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Abstract

This paper presents robust H2 performance analysis re-
sults for LTI systems with real parametric uncertainty.
New conditions based on parameter-dependent Lya-
punov functions are proposed. The results encompass a
wide variety of uncertain systems since an L(�;�)-type
modelling of uncertainties is considered. In the particu-
lar case when the modelling reduces to a�ne polytopic
uncertainty, three types of parameter-dependent Lya-
punov functions are compared. Valuable conclusions
are inferred from a numerical example.

1 Introduction

For robust stability analysis purpose, two di�erent
types of stability are usually encountered in the lit-
erature. While robust stability ensures that the uncer-
tain system is stable for all admissible constant and un-
known parameter realisations, quadratic stability guar-
antees stability via the existence of a quadratic Lya-
punov function for all possibly time-varying parame-
ter variations. As a result this approach proves to be
very conservative. More sophisticated su�cient condi-
tions for robust stability may be derived in the context
of Lyapunov theory by using extra variables known as
scaling variables or multipliers.
Another approach to �ll up the gap between ro-
bust and quadratic stability consists in looking af-
ter parameter-dependent Lyapunov functions. It is
well-known that considering parameter-dependent Lya-
punov functions instead of a �xed quadratic Lyapunov
function leads to less conservative robust stability con-
ditions, [?],[?],[?],[?],[?],[?],[?]. In all these references,
except [?],[?],[?], parameter-dependent Lyapunov func-
tions which are a�ne or multia�ne with respect to pa-
rameters are proposed. For LFT type uncertainty, this
proves to be not su�cient and a more complex depen-
dence may be required. In this paper, it is proposed to
search for "quadratic-LFT" parameter-dependent Lya-
punov functions, [?]. This form naturally shows up
from LFT scaling technique in [?].

Moreover, this "quadratic-LFT" parameter-dependent
Lyapunov functions setting, is used for robust perfor-
mance analysis. We are interested in checking whether
the H2 norm of the uncertain system remains under
some level in the presence of uncertainty, leading to
the robust H2 performance problem. Our aim is to de-
velop tractable optimisation problems that converge to
such robust guaranteed H2 costs.
The contribution of this paper is twofold:

- For any LFT-type uncertainty, a new robust sta-
bility test based on "quadratic-LFT" parameter-
dependent Lyapunov functions has been devel-
oped.

- In the particular case of a�ne polytopic uncer-
tainty, two other new methods are proposed.
They are based on linear parameter-dependent
Lyapunov functions. Hence, for a�ne polytopic
modelling of uncertainty, three di�erent choices
of parameter-dependent Lyapunov matrices are
available.

These results are illustrated by a numerical example
from [?].

2 Problem statement

Let us consider the following Linear Time-Invariant
(LTI), continuous-time, uncertain system:

�
_x(t) = A(�)x(t) + Bw(t)
z(t) = C(�)x(t)

(1)

where x 2 Rn is the state vector, w 2 Rq is the dis-
turbance vector, z 2 Rp is the controlled output vector
and the uncertainty � is time-invariant and belongs to
a given closed convex set �, possibly unbounded.

Assumption 1

A(�), C(�) belong to compact sets when � is an ad-
missible uncertainty, (i.e. � 2 �).

Stability of uncertain model (1) may be assessed
through the very di�erent notions of robust stability
or quadratic stability.
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De�nition 1 Robust Stability
(1) is robustly stable if and only if there exists a
parameter-dependent symmetric matrix P (�) such that
for all admissible uncertainty � 2�:

P (�) > 0 A
0(�)P (�) + P (�)A(�) < 0 (2)

De�nition 2 Quadratic Stability
(1) is quadratically stable if and only if there exists a
symmetric matrix P such that P > 0 and for all ad-
missible uncertainty � 2�:

A
0(�)P + PA(�) < 0 (3)

Even if for some special cases robust stability and
quadratic stability are equivalent, quadratic stability
with respect to structured uncertainty is a su�cient
condition for robust stability. The new conditions pro-
posed in this paper are based on robust stability and
are compared to those derived in the quadratic stability
framework.

Assumption 2 The nominal system is stable, i.e.
A = A(0) is stable.

It is to be noted that the condition P (�) > 0 can be
very hard to verify. Under the slight additional as-
sumption 2 and following lemma 1.1 in [?], this con-
straint can be removed. Let Tw=z(�) be the transfer
function of the system for a given uncertainty �.

De�nition 3
If the system is robustly stable, we de�ne Hw:c:, the
worst case H2 cost of the system:

Hw:c: = max
�2�

kTw=z(�)k
2

(4)

Any upper bound on the worst case H2 cost of the sys-
tem, H � Hw:c:, is called a robust guaranteed H2 cost

Here, we focus on state-space methods for deriving
tight upper-bounds onHw:c:. A classical way to do so is
to use bounds on observability grammian, (respectively
controllability grammian). Since

kTw=z(�)k
2

2 = trace(B0Lo(�)B)

where Lo(�) is the observability grammian, solution of
the Lyapunov equation:

A0(�)Lo(�) + Lo(�)A(�) + C0(�)C(�) = 0

An optimisation problem for computing Hw:c: may be
de�ned as follows:

Problem 1

H2
p1 = min �

s:t: 8 � 2��
A0(�)P (�) + P (�)A(�) +C 0(�)C(�) < 0
trace(B0P (�)B) < �

(5)

Lemma 1

If the system (1) is robustly stable then Hp1 is the worst

case H2 cost of (1): Hp1 = Hw:c:

The optimisation problem 1 is not easily tractable in
this form, even though the constraints and the criteria
are linear in the decision variables P (�) and �.
Another way to tackle the same problem is to introduce
new variables that will be usefull in the sequel.

Problem 2

H2
p2 = min trace(T )

s:t: 8 � 2�8>>>>>>>>>><
>>>>>>>>>>:

2
4 0 C 0(�) P (�)

C(�) �1 0

P (�) 0 0

3
5+

2
4 A0(�)

0

�1

3
5G0

1(�)

+G1(�)

2
4 A0(�)

0

�1

3
5
0

< 0

�
�T 0

0 P (�)

�
+

�
B0

�1

�
G0

2(�) +G2(�)

�
B0

�1

�0
< 0

(6)

Lemma 2

If, the system is robustly stable then Hp2 is the worst-

case H2 cost of (1): Hp2 = Hp1 = Hw:c:

The last result states that the problems 1 and 2 are
equivalent and lead to the same costs. At this level
of generality, these two equivalent problems cannot be
solved e�ciently. First, more information on the mod-
elling of the uncertainty is needed. Secondly, for a
given model of uncertainty, they reduce to in�nite-
dimensional, sometimes convex, optimisation prob-
lems. Finally, a parametrization of the parameter-
dependent Lyapunov functions has to be assumed in or-
der to derive tractable conditions on matrix unknowns.

3 Quadratic stability for robust H2

performance

In this section, the well-known quadratic stability
framework is reminded. The optimisation problem 1
becomes:

Problem 3

H2
p3 = min �

s:t: 8 � 2�

�
trace(B0PB) < �
A0(�)P + PA(�) +C 0(�)C(�) < 0

(7)

Theorem 1

If, the system is quadratically stable then Hp3 is a ro-

bust H2 guaranteed cost for (1): Hw:c: � Hp3

Following the quadratic stability framework we propose
the next optimisation problem derived from problem 2:
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Problem 4

H2
p4 = min trace(T )

s:t: 8 � 2�8>>>>>>>>>>>><
>>>>>>>>>>>>:

2
4 0 C 0(�) P

C(�) �1 0

P 0 0

3
5+

2
4 A0(�)

0

�1

3
5G0

1

+G1

2
4 A0(�)

0

�1

3
5
0

< 0

�
�T 0

0 P

�
+

�
B0

�1

�
G0

2 +G2

�
B0

�1

�0
< 0

(8)

Lemma 3

If, the system is quadratically stable then Hp4 is a ro-
bust H2 guaranteed cost for (1) and moreover it is equal

to the solution of problem 3: Hw:c: � Hp4 = Hp3

The important point is that problem 2 alongside the
previous problem, is particularly appropriate for robust
performance analysis based on PDLF and even with
some restrictions on the parameter-dependent matrices
the optimisation problems allways give better solutions
than the guaranteed cost of the quadratic framework.
The parametrization of the parameter-dependent ma-
trices has now to be clari�ed for di�erent modellings of
the uncertainty.

4 LMI conditions for robust H2 performance

analysis

4.1 L.F.T. uncertain models
We assume here that the uncertainty � 2� enters the
model in a linear fractional form:

A(�) = A�B��(1+D��)�1C�
C(�) = C �Dz�(1+D��)�1C�

(9)

This corresponds to a Linear Fractional Transform
(L.F.T), and can be seen as a feedback of the uncer-
tainty � on the nominal system:

w�(t) = ��z�(t)

8<
:

_x(t) = Ax(t) +B�w�(t) +Bw(t)
z�(t) = C�x(t) +D�w�(t)
z(t) = Cx(t) +Dzw�(t)

(10)

where � 2 Rq��p� . The system is supposed to be
well-posed [?] and therefore assumption 1 is satis�ed.
When dealing with L.F.T. uncertain models, a useful
tool for robustness analysis is the quadratic separation,
[?],[?],[?]. The notion of candidate for quadratic sepa-
ration is now de�ned.

De�nition 4
For � 2� � Rq�p, �� is the set of all candidates for
quadratic separation with respect to �.

�� =

�
� = �0 :

�
1

�

�0
�

�
1

�

�
� 0 8 � 2�

�

(11)

We aim at using the information about the structure
of the uncertain model in the parameter-dependent
Lyapunov function to reduce the conservatism of the
parametrisation proposed in the quadratic stability
framework. It is then proposed to look for L.F.T. pa-
rameterised Lyapunov functions de�ned as:

P (�) =

�
1

��R(�)

�0
Q

�
1

��R(�)

�
Q =

�
Q11 Q12

Q0
12 Q22

�

(12)
with R(�) = (1 + D��)�1C�. Our objective is to
derive tractable conditions for robust H2 performance
analysis using the new general conditions given in prob-
lem 2. We have therefore a choice for the structure of
G1(�), G2(�) to assume. Related to the structure of
P (�), the chosen structure is de�ned as:

G2(�) =

�
1 0 0

0 1 �R0(�)�0

�
F2

G1(�) =

2
4 1 0 0 �R0(�)�0

0

0 1 0 0 0

0 0 1 0 �R0(�)�0

3
5F1

(13)
where F1; F2 are unknown �xed matrices to be de-
termined. These particular choices allow to de�ne a
problem which is a particular instance of problem 2.
First, consider the following notations:

� =

��
� 0

0 �

�
: � 2�

�

A0
1 =

2
66664

A0

0

�1
B0

�

0

3
77775 C1 =

2
664

C� 0 0 D� 0

0 0 C� 0 D�

0 0 0 �1 0

0 0 0 0 �1

3
775

P1(Q) =

2
66664

0 C 0 Q11 0 Q12

C �1 0 Dz 0

Q11 0 0 Q12 0

0 D0

z Q0

12 0 Q22

Q0

12 0 0 Q22 0

3
77775

A0
2 =

2
4 B0

�1
0

3
5 C2 =

�
0 C� D�

0 0 �1

�

P2(Q;T ) =

2
4 �T 0 0

0 Q11 Q12

0 Q0
12 Q22

3
5

(14)

Using these notations and the above parametrisation,
we are able to de�ne the following problem:

Problem 5

H2
p5 = min trace(T )

s:t:

8>>>><
>>>>:

P1(Q) +A0
1F

0
1 + F1A1 + C01�1C1 < 0

P2(Q;T ) +A0

2F
0

2 + F2A2 + C02�2C2 < 0
�1 2��

�2 2��

(15)

The constraints � 2 �
�

and � 2 �� are not eas-
ily handled. Moreover, without any assumption on
the nature nor the structure of the set �, it is not
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surprising to meet with di�culty when dealing with
this constraint. For particular classes of uncertainty
set �, some numerical tractable relaxations of these
conditions are proposed in the literature. The method
consists in constructing a relaxed set �rel: such that
�rel: � �� and such that the condition � 2 �rel: is
easily numerically tractable. For the case of real struc-
tured uncertainty, some relaxations are given in [?] for
polytopic and dissipative uncertainties. Problem 1 in
the quadratic framework writes as problem 3. By con-
sidering the L.F.T. parametrisation of the uncertainty
model and using the quadratic separation results, it is
equivalent to:

Problem 6 [?]

H2
p6 = min �

s:t:

8>>>>>>>><
>>>>>>>>:

trace(B0PB) < ��
A0P + PA PB�

B0

�P 0

�
+

�
C

Dz

�0 �
C

Dz

�

+

�
C� D�

0 �1

�0
�

�
C� D�

0 �1

�
< 0

� 2��

(16)

Theorem 2

If the system (1) is robustly stable then Hp5 is a robust
H2 guaranteed cost for (1).
If the system (1) is quadratically stable then Hp6 is a
robust H2 guaranteed cost for (1).

Moreover: Hw:c: � Hp5 � Hp6

4.2 An interesting particular case
We assume here that the uncertainty � 2 � acts
a�nely on the model, i.e. D� = 0:

A(�) = A�B��C� C(�) = C �Dz�C� (17)

The parametrisation of the parameter-dependent Lya-
punov function becomes a quadratic function of the
uncertainty:

P (�) =

�
1

��C�

�0
Q

�
1

��C�

�
(18)

An important question is to know if it is interesting to
consider complicated parameter-dependent Lyapunov
function or if the structure of the parameter-dependent
Lyapunov function has only to reect the uncertainty
structure. To get more insight on this point, we assume
that � is the convex hull of a �nite set of matrices
f�1; � � � ;�Ng: � = cof�1; � � � ;�Ng
� is said to be the polytope with N vertices
�1; � � � ;�N . The uncertainty set is compact. The
model being a�ne in �, assumption 1 holds. Keeping
in mind the a�ne structure of the uncertainty model,
speci�c optimisation problems avoiding the quadratic
separation step and using di�erent parametrisations of
the parameter-dependent Lyapunov matrix P (�) may

be de�ned.
Given the polytopic structure of the uncertainty, we
�rst seek for polytopic-type Lyapunov matrices:

Pp7(�) =

NlX
i=1

�i Pi when � =

NlX
i=1

�i �i (19)

This leads to problem 7 de�ned as:

Problem 7

Hp7 = min �

s:t: 8i = 1 � � �N

8>>>>>>>>>><
>>>>>>>>>>:

2
4 0 (C �Dz�iC�)

0 Pi

C �Dz�iC� �1 0

Pi 0 0

3
5

+

2
4 (A� B��iC�)

0

0

�1

3
5G0

1 + [�]0 < 0

trace(B0PiB) < �

(20)

Another way to reect the uncertainty structure in the
parametrisation of the parameter-dependent Lyapunov
matrix P (�) is to look after a�ne-dependent matrices
de�ned as:

Pp8(�) = Q11 �Q12�C� �C
0

��
0
Q
0

12 (21)

We get then:

Problem 8

Hp8 = min �

s:t: 8i = 1 � � �N8>>>>>>>>>><
>>>>>>>>>>:

2
4 0 � �

C�Dz�iC� �1 �

Q11�Q12�iC��C
0

�
�0

i
Q0

12
0 0

3
5

+

2
4 (A�B��iC�)

0

0

�1

3
5G0

1
+G1

2
4 (A�B��iC�)

0

0

�1

3
5
0

<0

trace(B0(Q11 �Q12�iC� �C 0

��
0

iQ
0

12)B) < �
(22)

The problems 7 and 8 are derived from problem 2.
Equivalently from problem 1 with the quadratic sta-
bility framework, it is possible to derive a problem of
the same type:

Problem 9

Hp9 = min �

s:t: 8i = 1 � � �N

8>><
>>:

�
(A�B��iC�)

0P+P (A�B��iC�) (C�Dz�iC�)
0

C�Dz�iC� �1

�
<0

trace(B0PB) < �
(23)
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Method Hw:c: Hp7 Hp5 Hp8 Hp9 Hp6

H2 cost 0:83 0:836 1:688 1:689 1:759 1:759
computation time 2692 sec 218 sec 23 sec � 2 sec � 2 sec
number of variables 117 167 59 11 39

5 Numerical example

This example is inspired from the system proposed in
[?]. In our case we suppose that two parameters are
uncertain: the viscous friction coe�cient, c, and the
mass m2. Among the numerically tractable problems
of this paper, only problems 5 and 6 can deal with the
given LFT structure of the model. The related results
are given in table 1. By gridding the uncertainty set,
it is possible to evaluate the worst-case norm Hw:c: of
the system. A rough evaluation of the worst-case H2

norm is given in table 1.

Method Hw:c: Hp5 Hp6

H2 cost 0:47 0:681 0:815
computation time 191 sec � 2 sec

Table 1: LFT modelling

These results show clearly that the use of a parameter-
dependent Lyapunov function improves signi�cantly
the guaranteed H2 cost. This is done at the expense
of higher computation time. However, the increased
computational complexity mainly comes from the
quadratic separation which is more complex in prob-
lem 5 than it is in problem 6. It is important to note
that the number of decision variables of problem 5 is
independent upon the number of uncertain param-
eters, in contrast with the methods proposed in [?], [?].

The worst-case H2 norm of table 2 is approximately
computed by operating a grid on the polytope with 23

vertices of the a�ne model. It encompasses the worst-
case H2 norm of table 1 since the computation is done
on the over-bounding set of uncertainties.

6 Conclusion

A new LMI-based robust H2 performance condition
with respect to real LFT uncertainty has been pro-
posed. This test involves parameter-dependent Lya-
punov functions depending in a \quadratic-LFT" man-
ner on the parametric uncertainty. It encompasses
tests based on quadratic stability techniques. For lin-
ear polytopic real uncertainties, di�erent parametrisa-
tions of the Lyapunov function are proposed and in-
vestigated with respect to the trade-o� between the
reduction of the conservatism and the computational
complexity. This is illustrated on a numerical exam-
ple.
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