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Abstract. Within the framework of concurrent systems, several verifi-
cation approaches require as a preliminary step the complete derivation
of the state space. Partial-order methods are efficient for reducing the
state explosion due to the representation of parallelism by interleaving.
The covering step graphs are introduced as an alternative to labelled
transition systems. A transition step consists of several possibly concur-
rent events. In a covering step graph, steps of independent transitions
are substituted as much as possible to the subgraph which would result
from the firing of the independent transitions. Attention must be paid
to the case of conflict and confusion. An algorithm for the ”on the fly”
derivation of step graphs is proposed. This algorithm is then extended to
behaviour analysis by means of observational equivalence. A performance
evaluation is made with respect to other methods.
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1 Introduction

The state space derivation represents the preliminary step of several verification
methods for concurrent systems. This approach is made attractive by the exis-
tence of efficient and automatic verification techniques, such as bisimulation
and model-checking. The combinational explosion is the main limitation of this
approach.

Many studies are currently in progress for reducing this problem: on the fly
bisimulation [FM 90], symbolic marking graph derivation through symmetrical
folding [Jen 87], so-called partial order techniques which attempt to avoid the
combinational explosion resulting from the concurrency interpretation by means
of interleaving: persistent sets [Val 89], sleep sets [GW 91]. An other direction,
followed in [Esp 93, McMil 95], avoids the state explosion by using model checker
directly on the description of the system (unfolding of Petri Nets).

The partial order techniques (see [WG 93] for a general survey) represent
the framework of the approach developed in this paper. The basic principle of
these approaches consists into considering a single specific path among all the
sequences which possess the same Mazurkiewicz’s trace [Maz 87]. In the case
of persistent or sleep sets, only a subset of enable transitions is examined, the
derived graph is then a subgraph of the whole graph.



The proposed approach visit all the transitions, but some independent events
are put together to build a single transition step, the firing of this transition step
is then atomic. The resulting graph is referred as covering step graph (CSG). A
notion of step graph appears in [Rei 85]: this graph is obtained in a standard
way except in presence of independently enable transitions where a step gathe-
ring these transitions is considered as an additional event and put to the set of
transitions. The standard LTS consequently is a sub-graph of the Reisig’s step
graph. The covering step graph proposed here, is radically different because steps
of independent transitions are substituted as much as possible to the subgraph
which would result from the firing of the independent transitions. The potential
benefit of such a substitution may be exponential with respect to the number of
“merged” independent transitions. Some examples, in the paper, show that this
potential benefit may effectively be obtained.

The covering step graph supplies an alternative structure to the traditional
reachable state graph. The CSG analysis allows the control of global reachability
properties, such as liveness or presence of deadlock. Furthermore, step graphs
may be used for checking behaviour properties such as observational equivalence.
An algorithm for the ”on the fly” derivation of CSG is proposed. This algorithm
is then extended to behaviour analysis by means of observational equivalence. A
performance evaluation is made with respect to other methods.

Section 2 presents the covering step graph definition and the general pro-
perties preserved by such structures. Section 3 shows how to modify a standard
enumeration algorithm in order to obtain a step graph. This algorithm is adapted
in section 4 for computing a step graph observationally equivalent to the regular
state graph. A preliminary assessment of the proposed approach is developed in
section 5, by comparing it with stubborn and symmetry methods in the case of a
standard data base example. Current work and extensions are finally mentioned.

2 Covering Step Graphs

2.1 Basic Notions

Labelled Transition Systems (LTS) (definition)

A LTS is a quadruple < S, s,, T, —> where : S is a set of states, sy a distinguished
state in S, T is a set of transition labels, — is a set of transitions (—C Sx 7T x.5).
Notations:

t 1 t
s— iff 3s' € S : (5,1, 8") €—, s~ iff not s—,

t
s— s’ to mean that (s,t,s') €—
w . t1 to trn
sg = sp iff w =11.15...1, and sg— s1,81— S3,...,8p_1— Sy

2.1.1 Independency Relation
Let ¥ =< S,s,,T,—> be a LTS and ! a binary relation over the set of
transitions Q C 7' x T)



definition: [WG 93]l is an independent relation over X iff Vs, 51,80 € S, Vt1,t0 € T :
1 t 1 1
[t1 # ta, —b 51,5—2> s9 and t1 Uis] = 51—2> s’ and 52—1> s!
1 1
ift1 and ty are enabled in s then if —> s1 (resp — sa) then 15 is enabled
in sy (resp ty is enabled in s2), moreover, there exists a unique state s’ such that

both sli s s9—> s’ (commutativity of enabled independent transitions)

The complement relation of { is called conflict, or dependency, relation. The
conflict relation is denoted #.

Independency relation in Petri Net [Rei 85]

Let R =< P, T, Pre, Post > a (Place/Transition or Condition/Event) net,
myo an initial marking and G(R, mg) the reachability graph associated with the
marked net < R, mg >
For each transition ¢ € T' we define: *t =4.¢ {p € P : Pre(p,t) # 0},

t* =4e; {p € P : Post(p,t) # 0} and *t* =4.¢ *t Ut*

Place/Transition Nets Let |p/pC T x T defined as t1 |p/p t2 iff *t; Nty =0

For each Place/Transition marked net < R, mg >,

|p/r is an independency relation over G(R, my).

Condition/Event Nets Let |c/pC T'xT defined as t; |¢/g t2 iff *¢1°N*12* =0

For each Condition/Event marked net < R, mg >,

|c/E is an independency relation over G(R, mo).

2.1.2 Mazurckiewicz’s Traces [Maz 87]

Concurrent Alphabet: A concurrent alphabet is a couple £ = («, #) where
« is an alphabet and # the dependency in « (# is a reflexive and symmetric
relation). The complementary relation #¢ of relations® # in « is called inde-
pendency relation in «

Mazurckiewicz’s Traces:
Let £ be concurrent alphabet («, #), the equivalence relation in a*, =¢ is defined
by: W =¢ W' iff there exists a finite sequence (Wo, Wy, ...W,) such that

Wo =W and W, = W' and

Vi,1>i>n:3u,ve€ a*,Ia,b) € #° such that W;_1 = ubav et W; = uabv
Relation =¢ defines the trace equivalence over £. Equivalence classes of =¢ are
called traces over £. A trace generated by a string w is denoted by [w]e.

Trace properties:
* =¢ is the least congruence in the monoid (a, ., €) satisfying:
(a,b) € #° = a.b=¢ b.a
*x Let X, 1, £ be respectively a LTS < S,s,,7T,—>, an independency relation
over X and an associated concurrent alphabet (7 ZC), then:
Vs € S, w1y, ws € T* such that s => s; & s = 54 : [wi]e = [wale = 51 = 59

2.2 Transition Steps
In what follows, > denotes a LTS and ! an independency relation over X.

! For a binary relation R C U x U, R denotes the binary relation (U x U) \ R



2.2.1 Transition Steps (definition)

The transition set E defines a transition step wrt ) iff Vi,,15 € F :t1 112
In the sequel, Step(T,1) denotes the set of all transition steps derived from T
wrt 1 . When no confusion is possible, we note Step(T) instead of Step(T,1).
Property: E € Step(T\1), F C E = F € Step(T,1)

2.2.2 Traces and transition steps
Set of sequences associated with a transition step

Let Seq be the mapping P(T') — P(T*) defined by:

Seq(0) = {¢} and Seq(E) = U, Seq(E \{e}) @ e

where for 2 e P(T*)and w e T* : 2@ w ={w.w :w € 2}
Property: VE € Step(T,1),w; and wa € Seq(F) = [Wl](Tle) = [WQ](TJC)
Trace of a transition step The former property allows to define the transition
step trace as the trace of a string associated with the step by means of function
Seq. For £ € Step(T\1), [E](r 0y =des [E](r o) where £ € Seq(E)
Trace of a sequence of transition steps is defined as the trace of the string
obtained by concatenation of the strings associated with each step of the se-
quence: For E1.Ey ... FE, € Step(T,1)*,

[El.Eg .. 'En](T,lc) =def [gl.gg .. .gn](Tle) where &; € Seq(EZ')

2.2.3 Extension of the reachability relation to transition steps
Let =, be the extension of — to transition steps defined by:

E e w
Vs, s' € SSYE € Step(T) : s> s’ iff Ve € ' : s— and Jw € Seq(F) : s— &

2.2.4 Extensions of | to string and transition steps
Support of a string: Let || ||, be the mapping T* — P(T") defined by:
llell = 0 and [Juw|| = {u} U [|w]]
Extensions of }
Let ) C Step(T') x Step(T') defined by Th 1 T iff Th x To C
Let ) C Step(T) x T* defined by Ty 1w iff T1 x ||w|| C
Let ) € T* x T* defined by wy dws iff |Jw]| x |Jws|| C1

2.2.5 Diamond properties

t
1. ForteT,wel™ :Ifs—>,5:w>andt2wthenst:'1§5’ and s 2 s
2. For wy,ws € T* : If s =, s =2 and wy l ws then s “25* &' and s "2 ¢’

w.E

3. Forw € T*E € Step(T) : If s =, s> and Elw then s ¥ o and s % s
VE € Seq(E)
E, By E,UE;>
4. For Ey, Ey € Step(T) : If s=>, s> and F11 F3 then s —>
And s 257 ¢/ and s 25 V& € Seq(E;)



Sketches of proofs: (1) by recurrence on |w|. (2) by recurrence on |w;| and prop-
erty (1). (3) is a consequence of (2) (Elw = &lw). (4) E11Ey => E1UEs €
Step(T') and property 3.

2.3 Covering Step Graph

This section introduces the Covering Step Graph definition. The general reach-
ability properties preserved by Step Graph are presented.

2.3.1 Covering Step Graph (definition) Let ¥ =< S,s,,T,—>, be a
LTS 1 an independency relation over X (we let # = ZC)
D =< S8 s,, T,~>> is a Covering Step Graph for X, wrt { iff
(H s cs (2) T" C Step(T))
E E
(3) Vs, s’ € SNS" :s~> 5" implies s> s
(4)¥seSNS' Vs e S :
w s € S, e T*, 3P, , €T :
s = s’ implies L P,
s =s",s ~> s” and [w. ](T#) [ ww](T#)

note: any LTS may be viewed as a CSG by considering ! = ()

Milner’s Scheduler This scheduler is described in [Mil 85]. n sites cycli-
cally execute action a; then action b;. A scheduler constraints the execution
of the whole system in such a way that the n sites alternatively perform actions
a1, as, . ..an. Figure 1 depicts the net of the whole system (scheduler + n sites),
then the corresponding LTS, and a derived CSG.

%O - j é @ Bl {Al} {(A2BY
£ - ~ o (O~
L {A1,B2}

B1

N S S1

Fig. 1. Milner’s Scheduler

Condition (1), each state of the step graph is a state of the standard LTS. For
the Milner’s scheduler, ¢11t2 iff t1 # 2, consequently each subset of 1" constitutes
a step of transitions and (2) holds. Condition (3) means that each transition step
in the CSG (S1) corresponds to a firing sequence in the standard LTS (5): for

{A2,B1}
instance :2  ~> 6 corresponds to 2 Az:]g1 6 (or 2 Blg2 6).

Finally, condition (4) expresses a “covering condition” between the firing
sequences of the standard LTS and the step sequences of the CSG.



In S, 1 a1-dzda-by 1, condition 4 of definition 2.3.1 ensures that a “covering” step
sequence exists in S1. The initial sequence, a;.a2.b2.b1, is extended by ay, in the

CSG the following step sequence 2 = {a;}.{as,b1}.{a1, ba} coversit: 1 «g 2 and
1 a1-a2. 030101 2 with [(Il.ag.bg.bl.al] = [{(11}.{&2, bl}.{al, bg}]

Section 3.2 presents examples satisfying conditions 1), 2) and 3) and violating
condition 4)

2.3.2 Reachability Preservation This section shows how general reacha-
bility properties such as liveness or deadlock may be checked directly on CSG.

Liveness

Y =<8,s,,T,—>,isE-Livefor E C T'iff Vs € S,Ve € E,30 € T* such that s =5
=<8 5, T ~>>is E-Liveiff Vs € S\Ve € E, 30 € T™*,3u € T such that 5>
with e € u

property If IX is a CSG for X' then I is E-Live iff X is E-Live

(«<=) (resp (=)) is a direct consequence of condition 3 (resp 4) of definition 2.3.1

Deadlock preservation Let Sink(X) =45 {s € S : 57L VteT})
Property: If IV is a CSG of X then Sink(X) = Sink(L)

Sink(X) C Sink(IX) (resp Sink(L) C Sink(X)): By absurd by considering
a state € S’ — Sink(IY) (resp € S'— Sink(X)) and by applying condition 4 (resp
3) of definition 2.3.1, this leads to a contradiction

3 On the Fly Covering Step Graph Derivation

This section introduces a basic algorithm for the covering step graph derivation
directly from the description of the system. The general conditions to be fulfilled
are first described. These conditions are shown to be sufficient conditions. The
corresponding complete algorithm is then presented.

3.1 Basic Principles

Table 1 describes the general structure of the basic algorithm. This algorithm is
similar to a standard algorithm for computing a reachable marking graph, that
is Enabled(q) computes the set of transitions enabled by state ¢, and fire(q,?)
computes the state obtained from state ¢ by firing transition ¢ .
The changes with respect to a standard algorithm are the following.
e The independence relation { is supplied,
e The enable transitions are split in two subsets by means of functions Ty
and Ty :
- Ty, defines transitions to be explored in a standard way,
- Ty, defines transitions whose exploration will be conducted within a
step. In the sequel, such transitions will be referred as “mergeable” transitions.
o The set of transition steps Ilp,, built by means of function I7, whose domain



1. Initialise: Stack is empty ; push so onto Stack
H is empty ; enter sg in H
A is empty ;

2. Loop : while Stack # @ loop
{ pop(q) from stack
T «— Enabled(q);
IF T =0 Then Print ”Deadlock”
ELSE{

Tu — Tu(T)1)
T — Ta(T0)

7, — O(Tn,1)
Vo e I, do
{" — &
Vp € mdo{q' = fire(q”,p);q" — q'};
enter < q,8,q” >1in A
if ¢° € H then {enter ¢” in H;put q' onto Stack}

}

Vte Ty do
{ ¢ = fire(q, t);enter < g, {t}, ¢’ > inA
if ¢’ € H then {enter ¢' in H;put q' onto Stack}

}

}

Table 1. General algorithm

is the set of mergeable transitions 7,
e The implementation of a firing step of transitions.

3.2 Sufficient Conditions

Some sufficient conditions are now defined on the sets T, T,,, and IIp . These
conditions have to be satisfied in order to ensure that the algorithm of Table
1 produces indeed a CSG. These conditions are parameterised by a transitive
conflict relation weaker than the initial one. This transitive relation, denoted Hf,
is such that # C HA, consequently Bﬂc Cl

3.2.1 Sufficient Conditions Table 2 describes the conditions which lead to
a CSG derivation. Conditions C'Ay, C A, deal with elements T, and T}, , respec-
tively. Conditions C'By, C'Bs concern the set of transition steps IIp, .

Condition C'A; defines a partition of the enable transition set. Condition
C' Ay implies that no (initial) conflict may occur between a mergeable transition
and a disable transition.



Yges:
(CA1) Ty UT, = Enabled(q) and T, N T, =
(CA2) Ift €T, then t'#t = t' € Enabled(q)
(CBy) V€ Hr, : 7 € Step(T, )

(CB2) VP € Step(Enabled(q), ¥4),3x € lIr,, : PCx

Table 2. Sufficient conditions on Ty, 7T, and I,

Condition C'B; implies that no (direct or indirect) conflict exists between
transitions within a step. Condition C'Bs implies that the considered computa-
tion steps subsume any subset of strongly independent transitions. Conditions
CA,,C By, and condition C By are illustrated in subsections 3.2.2, 3.2.3, respec-
tively.

3.2.2 Confusion Case Petri net N and its associated LTS S depicted by
Figure 2 represent a confusion case [Rei 85]: Transition D is in conflict with
transitions A;, Bi. These latter transitions are independent. From state 1 of the
LTS, transitions A; et Bs may occur. When B first occurs, D may then occur;
however, when A; first occurs, D cannot happen.

3
Al N
" B2
A2 a Z
o ©
< &
B! B1 B2, B1 < :(i
o o
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a2 Al
'
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"/
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Fig. 2. Confusion Case: Illustration of Conditions C' Az et C' By

Motivation for C'A,:

Consider LTS S1 (Fig 2). From state 1, computation step {A1,B2} is built,
transition Al is in a (potential) conflict with (still disable) transition D. The
atomic computation step Ay, Bs hides some internal states, namely states 2 and



3. In state 3, transitions A;, By, and D are simultaneously enable. Step {A1,B2}
would prevent the firing of transition D, and a deadlock state would be omitted.
In this case, “covering” condition (def 2.3.1.4) is made false.

Motivation for C'B;: Consider LTS S2 (Fig 2). From state 3, computation
step {A1,B1} might be derived, whereas Al, Bl are in an un-direct conflict,

through D (i.e. {41, B1} € Step(T,1) but A1#D andB1#D)

The sequence 1 B2BLE2D 5in S (cf. Fig 2) is not ”covered” in S2, in the

sense of definition 2.3.1. Because state 5 is a deadlock state, a sequence from state
1 to state 5 must exist. The single sequence of length 4 in S2 is the following?:

{A1}.{B2,A42}.{D}
1 ~> 5 or [{A1}.{B2, A2} {D}] # [B2.B1.B2.D].
53 is a CSG for S.

3.2.3 Maximal Step Coverage The net depicted by Figure 3 consists of
two independent conflict sets. The associated LTS is represented by LTS S.
CSG S, is a correct one with respect to the net, but step graph S; is an in-
correct one, because it does not satisfy condition C'By. With respect to S, se-
quence 0 L% 9 must be a possible sequence of any correct associated CSG.

el,e3 e2,e4
This is not the case for step graph S;: 0 { ~> ! 2 and 0 { ~> ) 2 but [{el,e3}] #

[el.ed] and [{€2,e4}] # [el.e4]

o
=3 @
©® (JEOIHEQ
2
N S S1 S2

Fig. 3. Wrong Coverage: Illustration of condition C B;

3.3 Sufficient Conditions of Step Graph Computation

The basic algorithm, depicted by Table 1 leads to the correct CSG computation,
as far as the conditions given by Table 2 hold. By using the notations of Table 1,
the conditions to be verified are given by Table 3.

3.3.1 Proof of conditions (1), (2), and (3)
(2) and (3) are immediate consequences of conditions C Ay, C'B; and of the

relation B¢ C1

2 Trace equality ensures that the two sequences have the same length



E
s~> s’ means < s,E,s'>c Aand T={FE e P(T):<s,E s >¢eA}

E E
(HHCS (2) T C Step(T,1) (3) s~ s' implies s>s'

3" €, €T*, 3P, o €T* :

(4) s = s’ implies
! P '

587 s 3 s” where ['w.'w'](TV,) = [Pw,w/](TV,)

Table 3. Verification Conditions

E
When s ~> s’, two cases have to be considered:
1
either £ = {t} then s— s’ and {t} € Step(T, V) or E = {t1,%q,...1;} then E €

E
Step(FEnabled(s),l) (cfCBy) and s> s’ (cf prop 2.2.3)
The enumeration starts with H = {sg} (so € 5), (2) et (3) imply that any state
derived from a state in H is indeed a S state, condition (1) consequently holds.

3.3.2 Proof of condition (4) The following lemma is required; the proof of
this lemma is shown in section 3.3.3.

Factorisation Lemma Ys € SN S Yw € T* : s = s' = (a) or (b) where

(a) JteTy,s L8 o with [w] = [t.wq]

(b) AF € Iy, ,AE C F : s =% s with [w] = [€.aw1] and (F\ E) 1 ||wi]]
Proof of ({) is performed by induction on |w| (obvious when |w| = 0)
the property is assumed to hold for rank &, and let sequence w be such that |w| =
k + 1. Factorisation lemma is valid and two cases occur:

. . L {t} w . . .
Case (a) is obvious: t € t,, implies s ~> s1 and s; = ', the induction hypothesis
is then applied on s;.
Case (b): IF €Iy, ,AECF : s 41 o with [w] = [E.wi] and (F'\ E)||w]|
R w1

Let R = F \ E, then sg—=>,sp— s’ with R}w; and E1 R
The diamond property (2.2.5_3) implies: for r € Seq(R), then sg % 9 and SE g
s” (cf fig 4.a)

s w I T » s w.r » 577
B, LT w F F&T
FE
\—T,

4.a 4.b 4.c

W

Fig. 4. Case (b)



The case depicted by Figure 4.b is a consequence of £ @& R = F, where

[w.r] = [F.w]. From state sp, Spﬂ s” where |w1| < k and the induction

wl.w' PwlAw’
hypothesis may be used: Jw’ € T* 3Py, o+ € Step(T)* : sp — 3, sp —>
53 and [wy.w'] = [Py, ] (cf fig 4.c).

I
o Py

Finally, s 5 $ands > 53 Because of [w.r] = [Fwi] and [wy.w'] =
[Puw,.w] the result | [w.r.w’] = [F.Py,.w], holds.

3.3.3 Proof of Factorisation Lemma For technical reasons, factorisation
operator w is first introduced. This operator extracts from any transition se-
quence the maximal computation step, or the maximal step prefix. Operator «
is defined according to the selected conflict relation.

7 Definition: Let m be the mapping S x Step(T) x T* x T* +— Step(T) x T*

such that
(s, E,w,e) = (E,w)
(s, B, w1, w2) = (B, wi.we) if £ € II7,

(s, EU{t},wi,w’) if t € T, {t}1]|w1]|
and E U {t} € Step(T,f4°)

(s, E, w1, tw') =

({t}, Ewrw') if t € Ty, {t} U]|wi|| and € € Seq(FE)
w(s, E,wi.t,w’) otherwise

7 Properties

Let s € S,w, w1 € T™ be such that s— ' and 7(s,0,¢,w) = (E,w;) Then (1)
and (2)

(1) 5;? S1, slg s' & where [w] = [F.w;]

(2)  WtE |lwi]|:t—= Tt € F : tHAt

proof of factorisation lemma:

Let s € S, w,w; € T* be such that s— & and 7(s,0,¢c,w) = (F,w)

As aresult of the = construction, three cases occur: E = {t} andt € T,, E €
lrp, E & Ilp, . The first two cases are similar, and the result directly follows
from @ property (1). The third case E ¢ It needs to be developed.

By construction, E € Step(T, [;tﬂc), condition C' By implies that transition subset
F € IIp,, exists, verifying E' C F'; @ property (1) implies the trace equality, the
relation F'\ El w; is the last to be proved.

By absurd, let R be F'\ E and assume that there exists transition ¢’ € |Jw;]| in

1 1
conflict with ¢ € R. Because of t € R = s—, condition C'A; implies s— and #
property (2) then holds: 3t” € E and ¢/ =4 ¢”. Finally, ¢t,t” € F such that t{§t”

and F' € Step(T, bﬂc), this is a contradiction.



3.4 Step Graph of Crossed Conflicts

This section presents a particular conflict relation and definitions of functions
Tar, Ty, and IT providing an algorithm for the step graph derivation, which is a
specific instantiation of the former basic algorithm (cf. Table 1).

3.4.1 Weak Conflict and Strong Independence Let relation =4 be the
reflexive and transitive closure of relation #. This relation is called weak conflict
relation. Relation =4 is an equivalence relation and # C=4. Relation E#C, ie.
the complement relation, is called strong independence relation and E#C c

3.4.2 Crossed Conflict Step An easy way to obey to rule C' Bs is to consider
only maximal computation steps. Since conflict relation is an equivalence relation
(=4), the associated conflict sets supply a partition of the transition set. The
set of maximal computation steps results from the orthoproduct [PF 90] of the
equivalence classes of relation =4

Orthoproduct : Let IE be a set of sets, IE = {E, Es,...E,} IE € P(P(U))
Ho(IE) =gep {{e1,€2,...€n} :(€1,€9,...5) € E1 X Ey...x Ep}

Crossed Conflict Step: The set IIo(T,,/ =4) is called Crossed Conflict Step.
Properties:
~E€llc(Ty] =4) = E € Step(T,,=4C) a fortiori E € Step(Trn, 1)
~Ee€llc(Tn/=4)te& E= EU{t} & Step(T,,,=x°)

these properties follow from Il¢ definition, and from E#C c

3.4.3 Crossed Conflict Step Construction

The final algorithm is derived from the basic one (cf table 1) by considering
the following functions:

Ty(T)={teT t'#t=>t €T}

To(T,) =T\ Tu(T))

(T (T,0)) = He((T,)/ =4)
Property: : This algorithm produces a CSG. Conditions C A1, C' Ay et C'B; hold
(trivial). Condition C By results from properties of crossed conflict steps.

Ezamples: The former (right) CSG are computed by this algorithm. In the case
of Milner’s scheduler, (section 2.3.1), the gain is exponential: for n sites, the
standard LTS consists of n x 2" states and (n? 4+ n) x 2"~1! transitions, the CSG
consists of n + 1 states and n + 1 transitions.

4 Covering Step Graphs and Observational Equivalence

This section shows how to adapt the previous algorithm in order to generate,
according to a set of observable events Tps, a covering step graph observation-
ally equivalent (=) to the standard LTS (i.e the LTS underlying the generated



step graph and the standard LTS are =). The observational equivalence defini-
tion is recalled, an additional condition required for observational equivalence
is given and shown to be sufficient. Finally, a specific algorithm for producing
observational equivalent step graphs is supplied.

4.1 Observational Equivalence - Weak Bisimulation

Observation: Observational Equivalence is defined with respect to a set of ob-
servable events Tops. The definition of Observational Equivalence introduces a
particular label 7 representing internal (un-observable) computation and new
transiti*on relation = is defined as follows:

s = s if Jw e (T'\ Tops)* : s =

and for all observable label a, s g; s iff s £> s1, 51—a> 59 and s £> s'

In the sequel, s == & stands for s = s’

Observational equivalence (over finite LTS) may be defined as the limit of a
decreasing sequence of equivalence relations over the states of the LTS (=,C
Sl X 52) [Mll 85]
== Nn»o =n Where =g= 51 X 53
PRAL QN Jq¢’ - qg ¢ and s' =,_1 ¢ (i)
and s =, q iff Va € Tops U {e}

q-r ar q/:>E|S/IST£> s’ and s’ =,,_; q/ (11)

Weak-Bisimulation: A binary relation B over S x Ss is a weak bisimulation iff
s =5 s’ =3¢ 1 ¢ == ¢ and (s',¢') € B (i)

(s,q) € Biff Ya € Tops U {¢}
=% ¢ =35’ s == s and (s',¢') € B (ii)

property: Observational Equivalence is the largest Weak-Bisimulation.

Eztensions to LTS For i € {1,2}: X; =< S;, s0s, T;, —i>

21 = 22 iff S01 = So2

Y1 and Y5 are weak-bisimilar iff there exists a weak-bisimulation B contain-
ing (501, 802)

4.2 Sufficient conditions for observational equivalence

The basic algorithm (table 1) for step graphs generation and the associated
sufficient conditions (table 2) are maintained. A new condition is introduced
with respect to the set of observed events. Notations are those of table 2.

Free Transitions
Let #(¢) be the transition subset which are in conflict with ¢:

#(t) =gy {t €T : t'#t}



and Free(T,#) the transition subset without conflict:
Free(T,#) =acy {t €T : #(t) = {t}}

Additional condition for observational equivalence: Fach “mergeable” transition
t has to be included in a step transition 7 such that: all transitions in 7 (possibly
except t) are conflict free and according whether ¢ is observable or not, then either
t is the single observable transition in # or any transition in « is unobservable.
More precisely, condition C'Bs has to be fulfilled: V¢ € T,,,37 € Iy, :t €
7, 7N Tops = Tops N{t} & 7\ {t} C Free(T,#)
C B3 admits the two following consequences:

c1: Within a step, there exists at most a single observable transition or a
conflict transition (a transition not belonging to Free(T,#)).

¢o: For each unobservable (enabled) transition, there exists a step containing
it, and this step is composed of only free and unobservable transitions.

el e4
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Fig. 5. Step Graph not observationally equivalent: example 1

Ezample 1: Figure 5 depicts a net where two “independent conflicts” are initially
enabled, P, a step graph for which some steps contain two conflict transitions
(e2 and e4 are independent but e2,e4 € Free(Tp, 2)6, then ¢; is violated) and
S a fragment of the complete LTS associated with the net. Observed events are
0; and os.

State 8 of LTS S is considered. 8 admits the following experiments: 8 = 9 and
8 =25 9. State 8 does not belong to the states of the step graph P and no state
of P is observationally equivalent to 8. Now, we consider state 1, a common state

of Sand P.In S, 1 L 8 whilein P 1~ q where ¢ € {1,4,5,6,9}. Since ¢ Z 8
for each q € {1,4,5,6,9}, we conclude that S # P.

Ezample 2: Figure 6 depicts net N, step graph P associated with and fragment
S of the whole LTS associated with the net. Observed events are 01, 05 and o3.
State 3 of LTS S is considered. 3 admits the following experiments: 3 = 9
et 3 =% 9. State 3 does not belong to the states of P and no state of P is
observationally equivalent to 3. Now, we consider state 1, a common state of S



{el,e2} {el,e3}

Fig. 6. Step Graph not observationally equivalent: Example 2

and P.In S, 1 29T 3 While in P 1 ~ede q where ¢ € {7,9}. Since 3 £ 7 and
3 # 9, we conclude that S # P.
¢z (and C'Bs) is violated in state 1 of P: transition e is enabled in 1 but no

step containing e; is composed of only free transitions?.

4.3 Observational Equivalence between ¥ and I¥

This section shows that the basic algorithm, depicted by table 1, furnishes an
observational equivalent step graph, as far as the conditions of table 2 (sufficient
conditions for a step graph generation) and condition C'Bs described in 4.2
(specific to observational equivalence) hold.

The proof is organised as follows: The two next sections show basic properties
of free transitions with respect to observational equivalence. Section 4.3.3 shows
that for each state, common to the standard LTS and its step graph, each “clas-
sical” experiment (s = q) may be reproduced by means of f\w>, that is 5 ~> q
where ¢ = ¢’ and = is the observational equivalence defined on the standard
LTS. This result is used in section 4.3.4 to build a bisimulation relation between
the standard LTS and its step graph.

4.3.1 Diamond properties over free transitions
Property: For s,s', g € S,w € T* : s = q and t € Free(T,#)

If s— s’ then (s' = ¢’ and q—t> ¢') or (w = wy.t.wy and 5" “E7 ¢ )
proof: If t 1w then the result is an immediate consequence of diamond property
2.2.5. Now, consider the case where t#w. Since t € Free(T,#) = t € ||w]||, w
may be rewritten as wi.t.wy where 3w, . The result follows by applying diamond
property 2.2.5.

Corollary: For s, € S;a € Tops : s Tar qandt € Free(T,#),t & Toss
13 * 1 * %
If s— s’ Then (s’ =% ¢’ and ¢— ¢') or (s’ == q)

s (e1 € {e1,e2} and ey € {e1,e3} but {ez,es} C Free(T, #)C)



4.3.2 Free Transitions and Observational Equivalence

Property: If 5—t> s',t € Free(T,#) and t € Tops then s = ¢

proof: direct consequence of the former corollary.

Corollary: If s = s with 0 € Free(T,#)* and ||o||N Tops = O Then s = s’
proof by induction on |o|

4.3.3 Experiment Preservation

Hiding Morphisms
For Tops C T and T" C P(T) verifying : VE € T Card(E N Tops) < 1, we
define:

. " " . B O.Fo(,s(‘w) if o € Tops
Fops a morphism 7% — Tg,, by: Fops(o.w) = {€~F0bs('w) otherwise
O.FObS(PQ) if PrNTops = {0}

and Fops : T — Toys by Fops(P1.Pa) = {G.lFObs(Pfg) otherwise

Ezperiment preservation in X
w
ForseSNS, s=q= s~>q with Fops(w) = Fops (W) and ¢ = ¢ inX
Proof by induction on |w|. Obvious when |w| = 0, the property is assumed to

1
hold when |w| = k and let sequence ¢.w, state s; such that s— s;
According whether ¢t € T}, or t € T}, two cases occur.
1
e If t € T, then s ~> s; and induction hypothesis may be applied from s; im-
w

plying that s; ~> ¢’ where ¢ = ¢’ and Foys(w) = Fops(W), Since Fops(t.W) =
Fops(t). IFops (W) the result follows.

Fig.7. t €T,y

e If t €T}, then because of condition C'Bj:

Ar e lr, :tem, (w\{t}) C Free(T,#) & Fous(t) = Fops(7)
(Fig 7.a) Let s} such that s > s| , the following holds: s; = s/ where 77 €
Seq(m \ {t}) (cf def 2.3.1). Since 7 \ {t} C Free(T,#), corollary 4.3.2 is valid

and it follows that s; = s}.
(Fig 7.b) We have s; = ¢,s1 = s} and 77 w then s = ¢/ and ¢ = ¢ (cf
prop 4.3.1). Moreover, ¢ 2y q=q (corollary 4.3.2)



Finally, as depicted in Fig 7.c, s/ € SN S’ and s} = ¢” with |w| = k, and the

w
induction hypothesis may be applied from s} implying that s} ~> ¢', ¢ = ¢” and
Fous(w) = Fops(W). Since ¢” = q and Fops(t) = Fops(7), the result follows.

Corollary: For s € SNS',a € Tops U{e} 15 == q:>57%t'g> g and g =¢ nX

4.3.4 XY and I¥ are Weak-Bisimilar

Let B, be the subset of S x S’ defined by B={(¢,¢') € S xS :q=¢'in X}
property: B is a bisimulation between X and I¥. (proof is a direct consequence
of corollary 4.3.3 and CSG definition)

Corollary: ¥ and IV are observationally equivalent

4.3.5 Effective Algorithm In this section a specific conflict relation and spe-
cific functions Ty, Ty and I are proposed to obtain an algorithm for the deriva-
tion of an observational equivalent step graph which is a specific instantiation
of the former basic algorithm (cf Table 1).

1. Functions Ty and Ty, introduced in section 3.4.3, are maintained:
Ty(T,)={teT : t'#t=>t' €T} and Ty(T,) =T\ Tu (1))

2. Conflict equivalence relation B is defined by the following partition of T,,:
T = Usepree(t 0\ 7o, 11} @((Toss N ) U Free(Tn, #)°)
Within this partition, each un-observable free transition leads to a block
reduced to itself, and a last block gathers all the transitions which are ob-
servable or involved in a conflict. As a consequence, equivalence relation F4
is weaker than the initial one (# C ).

3. H(Ty(T,) = Ho(Ta (T,0)/#) U (Free(Tu (T,0) \ Tuse)

Property: : This algorithm computes a step graph which is weak-bisimilar (w.r.t
Tows) to the standard LTS

Step Graph derivation Since Hj is transitive and subsumes #, associated
functions Tas, Ty and I fulfils sufficient conditions expressed in table 2 for the
step graph derivation (cf prop 3.4.3). Note that condition C'B; holds as soon as
He((Trm(T,0))/H8) € H(Ta(T,Y) and the addition of step Free(Tar(T,0))\ Toss
does not make any change.

Weak-bisimulation w.r.t Tops: [ (Ta(7T,0)) fulfils CBs because of (1) the
definition of partition H§, (2) the definition of II(Tx(T,1)) by means of the
orthoproduct and (3) the introduction of step Free(Tar(T,0)) \ Tops-

5 Evaluation and Conclusion

Evaluation: The considered example is a data base system presented in [Jen 87]
as illustrative example for a state space reduction using equivalent markings.



The same example has been used in [Val 89] to illustrate state space reduction
method using stubborn set.

The data base system consists in n > 2 managers and a mechanism ensur-
ing mutual exclusion for critical operations. Initially, all managers are idle and
the base is open. The modification of the value by a manager is modelled by
transition “update and send messages” (usm(k)) for which a message is sent
to each partners of manager k. The sending manager (k) waits until all other
managers have received his message (rm(k,p)), performed an update and sent
an acknowledgement (sa(k,p)). When all acknowledgements are available, the
sending manager returns to idle and the base to open (ra(k)).

Fig 8.a depicts the general structure of the whole state space in the case of n

managers. Cubey, represents the interleaved execution of transitions rm(k, p) and
sa(k,p) for p € [1, N],p # k. Fig 8.b depicts “cube” 1 in the case of 3 managers.
For this system, pair of transitions in conflict have the following form: (¢,t) or
(usm(7), usm(j)) or (usm(i), rm(i, 7))
Consequently each “cube” will be represented in a step graph by 3 states and 2
transition Steps ({rm(1,2),rm(1,3)} and {sa(1,2),sa(1,3)} for the cube depicted
Fig 8.a). Finally the whole Step graph for a date base consisting of n managers
is composed of 3n + 1 states and 4n edges.

usmusmN
usml rm(1,2) sa(1,2)
LlsmusmN -
{nm(2,1), {nm(1,N),
rm(1,3) nm(3,1),... nm(2,N),...
nm(N,1)} nm(N-1,N)}

@ @ rm(1,3) rm(1,3)
M M rm(1,2) sa(1,2)
2,1), 1,N),
@ @ GG G6N:
sa(N,1)} gbsa(N—l,N)}

sa(1,3) sa(1,3) sa(1,3)
ra.

ra faN l l l
m(.2) sa12) | a1
>
b)

c)

a)

Fig. 8. Covering Step Graph for a n managers data base

Comparative Results: The following table gives the state space size for n
managers, first when no reduction is performed, then with a partial exploration
by means of stubborn sets [Val 89], with a symbolic exploration by means of
equivalent markings [Jen 87], finally with a partial and symbolic exploration.

states edges
no reduction n3" ! 4+ 1|r n? x 372
Stubborn sets 2n? 2n?
Equivalent markings n?/2 n?
Stubborn sets + Equivalent markings 2n 2n
Covering Step Graph |3n +1 4n
Covering Step Graph + Equivalent markings|4 4




All the different techniques allow the size of the state space to be reduced
from exponential to polynomial. Covering Step graphs take advantage over stub-
born sets and equivalent markings: the size is linear for Step graphs, while it is
quadratic when stubborn sets or Equivalent markings are used. Finally, as men-
tioned in [Val 89], “Symbolic” methods (using symmetries) and “Partial Order”
methods (using independence relation) are complementary: for this particular
example, an exploration by means of Step graphs and equivalent markings fur-
nishes the optimal result since the size of the reduced state space is constant.

Behavioural analysis using Covering Step Graphs:

The same example is used to illustrate the reduction power of the pro-
posed approach in the framework of Weak-Bisimulation. Now the step graph
derivation is conducted with respect to a set of observable events. Roughly
speaking, observable events are chosen according to the set of properties to
be analysed [HM 85]. In the context of the present example, two kinds of ob-
servation are considered: first, observed events are relative to critical operations
(Toss, = {usm(k) : Yk € [I,N]}U{ra(k) : Vk € [1,N]}) allowing mutual
exclusion property to be verified, second, the “local service” of each manager

(Tovs, (k) = {usm(k), RM(k), SA(k)} *) is considered.

ra(1) usm(2)
O () @)
usm(1) ra(2) RM() —~ Tau usm(k)
) (+) [
ra(3) gusm(B) SAK) ra(k)
Minimal wrt TObs1 Minimal wrt TObs2

Fig. 9. Minimal Weak Equivalent

In the case of Tops,, the obtained step graph is those obtained by general step
graph derivation (Fig. 8.c). It consists in 3n + 1 states and 4n edges while the
minimal weak bisimilar LTS consists in n + 1 states and 2n transitions (Fig 9)

The following table summarises the obtained results for Tpps,. In this case,
the minimal weak bisimilar LTS is constant (4 states and 5 edges) while the size
of the obtained equivalent step graph seems quadratic in k.

K 3 4 |6 |10 |
no reduction 28/42|109/224(1459/1872590.491/11.810.000
Equivalent step graph(10/12(13/16 [19/24 58/94

minimal weak 4/5 |4/5 4/5 4/5

* In order to have a better reduction with observational equivalence: events rm(k, j)

and sa(k, j) for k # j are respectively renamed by RM (k) and SA(k)



Conclusion and Future works: This paper has presented Covering Step
Graphs as an alternative to LTS. CSG permits the verification of general reach-
ability properties (deadlock detection, liveness) while Weak Bisimilar CSG (de-
rived with respect to a set of observable events) permits the verification of specific
properties expressed in Hennesy-Milner Logic [HM 85]. Two algorithms are pro-
posed for an “on the fly generation” of such graphs. Two standard examples
permit us to obtain a first evaluation of our approach: the obtained results are
promising, but significant experiments remain necessary. With respect to be-
havioural analysis, other equivalences (maximal traces, co-simulation, ...) may
be also considered and associated step graph derivation algorithms proposed.
Finally, the interest of step graphs in the framework of “True concurrency” se-
mantics may be envisaged.
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