipated before the schedule implementation.his assertion has
motivated the design ofproactive-reactive schedulingnethods which aim at
anticipating, during the o® line scheduling, the potential @druptions arising
from the schedule environment. A rst class of proactive-reaise approaches
tends to obtain the solution robustness by computing a unique dsible solu-
tion having rather good performance for any execution scenarcompatible
with the scenario model [32,17,31]. On the other side, some pctge-reactive
approaches tend to prioritize the quality robustness: a set of setiule solutions



is computed so that the performance can be ensured whatever thelected so-
lution is. In this second class, a temporal °exibility [15,25,1,384,36,30,42] or a
sequential °exibility [45,37,7,24,4] is inserted into an itial deterministic solu-
tion in order to protect it against unforeseen events. Indeed, solution which
is sequentially or temporally °exible characterizes a set of lstions that can
be used in the on line phase. By switching from one solution to ari@r when
disruptions occur, the scheduler can control the performanakegradation.

Several authors [10,22,26] have pointed out that it exists aade-o® between
performance and robustness. An optimal schedule is usually robusthwegard

to a small set of disruptions. If one wants to protect the schedulegainst a
larger set of disruptions then a degradation of its quality is ecessary. The
same assertion can also be found in robust optimization theory [6]

This paper focuses on proactive-reactive scheduling methogbkere sequential
°exibility is used as a way to protect a solution against uncertaties. To handle
sequential °exibility, a partial order is classically used. As deed in [14], a
partial order P is de ned by a pairP = (X; ! p) where the binary relation
15 onX £ X is re°exive, antisymmetric and transitive.

The notion of group sequencég43] gives an interesting partial order. It allows
the characterization of a set of solutions specifying, for eaclsource, a se-
guence of groups of tasks. The execution order of the tasks witha group
is free. The main advantage of such a partial order lies on thegability to
perform a worst case analysis, without solution enumeration, inrder to de-
termine the quality of the set of solutions with regard to a reglar criterion.
Another advantage is that the number of characterized sequesgkcan be easily
computed, without solution enumeration, in order to quantiy the °exibility.
Of course, the larger the set of solutions, the worse its quality.hE notion of
group sequence has been widely used in the eld of shop schedylintending
to determine a family of solutions to be used during the scheduteal time
execution [35,4,9,5,45,7,33].

While the concept of group of tasks allows to exhibit a sequeati °exibility,
this °exibility is rather restricted. Indeed, that concept does not allow to
characterize solutions when they correspond to permutationsf tasks which
are not adjacent on the same resource. For instance, the solutianA S A j
andj A SA i, whereS is a set of tasks and andj are two tasks, can not be
represented together within a same group sequence.

Furthermore, as group sequences are classically built up witltoconsidering
any uncertainty model, they are not robust a priori. Thus, compting a group
sequence is certainly helpful in order to react to unforeseemeats occurring
in the on line phase, but it seems dixcult to know in advance the setf
disruptions that the set of solutions is insensitive to.



In this paper, the focus is put on the characterization of a lge set of excient
schedules for single machine scheduling problemg;jL nax, While lessening
the previous drawbacks. We highlight that, although single mzhine schedul-
ing problems are somewhat academic, methods that allow to selthem have
been often useful to tackle more realistic environments, likelp shop prob-
lems [1,13,16]. We believe that the same assertion can be madettie robust
framework presented below.

The paper is organized as follows. First some basic notions r&dtto the
analysis of interval structures are recalled since they are uséat the de ni-
tion of the partial order. Then a particular dominance theoem, stated in the
early eighties, is presented. That theorem allows to characiee a set of domi-
nant sequences and we show how both the number of characterizeduences
and the worst performance of the dominant set can be ezciently ogouted,
while avoiding the complete enumeration of the sequences. Wsastudy the
sensitivity of the dominant set of sequences relatively to a set ekecution
scenarios. Finally, a branch and bound procedure is detailedhigh aims at
characterizing a large subset of optimal sequences by prunirgetset of dom-
inant sequences.

2 Interval structures and basic concepts

a set of intervals andC a set of constraints overd £ | . Each interval i; is
de ned by its lower and upper bounds; andy;. Any constraint between two
intervals i; and iy can be expressed either by specifying a total order relation
among the lower and upper bounds of the intervals or by dirdgt using the
relations of the algebra proposed by Allen [3] (see Figure 1).
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B B B B
———- } | }
starts (A;B) during (A;B) ends(A;B) equals(A;B)
XA = XB <YA <YB XB <XA - YA <YB XB <XA " YA =YB XA = XB =Ya =YB

Fig. 1. Allen's relations



For instance, let us consider the interval structure with = fA;B;C;D;E;F;Gg
given in Figure 2. We assume that the set of constraints is de ned by a total
order such that Xa = Xg = Xg) < (Xc = Xp) <VY¢c < (Yg = Xg) < Xg <
Ya < (Yo = Ye) <YF = Yg). The set of equivalent Allen's relations is repre-
sented in the Table given in Figure 3. Such a table can be compat with a
time complexity O(n(nj 1)=2), n being the number of intervals.

A
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D
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_
F
G

Fig. 2. An interval structure example
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equals (A;A ) starts (B;A ) during (C;A) overlaps (A;D ) overlaps (A;E ) overlaps (A;F ) starts (A;G)
starts (B;A ) equals (B;B ) during (C;B) overlaps (B;D ) precedes (B;E ) meets (B;F ) starts (B;G )
during (C;A) during (C;B ) equals (C;C) starts (C;D ) precedes (C;E ) precedes (C;F ) during (C;G)
overlaps (A;D ) overlaps (B;D ) starts (C;D ) equals (D;D ) ends (E;D ) overlaps (D;F ) during (D;G)
overlaps (A;E ) precedes (B;E ) precedes (C;E ) ends (E;D ) equals (E;E ) during (E;F ) during (E;G)
overlaps (A;F ) meets (B;F ) precedes (C;F ) overlaps (D;F ) during (E;F ) equals (F;F ) ends (F;G)
starts (A;G ) starts (B;G ) during (C;G) during (D;G ) during (E;G) ends (F;G) equals (G;G)

@ Mmoo w >

Fig. 3. Allen's relations for the intervals fA;B;C;D;E;F;G ¢

Top and base[21] are two interesting notions related to the concept of ietrval
structure.

De nition 1. A top of an interval structure < I;C > is an intervalt 2 |
such that8i 2 | the Allen's relation during (i;t) never holds.

De nition 2. A base of an interval structure< I;C > is an interval b2 |
such that8i 2 | the Allen's relation during (b;i) never holds.

These notions of top and base can be respectively used to de ne ttencepts
of t-pyramid and b-pyramid

De nition 3. Given a topte, a t-pyramid Pg related totg is the set of inter-
valsi 2 | such thatduring (te;i).
De nition 4. Given a basehy, a b-pyramid Pg related to by is the set of
intervals such thatduring (i; bg).

For illustration, let us consider the interval structure givenin Figure 2. It has



three tops f C; D; Eg and four basesf A;B;F; Gg. The involved t-pyramids
are Pc = fB;A;Gg, Ppb = fGg and Pg = fF;Gg, and the b-pyramids are
Pr=fCg, Pg =fCqg, Pr = fEgand P = fC;D;EQg.

The concept of b-pyramid has been already used in the schedgliliterature in
order to determine a suzcient condition of optimality for the F 2jprmujCi,ax
problem [11]. That condition allows to characterize a largeubset of optimal
sequences which necessarily includes any Johnson's sequenagether with
numerous other optimal job sequences. In the following, we fon the t-
pyramid concept which gives a dominant order for thej; jL yax problem.

3 A dominance theorem for the single machine problem

The following dominance theorem [20] has been stated in the maaim to
prune the solution space associated with deterministic single ntace schedul-
ing problems, so that nding an optimal solution becomes less tiemexpensive.
Later on, we show how that theorem can also be used in a robust schizoiy
point of view.

A single machine problenV consists of a sef of n jobs to be scheduled on a
single disjunctive resource. A start times; has to be found for each jolp. The
release daterj (s; , r;), the due dated; and the processing timey of each
job are known. The studied dominance is relative either to thadmissibility of
the problem (i.e.8) 2 T, s;+p; - dj) or to the minimization of the maximum
latenessL max = max(s; + pj i d;) or to the minimization of the maximum
tardinessTmax = max(0;s; + p; i d;).

The hypothesis frame used by the authors to study the dominancakes into
account only the relative order of the release dates and due datesd; of the
jobs. Therefore the processing timg; as well as the explicit values of; and
d; are not used. In other words, whatever the values of, d; and p; are, the
following results are valid as long as the relative order of éhrelease and due
dates is kept unchanged.

An interval structure < |y;Cy, >, associated with a problemV, contains
interval i; = [rj;d;] 2 Iy for each jobj. To characterize a dominant set
of sequences, the authors use the notions of tops and t-pyramiddated to
<ly;Cy >.

It is assumed that the tops are indexed according to the ascendirorder of
their release dates or, in case of equality, according to the ascling order of
their due dates. When both their release dates and due dates aqual, the
tops are indexed in an arbitrary order. Thus, iftg and t- are two tops then



® < ifandonly if (ry, - re)” (diy - di-). The t-pyramid Pg corresponds
to the pyramid that the top te characterizes. The functionsu(j) (resp. v(j))

indicates the index of the rst (resp. the last) t-pyramid to which the job
interval i; belongs.

The theorem can now be stated.

Theorem 1. A dominant set of sequences can be constituted by the seqegnc
such that:

- the tops are ordered according to the ascending order of thdex;

- only the jobs belonging to the rst pyramid can be located befdhe rst top
and they are ordered according to the ascending order of thezlease dates
(in an arbitrary order in case of release date equality);

- only the jobs belonging to the last pyramid can be locatedeafthe last top
and they are ordered according to the ascending order of thdue dates (in
an arbitrary order in case of release date equality);

- only the jobs belonging to the t-pyramidBy or Py.; can be located between
two successive topg, and ty+; So that:

2 the jobs belonging only t&¢ but not to Py,; are sequenced immediately
after tx according to the ascending order of their due dates (in an arary
order in case of equality),

2 then the jobs belonging to botR, and Py.; are sequenced in an arbitrary
order,

2 and lastly are sequenced the jobs belonging onlyP@; but not to Py in
the ascending order of their release dates (in an arbitraryaer in case of
equality).

Theorem 1 de nes a partial order since on the one hand, it impasesome
precedence relations among the tops of the interval structer(i.e. t, A ti.1)
and on the other hand, between the non-top jobs and the tops.€i tyg); 1 A

j A tyj)+1 ). However, since the jobs sequenced before (resp. after) a towéda
to be ordered in the ascending order of their release dates (resp. in the
ascending order of their due dated; ), the partial order is restricted.

In order to illustrate the theorem, let us focus on a class of pbtem having
seven jobs so that the relative order among the release datgsand due dates
dp of the jobsisrg <r;<rz<r,<ryu<d,<dz<ds< (rs=ry) <dg<
ds < d; < d;. The interval structure associated with that example is shown
on Figure 4, as well as the tops (in bold) and the t-pyramids.

There are four tops:t; =2, t, =4, t3 =5 and t4 = 7, which characterize four
t-pyramids: P, = f1;3;6q, P, = f1;6g9, P; = f1g and P, = ; (in accordance
with the de nition a top does not belong to the pyramid it chamacterizes).

Whatever the real values of; and d; are (provided they are compatible with



P1

Fig. 4. The interval structure of the problem

the previous interval structure), theorem 1 characterizesstenty four dominant
sequences (over 7! = 5040):

6A1A3A2A4A5A7
6A1A2A3A4A5A7
6A3A2A1A4A5A7
6A2A3A1A4A5A7
6A3A2A4A1A5A7
6A2A3A4A1A5A7
6A3A2A4A5A1A7

1A3A2A6A4A5A7,
1A2A3A6A4A5A7,
3A2A6A1A4A5A7
2A3A6A1A4A5B5A7
3A2A6A4A1A5AT,
2A3A6A4A1A5A7
3A2A6A4A5A1A7,

1A3A2A4A6A5A7
1A2A3A4A6A5A7
3A2A1A4A6A5A7
2A3A1A4A6A5A7
3A2A4A6A1A5A7
2A3A4A6A1A5A7
3A2A4A6A5A1A7
2A3A4A6A5A1A7

6A2A3A4A5A1A7, 2A3AB6A4A5A1A7

4 A °exibility measure

An interesting property of theorem 1 is that the number of domiant se-

guences, included in the seBym Which is characterized by the theorem, can
be computed according the following formula [20], withouttte requirement of
any sequence enumeration.

card(Sgom) = N 5:1 (g+1)"

whereng is the number of non-top jobs belonging to exactly pyramids and
N is the total number of pyramids.

In order to illustrate this formula, we consider the previousxample. There are
three non-top jobsf 1; 3; 6g. Job 3 belongs to a single t-pyramid, job 6 belongs
to exactly two t-pyramids and job 1 belongs to exactly three-pyramids. The
application of the formula givescard(Sgom) = (1+1) 1¢(2+1) 1 ¢(3+1)! = 24.



5 A performance measure

Theorem 1 associates to each interval structure corresponding & class of
problem V, a set of dominant sequenceSy,. This section shows how the
performance of that set can be measured regarding the maximumtdness
criterion.

In the following, the focus is put on the determination of thevaluesL " and
L™, corresponding respectively to the worst and the best lateness @fjob

j among all the sequences &yom. As shown here under, the computation of
those values can be performed in time complexi(nlogn) by determining
the most unfavorable sequencgeq™ and the most favorable sequen@eq“‘”,
in Sygom, for each jobj .

Let us underline that the determination of Sed"® and Seq”‘” only requires
the knowledge of the relative order of the release and due datef the jobs,
although the computation of L™ and L}"‘“” takes the explicit values ofr;,
p and d; into account. We also recall that in the following,u(j) and v(j)
respectively indicates the index of the rst and the last t-pyranid to which
the job j belongs.

5.1 Determination ofSeq“in

The most favorable sequencSeq’“” 2 Sgom for j is the sequence in which
is completed as early as possible. It is determined using the Baon's rule.

We denotePredjmin the set of jobs such thatv(k) < u(j), i.e. the jobs which
necessarily precedgsin any dominant sequence. Then the following theorem
is proved.

Theorem 2. The most favorable sequenc:éeq“‘” 2 Sgom for a jo_bj is ¥ A
t1 Accce '&/ﬁ(j)i 1 A tugyi 1 A j so that the jobs of4 = fi 2 Predjm'”ju(i) = kg
are sequenced in the ascending order of their release datese(Figure 5).

i [u()=1} U | u(®)=u@)-1;

(o2 t, O, t | ... O (j)-1 tu(i)-ll

{i [ u(i)=2}
Fig. 5. Structure of Sed™"

Proof. First, it is obvious that only the jobs in Predjm‘”, which necessarily



precedeg in any dominant sequence, have to be considered since sequencing
a job, not in Predjm‘”, beforej can only increase the lateness ¢f So nding

L™ amounts to the minimization of the total completion time of he jobs of
Pred™. Since the lateness of the jobs iRred™ do not matter, we can use
the Jackson's rule which states that the sequence ordering thaebs according

to the ascending order of their release dates is optimal fojriiCnax. Indeed,

the Jackson's rule respects theorem 1 since it assigns eachijob its pyramid
Puy, just before topty. O

Let us return to the example given in Figure 4. We focus on job. Jhis job is
a top which characterizes pyramidPz. The setPred™ is made of the jobsk
such that v(k) < 3, i.e. Pred™ = f2;3;6;4g. According to the theorem, the
most favorable sequence for job 5 Bed"" = 6A 3A2A 4A 5.

5.2 Determination ofSeq“aX

In order to compute the worst possible value df "™ of a jobj, we determine
the most unfavorable sequenc8ed™ 2 Sy for j, i.e. the sequence in which
j is completed as late as possible. That can be done also with a tevngl
complexity O(nlogn).

We denote Pred™ the set of jobsk such that u(k) - v(j) (the jobs such
that u(k) > v (j) are necessarily sequenced aftgrin any dominant sequence).
Before to give the general way to build ugsed™, we need to rst focus our
attention on the case where the problem has only one t-pyramid

Theorem 3. Given an interval structure associated to a problend, having

a single t-pyramidP of top t, the most unfavo'rablq seqt'Jencﬁeq”ax 2 Sdom
with regard to the lateness of jolp 2 P is A At A B A j where the jobs
of A= fi 2 Pjd >d;g are sequenced in the ascending order of their release
dates and the jobs oB = fi 2 Pjd, - d;g are sequenced in the ascending
order of their due dates.

Proof. The problem of maximizing the lateness gf amounts to the maximiza-
tion of the completion time of ] since the lateness of the other jobs do not
matter. Therefore, we take interest in sequences having thefio S = A At A

B A j, the jobs of A (resp. of B) being ordered according to the ascending
order of their release dates (resp. according to the ascendingex of their due
dates. The completion time of in Sis st =max(Ca;ro)+ pt+ s Pkt p.
We assume below that the conditions of the theorem 3 are satis edg.
A= fi2 Pjd; >djgandB =fi 2 Pjd - djg

Then it is easy to verify that if a job i in A, is moved after the topt then the

10



completion time ofj can never increase. Indeed, in this case, becauke d;
the new sequenc&® has the formA°A sA B A j A i (with A°= Ajf ig)
and obviouslyC®* - CS.

Similarly, one can verify that if a jobi 2 B is moved before the topt then
the completion time ofj can not increase. Indeed, according to theorem 1,
the new sequences® is in the form A; A i A A, At A B A j (with
A=A AA,andB%= B jf ig) and one can checked thaC® | C¥ =
max(Ca;ri) i max(Ca,aiAa,:rt) + P iS greater or equal than zero because
Cai Ca,aiAa, - Pi- Hence the theorem. O

We can now consider the general case where the interval structuattached
to the problem has several t-pyramids.

The,zorem, 4, Thg—:- most ,unfavorab,Ie se,quencS,eq“aX,Z Sgom for a jobj is
tb A% AcCcce Atv(j)i 1 A 3y(y(j)i 1AAA tv(j) ABA j so that the jObS of
% = fi 2 Pred™jv(i) <v(j) and v(i) = kg are sequenced in the ascending
order of their due dates, the jobs oA = fi 2 Pred™jv(i) , v(j) andd; >
d; g are sequenced in the ascending order of their release dat@sd the jobs
of B =fi 2 Pred™jv(i), v(j) andd - d;g are sequenced in the ascending
order of their due dates (see Figure 6).

{i | v(i)=1} UV =vj)nd>d}
{i | v()=2} {i | v()=v()-1} Ulv)=vj)nd<d}

Fig. 6. Structure of Seq"*

Proof. The problem of maximizing the lateness of amounts to the maxi-
mization of the completion time ofj since the lateness of the other jobs do
not matter. Obviously, the greater the number of jobs sequenddeforej, the
greater becomes the completion time ¢f So, according to theorem 1, only the
jobsi 2 Pred™ such that u(k) - v(j) have to be considered. Furthermore,
the later the jobs inPred™ are sequenced, the greater is the completion time
of j. Therefore any jobi 2 Pred™ has to be assigned, in accordance with
theorem 1, either toP,(;, if v(i) <v(j), or to Py, otherwise. Thus the prob-
lem of maximizing the completion time of the jobs oP red™* amounts tov(j )
independent problems of maximization, one for each t-pyraich Maximizing
the completion time of the jobs ofPg, with ®F-, v(j)i 1, is easy because the
worst completion time is obviouslyCe = i, +  i2p, Pi + Pt, Which is obtained
when the jobs are sequenced after the top (in the ascending ardé their due
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dates). Maximizing the completion time of the t-pyramidP,(;, can be done
according to theorem 3. [

In order to illustrate theorem 4, let us return to the example tyen in Figure 4.
We focus our attention on job 6, and on its most unfavorable seqonceSy"®.
This job belongs to two pyramids characterized by tops 2 and, 4ov(6) = 2.
The set Predg® is f1;2; 3;4g9. From the previous theorem, one can deduce
that Sed”™ = 2A3A 1A 4A6.

5.3 Lateness diagram

Given a problemV and its dominant set of sequenceSyom, it is interesting
to lay out a visual representation that gives the best and the wet lateness
for each job. For this purpose, the diagram of lateness is inwlaced which
associates to each job2 T an interval [LM"; LM, The bounds of this interval
are respectively computed on the basis (S‘eq”‘” and Sed"™.

Figure 7 presents the lateness diagram associated to the problemTable 1,
stemmed from Carlier (1982). We underline that this problem mtches the
interval structure given in Figure 4. The most favorable and ufavorable se-
guences of each job are indicated above each bound of the iwds.

Jobs | r; o] o]
1 10 44 5
2 |13 25 6
3 |11 27 7
4 120 30 4
5 |30 43 3
6 |0 34 6
7 |30 51 2

Table 1
A single machine scheduling problem

Given L and L, the optimal L yax can be bounded as follows:

max(L™) - Ly - max(L™);8) 2 T

For instance, as depicted in Figure 7, one can deduce that2 - L, - 11.
These bounds have to be compared to the optimal latenegsl, which can

12



6<71<3<2<4<5<7 2<3<4<6<5<1<7

Job7 l
14 5
6 2<3<1<4<6
Job6 |
28 7
6<3<2<4<5 2<3<4<6<1<5
Jobs | |
-10 1
3<2<4 2<3<6<1<4
Job 4 ‘
2 1
3 6<1<2<3
Job3 |
-9 1
2 6<1<3<2
Job2 ]
-6 3
1 2<3<4<6<5<1
Job1
29 0
1 1 1 1 1 1 1 1 1
1 1 1 1 ] 1 1 ] ]
-30 -25 -20 -15 -10 -5 0 5 10 Lateness

Fig. 7. Lateness diagram for the example of Table 1

be found using the branch and bound procedure of Carlier [LZne can also
remark that, for any sequence 084, jObs 1 and 7 are never late.

6 An uncertainty model by intervals

As claimed in the introduction, the o®-line characterizatiorof a set of sched-
ules allows to favor the robustness of the on line decision-magiprocess since
it is possible to face the disruptions by switching opportunelyrém a solu-
tion to another, while controlling the performance degrad#n. Nevertheless,
given a set of schedule, one can also want to know in advance theaga of
disruptions the set of schedules is robust to. Indeed, that kind éeature allows
decision-makers to size the sequential °exibility which is regred in order to
protect the schedule against a set of possible execution scenard& show
below how, given an interval structure and an interval modelfahe uncertain-
ties, it is possible to determine a set of schedules having a secupedformance
whatever the considered execution scenario is.

One interesting property of theorem 1 is that it is insensitived variations of
both the release and due dates, provided that their relative der is kept un-
changed. Moreover, it is also insensitive to variations of pressing times which
are not considered inside the theorem. In section 5, it has beenosm that
the most favorable and unfavorable sequenc&eq“‘” and Sed"™, regarding
the lateness of a job, are also unchanged under the same assumpgtiorhen
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the following property obviously stands.

Property 1. Given a single machine scheduling proble¥h, having its set of
potential execution scenarios characterized by an inteftvenodel in the form
ri 2 [riril, p 2 [p;pl and di 2 [d.; di] then, if all the intervals [r;;T;] and
[d;; d;] are disjointed, theorem 1 characterizes a set of dominantgencesS;om
for which a best and a worst lateneds™ and L~ can be ensured whatever
the considered execution scenario is. Furthermore, whatrthe considered ex-
ecution scenario is, the seByom always involves at least one optimal solution.

Proof. If all the intervals [r;;Ti] and [d;; d;] are disjointed, then a total order
exists among the release and due dates. Therefore theorem 1 canapplied
in order to nd a set of dominant sequenceSy,» and one can ensure that it
always involves at least one optimal solution, whatever the ogidered scenario
is, provided it is coherent with the interval model. Givena jbj 2 V, section 5
has shown how to determine the most favorable and unfavorablegsences
Seq“‘” and Sed™®. They are also independent of the real values of, p

and d;, since only the relative order among the; and d; is used for their
determinations. Given the sequencSeq”‘” (resp. Sed™®) associated to a job
j, a lower boundgjmin (resp. an upper boundfr]ax) of its lateness can be
obviously determined by using the values;, p. and d (resp.ri, p etd). O

This last property is of importance since it can be ensured that set of domi-
nant sequences has a performance which is a priori robust réaty to a set of
possible execution scenarios. In other words, if the potential certainties are
modeled by means of intervals associated with the release dati® due dates
and the processing times, then a best and a worst lateness can be coteg
for each job, provided that the interval f;;r;] and [d;; d;] are disjointed.

The assumption that the intervals [;;1;] and [d;; d;] are disjointed does not
seem unrealistic. For instance, in a make-to-order context, danly implies on
one hand, that the components which are required for the prodtion are not
deliver by the suppliers at the same time but in disjointed time \wmdows, and
on the other hand, that the order due dates are distributed initne according
to disjointed time windows.

For illustration, let us consider the problem having the inteval model de-
scribed below (without loss of generality the processing timeseaassumed to
be constant):
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j [rj;75] [di;di] B
1 6,9] [10,15] |4
2 [1,2] [36,37] |5
3 [20,22] |[3335] |8
4 [23,27] |[28,32] |6
5 3,5] [16,19] |7

This interval model characterizes 259200 di®erent possible rseos of exe-
cution. There are two tops (jobs 1 and 4) and theorem 1 determes twelve
dominant sequences:

2A5A1A3A4, 2A5A1A4A3 5A1A2A3A4, 5A1A2A4A3,
5A1A3A4A2 5A1A4A3A2 2A1A5A3A4, 2A1A5A4A3,
1A5A2A3A4, 1A5A2A4A3 1A5A3A4A2 1A5A4A3A2
The computation of the best and worst lateness for each job givéds lateness
diagram of the Figure 8. The lateness values are robust with ragl to any
possible interval scenario which respects the initial intervahodel.

4 1<3<2<4
Job 4 ¢
-12 1
4<2<1<3
Job 3
-10 10
2 4<1<3<2
Job 2 ‘
-9 8
i 3i4<2<1
Job 1
3 11
1 1 1 1 1 1
] 1 1 ] ] 1
15 10 5 0 5 10 Lpa

Fig. 8. Lateness diagram

7 A branch and bound procedure

7.1 General principles

Given an interval structure attached to a problem and its comsponding set
of dominant sequence$yom, it can be interesting to prune Syom in order to
delete bad sequences so that its worst performance (i.e magf*)) can be
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decreased. Indeed, such a feature is useful when searching fooadgtrade-o®
between °exibility and performance.

With this aim, given the initial interval structure < 1;Cy > of a problem
V = fjjrj;di;pg, one can explore the set of interval structures: | yo; Cyo >
which are compatiblewith < 1;Cy >, i.e such thatV®= fjjr? = ry;p’ =
pid’ - dg

For this purpose, we developed a branch and bound procedureid assumed
that an upper bound of the worst latenesd. is de ned by decision-makers,
with L, Loy (Lope being the optimal lateness of the considered problew).
The goal of the procedure is to enumerate the interval structes< 1 yo; Cyo >
(with Vo= fjjr?, r;;p’ = pj;d’ - djg) having a worst lateness less than or
equal toL.

Each node of the exploration tree is evaluated by a lower bodrand an upper
bound of the lateness criterion. They respectively corresportd the values
max ot iji” and max ijax, established as described in the section 5. The
separation of a node is stopped either when its lower bound is greater thah
(i.e. all the characterized sequences have a maximal latengseater than L)
or when its upper bound is less than or equal ta (i.e. all the characterized
sequences have a maximal lateness less than or equdl JoIn the latter case,
the node has to be memorized. A depth- rst search strategy is agked.

7.2 Separation and branching schemes

Given a node of the tree, the longest patlC, associated to the sequence which
gives to the worst lateness its value, is determined. On this fig two jobs are
selected : thepivot job corresponding to a top, and dree non-top job which
is sequenced either to the right or to the left of the pivot. In oder to select
the pivot and the free job, three cases are considered. Lete the job such
that ija" = maxit L™

2 if j is a non-top job, then the pivot is the top of the pyramid havirg the
index v(j ), the job being necessarily or€; the free job is the immediate job
being immediately located at the right of the pivot onC;

2 if j is a top, and if the t-pyramid it characterizes holds some notep jobs,
then the pivot is j and the free job is the job being immediately located at
the left of the pivot on C;

2 if j is atop, and if the t-pyramid it characterizes does not hold @y non-top
jobs, then the pivot is the next top onC at the left of j having still some
non-top jobs in its pyramid, the free job is the job immediatly located at
the right of the pivot on C.
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Let respectivelyi and ® be the free job and the pivot. A binary separation
scheme is considere® precedes or i precedes®. According theorem 1, those
precedences can be achieved as follows:

2 ®A iisimposed by updatingr; so thatr; A re since® being atop,rj , re
induces that ® precedeg in any dominant sequence;
2 similarly, i A ® is imposed by updatingd; so that d; A de.

The root of the exploration tree is the initial interval structure of the problem.
Each nodeN of the exploration tree has two childrenNg4i; and N;4e having
their own interval structure and dominant set of sequenceSyom(Neai) and
Sdom(Nise), such that Syom(Neai) [ Sdom(Nise) = Sdom(N). The child having
the best upper bound is selected. The separation of a node stophei when
it corresponds to a solution or wherC only holds top jobs. In the latter case,
the procedure backtracks to the last still unexplored node.

7.3 Example

In order to illustrate how the procedure works, let us return tathe example
of Table 1. Here we assume that the targeted latenessis Loy = | 1. Our
procedure passes by the following stages:

Stage t The node Ny, having its upper bound may,t L™ = L7 =11 >

Lopt, is separated. The sequence giving 10} its value is2A 3A 6 A 1A 4.

The job 2 is selected as the pivot, and 3 as the free job. Thus tmanchings
are consideredr; A r, andd; A d, which give birth to the nodesN; and N,
(see Figure 9).

The new lower and upper bounds of these nodes are evaluatedratidated in
Figure 9. The nodeN; having its lower bound equals to 0, hence greater than
Lopt, is cut. Only N, has to be developed.

No | 2<3<6<1<4
(-2,11)

rer, o, & d,

Ny | 243<6<1<4 3.2<6<1<4]| No
(0, 1) (1.9

Flg 9. No

Stage 2 the longest path associated tdN, is 3A 2A 6 A 1A 4. Job 3 is

selected as the pivot and job 6 as the free job. Two new branchmN; and
N, are considered (see Figure 10): the one whareA r; and the one where
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d¢ A ds. The next selected node ifN,.

No | a<2<6<1<4

(-1.9)

e o, €&

[ 3 [ A

3<2=<B<1=<4
(-1.9)

B<3<2<1=<4
(-1.3)

Fig. 10. N,

Stage 3 the longest path associated tdN, is 6 A 3A 2 A 1A 4. Job 4 is
selected as the pivot and job 1 as the free job. The two new brdmiogs are
N5 and Ng: r; A ry andd; A d,. The lower bound ofNg being greater than
-1, Ng is cut. Furthermore, Ns, having both its lower and upper bounds equal
to j 1, is an optimal node. Its interval structure characterizeswo optimal
sequencess A 3A2A 4A (1 5) A 7, where (1j 5) is a group of permutable
jobs. The nodeN3 has still to be developed since other optimal solutions can
be found (see Figure 11).

B=<3<2<1=<4
(-1.3)

o, € d

1 q

E<3<2<1=x4
(2,3)

Fig. 11. N4

Stage 4 For N3, the longest path is3 A 2A 6 A 1 A 4. Jobs 2 and 6 are
respectively chosen as pivot and free job. Two new nodbs and Ng have
to be consideredrg A r, and ds A d,. Ng can be cut and the nodeN is
developed in the next stage (see Figure 12).

Nyl 2a<2<p=<1<4

(-1.9)

r.Eer o€ d

[:] z [ 2z

2=2=<1=<6=<4
1.9

I=B=Z2=<x1=<4
{5, 9)

Fig. 12. N3

Stage 5 For N+, the selected pivot is job 4 and the free job is 1. Two new nodes
are createdNg et N1 corresponding to the updating ir; A ry andd; A ds.
N1 can be cut andNg is considered in the next stage (see Figure 13).
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Ny |3<2<1<6<4

{-1.9)
rEr, o, € d,
Ng | 3<2<6<4 3<2<1=<6=4| N
1.4 (2,9)
Fig. 13. N7

Stage 6 For Ng, the longest path is3A 2 A 6 A 4. Jobs 6 and 4 are respectively
chosen as the pivot and the free job. Two new nodes are obtaindd,; and
N1, which can both be cut (see Figure 14). Since all the nodes haVeeady
been explored, the procedure stops. Only the nodis is optimal.

Ny | 3<2<6<4

-1.4)
rsé r, dae dq
Ny 32«46 3<2<6<4 | N
(0, 0) (4, 4)
Fig. 14. Ng

8 Computational experiments

In this section, we present the computational results of the poedure described
above. We intend to show that it allows to characterize, in a shibtime, an
impressive number of optimal solutions.

8.1 Random generator and experimentation strategy

To generate data for the single machine scheduling problem, weuse the
method introduced in [27]. The processing times of jobs corresp to uni-
form random variables between [1,100]. Each is represented by an uni-
form random variable in the range [P®£ [, pi], where ® is a parame-
ter allowing to adjust the distribution of r;. Four values of ® were consid-
ered: f0:25; 05; 0.75; 1g. Similarly, each dipis represeged by an uniform ran-
dom variable inthe range [(3} )£ a£ [\, p;af [, pi].The parameter
a 2 f 100% 110%y allows to adjust the maximal temporal margin associated
to jobs and the parameter controls the dispersion ofd,. Four values of
were considered 2 f 0:25;05;0:75; 1g. To ensure, for each job, the coherence
between the release date, the due date and the processing timey & smaller
than r; + p; is updated to this value.
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Using those generating principles, we generate instances for gngiachine
problems of 10, 50, 100 and 500 jobs. In each case, we genera2€di¥stances,
ten for each possible combination of the values @& and a.

For each instance, we take an interest in optimality searchingyb xing the
targeted latenessL to Loy. The Carlier's branch and bound procedure has
been used for computing- o .

Let us point out that, although the procedure is able to nd al the admissible
interval structures, the computational e®ort required to enumrate all of them
is considerable for large problems. Nevertheless, as it is showiole the num-
ber of dominant sequence that the rst found interval structurecharacterizes
is often very high. This is why, in each run, we decided to stoghé branch and
bound procedure as soon as a rst admissible interval structure fieund.

8.2 Summarized results

An overview of the results given by the procedure is presented Tiable 2. The
tests were executed on a 1.4 GHz Intel processor with 1 Gb RAM. We pbi
out, for each problem class, the average CPU time consumed to iide rst
optimal interval structures, and the average number of optimasequences that
the “rst structures characterize. Let us notice that the CPU tmes given in
the table do not include the time consumed by the algorithm of Carlier for
computing L gpt.

Tcpu (sec.) Card(S,, )
Awg. 0.00018 7.27
10 jobs Max. 0.01 108
Min. 0.001 1
Awg. 0.068 3.67E+22
50 jobs Max. 0.11 1.01E+25
Min. 0.02 1
Awg. 0.43 1.87E+63
100 jobs Max. 0.631 5.51E+65
Min. 0.22 36
Awg. 57.17 2.06E+303
500 jobs Max. 93.731 > 1.00 E.308
Min. 25.138 3.1568E+12

Table 2
Summarized results

Table 2 shows that the amount of time needed to solve problemstiwil0-50-
100 jobs is small and stable. The computational e®ort increaselsem problems
with 500 jobs are considered, but the CPU time remains accefiii@ and stable.
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The average number of characterized sequences is usually \@gh, especially
for large problem instances. Nevertheless, it varies accordingthe considered
problem instance (while usually remaining high).

9 Conclusion

In this paper, a dominance theorem is studied which characiees, given the
interval structure of a problem, a set of dominant sequences. Ant@resting
property of this characterized set is that both its °exibility and its perfor-
mance with regard to the lateness can be computed, without arsequence
enumeration, in a polynomial time. Another interesting propgy is that it re-
mains unchanged as long as the relative order among the redeaand the due
dates of the jobs is conserved. Furthermore, it is independeof the process-
ing times. On the basis of these properties, it has been shown thgiyen an
interval structure, a model of uncertainty can be found, assaaing to each
parameterr;, pi, d an interval. Then, provided that the intervals |r;] and [d;]
are disjointed, a worst performance can be ensured regardingethateness of
each job. The worst performance is robust both for any executioscenario
with respect of the model and for any dominant sequence charadized by the
theorem.

A branch and bound procedure has been also proposed which madi the
interval structure attached to a problem so that the non-optinal sequences
of the dominant set are progressively discarded. The nodes of teeploration
tree correspond to new problems which di®er from the initial @nin the fact
that the release and due dates of the jobs have been respeciiveicreased
and/or decreased. Thus, any leaf of the exploration tree is a @olem having
an interval structure such that the dominance theorem only chacterizes op-
timal sequences. The experimentation has shown that the proagé is able
to characterize, in a reasonable time, a very impressive numbef optimal
sequences.

The previous results can be reused to characterize a set of sajas for job shop
problems. Indeed, as a job shop problem wititn machines can be divided into
m single machine scheduling problems, a set of solutions can be deieed
by characterizing a set of sequences for each machine. Of coutkese sets
have to be coherent together, i.e. if and j are two tasks, to be respectively
achieved onM; and M, such thati A j, then the worst earliest starting time
of i on M, has to be less than or equal to the best earliest starting time ¢f
on M.
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